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Chapter 2

Stochastic Integration for
Diffusions

My magor aim in this was to find facts which would
guarantee as much as possible the existence of atoms
of definite finite size.

—Albert Einstein (1879-1955) in the first of four
“Annus Mirabilis” papers in the Annals der Physik
during 1905, concerning Brownian motion.

Brownian motion, as described by Bachelier in 1900 and
Einstein in 1905, was provided a rigorous mathematical
definition by Wiener (1984-1964) in Wiener (1923, 1930)
by proving the existence of an appropriate measure on a
space of functions-of-time.

—Harry M. Markowitz in the forward to [241].

Jump-diffusion stochastic differential equations (SDEs) with initial conditions
are of the form,

dX(t) = f(X (), t)dt + g(X (t),t)dW (t) + h(X (t),t)dP(t) , X(0) =z, (2.1)

where the Poisson process dP(t) supplies the jumps and the Wiener process dW (t)
supplies the diffusion. Initial value problem (2.1), unlike the ordinary differential
equations (ODEs) with initial conditions, are symbolic equations. They are not
fully defined until the method of integration for solving a stochastic differential
equation (SDE) is specified, given the coefficient functions {f(x,t), h(z,t), g(z,t)}.
More precisely, the SDE (2.1) is not fully specified until the methods of integration
for the three types of integrals in the formal integral solution,

X(t):xo—i—/o f(X(s),s)ds—i—/O g(X(s),s)dW(s)—i—/O h(X(s),s)dP(s), (2.2)
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108 Chapter 2. Stochastic Integration for Diffusions

with respect to t, W(t) and P(t), respectively, have been defined. Until then, the
stochastic integral equation or SIE (2.2) is as symbolic as the SDE in (2.1), since the
evaluation of the second and third integrals in (2.2) is very sensitive to the method of
integration used due to the random and singular properties of dW (¢) and dP(t). It
will be necessary to re-examine the foundations for ordinary or Riemann integration
to motivate the inclusion of integrands with randomness, non-smoothness and jump
discontinuities contributed by the stochastic processes W (t) and P(t) to the state
process X (t). This re-examination of integration will also be useful for subsequent
numerical approximations of the new definitions as well as providing a basis for new
types of integrals that will arise.
In this chapter, the integrals of the second type in (2.2), i.e.,

/0 9(X (3), 5)dW(s)

where the integration is with respect to the diffusion process W(t), will be treated
primarily. However, the short treatment of ordinary integration will be sufficient
for integrals of the first type, i.e.,

/ (X (s), s

where the integration is with respect to the time ¢ and the stochastic process X (¢) is
only in the integrand. The third type of integral will be treated in the next chapter.

When considering higher approximations or other difficult behavior in the
numerical solution of ordinary differential equations, it is often necessary to work
with the corresponding integral equation. Similarly, the proper form for solving
stochastic differential equations (which can be, in general, considered as a symbolic
concept anyway) is the exact and numerical analysis of the corresponding stochastic
integral equation.

Once the foundations for stochastic integrations have been made, as they
would be for ordinary integration in a good calculus course, and the definition is
illustrated for few simple examples, then some simpler formal chain rules will be
developed that will make calculations of integral, where possible, much easier. This
chapter on stochastic integration of diffusions, and a similar one on jumps that
follows, presents the basis for the stochastic differential equation models of this
book. Although the level of analysis is much higher than would be expected for
an applied text, it is important to have a good reference source when treating new
types of problems that do not fit the current models or theories to facilitate the
modification of the current theories.

2.1 Ordinary or Riemann Integration

The theory of ordinary or Riemann integration is quickly reviewed as an interme-
diate step to build up the treatment of stochastic integration. Let the ordinary
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2.1. Ordinary or Riemann Integration 109

integral be symbolically defined as

11)(t) = / f(s)ds | (2.3)

where f(t) is a continuous function on 0 < ¢ < T', but continuity is really more than
what would be needed in general here. For general functions f, the integral interval
[0, ¢] is partitioned into n + 1 subintervals, [¢;,¢;+1] of width At; =¢;41 —¢; > 0 for
i =0:n, ie., a grid of n 4+ 2 points such that

O=tg<t1 <ta <+ <tp<tpt1=t¢. (2.4)

On each subinterval an approximation point ¢f = t;49, = t; + 0;At; is selected
with 0 < 6; < 1 provided that the ;s are chosen so that the ;s are distinct as in
(2.4), and the area on the subinterval is approximated by the simplest geometry,
a rectangle of width At; and height f* = fiye, = f(tite,), with area f(ti1e,)At;.
Next let the grid size be specified as dt, = max;—o.,[At;] such that dt, — 0T as
n — o0 to insure that all subintervals shrink to zero in the limit as n — oo. Finally,
let

IS [f1(t) = fire At (2.5)
1=0

be the discrete approximation of the integral and define constructively the Rie-
mann integral as

110 = T [£[70)] | (2.6)
6t —0

provided the limit exists. It is important to note that the limit is independent of
0;,0<6; <1.

Usually, only a constant value of 6; is used in practice, so let 8; = 0. Also, for
simplicity, the grid partition will be assumed to be evenly spaced, so that At; = At,
with nodes starting at typ and successive nodes at ¢;y1 = ¢; + At, but integrand
approximation points at t;19 = t; + 0At, for i = 0 : n. Also, t; = i x At for
i=0:(n+1). Since the step size is constant, then

Stp = At = (tys1 —to)/(n+1) =t/(n+1) - 0T,

as n — 400, so the extra condition that dt,, — 01 is not needed.

Fortunately, the limiting definition (2.6) does not have to be used much in
ordinary calculus, but the Riemann sum (2.5) can be used for simply numerically
approximating integrals. When # = 0 and ;¢ = t;, the left hand endpoint of the ith
subinterval, the numerical forward integration rule is called the left rectangular
rule or Euler’s explicit method or tangent-line method for ordinary differential
equations. When 6 = 1 and ¢;49 = t;41, the right hand endpoint of the ¢th subinter-
val, the numerical backward integration rule is called the right rectangular rule
or implicit backward Euler’s method for ordinary differential equations. When
0 =1/2 and t;19 = (t; + ti+1)/2, the midpoint of the ith subinterval, the numerical
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110 Chapter 2. Stochastic Integration for Diffusions

integration rule is called the midpoint rectangular rule, more accurate by an
order of magnitude in 6t,, provided f(t) is sufficiently differentiable.

Since the process W (t) is continuous with probability one, then integrals of
composite functions f(W(t),t) with respect to ¢ can be defined by Riemann inte-

gration, i.e.,
/ fW(s),s)ds :nh_)n;o lZf i)Ati‘| , (2.7)

choosing 8 = 0 here, though other values would be suitable. Similarly, when the
integrand is for the composite process X (¢) with implied dependence on the diffusion
W (t) and also the jump process P(t) through (2.2), the integral will be defined by
Riemann integration, i.e.,

/ F(X(s),8)ds = lim [Z F(X (&), t:) At

The Poisson jump process, while discontinuous, is right continuous with left limits,
e., it is also a piece-wise continuous step function, so fits nicely in the framework
of the use of forward integration, which is effectively a sequence of step-function
approximations. However, the jumps are stochastic and not predictable, though
once a jump is generated through simulation or observation, it will be known.
Sometimes, a deterministic integration is needed with respect to the position
on the path z(t). In this case, let the f(s)ds in (2.3) be replaced by f(z(s), s)dz(s),
which could also come from the form f(z(s), s)z’(s)ds provided the velocity v(s) =
2'(s) or dx(s) = 2'(s)ds exists, then this leads to the Stieltjes integral, or
Riemann-Stieltjes integral, constructive definition:

(2.8)

¢
| #6ets). )09 = Jim, Zf tipo), tivo) (@(tip) —2(t)| . (29)
provided «(t) is continuous and has bounded variation [164], i.e
> lwltiva) — x(t:)| < B,
i=0

for some constant B > 0 for all partitions (2.4) of [0,¢] and f(z(t),t) is continuous.
(These conditions are stronger than needed and Mikosch [205] gives weaker but more
complicated conditions.) Another example is the Stieltjes form for the expectation
in terms of the probability distribution ®x(z) in the random variable X,

-/ O; F()d®x (1)

sometimes used to permit the use of more general distributions than would be
possible under the usual Riemann integration conditions. The Stieltjes integration
form will be modified for the stochastic integration relative to W (t) in the next
section.
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2.2. Stochastic Integration in W (t): The Foundations 111

2.2 Stochastic Integration in W (t): The Foundations

As in elementary calculus, the presentation starts with a fairly simple example.
The integral that forms the basis for the formulation that follows is the stochastic
Stieltjes integral

1w](t) = /0 W (s)dW (s) | (2.10)

which have a stochastic correction for the simple deterministic calculus Stieltjes
integral,

1) = [atas) = 5 [d@A0 =5 @0 -a*0). @)

This follows from the ordinary calculus chain rule, d(2?)(s) = 2z(s)dz(s), for dif-
ferentials, to form an exact differential.

However, in the case of the stochastic integral (2.10), W () is a random process,
is nowhere differentiable and it can be shown to have unbounded variation. Note
that for even spacing dt, = At = (t —0)/(n+ 1) for i = 0 : n, so that the expected
variation, from Table 1.1, is

> 1AW
=0

as n — 400, so the variation must be unbounded since the expected variation must
not exceed the supremum of the variation and the supremum must be unbounded
as well. (See Mikosch [205] for another justification.)

In the first step in finding a constructive definition for the stochastic integral
(2.10), with K. Ito [146], a left endpoint rectangular or forward integration rule (6 =
0) is initially used to approximate the integral so that the independent increment
property of W (t) is preserved,

E

:Z\/QAt/W:(n + 1)V/2t/(r(n4+1))=/2t(n+1)/7 — +o0 ,

IOW](1) =Y W (t)AW () = Y WAW; (2.12)
i=0 i=0
with W; independent of AW; as intended, where the simplifying numerical notations
W; = W(t;) and AW,; = AW (t;) = W (t;+1) — W(t;) have been used. The form
(2.12) is not too useful for summing or approximation, but the following two general
identities are very useful:

Lemma 2.1. Let {z;|i = 0: n+ 1} be any sequence of numbers, and let Az, =
ZTiv1 — x; for i =0:mn, then

ZA,TZ' = Tp+1 — Lo , (213)
=0

n 1 n

;xiAaji =3 <xi+1 T ;(A:ci)2> . (2.14)
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112 Chapter 2. Stochastic Integration for Diffusions

Proof. The first identity (2.13) is trivial, since adding two successive increments
cancels the common value of those increments, i.e.,

Az + Azip1 = (i1 — 2) + (Tigo — Tig1) = Tita — T .

Verifying the second and important identity is much easier by expanding the sum-
mand on the right hand side of (2.14) to obtain the left hand side, than vice versa:

1

3 (@ —af = Eiho(Awi)?) = 5 (07 — 2§ = Xilo(wirn —2:)?)

($721+1 - 95(2) - Z?:O($%+1 — 2z + 5512))

Il
NI= N[= D=

(I%H - x(Q) - Z?:o 1712+1
2300 TiTi1 = Do 27) (2.15)
= % (I?lJrl —xp — (17121+1 + Z?:O J?? — x%)

+23 00 i1 — D %)

n
= Zi:O szxZ 9
where
n n+1
2 _ 2
PREEE DI
i=0 j=1
has been transformed by change of index to combine with a similar sum. d

The benefit of the form (2.14) when used as xz; = W, then the end points are
explicitly given by W, 11 = W (t) and Wy = 0 with probability one, so the discrete
approximation to stochastic integral of W (¢) becomes

DIV = 5 (02(0) - (AW, (2.16)

(2

Using Table 1.1 again, the expectation of I [W](¢) is

n

(t—ZAti):%(t—t)zo,

=0

B [10W](0)] =

N =

returning to more general spacing At;, where the (2.13) identity Y. At; = tp 41—
to = t has also been used. This result suggests that a reasonable form for the
stochastic integral (2.10) answer is

1)) 2 16 (W(e) = 5 (W2(0) 1) (217)

where the term (—%t) is the correction to the ordinary calculus or Riemann inte-
gration answer. However, since the proposed answer is not a true equality, another

page 112
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2.2. Stochastic Integration in W (t): The Foundations 113

condition is appropriate for the stochastic nature of the problem and that condition
is the mean square limit or mean square convergence:

Definition 2.2. Mean Square Limit or Convergence:

The random variable I,(ZO) (t) converges in the mean square to the random

variable I(t) if

2
E [(I}f’)(t) . I(t)) } A (2.18)
as n — 00, assuming that both random variables have bounded mean squares, i.e.
E [(1,20))2(15)} <o and E[I%(t)] < oo

If the limit (2.18) exists, then denote the mean square limit as
ms

I(t) = lim [I}P(t)} .

n—oo

Some related general stochastic convergence principles:

Definition 2.3. Conwvergence in Probability:

The random variable L(IO) (t) converges in probability to the random variable 1(t)
if for every e > 0,

Prob [ 100y - I(t)‘ > e} 0 (2.19)
as n — oo. If the limit (2.19) exists, then denote the limit in probability as
prob
I(t) = lim [I(1)] .

Definition 2.4. Convergence in Mean:
The random variable I,(lo) (t) converges in the mean to the random variable I(t)

if for every e > 0,

B|

1Ot) — I(t)H 0 (2.20)

as n — oo. If the limit (2.20) exists, then denote the limit in the mean as

I(t) = Tim [IO@)] .

n
n—oo

Theorem 2.5. Convergence in Mean Square —> Convergence in Proba-
bility:

ms prob

It) = lim [IV) = I(t)= lim [IV()]. (2.21)

n—oo n—oo
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114 Chapter 2. Stochastic Integration for Diffusions

Similarly:
Convergence in Mean Square —> Convergence in Mean:

1(t) = lim [1O@®)] = 1(t) = Tim [[{O(1)] - (2.22)

Proof. Let € > 0. Tacitly the mean square expectation of the limit I(¢) and the
approximation is assumed as conditions for mean square convergence, which implies
that E[|1(t) By (t)]?] — 0% as n — oo. The theorem follows from the Chebyshev
inequality (0.187) of Exercise 4 on Page 71 which is written in a simplified but
convenient form,

Prob[| X| > €] < E[|X|?]/€?, (2.23)
where € > 0. Let X = I(¢) — 110 (t) and thus

E[1(t) = I (#)P] = €Probl|1() = I (8)] = €] -

Hence, as n — oo, Prob|[|I(t) — 110 (t)] = €] — 01 by being squeezed from above
by the mean square deviation as it goes to zero, i.e., 1o (t) — I(t) in probability if
o0 (t) — I(t) in the mean square.

Similarly, the Schwartz (Cauchy-Schwartz) inequality (0.188) of Exercise 5 on
Page 72, truncated to one variable,

E?[X] < B[X”]

can be used to show that convergence in the mean square implies convergence in

the mean, i.e., I\ (t) — I(t) in the mean if i (t) — I(t) in the mean square. 0O

The expectation of the proposed random variable answer is

E [I[W](5)] = B E(Wz(t) —t)] —L-n=0.

the same as for the approximation.
In order to focus on the crucial term and to simplify the demonstration of the
mean square limit, which is conjectured to be ¢, consider the following lemma:

Lemma 2.6. Let

O =D (AaW;)?, (2.24)
=0
then
t= 1im [7O0)] (2.25)
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2.2. Stochastic Integration in W (t): The Foundations 115

Proof. The mean t of I (t) is absorbed into the summation by (2.13) with z; = ¢;,
the square of the mean square argument leads to a double sum which is separated
into diagonal parts (j = i) and off-diagonal parts (j # ), allowing the splitting of
the expectations using the independent increment property, so

E [(Jfﬁ) (t) — t) 2} = Var {Jn@ (t)}

Li:o Jj=0
-S| - aa)’

+Zn: [(AW) y Atz} Zn:E [(AW) At }
_ Zn:Var [(AW:)?] +0-0= zn: - B2 [(AW)?))
= Zn: (3(At;)? — Zn:

the last couple of steps relying on the results of Table 1.1. Since At; < 6t, =
max;[At;], then

[(ﬂO ~1) ] 23 (Ak)? < 201, 3 Aty = 21, — 0

i=0 =0

as n — oo showing that
t= lim [JO ()] .

n—oo

Clearly both J7(10) (t) and ¢ have bounded mean squares for bounded ¢t. Hence,
I (t) = ¥ [dW](¢), in our functional notation. 0O

Lemma 2.7.

% (W2(t) — ) = lim (1O W) (2.26)
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116 Chapter 2. Stochastic Integration for Diffusions

where t < 0o and

IOMW)E) = S WAW, .
1=0

Proof. Note that
E[(W2(t) —1)/2)%] = E[W™(t) = 2tW2(t) + t?]/4 = (3% — 2t> + t3) /4 = t?/2 ,

again using the convenient Table 1.1, so (W?2(t) —t)/2 has a bounded mean square
so long at ¢ is bounded. Similarly, one can show that ") [W](t) has a bounded
mean square. The mean square convergence of I [W](¢) is obvious since I (t)

converged in the mean square to ¢t and JO (t) is the only term that depends on the
grid variable n. In fact,

B | (1O =10010) | = 8| (c= 700) ] 0.

as m — 00, so converges for the same reason that I (t) did in the mean square.
This mean square relation follows due to the affine difference in forms I [W](t) =
(W2(t) — JV(£))/2 in (2.16) with (2.24) and I[W](t) “2° (W2(t) — t)/2 in (2.17),
no longer a proposed answer. In more general cases the decomposition of 1 (W](?)
will not be so simple as that between I [W](t) and the part I8 (t). O

Definition 2.8. Denote the Ité mean square (ims) limit stochastic integral
corresponding to the stochastic integral form

Ilg)(t) = / g(W(s), 5)dW (s)

with associated forward integration (left rectangular rule or Euler’s method) approz-
1mation

1=0
by
16m)[g)(t) = Tim_[10[g)(0)] (2.27)

where 0 < to < t, assuming the integrand process g(W (t),t) has a bounded mean
integral of its square, i.e.,

E Ut gQ(W(s),s)ds} < oo,

to
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2.2. Stochastic Integration in W (t): The Foundations 117

and the grid partitioning satisfies

0§t0<t1<---<tn+1=t (228)
with
5tn = max[Ati = ti+1 — ti] <1
i=0:n
as n — Q.

Provided the Ité mean square limit (2.27) exists,

I[g)(t) "= 16 [g](8) . (2.29)

In addition, the definition holds, since the independent increments property
remains valid in a more general case, namely, if the function g depends on the past
and present history of the Wiener process,

W(t) ={W(r),0 <r <t},
i.e., g = gOW(t),t), in which case, g is called non-anticipatory or adapted to
the process set W(t).
Remarks 2.9.

e For most of the sequel, general functions with dependence on W (t) and t, i.e.,
g(W(t),t), will be used in stochastic diffusion integrals, but the reader can
easily extend results to functions of the type g0V (t),t) adapted to W(t).

o If the Ité mean square limit (2.27),
LV19)(t) — Ig)(t) = 14 [g] (2)
in the mean square as n — oo, exists, then by Theorem 2.5
IOg)(t) — I[g)(¢)
wn probability as n — oo.

e In our notation, I[g)(t) = I [g](t) denotes the mean square limit of the
Ité forward integration approzimation o [9](t) with 8 = 0 meaning that the
integral g is evaluated att; on the ith step. They denote particular evaluations
or approzimations of the purely symbolic I[g](t) integral representation which
can also have other evaluations using other integration rules with values of 6
or using other rules relying on non-rectangular approrimations.

Thus, summarizing the results for the crucial simple example when g(W (t),t) =
W (t) is the following theorem:

Theorem 2.10. Ité6 Fundamental Mean Square Stochastic Integrals:

/0 t(dW)Q(s) S (2.30)
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118 Chapter 2. Stochastic Integration for Diffusions

and

/OtW(s)dW(s) I (t) = = (W2(t) — t) . (2.31)

N~

Sketch of Proof. Some more heuristic justification is given here.

e In ordinary deterministic integral calculus, the symbol fot (dz)?(s) would be
considered nonsense, but in It6 stochastic integration the symbol

zn:(AW)%i)] =t,

=0

/ L AR(s) ™ T
0

n—oo

makes perfect sense, since the It6 mean square limit is well defined and leads
to the It6 correction to the ordinary calculus rule for the differential of x2(t),
ie., x(t)dz(t) = %d(xz)(t).

e In fact, this leads to a corresponding symbolic It6 mean square version for

differentials,
(dW)2(t) ;ém dt . (2.32)

and
W(Oaw(E) ™ %(d(WQ)(t) _db). (2.33)

Formally, we might rewrite (2.33), assuming the symbol «"2%» denoted a com-
sym

mutative operation,
d(W2)(t) "2° 2W (£)dW (t) + dt . (2.34)

Using the formal increment definition of the differential (1.3), dW (t) = W (t+
dt) — W (t) or the alternate form W (t + dt) = W(t) + dW(t), then a quick
calculation leads to

dW?)(t) = W2(t +dt) — W2(t) = (W +dW)2(t) — W2(¢)
= (W24 2WdW + (dW)? — W?)(t)
"I YW AW (t) + dt (2.35)
sym
using a little bit of algebra and the symbolic fact that (dVV)2 ims dt, formally
sym

justifying (2.34), demonstrating a fast technique that would be useful when
fast answers are needed.

Remarks 2.11.
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2.2. Stochastic Integration in W (t): The Foundations 119

ims

The Ité mean square result symbolized by (dW)?(t) dt represents a Te-

sym
markable paradoz, since the differential (dW)2(t) is deterministic because dt
is determanistic, but dW (t) is stochastic or random.

In the deterministic continuously differential case, the corresponding quadratic
of a differential, (dx)?(t) would be negligible relative to terms of order dt.
If the integral of such a term were consider the limit of its finite difference
approximation would be zero:

/Ot(da:)Q(s) = lim

n—oo

= lim

n—oo

by
0
= lim i(l‘i_,_l — :vi)A:vi
0
>
0

n—oo
n
— lim E x; Ax;
n—oo O

~ lim 1,<3>[x](t)} ~ lim [I,@[x](t)]

n—oo L n—oo

= Iz (t) — I[z](t) = 0,

since the reqular integral of fot x(s)dxz(s) is independent in the limit of the
particular approzimation parameter used, whether 8 = 1 or 8 = 0 as in the
above final lines.

See also Ezercise 1 which is to demonstrate that the the density, (bdw(t)(w),
for dW (t) is the sum of two delta functions in the generalized sense that
considerably constrains functions of dW (t).

Computational confirmation of the Ité’s fundamental mean square stochastic
integrals is the subject of Exercise 3 for the (dW)2(t) integrand in (2.30) and
Ezercise 4 for the (WdW)(t) integrand in (2.31). For example, Fig. 2.1 is an
illustration of the computational confirmation of the Ito fundamental forward
integration approximating sum

/O (W) S (AW
1=0

with n = 10%. The confirmation is remarkable considering it is a pointwise
comparison of the approximating sum with the exact Ité answer t, and not a
demonstration of convergence in the Ité6 mean square limit. The sample size
has to be sufficiently large, else the approximating sum tends away from the
t answer due to the slope of the tangent line bias, that is also a feature of
deterministic ODE applications of Euler’s method.
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j(dW)z(t) Simulations versus t

©

(0]

N\
N

o
o

[(dW)?(t) and t, States
o
N

JE— 2
Jaw)“®
-t
0.2
o " " " "
0 0.2 0.4 0.6 0.8 1

t, Time

Figure 2.1. Simulated sample path for the Ité forward integration approzimating

sum of [(dW)3(t) T~ >, (AW;)? for n = 10" MATLAB randn sample size.

e The general code for simulating the stochastic diffusion integral with integrand

g(W(t),t) by the Ito forward integration approzimation

1g)) = [ 90V (s).5)ds = > V.

to i=0

in an abbreviated MATLAB fragment might be

Tollolo Too o oto Toto To fo o To oo Foto Tod 1o o To ToTo Toto o foth foTo fo o oot oo fo o fo o oo o fo o fo o Fo o To o To o Fo Fodo Fo o o
function intdwdw

% Example MATLAB code for integral of (dW)"2.

clc % clear variables;

t0 = 0.0; tf = 1.0;

n =1.0e+4; nf =n + 1; 7 set time grid: (n+l) subintervals
dt = (t£f-t0)/nf; Y% and (n+2) points;

% replace these particular values according the application;
t(1) = t0; % set initial time at i = 1 for MATLAB;

W(1) = 0.0; % set initial diffusion noise condition;

sqrtdt = sqrt(dt); % dW(i) noise time scale so E[dW] = 0;
sumdw2(1) = 0.0; % set initial sum variable;

kstate = 1; randn(’state’,kstate); % Set randn state

% for repeatability;

dW = sqrtdt*randn(nf,1); % simulate (n+1)-dW(i)’s sample;
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t = t0:dt:tf; % get time vector t;
for i = 1:nf % simulate integral sample path.
W(i+1) = W(i) + dW(i); % sum diffusion noise;
sumdw2(i+1) = sumdw2(i) + (dW(i))~2; % sum whole integrand;
end
plot(t,sumdw2,’k-’,t,t,’k--’,’LineWidth’,2); % plot sum;
title(’\int (dW) "2(t) Simulations versus t’);
ylabel (’\int (dW) "2(t) and t, States’);
xlabel(’t, Time’);
legend (’\int (dW) ~2(t)’,’t’,0);
% End Code
Tototo o 1o%o o ToTo o fo To o o o To o o o ToToto o o To o o o To o o o o To o o o To o o o To oo o o To o o o To o o o To o o o To o o
e The form for the simulation of the Wiener increment process AW (t) by a
standard normal distribution Z scaled by /At in the above code fragment is

based upon the following change of variables (or change of measure) result,

showing that both AW (t) and vV AtZ have the same distribution:

Theorem 2.12. Wiener Simulations by Standard Normal:
Let Z be a random variable with a standard normal distribution, ®z(z) =
®,,(2;0,1), then

Pawy(w) = @ /x7,(w) , (2.36)

where At > 0.

Proof. From properties of the normal distribution,

1 Z 2
y(z) = ProblZ < 2] = — / v 2q
V2T J oo

and

® Ay 1y (W) = Probl AW (t) < w] = 271TAt / 0?80 g,

1At L
R e ¥ /%dy = Prob |z < w/VAt
\/271'[00 Y |: - / :|
= Prob {\/AtZ < w} =0 x5, (w),

since ProblaZ < w] = Prob[Z < w/a] provided a > 0. 0O

e See also the full version of this MATLAB code in Section A.11 of the Ap-
pendix A for actual type-set figure.
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e See also Fig. 4.1 in Chapter /4 illustrating the application to g(W(t),t) =
exp(W (t) —t/2) that yields an exact differential in the Ité mean square sense.

o Computational simulation is another way to get fast answers when they are
needed.

However, the Ito stochastic integration of exact differentials is easy as the
following theorem shows.

Theorem 2.13. Fundamental Theorem of Ité Stochastic Diffusion Cal-
culus:
Let g(w) be continuous and G(w) be continuously differentiable. Then

(a)
| [ awnaws) = govware 2.37)
and
(b)
/0 t dG(W (s)) "2 G(W (t)) — G(0) , (2.38)
for 0 < t.

Proof. The first part of the fundamental theorem (a) benefits from the It6 forward
integration approximation and continuity of g, but mostly from the continuity of
W. Consider the increment version for sufficiently small increments At,

A [ /O t g(W(s))dW(s)] = ( /0 y- /0 t) g(W(s))dW (s)

t+At
= [ awenaw )
t
~ g(W(t) AW (t)
— g(W(t))dW (1)
as At — 01, using the continuity of both g and W.

For second part of the fundamental theorem (b), using the It6 stochastic
integration Definition 2.8,

ms

/ t dG(W(s)) "Z* lim

n— oo
0

D (GW(tig)) — G(W(ti)))l

i=0

= Jim Z(AG(W@)))] = I [G(W (tu11) = GOV (10))]
=0
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upon using the facts that tg = 0, ¢,,4+1 = t, and for any sum over all increments is
the total increment from (2.13) of Lemma 2.1. Assuming that G(W (t)) is bounded
on [0, ¢] should be all that is needed. Thus, for exact derivatives, It6 stochastic inte-
gration and ordinary deterministic or Riemann integration agree. See Kolmogorov
and Fomin [164] or Protter [228] about the importance of bounded variation as well,
but these details are beyond the scope of this book. 0O

Remarks 2.14.

e The first part (a) relates the integral to the differential formulation and the
second part (b) is useful since it is one of the main ways of finding stochastic
integrals which are not often found in closed form. Usually, part (b) is used to
reduce a more complicated stochastic integral to a closed form plus a simpler,
perhaps Riemann, integral.

e Note that in the proof of part (a), there is a difference in the exact increment
of an integral and its approzimate increment for small At. Using a more
general form in some process X (t) for the integral, the exact increment has
the form

t+AL
A[T[G))(#) = I[G)(t + Ab) — T[C) () = /t G(X(s), 5)dX (s)

that holds for arbitrary At as long as the integral can be defined, while the
approximate integral has the form

AI[G])(t) = G(X (1), )AX () ,

for sufficiently small At. So which form is used in an application depends on
the application and the size of the time increment At.

When dealing with It6 stochastic integrals more general functions of Markov
stochastic processes such as g(W (t)), g(W(t),t) or g(X(¢),t), where X (¢) may itself
be ‘a stochastic process that is a functional of W(¢) and also P(t), some more
information may be needed. In particular, some more assumptions or some theorems
beyond the scope of this applied book may be be needed to demonstrate the mean
square convergence of the stochastic integrals. Typically, the usual assumptions
[13, 161, 205, 228] require that the integrand function, say Y (¢t) = g(X(¢),t), has
a piece-wise-constant, right-continuous approximation that is compatible with the
It6 forward summation approximation and that permits satisfaction of the mean
square limit criterion. Such assumptions are unnecessary when there is a explicit
function of W (¢) since, as will be seen, the mean square limit property can be verified
directly. However, when a general function is considered with little information then
this extra piece-wise constant assumption will be necessary.

Assumption 2.15. Piece- Wise-Constant Approximations (PWCA) for
General Mean Square Limits
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1. Let Z(t) be a piece-wise-constant, right-continuous stochastic process

such that
Zn(s) ={G;m < s <Ty1; fori=0:n} , (2.39)

where the times 7; belong to a partition of [0,t] such that 7o =0 and 7,41 = t,
50 Zn(t) = (ny1 if needed, but does not contribute to the integral. The (;
are a sequence of discrete stochastic processes depending on the past Wiener
processes W; = {W(s) | 0 < s <7}, i.e., adapted to W; for i =0:n+1. Let
W be the set of all W;.

2. Let Y(t) be a stochastic process depending on W where Y (s) can be approz-

imated by the piece-wise-constant, right-continuous stochastic process Zy,(s)
for 0 < s <t such that

n—oo

. ¢ 2
lim E { /0 (V(s) = Zn(s))2ds| — 0 (2.40)

as n — +00.

Theorem 2.16. Mean of Ité Stochastic Integral:

E [/tg(W(s),s)dW(s)] T, 0<ty<t, (2.41)

to

assuming the mean square integrability condition

B { / t g2(W(s),s)dS} < oo, (2.42)

to

and the PWCA Mean Square Limits Assumption 2.15 for Y (t) = g(W (t),t).

Proof. Only heuristic justification will be given here to keep this presentation sim-

ple. For more elaborate justification using sequences of approximate step function
sums, consult the works of Arnold [13], Schuss [240],0ksendal [218], Mikosch [205]

or Steele [251].

e Using the It6 mean square limit (2.27), then we have the formal finite sum

approximation using partition (2.28),

n

[ 9OV s (5) = D gW (E), )W (t20) = W(B)) = S W
i=0

to i=0

where g; = g(W (t;),t;) and AW, = W (t;41) — W(t;). Since the right hand
side sum is finite, the operations of expectation and summation can be inter-
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changed, so

B| [ a0v(9.9aw(s)| =Y Blgaw] = Y BlgJElaw
to i=0 i=0
=Y Elg]-0=0,
1=0

the last line using the independent increments and zero mean properties.

e The final justification requires justifying the interchange of the expectation
operator, a Riemann integral, and the mean square limit operator. The under-
lying integrability assumption can be rewritten using It6’s forward integration
choice leads to the approximation,

n

B[ [ 0] = [ Bl a3 mgian.

to to i=0
e This approximation can be compared with the expected absolute value of orig-
inal It6 approximated sum of interest followed by a one-component Schwarz’s

csi

inequality ( §), to put it into a usable quadratic form and rearrangement

into independent increments (@d) ,

mnc
A

S 9W (), 8)aW (s)|| = B [| S0y iAW)

csi

<\ JB[Srgaw s 08w

= \/E [ 0 GP(AW)2 370 gi AW, (Z;;é T Z?:i“) ngWj]
ind [Z?:O E [912] E [(AWz)z}

inc
5

4 0.5
+ 1 (b B l9:9, AW EIAW:] + 57 Elgigs AW E[AW;] ) |
= \/Z:L:o Elg?] At: +0,

where the zero mean and At; variance properties of AW; were used in the
last step. The expectation Schwarz (Cauchy-Schwarz) inequality

E[ XY < VE[X? E[Y?] (2.43)

has been used with X = > ¢;AW; and Y = 1 to relate the magnitude
of the sum to the square root of the sum of squares. Hence, in the mean
square sense as n — +o00, we formally have the expected absolute value of the
stochastic diffusion integral is majorized by the square root of the integral of
the expected square of the integrand,

|

/ g(W(s), 5)dW (s)

to

} < \/ t E[g?(W(s),s)]ds . (2.44)
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It has been assumed that the sums are bounded on the bounded interval [to, t],
so that, in absence of stochasticity, we can expect uniform convergence of the
sums and that the operations of expectation and mean square limit can be
interchanged.

e Note, that this mean zero (2.41) for the It6 stochastic integral result depends
heavily on the It6 forward or left endpoint integration choice, and as will be
seen later, the mean zero result will not hold for other rectangular integration
rule choice.

e Under similar conditions, a quadratic or “ims-covariance” version of this the-
orem holds for interchanging expectation and mean square limit.

Theorem 2.17. It6-Covariance of Stochastic Integral

B[y LW (), )dW(s) fi, oW (), r)a W (r)]

t (2.45)
= [, ELF(W(s), 5)g(W(s), )] ds ,

for 0 < tg < t, assuming that f(W(t),t) and g(W(t),t) satisfy the mean square
integrability condition (2.42) and the PWCA Mean Square Limits Assumption 2.15
Jor Y(t) = g(W(t),1).

Proof. Again, heuristic justifications are presented here. Replacing the expectation
of the It6 integral product with that of the corresponding product of finite sum
approximations leads to

n

2(t) = | [ 50790 (5) [ gW ). )W ()| = 30 3" BLfAWig; a0

n
0 i=0 j=0

but the independent increments are inter-mingled in the sums and the argument of
the expectation of f;AW;g; AW;. However, if j < ¢ then the increment AW; will
be independent of f;, g; and AW}, while if j > i then AW} will be independent of
fi, gj and AW;, and for i = j the usual independent increment form is obtained.
Thus, taking these independence properties to split the double sum three ways and
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using independent increment properties leads to

n n 1—1

> BlfgE(AW) 1+ 0> Elfig, AW;E[AW]

i=0 i=0 j=0

s+z Z E[fig; AW;|E[AW]

i=0 j=i+1

> ElfigilAt;
=0

%

Ja(t)

e / E[f(W(s), 5)g(W(s), s)] ds .

to

giving the desired conclusion except for replacing the approximately equals (=) by
the mean square limit as n — oo

Upon replacing the function f by g, leads to the immediate corollary for the
“ims-variance” of the Ito stochastic integral in the following. 0O

Corollary 2.18. Ité-Variance of Stochastic Integral:

E

( /t :g(W(s), s)dW(s)ﬂ B / B (9> (W (s),9)] ds , (2.46)

to

for 0 < to < t, assuming that g(W(t),t) satisfies the mean square integrability
condition (2.42).

Result (2.46) is also called Ité isometry or martingale isometry.

Theorem 2.19. Ité Stochastic Integral Simple Rules:

Let g, g1 and go satisfy the mean square integrability condition (2.42) on 0 <ty <t
and the PWCA Mean Square Limits Assumption 2.15, while letting ¢1 and co be
constants.

e Operator Linearity:

[ eav().5) + camW(s). s)aw(s)

to
t

, t

s [ W) +er [ gaW(s) )W (s)
to to

o Additivity over Subintervals:

[ otves,awis = [

to to

T

g(W(s), 5)dW (s) + / G(W(5), $)dW (s)

for0 <ty <r<t.
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o Continuity of Sample Paths for
¢
19 = [ W ()5 (s).
to

with probability one.

Proof. The first two are clearly true by examining the forward integration approx-
imation. For the last item note that

t+At ]
Allg|(t) = I]g)(t+At)—I[g](t) = /t g(W (s),8)dW (s) = g(W (t), ) AW (t) — 0

with probability one as At — 07. O

For later use in formal stochastic calculations, it will be helpful to know how
to handle powers of dW (t) greater than square powers. The critical problem is to
know when to truncate a differential expansion, such as that for exp(dW(t)), at a
power of dW(t) beyond which the higher powers are zero in the sense of the It6
mean square limit. For example, exp(dW (¢)) can be formally expanded by Taylor
series as

exp(dW (1)) = 1+ dW (L) + (dW)2(t)/2! + (dW)>(t) /3! + (dW)* () /4! + - - -
and it turns out we can justify stopping at the quadratic term for the mean square
limit. The consequence will be the famous It6 stochastic chain rule discussed for
jump-diffusions in Chapter 4 and will lead to more rapid calculations. The main
purpose of the current chapter is setting up the foundational justification for this

chain rule.

Lemma 2.20. Powers of dW (t):
Let the integer m > 3.

t )
/ (dW)™(s) "= 0 (2.47)
0
or in symbolic differential notation

(dW)™ (t) yﬁm 0. (2.48)

Proof. Let m > 3 and

L[(@W)y™")(t) = I(t;m) = / (W)™ (s) = 1) () = Y (AWi)™. (2.49)
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The expectation of the It6 approximate sum L(lo) (t;m) yields different formulae for
odd values, m = 2k — 1 for k > 2,

E[IO(t2k — 1)) =Y E[(AW)* '] =0,
1=0
while for even values, m = 2k for k > 2,
E[1{7(t;2k)] = Y E [(AW;)**] = (2k — 1)1 > (At
1=0 =0

< (2k — 1)(St,)* 1 =0,
as n — 0o, where (2k — 1)!! is the double factorial function (1.15). Odd or even m,
m > 3, the results suggest that the Itd mean square value is given by

I(t;m) "2 16m9) (4:m) = lim [I9(t;m)] =0 .

n—oo

The justification requires confirmation of mean square convergence,

lim E [(I,(P(t; m) — I<ims>(t;m))2} — lim E [(150>)2(t;m)] .
For odd values, m = 2k — 1, separating out the diagonal part of the quadratic to
separate the independent increments,

B[22k = 1)] = Y [(AW)HED 4 37 (AW (Aw;)2?
i=0 j#i
= (4k — 3)11) "(At;)*+!
=0
< (4k = 3M(St) 2 -0,

as n — oo, off-diagonal odd power terms do not contribute. Here (4k — 3)!! is the
double factorial function (1.15). For even values, m = 2k, the off-diagonal terms
contribute since they are products of even powers of increments in 4 and j, so upon
completing the double sum over j # i and subtracting the completed amount from
the single sum,

n

B[(I™2(620)] = DB | (AW + > (A (aw;)*

i=0 Ve
= ((4k — D! — ((2k — 1)IN?2 zn:
+((2k — 1)) zn: ’fzn:

< (4k — D)NE(0,) 2+ (26 — D)ID2L(5t, )22 (t — 0ty) — 0
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m

as n — oo. Thus, denoting the conclusion symbolically, (dW)™(t) £ 0, provided
sym

m > 3 to an accuracy with error o(dt). = 0O

Another differential product whose It6 mean square limit will be useful is
dt dW (t) since it arises in the expansions of functions of stochastic differentials:

Lemma 2.21. Differential Product dt dW (t):

t )
/ ds dW (s) "2 0 (2.50)
0
or in symbolic notation
dt dW(t) "2 0. (2.51)
sym
Proof. Let
t n
I[dt)(t) = / ds AW (s) ~ IV [dt)(t) = Y ALAW, (2.52)
0 i=0

with some abuse of the notation by replacing functional argument g by dt. The
expectation of the sum I3 [dt](t) yields

E[IO[dt](t)] = Zn: E[ALAW;] =0.

The result suggests that the Ito0 mean square value is given by

I{dt)(t;m) ™2 Tim [IO[dt](t;m)] =0 .

n—oo

The justification requires confirmation of mean square convergence, separating out
the diagonal part of the quadratic to separate the independent increments,

S B [(AL) (AW + > At AL AW, AW,
0 J#i

> (At)? <t(5tn)* — 0,
=0

E |(1{0)?[a)(1)]

3

ims

as n — oo, off-diagonal do not contribute. Thus, dt dW(t) = 0 to an accuracy

sym
with error o(dt). O

Remarks 2.22.
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o Of the It6 differentiable forms that have zero limit in the mean square, dtdW (t)

is one of the most marginable to approximate due to the randomness of dW (t),
even though we know E[dtdW (t)] = 0 and E[|dW (t)|] = /2At/7 from con-

venient Table 1.1. Hence, the justification of f(f dsdW (s)

= 0 by showing

the mean square limit is especially important. Note that for even spacing of
time increments, the root mean square of the bound of the mean square ap-

proximation above is

Exercise 2 for a more cutting-edge example.

t(6tn)2 = tV/t/(n+1) = 0 as n — oo. However, see

o See Ezercise 5 for how to computationally confirm the above Lemma 2.21.

The mean square limits to an accuracy with error o(dt) are summarized in the

following Table 2.1.

Table 2.1. Some Ité stochastic diffusion differentials with an accuracy with

error o(dt) as dt — 07 .

Differential 1t6 Mean
Diffusion Form Square Limit
dW (t) dW (t)
dt dt
dt dW (t) 0
(dW)2(t) dt
(dWw)™(t) 0,m>3
(dt)*(dw)™ () || 0, >0, m>1

The more general form,

(dt)P (dW)?(t) yﬁm .000,0 + AW (£)8,,004.1 + dt(65,154.0 + 6p.0042) ,  (2.53)

when p and g are non-negative integers, is left as Exercise 1 on Page 134.

Remark 2.23. In using Table 2.1, the differential entries are just symbols of the
underlying integral basis and care should be taken when applying them to find the
mean square representation of differentials, especially when they appear in multi-
plicative combinations. For instance, one might be tempted to replace (dW)*(t) by

(dW)2(t)(dW)2(t), then replace those terms with (dW)?(t) " dt and getting to

(dt)? "% (), which is the correct but crudely found answer for (dW)*(t). Note that
sym
for finite increments, B[(AW;)?*] = 3(At;)? while E2[(AW;)?] = (At;)?, differing by

a factor of three.
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2.3 Stratonovich and other Stochastic Integration

Rules
In this section, other definitions of stochastic integration rules, other than Itd’s
choice of the forward left endpoint rule, are explored for the purpose of comparison
and understanding It6’s choice. This comparison will be illustrated by the simple

stochastic integral of W (t).
Let the integration rule approximation point be

tivo =t + 0AL; |

where 0 < 0 < 1, so the It6’s rule is when 0 = 0 with At; = t,11 — t;. Let the
interval of integration be [0, ¢] with partition (2.4). Let the approximate integrand
be Wit9 = W(ti+e). The technique of splitting terms into independent increments
is similar to that for It0’s rule, except that there are extra independent increments,

AW = Wipog — Wi
and its complement
AW = AW; — AW = Wiy — Wit

for intermediate approximation points when 6 > 0, such that AW, + AW, = AW;.
We also reuse (2.14) of the reduction Lemma 2.1 for the It6 case in the more general
case here:

IW](t) = /O t W (s)dW (s) ~ IO [W](t) = zn: Wir g AW;

i=0

(Wi + AW (AW, + APW;)

|

-
Il
=)

(WiAW; + (APW;)? + AW, APW;)

I
.
I M:
[}

(A"W3)2 + > ATWALW;
=0 1=0

= (W,%H — i(AWﬁ) +

=0

N —

K3

Since W, 11 = W (t) with this [0, ¢] partition and the mean square limit of >, (AW;)?
has been shown to be ¢, similarly the mean square limit of Y"1  (A?W;)? will be
the expected value ¢, and the last sum will not contribute in the mean being the
product of independent increments, the mean square limit corresponding to the It6
Lemma 2.7 can be stated:

Lemma 2.24.
! 6—ms 1 2 1
/0 W (s)dW (s) " =" IO [W](t) = S - (5 - 9) t (2.54)
= lim [10W]@)] ,
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Proof. The mean square limit justifications are quite lengthy and somewhat tan-
gent to our goals here, so only the general end result is given with the details left
to the reader:

E [(IS’)[W](t) — IO (t)ﬂ —2 B y

?

(At)?
=0

IN
—

2’——9‘ ot, — 0,

[\V]

where 6t, = max;—o.,[A;] = 0T asn — 0. O

Remark 2.25. Stratonovich and Other Stochastic Integration Rules:

The mean square limit is exact, no limit n — oo, required, in the case § = 1/2 where
tivos = (ti+tit1)/2 is the midpoint of [t;, ti+1] and the integration rule is called the
midpoint rule or Stratonovich stochastic integration [255]. For Stratonovich
integration,

/t W(s)dW (s) "= IO W) (1) = W2(1)/2,
0

which is the deterministic integral answer, containing no correction as in the case of
It6’s rule. This deterministic property might offer some benefit in some applications,
but at the expense of more complicated overlapping dependence of increments in
time.

Lemma 2.26.

E [1<9> W] (t)} —E BWQ(t) A <% - 9> t} = ot. (2.55)

Proof. The result is immediate since E[W?(¢)] = ¢ from Table 1.1 when n = 2 with
|AW|?(t) replaced by W2(t) and At by t. O

Remarks 2.27.

o When 0 # 0, then the useful Ité expectation-integration interchange
property,

el W), sawis)| = | BV (), ) E[dW(s)] = 0

is no longer valid as implied by (2.41). This is a quite nice concrete property,
but for abstract analysis it is more crucial since it means, with appropriate
qualification on f(W(t),t), that the Ité integral is a martingale.

e Decades ago, there was a larger controversy as to
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whether Ité or Stratonovich stochastic integration

should be used. The question sometimes centered about what was more ap-
propriate for the application at hand (see for instance, Turelli [266] for a
discussion involving biological applications), but the benefits of Ité’s choice
of forward integration facilitating the use of independent increments of the
processes and the fact that many Stratonovich properties were derived by Ito
stochastic calculus have made the Ité calculus dominant.

2.4 Conclusion

In this chapter, the foundations have been laid for the integrals of the second type
in the integrated SDE (2.2), i.e., using the stochastic diffusion integral of It of
Definition 2.8 extended to the more general case:

Definition 2.28. Stochastic Diffusion Integration:

[ st awes) = [ngm,ti)dvv(ti)] S (20)
=0

where X (t) in the integrand function g has an implied dependence on the diffusion
process W (t), but also depends on the jump process P(t). The integrand process
g(X(t),t) is also assumed to have a bounded mean square,

¢
E [/ g%X(s),s)ds} < o0,
0
and satisfy the PWCA Mean Square Limits Assumption 2.15 for Y (t) = g(X(t),t).

However, as previously explained, the Poisson jump process fits within the
framework of It6 stochastic integration since it is piece-wise continuous. The stochas-
tic diffusion integration rule (2.56) has been motivated and illustrated by a number
of examples using functions and powers of the diffusion process W (t).

2.5 Exercises

In all computational exercises, Mathematica, MATLAB, Maple or other program-
ming may be used where appropriate.

1. Formally justify the general form (2.53),
(dt)p(dW)q(t) :;%i p705q70 + dW(t)5p705q71 + dt((sp_’lisq_’o + 5p_’05q_’2) ,

when p and ¢ are non-negative integers.
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2. Show the limit in the mean square for

WMﬂ@EAMWWWﬂ@O

provided a > 0 and is real.
{Hint: See Lemma 2.21 for the case a = 1.}

3. Computationally confirm the mean square limit for It6’s most fundamental
stochastic integral given as

[awre e,

by demonstrating that the It6 forward integration approximating sum

n

IOAW](E) = (AW;)?

=0

gives a close approximation to ¢ for sufficiently large n. Apply a modification
of the algorithm of Program A.7 in Appendix A, used in generating Figure 1.1,
to the approximation IS [dW](t). Use n = 100 and n = 10000 sample sizes,
plotting the 110 [dW](t) with the limit ¢ versus ¢ for ¢ € [0, 2]. Plot separately
the errors for each n between the approximation sum and the exact IMS
answer. Also report the standard deviation (std in MATLAB) of the errors
for each n. Does the larger value of n make It6’s stochastic integration model
more convincing than the smaller value? Does this mean that for this example
that the convergence is much stronger than the mean square limit?
{Caution: In this problem and the next two, you are not asked to verify the
mean square limit, but to verify that the forward approximation comes close
in this example.}

4. Computationally confirm the mean square limit for It6’s other very funda-
mental stochastic integral given as

AW%MWW¥NWWM= (W2(1) — 1)

1
2

by demonstrating that the It0 forward integration approximating sum

IO = 3 AW,
i=0
gives a close approximation to W?2(t) — t)/2 for sufficiently large n. Ap-
ply a modification of the algorithm of Program A.7 in Appendix A, used in
generating Figure 1.1, to the approximation 10 [W](t). Use n = 100 and
n = 10000 sample sizes, plotting the approximation 110 [W](t) and the error
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E,[W](t) = ¥ [W](t) — (W2(t) — t)/2 versus t for t € [0,2]. Plot separately
the errors for each n between the approximation sum and the exact IMS an-
swer. Also report the standard deviation (std in MATLAB) of the errors for
each n. Does the larger value of n make It6’s stochastic integration model
more convincing than the smaller value? Does this mean that for this example
that the convergence is much stronger than the mean square limit?

. Computationally confirm the mean square limit for another of Itd’s more

obvious fundamental stochastic integrals:
t ;. .
/ dsdW (s) "= 16)[dt](¢) = 0
0
by demonstrating that the It0 forward integration approximating sum

IO[dt)(t) = > At AW;

=0

gives a close approximation to 0 for sufficiently large n. Apply a modifica-
tion of the algorithm of Program A.7 in Appendix A , used in generating
Figure 1.1, to the approximation " [dt](t). Use n = 100 and n = 10000
sample sizes, plotting the common value of the approximation and error
o [dt](t) = E,[dt](t) and the noise W (t) for ¢t € [0,2]. Plot separately the
errors for each n between the approximation sum and the exact IMS answer.
Also report the standard deviation (std in MATLAB) of the errors for each
n. Does the larger value of n make It0’s stochastic integration model more
convincing than the smaller value? Does this mean that for this example that
the convergence is much stronger than the mean square limit?

. Computationally check the Itd mean square limit for convergence of the It6

approximating sum of the stochastic integral of (dW)?(t) to the limit ¢ by
directly computing the K-sample mean square

2

K i
g X (S ((ow) -an) )
k=1

Jj=1

where the identity ¢ = ¢,41 = >, , At; has been used to merge ¢ into the
approximating sum. Select K = 5 random states or seeds, n = 10™ for
m = 2 : 5 sample sizes, constant At; = At, i =n and t = 1, as an example.
Plot 1og10(57(1ﬁ)) versus m = log;(n). What rate of convergence is suggested
by this graph?

{Hint: If At = 10™ and S ~ C - (At)* then logo(S) ~ a - m + log,,(C).
In MATLAB for instance, recall that randn(’state’ ,k); sets the k normal
random number state.}
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Exercises 137

. Show that the non-It6, approximate backward integration rule (6 = 1) for the

stochastic integral

t
W (s)dW (s) =~ IV (¢) Z Wi AW;
to =0
differs from the Ité rule (8 = 0) by a deterministic factor of ¢ in the mean
square limit, i.e.,
1) — 1 (1) ™S ¢

{Hint: The mean square limit is not needed if the approximate integral is
related to the Ité integral for (dW)?(t).}

. Show that the non-It6, approximate trapezoidal integration rule, a variant of

the Stratonovich integral, for the stochastic integral

n

Z(Wl + W1+1)AWZ
1=0

N =

/ t W (s)dW (s) ~ I(mP)(t) =

differs from the It6 rule (§ = 0) by a deterministic factor of ¢/2 in the mean

square limit, i.e.,
1
Ittrar) (1) — 10 (¢ ims Zy
furew) (1) = 1O (1) 3

{Hint: The mean square limit is not needed if the approximate integral is
related to the one for (dW)%(t).}

. Demonstrate that the trapezoidal rule leads to Stratonovich or regular cal-

culus by approximating the stochastic integral example

t W2(s)dW (s)

to

with

—_

IOt = 2 Y (W2 + W2 ,)AW, .
=0

[\)

In particular, show that

n

1 (0) = V3 (tn11) — W3(00) + 5 D (AW)?
=0

by forming convenient powers of independent increments. Formally, justify
that mean square limit is just the first term using elementary mean square
properties for the powers of increments (AW)?(¢;). You are not required to
rigorously show mean square convergence, unless you want to show it.

Remark 2.29. In numerical integration of deterministic integrands, both
the midpoint rectangular rule and the trapezoidal rule yield the same order of
error estimate when the integrand is sufficiently continuous.
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