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Abstract

While thevolatility of portfoliosareoftenmodeledby continuousBrownianmotionprocesses,dis-
continuousjump processesare more appropriatefor modelingimportantexternaleventsthat signifi-
cantlyaffect thepricesof financialassets.Herethediscontinuousjump processesaremodeledby state
andcontroldependentcompoundPoissonprocesses,suchthat therandomjumpscomeat the timesof
a purePoissonprocesswith jump amplitudesthatarerandomlydistributed. Theoptimalconsumption
andinvestmentportfolio policy formulationis in termsof stochasticdifferentialequationswith optimal
discountedutility objectives. This paperwasmotivatedby a recentpaperof Rishel (1999)concern-
ing portfolio optimizationwhenpricesaredependenton externalevents.However, themodelhasbeen
significantlygeneralizedfor realisticcomputationalconsiderations.

1. Introduction

While muchof the continuoustime modelsof financialmarketshave beenbaseduponcontinuoussam-
ple pathgeometricBrownian motion processes,Merton [14] applieddiscontinuoussamplepathPoisson
processes,alongwith Brownianmotionprocesses,i.e., jump diffusions,to theproblemof pricing options.
He derived several extensionsof the alreadyclassicaldiffusion theoryof Black andScholes[1] applying
minimizing theportfolio variancetechniquesto jump diffusionmodelssimilar to thosetechniquesusedto
derive the classicBlack andScholesformulae. Furtherresultsaregiven by Cox andRoss[2] in a com-
panionpaperon thesejump diffusion processes.Earlier, Merton [13] treatedoptimal consumptionand
investmentportfolio with eithergeometricBrownianmotionor Poissonnoise,illustratedexplicit solutions
for constantrisk-aversionin eitherrelativeandabsoluteforms.In [12], Mertonalsoexaminedtheseconstant
risk-aversioncases.Wilmott’s [21] presentsa gooddiscussionon hedgingwith jump diffusion modelsin
finance.Lipton-Lifshitz [11] presentsa gooddiscussionof predictabilityandunpredictability, mainly for
foreignexchangeapplications,but is applicableto otherfinancialapplicationsaswell.

Recently, Rishel[15] introducedaoptimalportfolio modelfor stockpricesdependentondeterministic
scheduledandstochasticunscheduledjumpexternaleventsbasedonoptimalstochasticcontroltheory. The
jumpscanaffect both the stockpricesdirectly or indirectly throughparameters.The deterministicjumps�
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aredeterministiconly in the timing of the scheduledevents,but the magnitudeof the jumps is random.
Rishel’s paperandrelatedbioeconomicandmanufacturingresearchof Hansonandco-workers [6, 8, 17,
7, 18, 19, 20] arethemotivation for thepresentpaper. Hereour formulationis a modificationon Rishel’s
paper, with heavier relianceon stochasticdifferentialequations,constrainedcontrol, moregeneralutility
objectives,generalizedfunctions,andrandomPoissonmeasure.Many of themodificationsmakethemodel
morerealisticandcomputationalfeasible.Major computationsfor themodelwill bethesubjectof another
paper. Theapproachhereis moretowardappliedmodelingandcomputationalfeasibility ratherthanpurely
mathematicaltheoremstatementandproving.

Thepaperis arrangedasfollows. In Section2., thestochasticdifferentialequationmodelfor theun-
derlying risk-freeandrisky assetsareformulatedin termsof stateandcontroldependentmarked Poisson
processeswith diffusionprocessesusedfor thelessimportantbackgroundevents.In Section3., thewealth
equationsareformulatedfor theportfolio. In Section4., theportfolio optimizationproblemis formulated
and the subsequentpartial differential equationof stochasticdynamicprogrammingis derived from the
generalizedItô chainrule. Theformulationof thesolutionfor thepower utilities examplein Section5. is
significantly reducedto muchsimplerequationswith many explicit terms,althoughsomeimplicit terms
remain,especiallythosePoissonrelated,but theseequationsaresuitablefor computation.Furthercompu-
tationalconsiderationsarediscussedin Section6.

2. State and Control Dependent Asset Models

In thispaperweareinterestedin selectingafinancialportfolio from a risk-freeassetor bondanda number
of risky assetsor stocks.Let thebondearnafixedrate � of interestsuchthatits price

�����
	
at time

�
satisfies

thedeterministicdynamicalprocess,� �����	�� � �����
	 � ����������	�������� (1)

Let ��� ���	 denotethepriceof the � th stockwhichsatisfiestheMarkov geometricjump-diffusionstochas-
tic differentialequation,� ��� ���
	�� ��� ���
	! "$# � ��%'&(���
	)�
%+*,���
		 � �.-0/12�3 &54 ��6 2 ��%'&(���	)�
%7*����
		 ��8 2 ���
	9- ��: � ���	 (2)

-<; * 6 �>=9?1@ 3 &BADC ���FEHG * 6 @ 	 � �$IJK� � � ����	L� � � 6 � �
for � �NM(�PO5�D�D�D���
Q

stocks.First thetermsin (2) will bebriefly identified,but will bemorethoroughlyde-
scribedlater. The

# � ��R & �
R * 	 denotethemeanappreciationratefor the � th stockasafunctionof unscheduledR &
andscheduled

R *
parameters;the 4 ��6 2 ��R & �
R * 	 arethevolatilities for the � th stockdueto the S �UT contin-

uous,Brownianmotionprocesses
8 2 ���
	 for S �VM(�PO5�D�D�D���
W ; the

��: � ���	 denotethediscontinuous,random,
space-timePoissonprocessesrepresentingimportantunscheduledevents;andthe

; * 6 �YX =9?@ 3 & ADC ���ZEHG * 6 @ 	 � �representthecorrespondingscheduledeventswith deterministicjumptimes,excepthaverandomamplitudes
like thespace-timePoissonprocesses.

The
8 2 ���	 , for S �[M(�PO5�D�D�D�\�
W

, denoteindependent,standardBrownianmotionprocessesand
: � ���
	

denotesthe � th componentof amarkedPoissonprocess.Thecontinuoussamplepathprocesses
8 2 ���	 model

the lessimportantbackgroundrandomeventsthat affect the market, while the discontinuoussamplepath
processes

��: � ���	 model the rare, importanteventsthat lead to large fluctuationsin risk sensitive market
assets.The space-timedifferential Poissonprocesses

��: � ���	 are relatedto Poissonrandommeasureor
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space-timePoissonprocesses,] � � ��� �L^S &_	 , (seeItô [9], GihmanandSkorohod[3], SnyderandMiller [16] or
Hanson[5]; seeHansonandTuckwell [8] for somebiologicalexamples):�`: � ���
	��ba(cedf; & 6 � �����
% & �
% * � ^ S & 	 ] � � ��� � ^S & 	)� (3)

for � �N�B�gM(�D�D�D�\�
Q
, where

; & 6 � is the � th Poissonjump amplitudefunctioncorrespondingto the � th stock
price,

^S & �h� S & 6 �(�giS & 	7�hj S & 6 ��k &Plnm =po &q$rs& is the (N+1)-dimensionalrandommarkvectoron themarkspacet &
. Eachtime the constituentPoissoncountingprocesshasa jump signifying an unscheduledevent, a

randommarkvector
^S & is generatedwhich in turn generatesthevalueof thevectorjump amplitude

^; & ��u; & 6 �(� i; & 	v���)�
% & �
% * �w^ S & 	 , resultingin the jump in theunscheduledparameter
% &

from
; & 6 � andin the jump

in stockprice � � from
; & 6 � for � �xM(�PO5�D�D�D���
Q

, respectively. Thecomponent
�`: � ���	 of thePoissondriven

processhastheexpectation:yzj ��: � ���	 l �b{.���
	sa(cedf;5& 6 � �����
%'&\�
%+*(� ^S &D	U|f&(� ^S &D	 �\^S & � ��}b{~���	�yzj�;5& 6 � l � ��� (4)

for � ���B�gM(�D�D�D�\�
Q , where
{.���
	

is theratefor thecommonPoissoncountingprocess,and
| & � ^S & 	 is thejoint

densityof theamplitudemarks.Assumingcomponent-wiseindependence,
��: � ���
	 hascovariancegiven[16]

by ���(� j �`: � ���
	 l �b{~���
	�yKj�; *& 6 � l � ��� (5)

for � ��M(�PO5�D�D�D���
Q . Giventhatthereis a jumpat
G & 6 @ , thestockprice � � ���	 jumpmagnitudeisj � � l ��G & 6 @ 	�} � � ��G o& 6 @ 	~E � � ��G k& 6 @ 	>�<; & 6 � ��G & 6 @ �
% & �
% * � ^S & 	 � � ��G k& 6 @ 	)�

for � ��M(�PO5�D�D�D���
Q , assumingthatthejumpamplitudeis continuousin
�
. A simplePoissonjumpamplitude

modelcouldhave
;5& 6 � �����
Rs&\�
R`*(� ^S &D	�� S & 6 � , i.e.,thejumpamplitudevectorbeingthesameasthemarkvector.

The unscheduledevent parameter
% & ���
	

is generatedby the samespace-timePoissonprocess] as
above, reservingthecomponents

; & 6 � of thejump and S & 6 � of themarkfor
% & ���
	

, sothatthejump in
% & ���
	

is generatedat thesametimeby thesingleunderlyingPoissoncountingprocessof theunscheduledeventas
it is for thestocksin (2) at rate

{~���
	
for unscheduledevents,� % & ���	���% & ���
	 ��: �����	)�

where
��: �,���
	

is given by (3) when � ���
, with conditionalexpectedjump amplitudeof the parameter

differentialyKj � % & ���	D� % & ���	L��R & �
% * ���	L��R *�l ��{.���
	�R & yzj�; & 6 ��� % & ���
	���R & �
% * ���	>��R *�l � ���
where

yKj�; & 6 � l is theaveragejumpamplitudeof the
�
th componentof thespace-timePoissonprocess.Again,

a relative jumpsizeis usedhere,ratherthananabsolutejumpamplitude.
Thelast termon theright handsideof (2) modelsthejumpsresultingfrom scheduledeventsat timesG * 6 @ , for � ��M(�PO5�D�D�D���
Q * andrelative jumpamplitudeof

; * 6 � causing� � ���	 to jumpto
; * 6 � � � ��G k* 6 @ 	 , assumingG * 6 @�� G * 6 @ o & , suchthat� �P�Y��� ; * 6 �F� ���e�
�'- � �s	D� % * ��G k* 6 @ 	���R * 6 @u� �b| * 6 � �����
R * 6 @ 	 � ���

where | * 6 � � S * 6 � �
R * 	>�ba c ? A � S * 6 � E S * 6 � 	U| * � ^S * �
R * 	 �>^S *
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is a properdensityfunction,which may includediscretedistributionsthroughgeneralizedfunctions,withA ����	 denotingtheusualDiracdeltafunctionand^S * �Vj S * 6 ��k &Pl m = ? o &q$rs& �
Thegeneralizedfunctionsymbol ADC ���FEHG * 6 @ 	 denotesa right continuous delta function definedbya��k ��� ���	 A C ���ZE�G @ 	>� � ��G k@ 	)�
for someright-continuousfunction � , compatiblewith theright continuity(continuityfrom theright) of the
Poissonprocess.Thus,thescheduledjumpamplitude� � at

G * 6 @ isj ��� l ��G * 6 @ 	�} ��� ��G o* 6 @ 	FE ��� ��G k* 6 @ 	��<;�* 6 �w��� ��G k* 6 @ 	)�
dueto non-anticipating,right-continuityandsuchthat stock � jumpsfrom � � ��G k* 6 @ 	 to

; * 6 � � � ��G k* 6 @ 	 at the
scheduledjumptime

G * 6 @ . It is furtherassumedthatthefinal scheduledjumpat
G * 6 =9? takesplacebeforethe

terminaltime
G

, i.e.,
Gf* 6 =.? � G � G�* 6 =9?Uo & . Thesescheduledjumpsaffect themarket dueto eventssuch

aschangesin monetarypolicy or announcementsof labor statisticsor othereconomicannouncementsor
eminentlaborstrikes,althoughthemagnitudeof thejumpscanberandom,asdescribedby Rishel[15]. A
recent(February17,2000)exampleis thesemi-annualeconomicreportof ChairmanAlan Greenspanof the
FederalReserve Boardto Congressthatconcernedthe raisingof interestratesandothermattersfollowed
thenext day(February18,2000)by a ”doublewitchingday” in which therewasa simultaneousexpiration
of contractsonstockoptionsandstockindices.

For thecontinuousportionof thesamplepaths,thenon-anticipatingmeanappreciationrateis
# � � i%����		

andthe varianceis X /2�3 & 4 *��6 2 � i%����		 , relative to andconditionedon the currentstockprice � � ���	 , i.e., in

absenceof thescheduledor randomjump events.Thevector
i%����	��x��% & ���
	)�
% * ���
		

representsparametric
argumentsof themeanappreciationrate

# � , volatility 4 ��6 2 andscheduledjump amplitudesThe parameter% * ���
	
is assumedto have jumpsat thesametimesasthatof thescheduledevents,� % * ���	���% * ���
	P; * 6 � =9?1@ 3 & ADC ���FE�G * 6 @ 	 � �)�

where
y+  ?u¡ ¢ j % * ��G o* 6 @ 	D� % * ��G k* 6 @ 	'�NR * 6 @ l � ; * 6 � 6 @ R * 6 @ , wherethemeanjump distribution of

; * 6 � 6 @ for
% *

is
likely differentfrom scheduledmeanjump distribution of

; * 6 � for � � for � �£M(�PO5�D�D�D���
Q *
. Here,a relative

jump sizeis used,ratherthananabsolutesizein Rishel[15], i.e., geometricor multiplicative noiseis used
hereratheradditive noise.

Our model for the underlyingassetsis the similar to that of Rishel [15], except that more general
distributionsareusedherefor theappreciation,volatility andunscheduledjumpparameters,ratherthanthe
discreterandomstatesusedin [15]. Also, space-timePoissonprocessesareusedextensively in themodel.

3. Portfolio Wealth Equation

Let ¤ ���
	
betheportfolio wealthprocessfor aportfolio at time

�
thatincludesarisk-freebondassetatprice�����
	

andthe
Q

risky stocks�f� ���
	 . Let ¥F� ���	 bethefractionof thewealth ¤ ���
	 investedin the � th assetat
time

�
for � �¦M(�PO5�D�D�D�\�
Q and ¥ �Y���	 will denotethefractioninvestedin bondsat time

�
, sothat

¥ �Y���	9- =1� 3 & ¥ � ���	��VM(� (6)
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which servesas the definingconstraintfor the bond fraction ¥ � ���	 in termsof the stock fraction vectori¥ ���
	§�¨j ¥ � ���
	 l = rs& . Along with consumptionof capital,thestockinvestmentfractionswill comprisethe
componentsof thecontrolvector,

i¥ ���
	��Vj ¥ � ���
	 l = rs& , for thisproblem,suchthat ¥ � ���
	 cantakeonarbitrary
realvaluesif ��© � in theory, sincethefractionof stock � canbenegative if thestockis soldshortat time

�
in

anticipationof adropin pricesmakingit profitableto buy backlater, while thefractioninvestedin bondscan
benegative if money is borrowedonthebondandinvestedin stock � with �>© � (i.e., thesumover thestock
fractionsin (6) canexceedunity andthusareunboundedabove, in theory).However, for practicalreasons,
thestockfractionsmustbeboundedor limited sinceborrowing andshortsellingwouldbelimited. Further,
aswell will seelaterthatthejumpconditionsmaylikely leadto singularcontrolcalculations,whichwould
make little senseif thecontrolspacewereunbounded.Thus,thecontrolspacewill beassumedbounded,
for example, ¥Fª>«¬ 6 �F®°¯e�~® ¥Fª�±�² 6 � � (7)

with ¥~ª>«¬ 6 �F® � and ¥~ª�±�² 6 � © � , specified.
Thusthe wealth ¤ ���
	³� X =� 3 � ¥ � ���	 ¤ ���
	

at time
�

andthe dynamicsof the amount ¥ � ���
	 ¤ ���	
in-

vestedin instrument� at time
�

satisfiesEq.(1) for thebondwhen � ��� andEq.(2) for the � th when �p© �
stock.Thewealthlessconsumption,́

���
	
, satisfiestheSDE,� ¤ ���	�� E ´ ���
	 � �9- ¤ ���	�µ �`¥ � ���
	 � �.- i¥�¶ ���
	\· i#L� i%¸���
		 � �.- 4 � i%¸���		 � i8 ���	9- � i: ���
	 (8)- i; * = ?1@ 3 & ADC ���ZE�G * 6 @ 	 � ��¹ º» IJ �

with matrix-vector notation:
i¥ ¶ ���	��¼j ¥ 2 ���	 l &Dr = denotesthe transposeof

i¥ ���	 , i#�� iR½	¾�¿j # � � iR½	 l = rs& ,4 � iRs	��Àj 4 ��6 2 � iRs	 l = r / ,
� i8 ���	���j ��8 � ���	 l = rs& , � i: ���
	��Àj ��: � ���
	 l = rs& (the 0th componentfor associated

with the randomunscheduledjump parameter
% & ���	

is not directly includedin the wealthequation),andi;�Á'�Âj�;�Á 6 � l = rs& , Ã �VM for unscheduledjumpsand Ã �bO for scheduledjumps.Notethatthejumpin wealth
is givenby j ¤ l ��G�Á 6 @ 	L} ¤ ��G oÁ 6 @ 	~E ¤ ��G kÁ 6 @ 	�� =1� 3 & ¥ � ��G kÁ 6 @ 	P;�Á 6 � ¤ ��G kÁ 6 @ 	)�
ateachjumptime

�>�ÄG�Á 6 @ , for � ��M(�PO5�PÅ5�D�D�D� when Ã ��M for unscheduledjumpsor � ��M(�PO5�D�D�D�_�
Q * whenÃ ��O for scheduledjumps.

4. Consumption and Portfolio Optimization for Expected Utility Problem

Let ÆÈÇ ��É!� iRe	 be the utility functionof final wealthaswell asof the vectorparameteriR , and Æ ��Êg	 be the
instantaneousutility for the investor. Supposethe investorconsumes

Ê³� ´ ���	 at time
�

andendsup with
wealth

ÉË� ¤ ��G�	
at the final time

G
andthat the investorseeksto maximizethe conditionalexpected,

discountedutility of theterminalwealthandinstantaneousconsumption,i.e.,ÌÍ��� � �
É§� iR�� i¯ �
ÊD	À� yËµ�Î k½Ï_Ð ÆpÇ � ¤ ��G�	)� iRB	.-Ña ÐÒ ¢ Î k½Ï Ò Æ � ´ ���
		 � � (9)� ¤ ���U�g	���É!� i%����U�_	>� iR�� i¥ ���U�g	�� i¯ � ´ ���U�D	L��Ê � �
whereÓ is thereal(nominallessinflation)discountrate,by selectingthemaximizingportfoliopolicies

i¥ ���
	
andconsumptioń

���
	
, assumingthewealthprocess¤ ���
	

satisfiesthestochasticdynamicsspecifiedby (8).
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Discountingis usedhereto accountfor opportunitycostsdueto alternative investments,in contrastto [15].
Theutility functionsÆ ��Êg	 andÆpÇ ��É§� iRe	 areassumedto beincreasingconcave functions,i.e., Æ'Ô ��Êg	 © � andÆ Ô Ô ��Êg	 � � , for example.Thedifferencesfrom Rishel’s [15] paperarethatparametervector iR is included
in theterminalwealthutility making iR genuinelyincludedin themodelandalsothecumulative discounted
runningutility for consumptionof wealthis partof theobjective.

Let theoptimalexpectedutilities of theportfolio beÕ ���)�
É!� iRe	>��Ö ��×Ø\ÙÚ 6 ÛuÜ jÝÌÍ�����
É§� iRf� i¯ �
Êg	 l � (10)

wherethe vectorparameteriR°����RB&\�
R5*_	
forms an extensionof the statespacefrom the wealthstate

É
.

Due to the non-anticipatingpropertiesof the Markov anddeterministicprocesses,Bellman’s Principleof
optimality is valid in infinitesimalform asÕ �����
É§� iRe	�� Ö ��×Ø\ÙÚ 6 ÛuÜ)Þ Ò 6 Ò ofß Ò q

� y Þ Ò 6 Ò ofß Ò q
� Î k½Ï Ò Æ ��ÊD	 � �.- Õ ���.- � �)�
Éà- � ¤ ���
	)� iR§- � i%����		 �_� � (11)

for
�U� ® � � G , with terminalwealthconditionÕ ��Gá�
É§� iRe	L��Î k½Ï\Ð ÆÈÇ ��É!� iRe	)� (12)

Assumingthat Õ �����
É§� iRe	�� Õ ���)�
É!�
R & �
R * 	 is continuouslydifferentiablein
�
, twicecontinuouslydiffer-

entiablein
É

andcontinuousin thevectorparameteriR betweenscheduledjumps,thenstochasticdynamic
programmingequationsbetweenscheduledjumps(seeKushner[10], Itô [9], GihmanandSkorohod[4],
SnyderandMiller [16] for thelessfamiliarPoissondriventerms)is� � Õ Ò �����
É§� iRe	�-�Ö ��×Ø\ÙÚ 6 ÛuÜ � Î k½Ï Ò Æ ��Êg	.-Vâ(� � - i¯ ¶ � i#L� iR½	~E � iM_		�É�EãÊvä Õ�å �����
É§� iRe	 (13)- MO i¯ ¶ 4 � iRB	 4 ¶ � iRs	 i¯ É * Õ�å�å �����
É§� iR½	-b{~���
	saYc d � Õ ���)�_�UMæ- i¯ ¶ i; & ����� iRe� ^S & 		�É§�_�UMæ-Ä; & 6 �,���)� iR�� ^S & 		�R & �
R * 	~E Õ �����
É§� iRe	 � | & � ^S & 	 � ^S &Pç �� Õ Ò �����
É§� iRe	�-àÎ k½Ï Ò Æ ��ÊDèg	�-Ââ(� � -�� i¯ èg	 ¶ � i#L� iRs	~E � iM_		�É�EãÊDè�ä Õ å �����
É§� iR½	- MO � i¯ èD	 ¶ 4 � iRB	 4 ¶ � iRs	 i¯ èvÉ * Õ å�å �����
É§� iRe	-§{~���
	sa c d � Õ ���)�_�UMæ-�� i¯ è 	 ¶ i; & ����� iRe� ^S & 		�É§�_�UMæ-Ä; & 6 �,���)� iR�� ^S & 		�R & �
R * 	~E Õ �����
É§� iRe	 � | & � ^S & 	 �\^S & �
where i¯ è and

Ê è
aretheoptimalcontrolsif they exist, Õ�å and Õ�å�å arethepartialderivativeswith respectto

wealth,when
G * 6 @ k & � � � G * 6 @ for � �éM(�PO5�D�D�D���
Q * . At thescheduledjumps,

�p��G * 6 @ , thevaluefunction
jumpsdueto the fact that thescheduledjump timesarenot averagedover asaretheunscheduledPoisson
jumps(see[15] for asomewhatdifferentformulation),Õ ��G k* 6 @ �
É§� iRe	>��Ö ��×Ø\ÙÚ Ü�ê a c ? Õ ��G o* 6 @ �_�UMÈ- i¯ ¶ iS * 	�É§�
R & �_�UMÈ- S * 6 �_	�R * 	U| * 6 @ �\^S * 	 � ^S * ç � (14)

for � �ëM(�PO5�D�D�D�\�
Q *
, where

^S * �ë� S * 6 �(�giS * 	 , andtheright continuitypropertyalongwith the instantaneous
jump propertyhasbeenused. Sincedynamicprogrammingis a backward formulationin time, (14) is a
conditionfor Õ ��G k* 6 @ �
É§� iRe	 ratherthan Õ ��G o* 6 @ �
É§� iR½	 , althoughtheargumentof themaximumis theoptimal
control ¯ è ��G o* 6 @ �
É!� iR½	 , while thereis no correspondingvalue for the optimal consumptionat

G o* 6 @ in this
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equation.This jump conditionillustratesthat deterministicjumpsaremoredifficult to treatthanPoisson
jumps.Here,thebondfractionhasbeeneliminatedby (6) in favor of thestockfractions,i.e.,

¯ �á��M�E =1� 3 & ¯½� ��M�E i¯ ¶ iM(�
where

iM+}VjìM l = rs& is thesummingvector.
If theunconstrainedmaximumin (13) is attainedby theregularcontrols i¯ reg

���)�
É!� iR½	 and
Ê
reg
���
	

, then
on
G * 6 @ k & � � � G * 6 @ they implicitly satisfytheequationsÆ Ô ��Ê reg

���)�
É!� iRs		L��Î Ï Ò Õ å �����
É§� iR½	)� (15)É * Õ�å�å �����
É§� iRe	 4 � iR½	 4 ¶ � iR½	 i¯ reg
���)�
É!� iRe	>�¦EáÉ Õ\å ���)�
É!� iRe	v� i#L� iRB	ZE � iM_		E7{~���	�É�í c½d i; & ����� iR�� ^S & 		 Õ�å �����_�UMÈ- i¯ ¶reg

�����
É§� iRe	 i; & ����� iRe� ^ S & 		�É§�_�UMæ-Ä; & 6 �,����� iR�� ^S & 		�R & �
R * 	U| & � ^ S & 	 �\^S & � (16)

for the optimal consumptionandportfolio policieswith respectto the terminalwealthandinstantaneous
consumptionutilities (9).

At the scheduledjumps,
�¸�hG * 6 @ , the portfolio policy must jump whenthe optimal portfolio value

jumps,but it maybepracticalto bringpolicy constraintsinto playsincethefirst derivativecritical condition,É�a c ? iS * Õ�å ��G o* 6 @ �_�UMÈ- i¯�¶reg
�����
É§� iR½	 iS * 	�É§�
R & �_�UMp- S * 6 �_	�R * 	U| * 6 @ � ^S * 	 ��^S * � i�B� (17)

for theargumentthemaximumin theoptimaljumpcondition(14),maynothavea regularor unconstrained
solutionfor i¯ reg, especiallyif the valuepolicy derivative, Õ�å , is nonvanishing. The mathematicallyideal
infinite investmentfractioncontroldomainmaynotbepractical,sothatafinitecontroldomainis considered.

5. Constant Relative Risk-Aversion Utility Example

Whentheutility functionsappearingin theobjective functional(9) arepower functions,Æ ��Êg	À� Ê)î`ï_ðF��Ê�ñ°�B��� � ð � M(�ÆpÇ ��É§� iR½	�� Æ ��É7	 Æ &Y��RB&D	 Æ *Y��R`*_	)��É<ñ°�B� (18)Æ ÁB��R5Á(	�� R î)òÁ ��R5Á!ñÄ�B��ð5ÁKó���B� Ã �VM(�PO5�
Usingarbitrarypowersof consumptionandwealthmeansthat,in orderto enforcerealvalueson theutility
functions,consumptionandwealthmustbenon-negative.

This is the caseof iso-elasticmarginal utility or constantrelative risk-aversion (CRRA), sincethe
elasticityof themarginalutility or relative risk-aversion(RRA), thenfor consumption,ô'ô'%�}¦Eõ� � Æ Ô ��Êg	ï � Êg	ïB� Æ Ô ��Êg	ï�Êg	È��EáÊ Æ Ô Ô ��Êg	ï Æ Ô ��Êg	���MöE�ð�} Av÷�ø © �B� (19)

Thisaspecialsubcaseof theHyperbolicAbsoluteRiskAversion(HARA) utility case[12, 13], sincePratt’s
measureof absoluterisk-aversion(ARA),%+ô'%b}¦E Æ Ô Ô ��Êg	ï Æ Ô ��Êg	L�V�UMöE�ð�	ï�Ê��
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for consumption,is a hyperbolicfunctionof consumptionfor this utility, assuming
Ê © � and

ðbó�ëM
. For

theutility of thestateparameter
R5Á

, thesensitivity to theparameter
R`Á

is beneficialif
ð5Á © � andadverseifð5Á � � , for Ã ��M to 2.

With thesepowerutility functions,agoodguessfor theform of thesolutionis by partialmultiplicative
separationof variables, Õ ���)�
É!� iRe	���Î k½Ï Ò ÆÈÇ ��É!� iR½	 Õ � ����� iR½	)� (20)

wheretheseparatedtime function Õ �,����� iRs	 is to bedetermined.
Substitutionof the solutionansatz(20), yields an explicit form for the regular control consumption

valuesusing(15), Ê
reg
�����
É§� iRe	>��Éõj Æ & ��R & 	 Æ * ��R * 	 Õ �,���)� iRs	 l &Uù m î k &q (21)

andanimplicit form for thestockfractionsusing(16) ,i¯ reg
�����
É§� iRe	�� MM�E�ð j 4 � iRs	 4 ¶ � iRs	 l k & � � i#L� iRB	FE � iM_	-b{.���
	sa ced i; & ���)� iR�� ^S & 	v�UMp- i¯ ¶reg

���)�
É!� iRe	 i; & ���)� iR�� ^S & 		 î �UMÈ-Ä; & 6 �_	 î d (22)ú Õ � �����_�UMÈ-Ä;5& 6 � 	�Rs&\�
R5*_	Õ �,���)�
R & �
R * 	 | & � ^S & 	 �\^S &Pç �
providedthatthediffusionmatrix, 4 � iR½	 4 ¶ � iR½	 , is invertible.Notethat i¯ reg

���)�
É!� iR½	�} ^¯ reg
����� iRB	 , independent

of thewealth
É

, which is acrucialpropertyneededfor partialseparability.
Substitutionof the power solutionansatz(20) andthe regular controlsin (21-22)into the stochastic

dynamicprogrammingequation(13), leadsto an ordinarydifferential equationdependingon the vector
parameteriR andthisequationcanbeclassifiedasaBernoulliequationwith variablecoefficients,� � Õ Ô� ���)� iR½	9-��UMöE�ð�	pû�ü Ô& ����� iR½	 Õ �,���)� iRs	9-�ü * � iRs	 Õbýývþ d� ����� iRs	�ÿ�� (23)üg*Y� iR½	 } j Æ &���Rs&D	 Æ *,��R5*_	 l þ dd þ�ý � (24)ü Ô& ����� iR½	 } MM�E�ð � E Ó - ð�â � - ^¯�¶reg

����� iR½	v� i#È� iRs	FE � iM_	�äõ-à{.���
	v� ^� & ����� iRB	ZE°M_	 (25)E ðOs�UM�EHð�	 � �� i#L� iR½	~E � iM_	9-Ñ{ i� Ô& 	 ¶ � 4 � iR½	 4 ¶ � iRs		 k & �� i#È� iRB	ZE � iM_	.-Ñ{ i� Ô& 	 � ç �^� & ����� iR½	 } a ced �UMÈ- ^¯�¶reg
����� iRB	 i; & ����� iR�� ^S & 		 î �UMÈ-Ä; & 6 �_	 î d Õ �,�����_�UMp-°; & 6 �_	�R & �
R * 	Õ � �����
Rs&\�
R`*_	 | & � ^S & 	 �\^S & � (26)i� Ô& ����� iR½	 } a c d i; & ����� iR�� ^S & 	v�UM�- ^¯ ¶reg

���)� iR½	 i; & ����� iR�� ^S & 		uîe�UM�-K; & 6 �_	uî d Õ � ���)�_�UM$-p;5& 6 � 	�RB&\�
R5*_	Õ �,�����
R & �
R * 	 | & � ^ S & 	 �\^S & � (27)

for
�

on
��G * 6 @ k & �UG * 6 @ 	 for � ��M(�PO5�D�D�D���
Q * .

Thepartialseparabilityassumptionwhere iR still appearsin the time function Õ �,���)� iRs	 is dueto the iR -
dependenceof thecoefficientsof thevariance4 � iR½	 , themeanreturn

#L� iRs	 , andtheutilities Æ Á5��R5ÁY	 . If these
coefficients were independentof iR , then the time function could be heuristicallyreplacedby just Õ �(���
	 .
Otherwise,theimplicit dependenceon Õ �Y�����_�UMp-Ä; & 6 �g	�R & �
R * 	ï Õ �,�����
R & �
R * 	 in Eqs.(22,26,27)will require
iterative or otherapproximatesolutions.
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The Bernoulli equation(23) can be formally transformedto an easily integrable linear differential
equationby thechangeof variables� ���
	>� Õ & k î ù m î k &q� ����� iR½	�� Õ &Uù m & k î q� ����� iR½	 ,�³� � Ô ���	�-�ü Ô& ����� iR½	 � ���
	�-�ü * � iR½	)� (28)

whichhasthegeneralsolutionwhicheasilybeconvertedto thegeneralsolutionfor thedesiredtimefunction,Õ �(���
	�� � & k îs����� iR½	>� ê Î k�� d m Ò 6 Ù� q û�� �æE ü * � iRB	sa Ò Î � d m	� 6 Ù� q ��
 ÿ ç & k î � (29)

where
� �

is a constantof integration. Since Õ �(����� iR½	 will be only piece-wisecontinuouswith jumpsat
scheduledjumptimes,

� �
will bedifferentondifferentintervalsbetweenscheduledjumps,i.e.,Õ �,���)� iRs	����Ì � 6 @ ���)� iR½	)�UG * 6 @ ® � � G * 6 @ � � ��M(�PO5�D�D�D���
Q * -�M��L� (30)

with semi-openintervalsappropriatefor right continuouslimits andwhere
G * 6 �+}��U� and

G * 6 =9?o & }�G , are
thespecifiedstartingandstoppingtimes,respectively.

On thefinal timestep,
j Gf* 6 =9? �UG l , theoptimalutility valuefunctionfinal condition,Õ ��G+�
É§� iRe	���Î k½Ï_Ð ÆpÇ ��É§� iRe	)�

from theobjective (9), sotheseparatedtime functionsatisfiesthereducedfinal condition,Õ �,��Gõ� iRB	��VM(�
Thus,using(29),Õ � ����� iRB	���Ì � 6 =9?Uo &(����� iRB	L} µ�Î � d m Ðe6 Ù� q k�� d m Ò 6 Ù� q - üg*Y� iRs	sa ÐÒ Î � d m	� 6 Ù� q k�� d m Ò 6 Ù� q ��
�� & k î � (31)

so that the solutionfor the optimal valuefunction is Õ �����
É§� iRe	��hÎ Ï Ò ÆÈÇ ��É!� iR½	Ì½� 6 =9?o & ����� iRs	 with optimal
controls, i¯ è �����
É§� iRe	§� i¯ reg

�����
É§� iRe	 , in absenceof control constraints,usingsolutionsfrom (22), while if
thereareconstraintson i¯ suchas(7), theni¯ è� �����
É§� iR½	������ ��

¥Fª>«¬ 6 � � i¯ reg 6 � ���)�
É!� iR½	 ® ¥~ª>«¬ 6 �i¯ reg 6 � �����
É§� iRe	)� ¥ ª>«¬ 6 � ® i¯ reg 6 � ���)�
É!� iR½	 ® ¥ ª�±�² 6 �¥Fª�±�² 6 � � ¥~ª�±�² 6 �F® i¯ reg 6 � �����
É§� iR½	 ¹ �º�» (32)

for � ��M(�PO5�D�D�D���
Q , andÊ è ���)�
É!� iRe	>��Ê
reg
���)�
É!� iRs	L��Éõj Æ & ��R & 	 Æ * ��R * 	Ìe� 6 =9?o & ���)� iRs	 l &Uù m î k &q �

On earlier time steps
j G * 6 @ k & �UG * 6 @ 	 betweenscheduledjumps, for � � Q * -éM(�
Q * �D�D�D�_�PO5�gM

, in the
naturalbackwardtimeof dynamicprogramming,the Õ � ����� iR½	 using(14)and(20)mustsatisfythelocalfinal
jumpconditionfor thatinterval,Ì � 6 @ ��G k* 6 @ � iRs	 (33)� a c ? �UMÈ-�� i¯ o* 6 @ 	 ¶ iS * 	 î �UMp- S * 6 �_	 î ? Ì � 6 @ o & ��G o* 6 @ �
R & �_�UMp- S * 6 �_	�R * 	U| * 6 @ �\^S * 	 � ^S * �wherethecorrespondingcontrolis givenby thesingular, bang-bangcontrol,i¯ o* 6 @ ����� iR½	>� i¯ è� ��G o* 6 @ �
É§� iRe	>� µv· ¥ ª>«¬ 6 � ���D* 6 �Z© �¥~ª�±�² 6 � ��� * 6 � � ��� � = rs& (34)
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with the � th componentof the switch integral function given implicitly from the control gradientof the
integral in (33),� * 6 � }Äð'a c ? iS * 6 � �UMÈ-b� i¯ o* 6 @ 	 ¶ iS * 	 î k

& �UMÈ- S * 6 �_	 î ? Ì � 6 @ o & ��G o* 6 @ �
R & �_�UMp- S * 6 �_	�R * 	U| * 6 @ � ^S * 	 � ^S * � (35)

sinceoptimizationof the term
�UMá-�� i¯ o* 6 @ 	 ¶ iS * 	 î is a singularcontrolproblemsimilar to the linearcontrol

problemwith
ð<��M

. In this case,regular control makesno sense.Whenthe componentof the switch
function vanishes,

� * 6 � �[�
, thenthat componentof the control will not matter. Also notethat sincethe

factor
�UM�-�� i¯ o* 6 @ 	 ¶ iS * 	 arisesasa multiplying factorof wealthin thepower utility function,thereis in fact

anotherconstraintonthecombinedcontrol i¯ andthescheduledjumpamplitude
iS * , suchthat

�UMs- � i¯ o* 6 @ 	 ¶ iS * 	shouldbenon-negative.
With localfinal conditionin (33) andthegeneralsolutionin (29)Õ �Y���)� iR½	>�bÌ � 6 @ ����� iR½	>} µ Î � d m Ð ?u¡ � 6 Ù� q k�� d m Ò 6 Ù� q jÝÌ � 6 @ ��G * 6 @ � iRs	 l &Uù m & k î q -�ü * � iRs	sa ÐÒ Î � d m�� 6 Ù� q k�� d m Ò 6 Ù� q ��
 � & k î �

(36)

where
Ì � 6 @ ��G * 6 @ � iRB	 is givenby (33)with

Ì � 6 @ o & ��G o* 6 @ � iR½	>�bÌ � 6 @ o & ��G * 6 @ � iRB	 by piece-wisecontinuityandright
continuouslimits, for � ��Q�O5�D�D�D�\�PO5�gM scheduledjumps.ThecorrespondingoptimalconsumptionisÊ è �����
É§� iRe	>��Ê

reg
�����
É§� iR½	���É³j Æ & ��R & 	 Æ * ��R * 	Ìe� 6 =9?o & ����� iRB	 l &Uù m î k &q � (37)

which is linearin thewealth,but piece-wisecontinuouswith jumpsat thescheduledjump timesaccording
to onthejumpsof Õ �Y���)� iR½	 . Theoptimalcontrolon

j G * 6 @ k & �UG & 6 @ 	 hasthesameform asin (32) for
j G * 6 =9? �UG l ,sinceit dependsonly on thediffusive volatility 4 � iRB	 , themeanappreciationrate

#L� iRs	 lessthe interestrate� , thejumpamplitudesandtheir distributions.

6. Further Computational Considerations

In theprevioussection,theoptimal,expectedrunningconsumptionandterminalwealthinvestmentportfolio
problemusingpower utilities reducesthe computationalproblemto a muchmorefeasibleform thanthat
for themoregeneralproblemin theSection4.. Themaincomputationaldifficulty over themorestandard
Gaussiannoiseproblemis the numericaltreatmentof the marked Poissonprocessrelatedintegrals that
appearin thereducedequationsfor theoptimalcontrol i¯ è �����
É§� iR½	 in bothregularform (22)aswell asjump
form (34-35),thegrowth rate

ü & ����� iRs	 in (25) for theseparatedtime function Õ �,����� iRs	 -equationandthejump
conditionsfor Õ �(����� iR½	 in (33).

HansonandWestman[20] have developednumericalproceduresfor treatingthesemarked Poisson
jump integral that arevalid for arbitrary jump densities.The proceduregeneralizesGaussianquadrature
rulesusing the densityas the integral weighting function unrestrictedto normalor exponentialdistribu-
tions. Givena continuousdensity

|Z���`	
, say

| & � ^S & 	 , this Gaussian-Statisticsquadraturefor jump integrals
approximatestheintegralsover continuousfunctions� ���`	 as

� }�a c � ���`	U|Z���`	 � ��� 1 Á É�Á � ���_ÁY	)� (38)

wherethenodes
�_Á � t andcorrespondingweights

É�Á
arerelatedto thefirst few momentsof thedensity|F���5	

, which for the two point rule hascubicmomentaccuracy up to andincludingskewness.Piece-wise
rules,with piece-wiserenormalization,werealsoconstructedin [20]. In thecasewherethedensityis not
continuous,suchasfor discretedistributions, interpolationcanbe usedon the resultingdiscretesumsat
discretevalues,� ��� � 	 , for approximationsat specifiednodes.
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Theimplicit equationsgoverningtheregularor optimalcontrolsin (22) andthescheduledjump con-
trols in (34-35)requiresomeiterationproceduresuchasNewton’s methodor canbebesolved within the
generalextrapolator-predictor-corrector proceduresummarizedby Hanson[5] for computationalstochastic
dynamicprogrammingproblemsfor Markov noisein continuous-time.

7. Conclusions

In thispaper, theportfolio optimizationmodelfor investmentwealthdependentonexternaljumpeventsin-
troducedby Rishel[15] hasbeenimprovedandgeneralized.Theunderlyingstockprice,randomscheduled
anddeterministicunscheduledexternaljumpprocesseshavebeenmodeledconsistentlyby Markov noisein
continuoustimeandsimilarly modeleddeterministicprocesses.TheMarkov noiseincludesbothBrownian
motionandmarked Poissonprocesses,while thedeterministicprocessesaremodeledby right continuous
generalizedfunctionsin the samespirit asthe marked Poissonprocessesleadingto a moreintegratedap-
proach.The expectedterminalwealthutility objective of Rishel[15] hasbeenextendedby including the
scheduledandunscheduledjumpparameterin agenuinewaythroughincludingthemin theterminalutility,
while consumptionhasbeenaddedin termsof thecumulative instantaneousutility. Discountinghasbeen
includedin the terminalobjective and the instantaneousor runningobjective aswould be in any policy
strategy sensitive to otheropportunitiesthatmight producea highergainor interest.Also, constraintsare
placedon thestockfractioncontrolsto make optimalcontrolcomputationfor thesingularcontrolpartsof
thepower utility, jump modelfinite andwell-posed.Formulaearecarefullyworkedout for thepiece-wise
continuoussolutionswith jumpconditionsfor thepowerutility modelsof theconstantrelative risk aversion
type.Overall, themodificationsmake theoptimalportfolio jumpmodelmorerealisticandcomputationally
feasible.Furthercomputationalrecommendationsaregiven that includegeneralizedGaussianquadrature
for arbitraryjump amplitudedensityintegralsandpredictor-corrector methodsfor stochasticdynamicpro-
gramming.
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