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Abstract

While thevolatility of portfolios areoftenmodeledby continuousBrownianmotion processedis-
continuousjump processesire more appropriatefor modelingimportantexternal eventsthat signifi-
cantlyaffectthe pricesof financialassetsHerethe discontinuougump processearemodeledby state
andcontroldependentompoundPoissonprocessessuchthat the randomjumpscomeat the timesof
a purePoissorprocesswith jump amplitudeshat arerandomlydistributed. The optimal consumption
andinvestmenportfolio policy formulationis in termsof stochastidifferentialequationswith optimal
discountedutility objectives. This paperwas motivatedby a recentpaperof Rishel (1999) concern-
ing portfolio optimizationwhenpricesaredependenbn externalevents. However, the modelhasbeen
significantlygeneralizedor realisticcomputationatonsiderations.

1. Introduction

While muchof the continuoustime modelsof financial markets have beenbasedupon continuoussam-
ple path geometricBrownian motion processesMerton [14] applieddiscontinuoussamplepath Poisson
processesalongwith Brownianmotion processes,e., jump diffusions,to the problemof pricing options.
He derived several extensionsof the alreadyclassicaldiffusion theory of Black and Scholeq1] applying
minimizing the portfolio variancetechniquego jump diffusion modelssimilar to thosetechniquesisedto
derive the classicBlack and Scholesformulae. Furtherresultsare given by Cox and Ross[2] in a com-
panion paperon thesejump diffusion processes.Earlier Merton [13] treatedoptimal consumptionand
investmentportfolio with eithergeometricBrownianmotionor Poissomoise,illustratedexplicit solutions
for constantisk-asersionin eitherrelatve andabsolutdorms. In [12], Mertonalsoexaminedtheseconstant
risk-aversioncases.Wilmott's [21] presentsa gooddiscussioron hedgingwith jump diffusion modelsin
finance. Lipton-Lifshitz [11] presents gooddiscussiorof predictabilityand unpredictability mainly for
foreignexchangeapplicationshput is applicableto otherfinancialapplicationsaswell.

RecentlyRishel[15] introduceda optimal portfolio modelfor stockpricesdependenbn deterministic
schedulecindstochastiainschedulegump externaleventsbasedon optimalstochasticontroltheory The
jumpscanaffect both the stock pricesdirectly or indirectly throughparametersThe deterministigumps
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are deterministiconly in the timing of the scheduledavents, but the magnitudeof the jumpsis random.
Rishels paperand relatedbioeconomicand manufcturingresearctof Hansonand co-workers|[6, 8, 17,
7,18, 19, 2Q] arethe motivationfor the presenfpaper Hereour formulationis a modificationon Rishels
paper with heavier relianceon stochastidifferential equationsconstraineccontrol, more generalutility
objectives,generalizedunctions,andrandomPoissormeasureMarny of the modificationamake the model
morerealisticandcomputationafeasible.Major computationgor the modelwill bethe subjectof another
paper Theapproachereis moretoward appliedmodelingandcomputationafeasibility ratherthanpurely
mathematicatheoremstatemenaindproving.

The paperis arrangedasfollows. In Section2., the stochastidifferentialequationmodelfor the un-
derlying risk-freeandrisky assetsareformulatedin termsof stateand control dependeninarked Poisson
processewith diffusionprocessessedfor thelessimportantbackgroundevents.In Section3., thewealth
equationsareformulatedfor the portfolio. In Section4., the portfolio optimizationproblemis formulated
and the subsequenpartial differential equationof stochastiadynamicprogrammingis derived from the
generalizedtd chainrule. Theformulationof the solutionfor the power utilities examplein Section5. is
significantlyreducedto much simpler equationswith mary explicit terms,althoughsomeimplicit terms
remain,especiallythosePoissorrelated but theseequationsare suitablefor computation.Furthercompu-
tationalconsiderationarediscussedn Section6.

2. Stateand Control Dependent Asset Models

In this paperwe areinterestedn selectinga financialportfolio from arisk-freeassebr bondanda number
of risky asset®r stocks.Let thebondearnafixedrater of interestsuchthatits price B(t) attime¢ satisfies
thedeterministicdynamicalprocess,

dB(t) = rB(t)dt, B(0) = B. @)

Let S;(¢) denotethepriceof theith stockwhich satisfiestheMarkov geometrigump-diffusionstochas-
tic differentialequation,

dSi(t) = Si(t) |ni(A1(t), A2(t))dt + % 0i,j(A1(t), A2(t))dZ;(t) + dP;(t) )
+ Jg,i i 5R(t — Tg,g)dt , S (0) = S(),Z',
(=1

fori =1,2,..., N stocks.Firstthetermsin (2) will be briefly identified,but will be morethoroughlyde-
scribedater Theyu;(a1, a2) denotehemeanappreciatiomratefor theith stockasafunctionof unscheduled
a1 andscheduledi, parametersthes; (a1, az) arethevolatilities for theith stockdueto the jth contin-
uous,Brownianmotionprocesses/;(t) for j = 1,2,..., M, thedP;(t) denotethe discontinuoustandom,
space-timd>oissorprocessesepresentingmportantunschedule@vents;andthe J; ; Zévjl Or(t — Top)dt
representhecorrespondingcheduledventswith deterministigumptimes,excepthave randomamplitudes
like thespace-timéPoissorprocesses.

The Z;(t), for j = 1,2,..., M, denoteindependentstandardBrownian motion processeand P; (t)
denotegheith componenobf amarkedPoissorprocessThecontinuousamplepathprocesseg; (t) model
the lessimportantbackgroundandomeventsthat affect the market, while the discontinuousamplepath
processed P;(t) modelthe rare,importanteventsthat lead to large fluctuationsin risk sensitve market
assets. The space-timedifferential Poissonprocessesl P;(t) are relatedto Poissonrandommeasureor



space-timéoissorprocesses? (dt, de1), (seeltd [9], GihmanandSkorohod[3], SryderandMiller [16] or
Hanson5]; seeHansonandTuckwell[8] for somebiologicalexamples):

dp(t) = . J,i(t, A, Az, j1)P(dt, djr), 3)
1
fori =0,1,..., N, whereJ;; is the ith Poissonjump amplitudefunction correspondindo the :th stock

price, j1 = (j1,o,f1) = [Jri-1l(v4+1)x1 is the (N+1)-dimensionatandommark vectoron the mark space
J1. Eachtime the constituentPoissoncounting processhasa jump signifying an unscheduledvent, a
randommark vector; is generatedvhich in turn generateshe value of the vectorjump amplitudefl =

(J1,05 fl)(t, AI,A2,31), resultingin the jump in the unschedulegharameterd; from J; o andin thejump

in stockprice S; from Jy ; fori = 1,2,..., N, respectiely. Thecomponent/P;(t) of the Poissordriven
procesdasthe expectation:

BIAP(0) = At) [ aslt, v, Ao, G1)onGr)dfade = NOEL i, ()

fori =0,1,..., N, where\(¢) is theratefor thecommonPoissorcountingprocessande¢: (; ) is thejoint
densityof theamplitudemarks.Assumingcomponent-wisendependencelP;(t) hascovariancegiven[16]

by
Var[dP;(t)] = A(t) E[J] ]dt, (%)
fori =1,2,...,N. Giventhatthereis ajumpatT} ¢, thestockprice S;(t) jump magnitudes
[Si)(Th,0) = Si(T7,) = Si(Ty ) = J1i(Th e, As, Azjl)si(Tf,g),

fort =1,2,..., N, assuminghatthejump amplitudeis continuousn ¢. A simplePoissorjump amplitude
modelcouldhave .Jy ;(t, a1, az,jl) = j1,i, I.e.,thejumpamplitudevectorbeingthesameasthemarkvector

The unscheduledvent parameter4; (¢) is generatedy the samespace-timePoissonprocessP as
above, reservinghe components/; o, of thejump andj; o of themarkfor A, (t), sothatthejumpin A;(t)
is generate@tthe sametime by thesingleunderlyingPoissorcountingproces®of theunscheduledventas
it is for thestocksin (2) atrateA(¢) for unscheduledvents,

dA;(t) = A1(t)dPy(1),

wheredP,(t) is given by (3) wheni = 0, with conditionalexpectedjump amplitudeof the parameter
differential

E[dA1 (t)‘Al (t) = ay, Ag(t) = CI,Q] = )\(t)alE[Jl,0|A1 (t) = ai, AQ (t) = a2]dt,

whereE[J; o] is theaveraggumpamplitudeof theOth componenof thespace-timéoissorprocessAgain,
arelative jump sizeis usedhere ratherthananabsolutgump amplitude.

Thelasttermon theright handsideof (2) modelsthe jumpsresultingfrom scheduledventsattimes
Ty, for £ =1,2,..., Ny andrelatve jumpamplitudeof .J5; causingS;(t) tojumpto J» ;5; (15 ,), assuming
Ty < T 41, SUchthat

Prob [Jo,; € (y,y + dy)| Ao (Ty) = aze| = doily; as,e)dy,

where

b2,i(2,i; a2) =/ 8(jo,i — o) b2(j2; az)dja

T2
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is a properdensityfunction, which may include discretedistributionsthroughgeneralizedunctions,with
d(z) denotingtheusualDirac deltafunctionand

~

J2 = [J2i—1)(Wa41)x1-

Thegeneralizedunctionsymboldz(t — T>,) denotesaright continuous delta function definedby

| #®sa—1 = 117,

for someright-continuougunction f, compatiblewith theright continuity (continuityfrom theright) of the
PoissomprocessThus,the schedulegumpamplitudeS; atTs ; is

[Sil(T2,0) = Si(Tyy) — Si(T3,) = J2,Si(T3),

dueto non-anticipatingright-continuityand suchthat stock: jumpsfrom S;(T5 ) to J2;5:(T, ,) atthe
schedulegumptime Ty 4. It is furtherassumedhatthefinal schedulegump atT y, takesplacebeforethe
terminaltimeT', i.e.,Tb v, < T < T3 n,+1. Theseschedulegumpsaffect the market dueto eventssuch
aschangesn monetarypolicy or announcementsf labor statisticsor othereconomicannouncementsr
eminentlabor strikes, althoughthe magnitudeof thejumpscanberandom,asdescribedy Rishel[15]. A
recent(Februaryl7,2000)exampleis thesemi-annua¢conomiaeportof ChairmanAlan Greenspauwnf the
FederalResere Boardto Congresghat concernedheraisingof interestratesandother mattersfollowed
thenext day (Februaryl8, 2000)by a "doublewitching day” in which therewasa simultaneougxpiration
of contractson stockoptionsandstockindices.
For the continuousportionof the samplepaths the non-anticipatingneanappreciationateis z; (A(t))

andthe varianceis Ejf‘il oiz’j(/f(t)), relatve to and conditionedon the currentstock price S;(t), i.e., in

absencef the scheduledr randomjump events. Thevector A(¢) = (A;(t), Ax(t)) representparametric
argumentsof the meanappreciatiorrate x1;, volatility o; ; andscheduleqump amplitudesThe parameter
As(t) is assumedo have jumpsatthe sametimesasthatof the scheduleavents,

N2

dAs(t) = Az(t)Jap Y Or(t — Toy)dt,
(=1

whereEj, , [A2(T;Z)|A2(T2*’Z) = agy] = J2,0,a2,0, Wherethe meanjump distribution of Jo o ¢ for A, is
likely differentfrom scheduledneanjump distribution of J> ; for S; fori = 1,2,..., N». Here,arelatve
jump sizeis used ratherthananabsolutesizein Rishel[15], i.e., geometricor multiplicative noiseis used
hereratheradditive noise.

Our modelfor the underlyingassetss the similar to that of Rishel[15], exceptthat more general
distributionsareusedherefor the appreciationyolatility andunschedulefump parametergiatherthanthe
discreterandomstatedusedin [15]. Also, space-timd?oissorprocesseareusedextensvely in themodel.

3. Portfolio Wealth Equation

Let W (t) betheportfolio wealthprocesdor a portfolio attime ¢ thatincludesarisk-freebondassett price
B(t) andthe N risky stocksS;(t). Let U;(t) bethefractionof thewealthW (¢) investedin theith assefat

timetfori =1,2,..., N andUy(¢) will denotethefractioninvestedin bondsattime ¢, sothat
N
Uo(t) + > Ui(t) =1, (6)
i=1



which senes asthe defining constraintfor the bond fraction Uy(¢) in termsof the stock fraction vector
U(t) = [Us(t)]nx1. Along with consumptiorof capital, the stockinvestmentractionswill comprisethe
componentsf thecontrolvectot U (t) = [U;(¢)]n x1. for thisproblem suchthatU;(t) cantake onarbitrary
realvaluesf i > 0 in theory sincethefractionof stock: canbenegatie if thestockis soldshortattimet in
anticipationof adropin pricesmakingit profitableto buy backlater, while thefractioninvestedn bondscan
bengyative if money is borraved onthebondandinvestedn stock: with ¢ > 0 (i.e.,thesumover thestock
fractionsin (6) canexceedunity andthusareunboundedibove, in theory). However, for practicalreasons,
the stockfractionsmustbe boundecbr limited sinceborroning andshortsellingwould belimited. Further
aswell will seelaterthatthejump conditionsmaylikely leadto singularcontrolcalculationswhichwould
male little sensdf the control spacewereunbounded.Thus,the control spacewill be assumedounded,
for example,

Umin,i <u; < Umax,i7 (7)

With Upin; < 0 andUmax,; > 0, specified.

Thusthe wealthW (1) = 2N, U;(t)W (t) attime ¢ andthe dynamicsof the amountU;(¢)W (t) in-
vestedn instrument attime ¢ satisfiesEq. (1) for thebondwhen: = 0 andEq. (2) for theith wheni > 0
stock. Thewealthlessconsumption('(t), satisfieshe SDE,

—

dW(t) = —C(t)dt+W(t) [on(t)dt + ﬁT(t){ A(A))dt + o(A(t)dZ(t) + dP(t) (8)

)
(=1

N2
+ Jo Z (5R(t — Tg’g)dt}

—

with matrix-vector notation: U (t) = [U;(t)]ixy denotesthe transposef U (t), (@) = [ui(@)]nx1,

0(@) = [04(@)) s, dZ(t) = [dZi(t)]nx1, dP(t) = [dP;(t)]nx1 (the Oth componentor associated
with the randomunscheduledump parameterd, (¢) is not directly includedin the wealthequation),and

Jp = [Jk,i]nx1, k = 1 for unschedulegumpsandk = 2 for schedulegumps.Notethatthejumpin wealth

is givenby

(W](Ty,) = W(Tliz) - W(Tk_,z) = z_: Ui(Tk_,f)Jk,iW(Tk_,E)a

ateachjumptimet = Ty, o, for £ = 1,2, 3,... whenk = 1 for unschedulegumpsor/ = 1,2, ..., N, when
k = 2 for schedulegumps.

4. Consumption and Portfolio Optimization for Expected Utility Problem

Let Us(w,d) bethe utility function of final wealthaswell asof the vectorparameter, andi{/(c) be the
instantaneoustility for theinvestor Supposeheinvestorconsumes = C(t) attime ¢ andendsup with
wealthw = W (T') atthefinal time T" andthat the investorseeksto maximizethe conditionalexpected,
discountedutility of theterminalwealthandinstantaneousonsumptioni.e.,

T
V(to,w,d,@i,c) = E |ePTU;W(T),a)+ | e PUC(t))dt (9)
to

W (to) = w, Alto) = @, U (to) = 7, Clto) = |

whereg is thereal(nominallessinflation) discountrate,by selectinghemaximizingportfolio policiesﬁ(t)
andconsumptiorC'(t), assuminghewealthprocesd¥ (¢) satisfieshestochastidynamicsspecifiedby (8).
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Discountingis usedhereto accountfor opportunitycostsdueto alternatve investmentsin contrasto [15].
Theutility functionsl/(c) andl/s(w, @) areassumedo beincreasingconcae functions,i.e.,i/'(c) > 0 and
U"(c) < 0, for example. The differencedrom Rishels [15] paperarethatparameterectord is included
in theterminalwealthutility makinga genuinelyincludedin themodelandalsothe cumulatve discounted
runningutility for consumptiorof wealthis partof the objectie.

Let the optimalexpectedutilities of the portfolio be

v(t,w,d@) = max[V(t,w,d,d,c)), (20)
{d,c}
wherethe vectorparamete@d = (a1, a2) forms an extensionof the statespacefrom the wealth statew.
Due to the non-anticipatingpropertiesof the Markov and deterministicprocessesBellmans Principle of
optimality is valid in infinitesimalform as

o(t,w,d) = g max [E[t,H—dt) [e—ﬂtU(c)dt +u(t 4 dt,w + dW (t), @ + M(t))]] , (11)

for tg <t < T, with terminalwealthcondition
(T, w,a) = e_ﬁTZ/{f(w,d’). (12)

Assumingthatv (¢, w, @) = v(t, w, a1, as) is continuoushydifferentiablen ¢, twice continuouslydiffer-
entiablein w andcontinuousn the vectorparametef betweernschedulegumps,thenstochastiaynamic
programmingequationsbetweenscheduledqumps (seeKushner[10], 1td [9], Gihmanand Skorohod[4],
SryderandMiller [16] for the lessfamiliar Poissordriventerms)is

-,

0 = vylt,w,@) +max [e PU(c) + ((r+ @ (7@ — rT))w — ) vu(t, w, @) (13)

{d,c}

1
+ idTa(&’)aT(a)uw%ww(t w,a)

(1 +a@" Ji(t,@ 51)w, (1 + Jro(t, @, j1))a1, az) — U(t,wﬁ)] ¢1(31)d;1] :

-

= w(tw a) ﬂtu( N+ (4 @) (@) = rD))w — ) vyt w, @)
+ (@) o(@)0 " (@)T W vy (t, w, )
+)\(t)/j [o(t, (1 + (@) T (4@, 50)w, (1 + Jro(t, @ 1))ax, a2) = v(t, w,@)| é1(1)dgn,

wherez* andc* arethe optimalcontrolsif they exist, v,, andv,,, arethe partialdervativeswith respecto
wealth,whenTs, 1 <t < Ty, forl =1,2,..., Ny. At theschedulequmps,t = T5 ,, thevaluefunction
jumpsdueto the factthatthe schedulegump timesarenot averagedover asarethe unscheduledPoisson
jumps(see[15] for asomevhatdifferentformulation),

v(Typ,w, @) = max [/j V(T (141" j2)w, a1, (1 + j20)a2)doe(f2)dsz | , (14)
u 2

for¢ =1,2,...,N,, wherej, = (j2,0,52), andthe right continuity propertyalongwith the instantaneous

jump propertyhasbeenused. Sincedynamicprogrammings a backward formulationin time, (14) is a

conditionfor v(75 ,, w, a@) ratherthanv(Tg,}, w, @), althoughthe agumentof the maximumis the optimal

control u*(TjZ,w,a), while thereis no correspondingzalue for the optimal consumptiorat T;} in this



equation. This jump conditionillustratesthat deterministicumps are moredifficult to treatthanPoisson
jumps.Here,thebondfractionhasbeeneliminatedby (6) in favor of the stockfractions,i.e.,

N
uozl—Zuizl—ﬁTl,
i=1

wherel = [1]nx1 is thesummingvector
If theunconstrainednaximumin (13)is attainedby the regularcontrolsiey(t, w, @) andcrey(t), then
onTy 1 <t < Ty, they implicitly satisfytheequations

ul(creg(ta ’LU, C_i)) = eﬁtvw (t7 ’U), C_i)a (15)

-,

W20y (t, w, @) 0 (@) 0 T (@) lireg(t, w, @) = —wvy (t, w,d@)(iE(@) — r1))
(16)
_)‘(t)w fjl Ji (ta a, jl))vw(t’ (1 + U;gg(t’ w, J)Jl (t’ a, jl))w7 (1 + Jl,O(ta a, j1>)a17 a2)¢1 (jl)djla
for the optimal consumptiorand portfolio policieswith respecto the terminalwealthandinstantaneous
consumptiorutilities (9).
At the scheduledumps,t = T3, the portfolio policy mustjump whenthe optimal portfolio value
jumps,but it maybepracticalto bring policy constraintsnto play sincethefirst deriative critical condition,

w /j G20u (T, (1 + Girgg (t, w, @) J2)w, a1, (1 + ja,0)a2) b, (2)ds2 = 0, (17)
2
for theargumentthe maximumin the optimaljump condition(14), maynothave aregularor unconstrained

solutionfor e, especiallyif the valuepolicy derwvative, v,,, is norvanishing. The mathematicallyideal
infinite investmenfractioncontroldomainmaynotbepractical sothatafinite controldomainis considered.

5. Constant Relative Risk-Aversion Utility Example

Whenthe utility functionsappearingn the objective functional(9) arepower functions,

Ule) = /[y, ¢>0, 0<y<1,
Z/{f(w,d') = Z/{(w)ul (al)Z/{g(az), w 2 0, (18)
Uk(a’k) = a'];/k’ ap > 0, Yk 7é 0, k= 1,2.

Usingarbitrarypowersof consumptiorandwealthmeanghat, in orderto enforcereal valueson the utility
functions,consumptiorandwealthmustbe non-ngative.

This is the caseof iso-elasticmaginal utility or constantrelative risk-aversion (CRRA), sincethe
elasticityof themaiginal utility or relative risk-aversion(RRA), thenfor consumption,

RRA = —(dU'(c)/de) /U () /c) = —cU" () JU'(c) =1 — v = 6 > 0. (19)

This aspecialsubcas®f the HyperbolicAbsoluteRisk Aversion(HARA) utility cas€12, 13], sincePratts
measuref absolutaisk-aversion(ARA),

ARA = -U"(c) /U (c) = (1 — )/,



for consumptionjs a hyperbolicfunction of consumptiorfor this utility, assuming: > 0 andy # 1. For
theutility of the stateparameten,, the sensitvity to the parameter,, is beneficialif v, > 0 andadwerseif
v, < 0, for k =1to?2.

With thesepower utility functions,agoodguesgor theform of the solutionis by partialmultiplicative
separatiorof variables,

v(t,w,d@) = e PUs(w, @)vo(t; @), (20)

wherethe separatedime functionwv(¢; @) is to bedetermined.
Substitutionof the solutionansatz(20), yields an explicit form for the regular control consumption
valuesusing(15),

creg(t, w, @) = wlldy (a1)Us(az) v (t; @)Y/ O (21)
andanimplicit form for the stockfractionsusing(16),

gt 0,) = T lo(@e @] [(@) 1)

+ A(t)/j j’l(taaa}\l)(l +ﬁltgg(ta waa)i(ta 5"731))7(1 + Jl,())’y1 (22)
1

Uo(t; (1 + J17())a1, ag)
vo(t; a1, az)

¢1 (31)(131] ,

providedthatthediffusionmatrix,o (@)o ' (@), isinvertible. Notethatiey(t, w, @) = tirey(t, @), independent
of thewealthw, whichis acrucialpropertyneededor partialseparability

Substitutionof the power solutionansatz(20) andthe regular controlsin (21-22)into the stochastic
dynamicprogrammingequation(13), leadsto an ordinary differential equationdependingon the vector
paramete& andthis equationcanbe classifiedasa Bernoulliequationwith variablecoeficients,

0 = uhltsd) + (1) (gt Do(t:2) + @] (59)). (23)

@) = [tha)Us(a)]™7 (24)

G63) = 7= [B+7 (r+ gt @ — D) + NOT (D ~ 1) (25)
Y

s (@) 1)+ AR T (ot@)a (@) (@) D) + AT |.

Lvolt; (14 Jip)ay, az)
(0 gl @)1 G0)) (14 ) 8 SO
vo(t; (IH4+J1,0)a1, az)

vo(t; a1, a2)

gl
—_
\‘H-
oL
~
I

é1(51)dg1, (26)

) = [ T35 0500 A085) (L ho)" &), 27)
1
forton(Typ—1,To) for{ =1,2,..., No.

The partial separabilityassumptiorwhered still appearsn thetime functionvg(¢; @) is dueto the a-
dependencef the coeficientsof thevariances (a@), themeanreturny(a), andthe utilities Uy, (ay,). If these
coeficients wereindependentf @, thenthe time function could be heuristicallyreplacedby just vy(t).
Otherwisetheimplicit dependencenvy(t; (1 + Ji0)a1, a2)/vo(t; a1, a2) in EQs.(22,26,27)will require
iterative or otherapproximatesolutions.



The Bernoulli equation(23) can be formally transformedto an easily integrable linear differential
equatiorby the changeof variablesd(t) = vy "/ Y (t:a@) = vt/ (t; @),

0=0'(t) + q1(t,@)0(t) + ¢2(a), (28)

whichhasthegenerabkolutionwhicheasilybeconvertedto thegenerakolutionfor thedesiredimefunction,

. t . 1=y
w(t) =07 (6) = |0 (Ko - (@) [ enDar) | (29)

where K, is a constantof integration. Sincewy(t; @) will be only piece-wisecontinuouswith jumps at
schedulequmptimes, Ky will bedifferenton differentintenalsbetweerschedulegumps,i.e.,

'UO(tvc-i) = {VO,Z(t; 6)?T2,£ <it< T2,f7£ = 1727 .. 7N2 + 1}7 (30)

with semi-operintenals appropriatefor right continuoudimits andwhereTs o = tg andTs n,+1 = T, are
the specifiedstartingandstoppingtimes,respectiely.
Onthefinal time step,[T, n,, T'], theoptimalutility valuefunctionfinal condition,

o(T,w,d) = e_ﬁTZ/{f(w,c'i),
from the objectve (9), sothe separatetime functionsatisfieshe reducedinal condition,
vo(Tsa) = 1.

Thus,using(29),
vo(t;@) = Vonys1(t; @) = et (Tha)—ar(t,a) | q2(a')/ eql(T,a)ql(t,a)dT] ) (31)
t

so that the solutionfor the optimal value functionis v(t,w, @) = €Uy (w, @)Vo,n,+1(t; @) with optimal
controls,*(t,w, @) = Ureg(t, w,d), in absencef control constraintsusingsolutionsfrom (22), while if
thereareconstrainton 4 suchas(7), then

Umin,ia 'Jreg,i (ta w, 6) < Umin,i
ﬁ:‘ (t,w,c’i) = ﬂ'regﬂ'(t,w,d'), Umin,z‘ < Ureg,i(t,w,ﬁ) < Umax,z' (32)
Umax,ia Umax,z’ < Ureg,i (t7 w, 6)

fori =1,2,...,N,and
c*(t,w, @) = creg(t, w, @) = wlth (a1)Us(a2) Vo, Ny 11 (t; @)Y 7Y,

On earliertime steps[T»,—1,T2,) betweenscheduledqumps,for £ = Ny + 1, N, ..., 2,1, in the
naturalbackwardtime of dynamicprogrammingthewv(¢; @) using(14) and(20) mustsatisfythelocal final
jump conditionfor thatintenal,

Vo,(Tyy; @) (33)

= [ @ @R (U 20) Vo (T on, (1 + da0)az) o (Fa) .
2
wherethe correspondingontrolis givenby the singular bang-bangontrol,

Umin,i, I2; > 0 }

ﬁ;’e(tﬁ) - ﬁ(Twa’a) - H Umax,i, [2,i < 0 (34)

Nx1
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with the ith componenif the switch integral function given implicitly from the control gradientof the
integralin (33),

L, = 7[7 Joi (L (iigy) " 52) 7 (1 + 5iz0) * Vo1 (Torgs ax, (1 + o) az) o, (j2) dj, (35)
2

sinceoptimizationof theterm (1 + (ﬁ;z)T}'g)7 is a singularcontrol problemsimilar to the linear control
problemwith v = 1. In this case,reghlar control makes no sense.Whenthe componenbf the switch
functionvanishes 5 ; = 0, thenthatcomponenbf the controlwill not matter Also notethat sincethe
factor(1 + (a’;e)Tj'z) arisesasa multiplying factorof wealthin the power utility function,thereis in fact

anotherconstrainbnthecombinedcontrol@ andtheschedulegump amplitudey,, suchthat(1+ (ﬁ’j’f)%)
shouldbe non-ngjative.
With localfinal conditionin (33) andthe generaksolutionin (29)

vo(t; @) = Vw(t;;j) = | 01 (T2,0,8)—q1(t,d) [Vo,g(Tz,g;d’)]l/(l_” + qz((;)/t eql(r,a)—ql(t,a)dT] ., (36)

whereV, ((Ts,¢; @) is givenby (33) with 1/(),@+1(T2J:£; a) = Vo,e4+1(T5,¢; @) by piece-wisecontinuityandright
continuoudimits, for £ = N2,...,2,1 schedulegumps.Thecorrespondingptimalconsumptioris

c*(t,w, @) = creg(t, w, @) = wllh (a1)Usz(az) Vo, np 11 (8 @)Y 7Y, (37)

whichis linearin the wealth,but piece-wisecontinuouswith jumpsat the schedulegump timesaccording
to onthejumpsof vy (¢; @). Theoptimalcontrolon (75 ,_1, T} ¢) hasthesameform asin (32) for [T5 n,, T,

sinceit depend®nly on the diffusive volatility o (&), the meanappreciatiorrate (@) lesstheinterestrate
r, thejump amplitudesandtheir distributions.

6. Further Computational Considerations

In theprevioussectiontheoptimal,expectedunningconsumptiorandterminalwealthinvestmenportfolio
problemusing power utilities reduceghe computationaproblemto a muchmorefeasibleform thanthat
for the moregeneralproblemin the Section4.. The main computationabifficulty over the morestandard
Gaussiamoise problemis the numericaltreatmentof the marked Poissonprocessrelatedintegrals that
appeain thereducedequationdor theoptimalcontrola* (¢, w, @) in bothregularform (22) aswell asjump
form (34-35),thegrowth rateq; (¢, @) in (25) for the separatetime functionwv (¢; @)-equatiorandthejump
conditionsfor vy (¢; @) in (33).

Hansonand Westman[20] have developednumericalproceduredor treatingthesemarked Poisson
jump integral that are valid for arbitraryjump densities. The proceduregeneralizessaussiamuadrature
rules using the densityas the integral weighting function unrestrictedo normal or exponentialdistribu-
tions. Givena continuousdensity¢(z), say¢: (j1), this Gaussian-Statisticguadraturdor jump integrals
approximatesheintegralsover continuoudunctionsf (z) as

F= /j F@9E: = 3 e (), (38)

wherethenodesz;, € J andcorrespondingveightswy arerelatedto the first few momentsof the density
¢(z), which for the two point rule hascubic momentaccurag up to andincluding skewness. Piece-wise
rules,with piece-wiserenormalizationyerealsoconstructedn [20]. In the casewherethe densityis not

continuous suchasfor discretedistributions, interpolationcan be usedon the resultingdiscretesumsat

discretevalues,f (z;), for approximationsit specifiedhodes.
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Theimplicit equationgoverningthe regularor optimal controlsin (22) andthe scheduleqump con-
trols in (34-35)requiresomeiterationproceduresuchas Newton's methodor canbe be solved within the
generalextrapolatospredicta-coredor proceduresummarizedy Hansorn5] for computationastochastic
dynamicprogrammingproblemsfor Markov noisein continuous-time.

7. Conclusions

In this paperthe portfolio optimizationmodelfor investmentvealthdependentn externaljump eventsin-
troducedby Rishel[15] hasbeenimprovedandgeneralizedTheunderlyingstockprice,randomscheduled
anddeterministiacunscheduledxternaljump processebave beenmodeledconsistentlyoy Markov noisein
continuoudime andsimilarly modeleddeterministigprocessesThe Markov noiseincludesboth Brownian
motion and marked Poissorprocessesyhile the deterministicprocesseare modeledby right continuous
generalizedunctionsin the samespirit asthe marked Poissonprocesseseadingto a moreintegratedap-
proach. The expectedterminalwealthutility objective of Rishel[15] hasbeenextendedby includingthe
schedule@ndunschedulejump parametein agenuineway throughincludingthemin theterminalutility,
while consumptiorhasbeenaddedin termsof the cumulatve instantaneoustility. Discountinghasbeen
includedin the terminal objective and the instantaneousr running objective aswould be in ary policy
strat@y sensitve to otheropportunitieghat might producea highergain or interest. Also, constraintsare
placedon the stockfraction controlsto make optimal control computatiorfor the singularcontrol partsof
the power utility, jump modelfinite andwell-posed.Formulaeare carefullyworked out for the piece-wise
continuoussolutionswith jump conditionsfor the power utility modelsof theconstantelative risk aversion
type. Overall, the modificationsmake the optimal portfolio jump modelmorerealisticandcomputationally
feasible. Furthercomputationatecommendationare given thatinclude generalizedsaussiarquadrature
for arbitraryjump amplitudedensityintegralsandpredictorcorrecto methoddor stochastiadynamicpro-
gramming.
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