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Considettheproductionof asingleconsumabl@roductthatis fabricatedn aproces®f k stageghatis subjecto
anuncertainervironment.Therearea numberof workstationson eachstagethathave differentoperatingparameters.
Theworkstationsaresubjectto the discretesventsof repair, failure,andpreventive maintenanceéhatgenerate jump
in the stateof the system Betweeneachstageof the manufcturingprocesss a finite buffer thatholdspiecesbefore
they canbe processedy the next stage. If a buffer is full, thenthe precedingstagecannotproducepiecessince
therewill be no placefor themto go. This formulationof a manufcturingsystemis a hybrid systemconsistingof
the meetingthe global productiondemandwhile locally managingthe operationalktatusof the workstations. This
formulationof the optimal schedulingof productionis a quasi-LQGPproblemwhosejumpsaregeneratedy State
DependenPoissorProcesseéSDPP).A numericalexampleis presentedo illustratethe model.

I ntroduction

Therearetwo classeof manufcturingsystemsbhasedon perspectie of the plantmanager Thefirst typeis a flex-

ible manufcturingsystem(FMS) thathasa local perspectie of partrouting, following the partasit undegoesthe

manufcturingprocesswhich is inherentlya discreteprocess.The othertype, is a multistagemanugcturingsystem

(MMS), which takesa global perspectie in orderto determinehe productionratesnecessaryo achieve the desired

productiongoal. In an MMS the partsflowing throughthe variousstagesof the manufcturingprocessaretypically

viewed a fluid andthereforea continuousmodelis usedto approximatehe physicalsystem.Eachstagein an MMS

maybeviewedasanFMS.KimemiaandGershwin9] describen detailthedifferenceandsimilaritiesbetweerFMS

andMMS while providing a hierarchicalschemeandalgorithmfor the operationatontrolof anFMS.

In Westman,Hansonand Boukas[14], an optimal productionschedulingwas presentedor a manufcturing

systemconsistingof £ stagesthat producesa single consumablegood. The modelfor the productionscheduling
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was formulatedas a quasi-LQGPproblem. On eachstage,therewere a numberof workstationsthat were subject
to the eventsof failure, repair and preventive maintenanceTheseeventtransitions,jumpsin the valueof the state,
aremodeledusing statedependenPoissonprocesse$SDPP)whosecoeficientswere parameterizedby the current
valueof the state. This manuficturingsystemis a hybrid systemin the sensethatthe continuousmodelfor meeting
the productiongoalis that of an MMS, with local considerationgor the discreteevent transitionsof the individual

workstationson eachstagethatcausgumpsin thevalueof the state whichis similarto anFMS.

In this paperwe reformulatethe optimal productionschedulingnodelpresentedn [14] to includefinite buffers
betweerthe stages.n [14], the stagesareassumedo have infinite buffersbetweerstagesThis causes decoupling
of the stagesand additionalhandlingis neededo clearthe buffers. In this paper all of the stagesare coupledand
the productionof piecesfor stagei is restrictedto be lessthanor equalto the total capacity productionplus buffer

capacity of stagei + 1; seeFigurel. This new formulationgreatlychangeghe characteristicef the manufcturing

- Buffer .

Figure 1: In betweenthe stageghereis a buffer with finite capacityto hold piecesthat have completed; stagesout
cannotbe processedmmediatelyby stagei + 1.

system.Thestatespacedecompositiorof the LQGP andquasi-LQGPproblemallow for largerdynamicalsystemso
be modeledsincethey arenot subjectto the Curse of Dimensionality [1] of dynamicprogrammingn statespace.

The modelformulationhereis similar to that of Sethi,Zhang,andZhang[10] andSethiandZhang[11] of the
dynamicalor N-machineflowshop. In thesemodels,eachstageonly consistsof one machineandno maintenance
is performed. The modelsare analyzedusing asymptoticsfor the hierarchalproductionplanningfor the flowshop
with machineghat canfail andberepaired.In the model presentedhere,eachstagecanhave a numberof different
machinesandthereforethe constraintaremorecomple< andchangewith thevalueof the state whichis subjectto a
largernumberof discretgumps. The useof the quasi-LQGPproblemallows for the ability to modellargerandmore
complex manufcturingsystemghanthosepresentedn [11, 10].

Motivationfor the manufcturingmodelpresentedereaswell asthatof [14] canbefoundin thefabricationof
semiconductorgseethe online tutorials[3, 8, 7]). The fabricationprocesscanbe viewed globally astwo operations
thatarecommonlyreferredto asthe front- andback-end.The front-endis wherethe actualwafersare producedand
the back-ends wherethe wafer processe@nd packagednto individual integratedcircuits. The overall fabrication
with two stagesvould be modeledasthatof paradigmpresentedn [14]. However, the back-endandsubtaskof the
front-endwould bestbe modeledasthe manugcturingsystemparadigmpresentederewith finite buffers between
the processingtages.The determinatiorof which paradigmto usedependsn therelative processingimes, ability
to storeexcesspiecesandon the physicalparameterandlayoutof theworkstationsn thevariousstages.

Thefront-endis wherethewafercontainingmary of theindividual dies(eachof whichwill becomeanintegrated



circuit) is fabricated.The processegins by growing the silicon ingot from a seedcrystalusinga pulling technique.
Thin wafersare sliced off of the ingot, groundto the desireddiametey polished,a layer of additional ultra-pure
crystallinesilicon is depositeddy epitaxyin orderto insurethe surfaceis free of defects know asthe epi-layer, and

finally the epi-layeris exposedto high temperatureso form an oxide layer After the waferis prepareda series
processesre performedio grow the 16 to 24 layersthat malke up theintegratedcircuit. Thefirst stepof the process
is an applicationof photoresisimaterial,next photolithographyusing a reticle or maskoutlinesthe patternsfor the

materialto be depositedwhichis donefor oneor severaldiesat atime andthenis stepped to the next position,then

the photoresisis developedto generateghe patterns.Next an etchingprocessemovesthe oxidein placeswherethe

photoresispatternis not presentgeneratingchanneldn the substratethenthe photoresisimaterialis strippedfrom

thefrom thewafer Dopantmaterialof the desiredtypeis thendiffusedontothe surfaceof the channelsor implanted
into the surfaceof the silicon via anion beam. The dopantmaterialproduceshe sourceanddrain for the CMOS

transistor Thegateof thetransistolis formedby repeatinghe photolithographyrocesschemicalvapordepositionis

usedto grow a thin oxide layerto actasaninsulatorbetweerthe gateandthessilicon, finally the gateregionis grown

usingsputtering (physicalvapordeposition)of a conductve polysilicon. Oxidesarethe grown to isolateand protect
thetransistordrom the effectsof surroundingransistors.Connectiongo the regionsof the transistorareformedby

usingphotolithographyto drill holesor vias, aluminumis thendepositedo fill the vias,the excessaluminumis then

removed, a dielectricisolationoxide is grown and chemicalmechanicaplanarizationis usedto polish the surface
completingthe layer Subsequenayersarethengrown andvias areusedto connectthe variouslayers. During the

growth of thelayerstestingis performedto insurethe quality of thedies.

The back-ends wherethe wafersareprocesse@dndpackagedThefirst stepin this procedureas to testthedies
on the waferandmark all of the unacceptablélies. The waferis thendiced to remove the gooddies (unacceptable
diesarediscarded)Thediesarethenbondedor mountedo theframeof thepackage Theconnecipadsonthesurface
of the diesneedto be connectedo the correspondingin of the packaging. This is traditionally doneusinga fine
gold or aluminumwire, hawever new technologiesuchasflip-chip canalsobe usedto make theseconnectionsThe
bondeddie andframearethenencapsulatefinishingthe fabricationprocessFinally the completeintegratedcircuits
aretested.

The back-endcanbeviewedasan FMS or an MMS wherethe varioussubtasksarethe stages Normally in the
automatedabricationplantan assemblyline is usedto packagehe integratedcircuits wherethereis a finite buffer
betweenthe stages. The manufcturingparadigmpresentecherecan be usedto determinethe optimal scheduling
of productionfor the back-end.Productionschedulingfor the entirefabricationprocesausingtwo stagesthe front
andbackends,would fall underthe paradigmof [14]. A combinationof thesetwo paradigmscanbe utilized for a
multistagefabricationprocesausingthe materialpresentedhere, wheredecoupledstagehave alarge buffer size.

Thepaperis arrangedasfollows. In Section2.,asummaryof the quasi-LQGHProblem[14] with statedependent
Poissorprocessefl 3] is presentedor completenesdn Section3., a quasi-LQGPproblemutilizing statedependent
Poissomprocessess usedto formulatethe dynamicalsystenfor the manugcturingsystemandin Sectiord., anumer

ical exampleis presented.



2. Summary of Quasi-L QGP Problem

The canonicalform for the LQGP problemusedhereappearsn Westmanand Hanson[12], for the casewith state
independenPoissomoise,andin [13] for statedependenPoissonprocessesThe LQGP problemis characterized
by linear deterministicdynamics,quadratic costs,Gaussian noisedisturbanceandPoisson jumpsin the statevalue.
In the quasi-LQGP problem[14] the LQGP problemis expandedwith the dynamicand costcoeficientsto be pa-
rameterizedy thevalueof the state. This allows for greaterflexibility of modelingin a corvenientnotationalform.
Additionally, the cost functional usedis the full quadraticform which extendsthe classicLQGP cost functional.
Considerationfor modelingphysicalsystemsaresummarizedaswell asformal solutionto the LQGP problem.

The quasi-lineadynamicalsystemfor the quasi-LQGPproblemis governedby the stochastidifferentialequa-

tion (SDE) subjectto a Gaussiarprocessand statedependenPoissonprocesse$SDPPs)disturbancess given by

dX(t) = [A(%X(8)X(1) + Bt X(#))U(t) + C(t; X(1))]dt + G(t; X(t))dW (1) 1)
+  [Ha (6 X(8)X(8)]dP1 (X(1), 1) + [Ha (8 X (8))U(8)]dP2 (X (%), 1) + Hs(t; X(t))dP3 (X (), 1),

for generalMarkov processe$n continuoustime, with m x 1 statevector X(t), n x 1 control vectorU(t), r x 1

GaussiamoisevectordW(t), andg, x 1 space-timéPoissomoisevectorsdP,(X(t),t), for £ = 1 to 3. Notethatthe
term[Hy (¢; X(¢)) - X(t)]dP; (X(t), ) is notlinearin the state.The dimensionof therespectre coeficient matrices
are: A(t; x) ism xm, B(t; x) ism xn, C(t;x) ism x 1, G(t; x) ism x r, while the H,(¢; x) aredimensionedsothat
[H(t;x) - x] = [324 Huiji (6 X) Tkl mxqrr [H2(6X) - u] = [304 Hojk (8 X) U] mx g, @NAH3(t) = [Hsi; (5 X)]mxgs-

The coeficientsfor the dynamicalsystemcandependon the value of the stateasa parameterandnumericallymust
be evaluatedfirst, i.e., we assumehe coeficientsaresubdominanbr arelocally in the state.Notethatthe space-time
Poissontermsareformulatedto maintainthe linear natureof the dynamics,but the first two areactuallybilinearin

eitherX(¢) or U(t) with dP, for £ = 1 or 2, respectiely.

The SDPPcanbeviewedasa sequencef eventsthatis representedby its ith couple{T;(X(T;)), M:(X(T}))},
fori = 1to k, whereT;(X(T})) is thetime for the occurrencef theith jump with statedependenmark amplitude
M;(X(T3)). Theform for the SDPPallows for a greatdeal of realismto be includedin the modelfor determinis-
tic andrandomjumpsin the evolution of the statevalues. A wider rangeof stochasticcontrol applicationscan be
accuratelymodeledsincethe arrival ratesandamplitudescandependon the valueof the state. The statedependent
vectorvaluedmarked Poissonnoisesare relatedto the PoissonrandommeasurgseeGihmanand Skorohod[4] or

Hanson[6]) andaredefinedasdP,(X(¢),t) = [fzz . 2iPei(dzi, X(t), dt) ) for £ = 1 to 3 which consistsof

q¢ independentlifferentialsof space-timePoissonprocesseshat are functic()hrZIZOf the state, X (t), where z; is the
Poissonjump amplituderandomvariableor the mark of the dP; ;(X(t),t) Poissonprocesswhere/ = 1 to 3 and
i = 1to ¢, Themeanor expectationis givenby Mean[dP (X (t),t)] = Ao(X(t),t)Z(X(t), t)dt whereA,(X(t),1)
is the diagonalmatrix representatiomf the statedependenPoissonarrival rates),,;(X(t),t) for £ = 1 to 3 and
i = 110 qp, Z¢(X(t),t) is the meanof the jump amplitudemark vectorand ¢ ;(z;, X (t),t) is the densityof the

(¢,1)th amplitudemark component. Assumingcomponent-wisendependencedP,(X(t), t) hascovariancegiven



by Covar[dP(X(t),t),dP] (X(t),t)] = A¢(x)o(x)dt with, for instance g¢(x) = 0¢(X(t),t) = [04,i,j0:,5]ge xqe
denotingthe diagonalizeccovarianceof the amplitudemark distribution for dP,(X(t),t). Again,themarkvectoris
not assumedo have a zeromean,i.e., Z, # 0, permittingadditionalmodelingcomplexity. Note, thatfor discrete
distributionstheabove integralsneedto bereplacedy theappropriatesums.The Gaussiawhite noiseterm,dW (t),
consistsf r independentstandardiienerprocessedW;(t), for i = 1 to r. TheseGaussiarcomponenthave zero
infinitesimalmean,Mear{[dW (¢)] = 0,x; andanddiagonalcovariance.CovaldW (¢),dW7T ()] = I,dt. It is fur-
therassumedhatall of the individual componentermsof the Gaussiamoiseareindependenbf all of the Poisson
processes.

Theimpactof stochastiprocessesn aphysicalsystemhasa greatinfluenceon how the statevalueswill evolve.
It is difficult to determinecoeficientsfor the stochastiqprocesses (1). Using historical datafrom the processo
be modeledallows for the determinatiorof all of the coeficientsfor the dynamicalsystem.The datapointsneedto
be divided into setsin which jumpsare not presentandthe value of the stateis stable. The statisticalmomentsof
theindividual setscanthenbe usedto determinethe coeficientsfor the deterministicdynamicsandthe background
Gaussiamprocesshy matchingthemwith the momentsfor the dynamicalsystempresentedelow (3,4). After these
coeficientshave beendeterminedthe datapoints correspondingransitionsor jumps betweenthe setsare usedto
determinethe coeficientsfor the SDPPbasedon the currentvaluefor the state. Thesecoeficientsneedto capture
the effectsof theseimpulseson the systemproperly To do this, we needto matchthe momentsof the jumpsto that
of the dynamicalsystem(3,4) andthe impactof thejumpson the valueof the state(2). An importantfeatureof the
guasi-LQGRproblemis theability for thesecoeficientsto changeasthe systemevolvesin time. Thisis alsoimportant
if theamountof initial datais smallandestimatesreused sincethe coeficientscanbe dynamicallymodifiedasthe
physicalsystemevolvesover time. The jth jump of the {£, i}th space-timePoissorprocessat time t,; ; with mark
amplitudez; = M, ; ; causeshefollowing jumpfrom by, 10 tZi,j in thestate:

[Hi(te,i,53 Xt ;)X (g ; ) )iMegi, if £=1
[X](tei5) = [Ha(teis; X(tg,; ;) Uty Mg, i £=2 ¢- @

[H3 (té’,i,j; X(t; 0, J))] My, j, if (=3
Fromtheabove statisticalpropertiesof the stochastlcprocessesjw anddPy, it follows thatthefirst two conditional

infinitesimalmomentsof the state fundamentafor modelingapplicationsare

Mean | x| XO =% | _ [Alx+ Bltixu + C(tix) + [Ha(60x] (M Z) s -
Ut)=u + [Ha(t; x)u](A2Zo) (x,t) + H3(t; %) (AsZ3)(x, )] dt,
andthe conditionalinfinitesimalcovariance,
X(1) = x [(GGT)(t;x) + [Hy (t;x)x](Aro1) (x, 8) [Hy (%)% T
Covar ldX(t) Ul = :| =9 +[Hy(t;x)u](As09)(x, t)[Ha (t;x)u] T 4)

+ Hs(t;x)(Asos)(x,t)Hy (t;x)] dt.
Notice thatthe conditionalinfinitesimal meanof the evolution of the statedependsonly on the linear deterministic

dynamicsandthecontributionsfrom jumpsdueto the SDPRwhereagheconditionalinfinitesimalcovariancedepends

only onthe smallfluctuationsfrom the Gaussiarprocessandthe jumpsfrom the SDPP



The costfunctionalor performancendex thatis usedis givenby thetime-to-go or cost-to-go functionalform:

ty
VXU, = 3XT(4)S)X(t) + [ O (), UGr), r)ar ©)

wherethe time horizonis (¢,t¢), with S(t;) = S; is the quadraticfinal costcoeficient matrix and C'(x, u, t) is
guadraticrunning costfunction. The form for the instantaneousostemployed hereis the general,quasi-quadratic

form:
C(x,u,t) = % [x"Q2(t:x)x +u' Ra(t;x)u+x ' Co(t;x)u] + Qf (tx)x + Ry (;x)u + Co(t;x) (6)

wherethe coeficient matricesare of the appropriatedimension. In orderto minimize (5) with instantaneousost
function (6) requiresthat the quadraticcontrol cost coeficient the quadraticcontrol cost coeficient, R»(t; x), is a
symmetricpositive definiten. x n array while the quadraticstatecontrol coeficient, Q- (¢; x), is assumedo be a
symmetricpositive semi-definiten x m array

Thequasi-LQGPproblemis definedby (1, 5, 6) andthe approactof stochastiadynamicprogrammings usedto
obtainasolution.Hereonly the materialfor determiningheregularcontrolis presentedior completedetailssee[14].
In orderto determinea solution, the statedomainis decomposeéhto subdomainsDx = |J; D, wherethe arrival
ratesand momentsfor the Poissonprocessesndthe coeficientsfor the dynamicsand costsareindependenof the

state.Theregular, unconstrainedptimal control,u* = .., for theregion D,,, droppingthesubscripts is givenby
ureg (1) = —R7'(t) [B®)x + D(#)] (7)

where R, (t), givenbelaw, is relatedto R (t) but with Poissornterm corrections. For the region D,,, droppingthe

subscripts andassumingegularcontrol,the coeficientsfor the optimal expectedperformancearegivenby

%Mm:S@+INS+SA+QT+ﬁeJT§;§Mﬂ, 8)
mml=D@y+UA+HIMZQTD+Q1+5@HJgMzg_ET%+ﬂ(m 9)
0= E(t) + [(C + H3A323)TD + Co + %fg — %ﬁT}/i\’Q_lﬁ] (), (10)

where
Di() = [(HILSI) : (MZZ2)) (),,,,,, +2 [(MZ0) " BT S] ),
To(t) = [([Hy 1:S[Hal;) : (A2ZZ2) ()], ... » Ts(t) = [(Hi SHs) : (A3ZZ3)] (1), Ty(t) = (T¢ +T7) (t)
ZZ:(t) =00) + (ZeZs ) (t) = [0038i5 + ZZ04]) gy Folt) = Balt) + T (0),

E@Ebmw+mmm)s+gﬂuy D(t) = [(B(t) + H2A:72)" D + Ry (0),
for¢ = 1to3,whered : B = 3,3 A; ;B;; = TracdABT], with initial conditionsS(ts) = Sy, D(ty) = 0,

andE(ty) = 0. Sincethe matrix R, is positive definite, R; ' existsandthenso doesﬁ;l. Note (8) appeargo have
Riccati-like quadraticform, but in generais highly nonlineardueto the S(t) dependencen Ry (t) throughT'(¢). If
Hy = [Hpijklmxqexme thenHL,T = [Hy,j,i,k]q. xmxm.- DU€t0 uni-directionalcouplingof thesematrix differential
equationsit is assumedhatthenonlineamatrix differentialequation(8) for S(t) is solvedfirst andtheresultfor S(t)
is substitutednto equation(9) for D(¢), whichis thensolved,andthenbothresultsfor S(t) andD(t) aresubstituted
into equation(10) for E(t).



3. Production Scheduling M anufacturing System M odel with Finite Buffers

Considera manufcturingprocesghat requiresk sequentiaktepsto fabricatea single consumableeommodity for
exampleintegratedcircuits. The planninghorizonfor the productionhorizonis [0, ¢¢] with a demandof d(t) pieces
per unit time. The loading and unloading stagesthe meansby which raw materialsare introducedand finished
goodsexit the manufcturingsystem,respectiely, are not considered. The model employs MMS-lik e criteria for
determiningthe optimal productionratesfor the workstationson all stagesand utilizes FMS-like consideration$or
thelocal managementf the workstations.The modelpresentedhereis basedon the work of WestmanHansonand
Boukas[14] that usesthe quasi-LQGPproblemasthe basisfor the modelincluding uniform penaltiesfor shortills
andsurpluseof productionon all stagesanda schemewas presentedo insurethat pieceswere not left in buffers.
In [14], ameasurdor the excessproductionon eachstagethat could be positive or negative wasusedthatdecoupled
all stagesof the manufcturingsystem. In this paper the manuficturingsystemis formulatedas an assemblyline
or flowshop(see[11, 10]) with physicalbuffers betweenthe stagesanda measurdor the excessproductionon the
laststage.The numberof piecesin a physicalbuffer cannever be negative andimposesadditionalconstraintson the
productionratesnot presenin [14].

In [11, 10], eachstageconsistsof a single machinethat canfail andrepairthat introducesrestrictionson the
numberof piecesthatcanbe produced.This fluctuationin productionis implementedasby aninequalityconstraint
in which the upperboundis a stochastigrocess.A significantdifferencewith this work is that eachstageconsists
of a numberof workstationsthat have differentoperatingparametersnd are subjectto the eventsof repair failure
andpreventive maintenanceThis greatlycomplicateghe problemsinceeachworkstationon eachstagecanbein a
greatemumberof statesandthereforethe operationaktatusmustbetracked. This leadsto a very large dimensional
systemwhichin themodelpresentedieredoesnot suffer from the Curse of Dimensionality [1] sincethequasi-LQGP
problemis the basisof themodel. This allows for largersystemgo be modeledandimplementedn nearrealtime (the
resultspresentedh the next sectionrequiredl11 secondsvall clock on aworkstation).Additionally, the processethat
effect the operationaktatusof the workstationsare modeledusinga collectionof statedependenPoissorprocesses
(SDPP)[13] which canbe dependentn time andthe statusof theworkstationandthereforethe processethemseles
canevolve in time, for exampleaging machinesmay fail more frequentlywhich canbe incorporatedn the model.
A greatadvantageof this formulationis thatthe quasi-LQGPproblemallows for the coeficientsof the dynamicsto
be parameterizedby the value of the stateandthat SDPPsmomentscanbe functionsof the statetherebyremoving

problemsassociateavith changesn the operationablynamicswhenajump occurs.

3.1. Local Workstation State Equations

The modelingandevolution of the operationaktatusof all of the workstationss the sameasin WestmanHanson,
andBoukag[14]. It isimportantto notethatthelocal considerationsf theworkstationdor all stagesarevery similar
to thatof aFMS, exceptwe follow the machinesandnotindividual pieces.The operationaktatusa givenworkstation

evolvesaccordinga stochastidifferentialequationutilizing SDPPgo generatehe impulsesfor transitionsbetween



thedifferentstatesvhichis representeth Figure2. For stagek, assumehereare N, workstationghathave different

B

Figure 2: Any given workstationcan be in one of the three states(Operational,Failed, Maintenance)which are
mutually exclusive with transitionsbetweerthe statesaremodeledasSDPPs.

— Operational

operationaparameterghereforethestatusor eachworkstationmustbefollowed. Thetrackingof workstationevents
alongwith the operationabgeof theworkstationarethe statevariablesfor a givenworkstationon a givenstage.This
leadsto a high dimensionalstatespace,however sincethe modelis in the form of the expandedLQGP problem
presentedn Section2. anddoesnot suffer from the Curse of Dimensionality. The statevariablesfor workstation:

on stagek arethe available productioncapacity r;(t), the operationaktatus(repair/@ilure), o;(t), the preventive

maintenancstatusyny;(t), andtheoperationabge,a;(t), or in vectorform,
xki(t) = [rri(t), orit), mui(t), ari(®)] - (11)

The productionfor a givenstageis distributedacrossall of the workstationsevenly. The productionrate,c(t), is a
parametefor eachstagek, representinghe utilization or the fraction of time busy. The goal of the optimal control
problemfor the productionschedulingis to determinethe productionratesfor eachstagefor the planninghorizon.
The productionratesneedto compensatéor changesn the statusof the workstationswhile maintainingthe desired
constrainton meetingthe productiondemandn the specifiedwvay.

Thearrival rate,meantimetill aneventoccursfor failuresis dependenvntheoperationahgeof theworkstation.
Thisimpliesthatthe probability of afailureis anincreasingunctionof theoperationahgeof theworkstation.There-
fore, preventive maintenancés performedperiodicallybasedntheoperationahgeof theworkstation whichreduces
the operationahgeof theworkstationandtherebyreduceghe probabilityfor afailureto occur It is assumedhatthe
electionto performpreventive maintenancés rational,thatis the amountof time performpreventive maintenanceés
muchlessthanthat of repairinga failed machineand/orthe costfor preventive maintenancés muchlessthanthat
of repair In this treatmentpreventive maintenanceeduceghe available productioncapacityfor the workstationby
a fixed percentagassumedo be greaterthan0. The operationaland preventive maintenancetatusvaluesevolve
accordingto stochastidifferentialequationsusingSDPPswith coeficientsthatareparameterizetly the valueof the
state.Thesecoeficientspartitionthe statespacento regionsin which eventscanoccurbasedn thevalueof the state
ensuringhateventscanonly occurwhenallowable. The statusvaluesarein therange[0, 1] whichrepresentthemax-
imum percentag®f available productioncapacity The available productioncapacityis anindicatorthat determines
that the stateof a workstation. The available productioncapacityfor workstation: on stagek shouldbe given by
rr; (t) = Min[og;(t), my;(t)], but unfortunatelythis nonlinearexpressions not allowableunderthe LQGP problem.

Instead,usingthe mutually exclusivity of the events,we introduceanothervariablefor the productionstateof each



workstationdefinedby
dri(t) = dog;i(t) + dmp(t). (12)

Let My; representhe maximumnumberof piecesthatcanbe producedperunit time on workstation:, thenthetotal
numberof piecesthatcanbe producecbn stagek attimet is Mj, t) = Zﬁ\fl Myiryi(t) = M} i (2).

The meantime betweerfailuresandthe time for repairareassumedo be exponentiallydistributedanddepen-
denton the operationalageof the workstation. The form of the defining equationfor the operationalstatusof the
workstationss modeledfrom (1) asthefollowing term:

B (£),0 0 dPE (xki(t), 1)

0 _5rki(t)71 deFi (Xk,' (t), t)
wherethe superscript®? and F' denoterepairandfailure processeggespectiely. The coeficientmatrix, Hs (t; X(t)),

doyi(t) = H3(t;Xpi(t))dP3(xxi(t),t) = (13)

is parameterizedby the stateso that only allowable eventsmay occurwhich partitionsthe statespaceinto regions.
The dP3(X(t),t) is the SDPPproviding the jumpsfor workstationrepairandfailure processesvith the following
properties 1 /AR (xk;(t),t) = TE, 1/XF (xki(t),t) = TE — ari(t), 7,@- = ZkFi = landof = of; = 0, whereT}
andTF; arethe meantimesbetweerrepairandfailure, respectiely. The operationaktatusformulatedherecaneither
have a valueof 1 which denotesan operationalworkstationor 0 which denotesa failed workstationnot capableof
production.

Theeffectsof maintenancareconsiderednly if themaintenancevill be performedn theremainingproduction
horizon. It is assumedhatpreventive maintenanceeduceshe amountof availableproductioncapacity but doesnot
necessarilydisableproduction. The SDPPsare usedto generatehe jumpsin the statefor the eventsof beginning
maintenancédenotedvith a superscripbf M) andfor the completionof maintenancédenotedwith a superscripbf
D). Thedefiningequationfor the preventive maintenancestatuss givenby

dmis (1) = 1= 3,1 0 dPPL (xi(t),1) ’ (14)
0 —cpi (801 (1)) 0 (1)1 dP R (x1i(t), 1)
where
L if T —ar(t) < ttg(t)

0, if TM —ap(t) > ttg(t)
is usedto ensurethat maintenanceoccurswith in the productionhorizon with the time-to-gofor the production

et (tai(t) = (15)

horizongivenby ttg(t) = T — t. The sojourntimes for theseprocessesiregivenby 1/AP (x;;(t),t) = T and
1AM (x4 (t),t) = TM — agi(t), whereT} andT} arethe averagedurationof the maintenanc@ndthe meantime
betweerpreventive maintenanceespectiely. It is assumedhatpreventive maintenancshouldbe performedbefore
a failure which implies T < T}. The momentsfor the SDPPfor preventive maintenanceshouldbe modeledas
the averagelossof productioncapacity 7214., andthe varianceof the lossof productioncapacityo). Theduration
of preventive maintenanc@rocesgqD) is usedto restorethe valuefor the preventive maintenancetatusto 1 andhas
momentsyivenby Zy, = Zps andol = 0.

The currentoperationalgeof the workstationis a monotonencreasingfunction of time and of the numberof

piecesproducedwvhich canberesetto alower level by the performancef repairor preventive maintenanceTheage



of theworkstationevolvesaccordingto:
day;(t) = f(er(t),t)dt — Hi (b % (8)) AP (xri (8), 8) — Hige (85 %03 () APy (ki (8), ), (16)

where HE (t; xx:(t)) and HE (t;xx:(t)) arethe coeficientsthat are usedto resetthe operationalagedue to main-
tenanceandrepairto a specifiedlower level, respectiely, with ag;(7x;) = a(mk;) wherery; is the time of the last

reset.

3.2. Global Buffer State Equation and Cost Functional

In this treatmentthe buffer level, by (t), representshe physicalnumberof piecesin the buffer for eachstagek =
1,...,N — 1 attime ¢ andis boundedby 0 < b, (t) < By, whereBy, is the sizeof the buffer. The buffer level for
thefinal stagek = N representthesurplus,if positive, andshort@ll, if negative, of productionandis boundedabore
by bx(t) < By, whereBy is the sizeof the holding buffer for the finishedgoods. Theidealfor the manufcturing

systemis to have by, (t) = 0 for all k¥ and¢. Theequationfor the buffer level for stagek is givenby
dby(t) = [MTri(B)en(t) +ur(t) — de(t)] dt + gu ()W (1) (17)

A changen the buffer level is determinedby the numberof piecesthat have successfullycompletedk stagesof the
manugcturingprocessthatarenot defective, andarenot consumedy stagek + 1. Thetermuy(t), expressedisthe
numberof partsper unit time, is usedto adjustthe productionratesc (t) to compensatéor changesn workstation
statusandsmalllocal effectsmodeledasGaussiamprocessThe constrainton thecontrol,u (t), aresothatthe buffer
levels are physicallyacceptableandthereforeinduceconstrainton the productionrate. Theterm, gy (¢t)dWg(t), is
usedto modelthe continuousandomfluctuationsin the numberof piecesproduced.
Themodelpresentetiereconsistf two levels. Theupperor globallevel is wheretheproductiondemandpieces
perunittime), d(t), andproductionhorizon,t; is determinedy the upperlevelsof managementThebottomor local
level is the actualfabricationplantmanagedy the plantmanagervho is responsibléor maintainingtheworkstations
and meetingthe global productiondemandsn the specifiedway. A manufcturingdisciple needsto be established
to consumethe piecesin the buffersin a specifiedtime frame, 7(t), during the remainingproductionhorizon. For
simplicity, it is assumedhatthe piecesareconsumedluringtheremainingproductionhorizon,r(t) = t; — ¢, without
loss of generality Modificationsto this consumptiorpolicy will resultin the needto add additionaleventsin the
methoddescribedn the next section(see[14]). The effective demandfor stagek, dy, (t)dt, is the numberof pieces
perunittime demandedby stagek + 1 (M| ; rx41(t)crt1 (£) + urs1 (£)) plustheconsumptiorof piecesin the buffer
beforestagek (bx—1(t)/7(t)) lessthe availability of piecesfrom the buffer afterstagek (by(t)/7(t)) which needso

be modifiedfor thefirst andlaststagesandis determineds:

M, r2(t)e2(t) — bi(t)/7(t), if k=1
dy,(t) = M/, Trpr () rgr (B) + b1 () /7(t) — be(t)/7(t), if i=1,...,N—1 p, (18)
d(t) + bn_1(t)/7(t) = by (t)/7(t), if i=N

The costfunctionalusedis the time-to-go or cost-to- go form (5), usingthe stateparameterizedull quadratic
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instantaneousost(6) thatis motivatedby a zero inventory or Just in Time manugcturingdiscipline(seeHall [5] and

BieleckiandKumar[2]) while utilizing minimumcontroleffort. In this formulation,the costfunctionalemployedis:
1 b1
Vix,s,u,t] = 3 (s"Ss) (tf) +/ [QUTRQ(t;X)U—F Q/ (t;x)s| dr (19)
t

with only the surplusaggreyatelevel, s, of the stateandthe control, u, usedfor the cost. The salvagecost,S(t¢), is
usedto imposea penaltyon surplusor shortfall of productionatthe endof the planninghorizon. The positive definite
vectorQ; (t; x) is the costusedto penalizeshortfall andsurplusproductionduring the planninghorizon,maintaining
astrictregimenonwhenthe consumablgoodsareto be producedandis parameterizely the stategivenby
Qi if sk(t) <0

- Qi if si(t) >0
whereQ;,g ande,k arepositive constantoeficients,with Q=0 fork =1,...,(N — 1). Thepositive definite

Qur(t;x) = (20)

matrix Rz (t; x) is usedto enforcea minimum controleffort penaltysimilar to thatof (20).

3.3. Computational Considerations

The numericalsolutionfor this optimal control problemis basedon the currentvalueof the state which thencanbe
usedto determinethe regular, or unconstrainedontrol (7). Sincethe regular control used,the resultingproduction
ratesmay not be physically realizableand thereforeneedto be restricted(see[14]). Additionally, the production
ratesneedto be restrictedfurther sothatthe buffer levels are never exceededduring the remainderof the production
horizon. It is assumedhat the statusof the manufcturingsystemis initially known. The algorithm follows the
discreteeventsof the manufcturingsystemandcomputeshe productionratesfor the remainingproductionhorizon
aftereventsoccur The eventsconsideredarethe startof production,workstationrepairandfailure,andthe startand
endof preventive maintenanceThetrajectoryfollowing methodpresentedhereyieldsa bettercontrolandoutcomeof
the manufcturingsystemthanthat of staticpoliciesin which only the starteventis consideredLet n(t) denotethe
maximumnumberof piecesthat canbe producedby stagek basedon the currentoperationaktatusof workstations
for the remainderof the time horizonthatis givenby ny(t) = M, ry(t)7(t). The methodgiven below is usedto
determinehe productionrates whereStepl is theinitialization, andtheremainingstepsneedto be performedor the
occurrencef eachevent. It is assumedhatfor all k¥ andt thatn(¢) > 0. In thedegenerateasen, (t) = 0, which
correspondso totallossof productioncapacityfor somek andt all the productionratesaresetto consumehepieces

in the buffersandthensetto 0 until someof the productioncapacityis restored.
1. The statespaceis partitionedinto subdomainsP, = J; D,;, sothatall coeficientsandstochastiprocesses
of (1) arelocally stateindependent.

2. Basedon the currentstateof the manufcturingsystemthe appropriatdocally stateindependensubdomain
is selectedandthe coeficientsfor the dynamicsand costfunctionalaswell asthe momentsfor the stochastic

processearedeterminedThevaluesfor effective demandates(18) areviewedasconstants.

3. Thesystemof equationg8,9,10)is solvedto determineS(t), D(¢) andE(t), respectiely, andthenareusedto

calculatetheregularcontrol, uyeg (7).
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4. Theregularcontrolledproductionratesaredeterminedy:
¢ A t if k=1,...,N-1
c;:g(t) — Ck( ) +uk ( )/nk( )7 1 ) ’ 7 (21)
ex(t) + () + b (1) — be)fni(t), i k=N
wheretheregularcontrolis modifiedfor stageN to accounfor piecesin the buffers.

reg

5. The physicalproductionrates,c;’hy(t), aretherestrictionof ¢, %(t) to be admissible the minimum value of
the physicalproductionrate,1.00 or full utilization, andproductionlimitations that arisedueto a shortll of
productionfrom the previous stagedueto eithermachinefailure, maintenanceor defectve piecesaswell as

clearingpiecesin the buffers,determinedy 2™ (t) = min[c;8 (), cf*** (2™, (t), t)] where
maz( phy (t) t) L i h=1 (22)
c AV (t),t) = .
PR min [1, (cg‘iyl(t)nk_l(t) +bk_1(t)) /nk(t)] i 1<k

6. The restrictionof cghy(t) so that maximumcapacityof the buffers, By, is never exceededjivenby ¢ (t) =
min[cghy(t), (di(t)T(t) + Bi)/nk(t)]. The constrainedcontrolledproductionrateswhich ensurea valid pro-
ductionrateguaranteeingheintegrity of the buffers,givenby cj (t) = min[¢ (¢), c*** (¢;_4 (t), )], is usedas

the productionratesfor operationalvorkstationson eachstage thatis c (t) = ¢j(t).

4. Numerical Examplefor Production Scheduling

For numericalconcretenessonsidera manugcturingsystemwith £ = 2 stageswith a planninghorizonof 7' = 80
hours.Initially thebuffersareclear(b; (0) = b2(0) = 0) andhave maximumcapacitieof B; = 50 andBs = 100, the
demanded(t) = 145 piecesperhour, the total numberof workstations V;, for eachstagebe 3 and2, respectiely,
theGaussiamandomfluctuationsof productionis assumeabsentg; (t) = g(t) = 0). Theoperationatharacteristics
for the workstationsare summarizedn the table belov. During preventive maintenancendworkstationfailure no
productionoccurs. Therefore the momentsfor the momentdor the statedependenPoissonprocesse (13), (14),
(12), and (16) are given by 751- = 72- = 72 = 7,1:5 = 1 with all covariancesbeing0. Assumethat whenthe
operationalgeof a workstation(16) is reseteitherdueto a repairor preventive maintenancéhe operationakgeof
theworkstationis setto zeroandthatthe agingprocesss basedon the amountof time operationabnly. Thisimplies
that, f(cx(t), t)dt = 1 andHE (t) = HE(t) = s — t — agi(7ri), Wherery,; is thetime of the lastreset(initial value
is 0) anday; (7x;) is viewedasa parametethatrepresentthe ageof theworkstationatthelastresetwhichis zerofor

all 7; # 0 andis specifiedn thetablebelow for 75; = 0.

Production | Operational| MeanTimes(hours)
Stage| Workstation| Capacity My; | Age,a;(0)

k i (pieces/hour)|  (hours) TE | TE | TM ‘ P
1 1 65 13 170| 6 | 105| 2
1 2 70 60 180| 8 | 90 | 2
1 3 75 0 220| 6 | 110| 2
2 1 135 6 190 8 | 95 | 2
2 2 115 50 170 7 | 8 | 2
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This manufcturingsystemconsistsof 20 local and2 global statevariablesfor a stateof dimension22. Define
the local statevectorsas(t) = [x11(t), *12(t), ¥13(£), *21 (), %22 ()] ", for the available productioncapacity* = r,
operationaktatusx = o, preventive maintenancetatusx = m, andcurrentoperationabgex = a. Definetheglobal

statevectorfor the surplusaggreyatelevel ass(t) = [sl(t),s2(t)]T. Thetotal stateandcontrolvectorsaregivenby

X(t) = [x(t), s(t)]" = [o(t), m(t), x(t), a(t), s(t)] ", u(t) = [ui(t), ua(®)]" - (23)
The costfunctionalusedis (19) wherethe coeficient matricesaregivenby
Qf, =0.8x 107
0.011 0 2.0 x 108 0 "
S(ty) =Sy = , R(t) = Qr,=14x107.
0 0.014 0 3.0 x 108 ’

Qf,=1.0x107
By comparingthe coeficientsof (1) with the stateequationgor the manugcturingsystem(13), (14), (12), (16), and

(17) thedeterministiccoeficientsaregivenby

O15x1
020x2
Alt) = 020x10  0O20x5 O20x5 0O20x2  B() = L 1 o) = 151 7 (24)
O2x10 Ma(t) O2xs Ba(t) 0 1 0
d(t)
where
M t) Misci(t) M t) —Msica(t) —Moacs(t 7(t 0
MA(t) _ 11C1( ) 1201( ) 1301( ) 2162( ) 2202( ) Bu(t) = T( )
0 0 0 Ms1ca(t) Masea(t) —7(t) 7(t)

where7(t) = 1/7(t). Definethesety = {11, 12, 13, 21, 22} whichis anindex setfor the stageandworkstation,
respectiely. Definethe diagonalmatrix A, . suchthatthe (i,i) components givenby d.__ .. The only nonzero

stochastiprocessandcorrespondingoeficient matrix givenby

AV -A, 0 0
IPR(X (1), 1) 03,0 Tyl 5x5 55
» Os5x5 Osxs  Isxs —Am,. 1 —Ap 1
dP™ (X(t),1)
dP3(X(t),t) = , Hs(t)=| A0 —Ap.1 Lixs—Am,1 —An 1 |
dPP(X(t),t) HR® 0 HP (0 0
- t - t
P (X(0).1) 3 55 3 55
O2x5 O2x5 O2x5 O2x5
with —HF(t) = —HP(t) = diag [y, — t — a,(7,)]5 5, Wherediag[v] = [v;d; j]rxk is the diagonalmatrix rep-

resentatiorof the k x 1 vectorv andthe statedependenPoissonprocesses$or * € {R, F, D, M} aregivenby
dP*(X(t),t) = [dP% (X(t),1)], .-

usedto determingheproductionratesfor the manufcturingsystem.Consideithe samplepathtrajectorydescribedn

Usingtheabove numericalvaluesthe algorithmpresentedh Section3.3.canbe

thetablebelow.

EventTime | Stage| Workstation Event
(hours)
0 start
15 2 2 failure
22 repair
30 1 1 startmaintenance
325 endmaintenance

The productionrates buffer levels,andpercentrelative errorfor the manufcturingsystemaregivenin Figure3.
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The productionratesanticipateworkstationrepair, failure,andmaintenanceAt thefinal time of the planninghorizon

Stage 1 Stage 2
1 1
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§ s § o8l
g ) S ot
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Figure3: Productiorrates buffer levels,andpercentelative errorfor manufcturingsystem.

the percentrelative erroris 0.0276% with b1 (ty) = 5.582 andbx(t¢) = 3.203 piecesleft in the buffers. Theresults
presentedhererequiredapproximatelyl1 wall clock second$o completeon a SunUltra 5, with amemorydemandbf

2.136megabytes.

5. Conclusions

Many manufcturingsystemautilize assemblhlinesor flowshopsto fabricatea consumablgood. Thesemanufctur
ing systemsplacebuffersbetweerthe stagesn orderto accommodatexcessproductionfrom onestageto the next.
If abuffer becomedull, productionon the prior stageds halted. The optimal productionschedulingpresentecdere
ensureshattheproductionon all stagesompensatefor workstationfailure, repair andmaintenancevithout exceed-
ing the buffer levelsandthereforea continuousstreamof piecesis produced.The optimal productionschedulinguses

the quasi-LQGPproblemwith statedependenPoissonprocesse$SDPP)asits paradigm. This formulationallows
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for a greatdeal of realismto be includedfor a large scalemanugcturingsystemwith minimal computationabnd
memorydemands.The discreteeventtrajectoryfollowing algorithm presentegrovidesa betterway to control the
manufcturingsystemandcouldbe easilyappliedto automatedystemsThe numericalexamplepresentedlustrates

thefunctionalityandpower of this method.
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