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Chapter 11

Applications In Financial
Engineering

From the point of view of the risk manager, inappropriate
use of the normal distribution can lead to an understatement
of risk, which must be balanced against the signi cant
advantage of simpli cation.

| Alan Greenspan (1995), Joint Central Bank Research Con-
ference [79].

Merton (1969, 1971, 1973) uses the formula from 1t0's
lemma and the continuous-time Bellman equation, but
otherwise uses none of the concepts and methods of proof
developed by Lebesgue and followers.

| Harry M. Markowitz in the forward to [241].

Stochastic e [edts play a major role in financial engineering applications, either
using a combination of financial assets and other instrument to remove stochastic-
ity all together through hedging or balancing securities, or just accommodating the
financial portfolio analysis to stochastic e [edts. For general background, the formal
derivation of the classical Black-Scholes [34] option pricing model is presented, but
for students already familiar with the Black-Scholes formulation, they may prefer to
skip to the next more rigorous section. Applying methods previously developed, this
chapter presents the derivation of the Black-Scholes-Merton [34, 197, 199] formula
for pricing European call and put options from the stock, bond and option portfolio
di [udion model, including Merton fractions and self-similar solutions [199]. A re-
lated option pricing Merton study for underlying stock-bond jump-di [udion models
is also discussed. In addition, optimal consumption and portfolio policies for con-
stant relative risk aversion (CRRA) utilities of terminal wealth and instantaneous
consumption is discussed for marked jump-di [ugions. The notion of scheduled event
with distributed response (the so-called Greenspan processes ) [231, 122, 129] is
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406 Chapter 11. Applications in Financial Engineering

presented. The role of optimal stochastic control in finance is discussed. The stock
jump-di [usion probability density is derived for the linear model treating the com-
posite process as a triad of independent random variables [124, 123].

11.1 Classical Black-Scholes Option Pricing Model

The Black-Scholes option pricing model [34, 35] is perhaps the most used financial
model in financial engineering, had been called the most seminal work in finance in
the last 25 years during 1997 and is probably the most cited work in finance.

The Black-Scholes model is for a portfolio containing a stock option, hedged
with the stock itself with price S(t) and a risk-less bond with price B (t) at time t
providing a constant reference market rate of interest r. The option is assumed to
be a European option , i.e., there is a contract with a fixed time-to-maturity T to
either buy a number of shares of the stock at a given exercise price K per share at
contract expiration time T (called a European call option ) or to sell a number of
shares of a stock at a given price K per share at a number of shares of a stock at a
given exercise price K per share at contract expiration time T (called a European
put option ). The call and put options can be considered together, since they share
the same financial market model except for di[erknt final boundary conditions at
expiration t = T. The options contract is between the investor (buyer) and maker
(writer) of the contract.

At the end of the term, t = T, of the contract, the investor’s call option payo []
or exercise profit is

max[S(T) — K; 0]: (11.2)

So the profit from exercising the option is positive only if the final stock price S(T)
per share exceeds the contract exercise price K, in which case the investor can buy
the stocks at price K, i.e., exercise the option, and then sell the stocks in the market
for price S(T). Otherwise, the rational investor does nothing, i.e., does not exercise
the option contract. At the start t = 0, the investor must bet that S(T) will rise
above K and the fixed cost of the bet is the option price, Yo. Hence, the investor
net profit for is the payo [(11.1) less the call option price Yy for the contract. The
net profit position of the contract writer is just the opposite of that of the investor
or contract buyer. See Hull [144, pp. 5-10] for a simple, concrete example. A simple
version of Black-Scholes model will be given here, following Hull [144], but with our
notation and added explanations.

The situation is reversed for the put option. At the end of the term of the
contract, the investor’s put option payo [ar exercise profit is

max[K — S(T);0]: (11.2)

So the profit is positive only if the final stock price S(T) drops below the contract
exercise price K, in which case the investor can sell the stocks at price K to the
contract maker and then buy stocks more cheaply in the market for S(T), else the
rational investor does nothing, i.e., does not exercise the option. At the startt =0,
the investor bets that S(T) will fall below K and again the fixed cost of the bet is
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11.1. Classical Black-Scholes Option Pricing Model 407

the option price. Again, the net profit is the payo [(11.2) less the put option price
Yo for the contract.

Let the stock or other asset price S(t) dynamics satisfy the linear SDE (often
called geometric Brownian motion ),

dS(t) = S(t) (dt + dW (1)) ; S(0)=So; (11.3)

where is the constant rate of appreciation of the stock price and is the constant
volatility (standard deviation) in the stock price. The bond price equation is not
really needed, only that a risk-less investment grows at a constant rate r so that at
time t the principal has grown by an exponential factor exp(rt) from time zero.

Let the option price be given by the function Y = F(S(t);t) with exercise
price K at exercise time t = T when the starting stock price is Sp at t = 0. By the
stochastic chain rule, the option price changes according to the SDE,

%)F @F 1 @F
@F .
+S O GV (11.4)

where all partial derivatives are evaluated at (S(t);t), e.g.,

@F_ @F

— = —(S(D);t

ot oSO
denotes the partial derivative of F (s;t) with respect to the second argument t with
the first argument s held fixed and evaluated at (S(t);t) after di[erentiation. The
major problem evaluating the initial option price Yo = F (Sp; 0) is the volatility or
uncertainty term

%';dwa)

in (11.4) makes any pricing decision di Cculit unless this term can be controlled or
eliminated (i.e., hedged in the language of options pricing).

So to control or hedge the volitility term, the value of a portfolio of the
option and stock is defined as

V(t) = NeF (S(); t) + NsS(t) ; (11.5)

where Ng is the number of options and Ns is the number of stocks or other assets.
Finding the change in the portfolio value is one of the not so clear assumptions
in Black-Scholes option pricing derivations that is addressed in more detail in the
next section, but there are also many other explanations, such as in D. Higham’s
nice introductory options book with emphasis on simulations [137]. For the simple
description here, it is assumed that the change in the numbers alone , FdNg +SNsg
is negligible compared to other changes, i.e.,

dV (t) = NedF (S(t); t) + NsdS(t) : (11.6)
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408 Chapter 11. Applications in Financial Engineering

This formula is also called a self- nancing strategy . Other arguments given are
that the Ng and Ng are fixed during changes in F and S or that Ng and Ng change
slowly compared to F and S. In fact, the seminal paper of Black and Scholes [34]
did take a year or more to get published due to this and other questions [200, 51].

Next, we are interested in eliminating the deviation of the portfolio change for
fixed F and S,

—1 oF —1
dv(t) —E[dV()|F;S]= S Ng @s+ Ns dw(t):
So the optimal volatility eliminating hedge is to select the stock number to be
S F @S
where

is called the portfolio delta in finance and the hedge is called a delta hedge [144,
pp. 3100dIn terms of fractions with NS+ NIt-= N for fixed N,

NI:I —oF NI:I 1
NS =5 and WF = oF
1-5s 1-5s

providing, @F=@& 1. At this point, we will ignore any contradiction with the
self-financing assumption, relying in the end that Black-Scholes gives a reasonable
and successful formula for option pricing.

Thus,
1
e _©@F IT_@IF } 2@F ]
dvidt) =Nt dF @SdS NF @t 5 dt; (11.8)
using (11.3,11.4), while the optimal portfolio value becomes
1 @F 1
VE) =N F - @Ss : (11.9)

In addition, it is necessary to avoid arbitrage, taking advantage of price dif-
ferentials to make a profit without the trader making his or her own investment. So
it is required that the portfolio earn a return at the risk-less market rate r or

dv &) = rv )dt; (11.10)

the no-arbitrage condition. Finally, the Black-Scholes PDE is formed by combining
(11.10) with (11.8) and (11.9), then replacing the stock path function S(t) by the
independent stock variable S,
1
1, @ @F
@

@F .. SN o ) )
oS0+ ; TaaEn=r FEH-Sgdsi (11.11)
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11.2. Merton’s Three Asset Option Pricing Model 409

Note that the random volatility term and the mean appreciation ( ) term no longer
appear, but the volatility coe [cieht appears due to the 1t6 dil[udion coe [cieht
correction. This PDE is a backward PDE for t on [0; T) and S on [0; co) with final
condition at t = T for any non-negative S,

F(S;T) =C(S;T) = max[S — K; 0]
for a call option from (11.1) and
F(S;T) =P(S; T) = max[S — K; 0]

for a put option from (11.2). The well-known formula [34, 137] for solution to this
PDE can be found in terms of the normal distribution function, but only the results
are given here since the details are presented for the more general case in the next
section. In the case of the European call option, the Black-Scholes formula is

Co(So) = C(So; 0) = Soq)n(d]_(So); 0; 1)—Ke_rT<Dn(d2(So); 0; 1) X (1112)

where the variable arguments of the normal distribution function ®,(w; ; ?2) are

di(s)=

In(s=K)+(f + *=2)T
T

and v_
d2(s)=di(s)— T:

In the case of the European put option, the Black-Scholes formula can be found by
the well-known and very general Put-Call Parity  that depends basically on the
properties of the maximum function [199, 137],

Po(So) = P(Sp;0) = Co(Sp) +Ke ™" — Sy : (11.13)

In 1900, Bachelier [16, 61], a student of Poincarg, published a theory of option
pricing that was derived from his thesis, but his work was little noticed at the time.
Unlike the Black-Scholes di[udion option pricing model based upon the geometric
Brownian motion stochastic model, Bachelier’s option pricing model was based upon
additive Brownian motion, i.e., instead of being linear in the stock price as in the
multiplicative noise (MultNoisel) case, the noise was independent of stock price and
thus additive noise (4.31). Bachelier’s paper was a very early, very complete and
straight-forward application of stochastic processes in finance. The main drawback
is the additive noise, since stock price fluctuations are now assumed to act in a
compound or multiplicative fashion.

11.2 Merton’s Three Asset Option Pricing Model
Version of Black-Scholes

Sometimes the Black-Scholes model is called the Black-Scholes-Merton model, since
Merton [197], in his Theory of Rational Option Pricing paper, gave substantial
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410 Chapter 11. Applications in Financial Engineering

mathematical justification of the seminal Black-Scholes model using stochastic di [ud
sion processes. Merton’s paper includes generalizations of the Black-Scholes model
that provide greater foundations and limitations for their model. Both the Black-
Scholes and the Merton papers were published in Spring 1973, Merton having held
up the publication of his paper out deference to Black and Scholes’ original model.
Robert C. Merton and Myron Scholes shared the 1997 Nobel prize in economics for
the accomplishments, but unfortunately Fischer Black [200, 51] had passed away in
1995.

The version of the model presented here is based mainly on Merton’s more
general framework [197] (reprinted in Chapter 8 of [199]). The model is for a
portfolio containing a European stock option, hedged with the stock itself with
price S(t) and a risk-less bond with price B (t) at time t, but with more explicit
assumptions than for the classical Black-Scholes.

The market model is comprised of a number of assumptions which will be
enumerated and marked with BSM here, but formulated in the notation and spirit
of this book. Multiple assumptions of Merton have been decomposed into single
assumptions to make them easier to modify new problems. One of the objectives
of this book to o[ersu [cieht detail to enable the reader to become a practitioner
making those new modifications. The more general model of Merton is treated here
since many readers will be familiar with the simpler, classic versions of the Black-
Scholes option pricing model which can be found in many of the references listed
at the end of this chapter, e.g., Hull [144] or Wilmott et al. [277].

e Assumption BSM1. Frictionless Markets:
There are no transaction fees for transactions involving the buying or selling
of the three assets in the portfolio, excluding the original price of the option
contract.

e Assumption BSM2. No Dividends:
There are no dividends paid on the stock asset.

* Assumption BSM3. Continuous Trading, without Jumps:
Trading among the assets is continuous, so discrete aspects of trading such as
jumps are neglected. This assumption is consistent with the no transaction
fees and no dividends of the prior two assumptions, since those are discrete
events.

« Assumption BSM4. Borrowing and Short Selling Allowed:
Short selling of stock or options is allowed within the term of the contract,
with funds placed into the bond asset. Borrowing from the bond asset is
allowed to increase the number of shares of the other two assets. Also, it is
assumed that the borrowing rate is the same as the lending rate.

* Assumption BSM5. Linear Stock-Price Stochastic Dynamics:
Let S(t) be the price of stock per share at time t. Then the S(t) satisfies a
linear stochastic di[udion di Lerkntial equation, written in terms of the rate of
return or relative change in time dt:

dS()=S(t) = s@)dt+ s®)dWs(t); (11.14)
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11.2. Merton’s Three Asset Option Pricing Model 411

where

o dWs(t) = stochastic di [udion di Lerkntial process for the stock price pro-
cess S(t), such that E[dWs(t)] = 0 and

(@Ws)?(t) "2° dt;

else )
dWs(t)dWs(s) "2 0; if sEt;

by independent increments.

o g(t) = E[dS(t)=S(t)]=dt = instantaneous expected rate of return  on
the stock in time dt.

o 2(t) = Var[dS(t)=S(t)]=dt = instantaneous variance of the rate of return
on the stock in time dt, while s is the volatility of the stock return.
Here volatility denotes a measure of uncertainty [144], but is derived
from the French word meaning to vy .

Here, a stock is considered a risky asset , compared to the bond asset. Since
the option profit at exercise depends only on the stock price S(T) at the
expiration of the option, for some analysis it is more convenient to view the

process in backward time =T —t, also called the time-to-maturity, and to
consider the stock price in that variable, i.e.,
sch=sa - ):

e Assumption BSM6. Linear Bond-Price Stochastic Dynamics:
Let B(t) be the price of bond asset at time t, in particular a default-free
zero-coupon bond or discounted loan with time-to-maturity T. Then the B (t)
satisfies a linear stochastic di[udion di Lerkntial equation, written in terms of
the rate of return or relative change in time dt:

dB(t)=B(t) = g(t)dt+ g(t)dWg(t); (11.15)
where

o dWg(t) = Stochastic diludion diCerential process for the bond return
process B (t), such that E[dWg (t)] = 0 and

(AWg)2(t) "2° dt;

otherwise )
dWg (t)dWs(s) "2 0; if sBt;
by independent increments.

o pg(t) = E[dB(t)=B(t)]=dt = instantaneous expected rate of return
on the bond asset.
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o 2(t) = Var[dB(t)=B(t)]=dt = instantaneous variance of the rate of re-
turn on the stock, while g is the volatility of the stock return.

Here, a bond is usually considered a lower risk asset , compared to the higher
risk or risky stock asset. Here, the variance or volatility will be taken as a
measure of riskiness , so we say that the stock is riskier or more risky
than the bond if s > g. We say that the bond is risk-free if g = 0.
However, Merton [199] has more precise measures of riskiness, though not as
easy to apply (see Exercise 2).

In the more classical Black-Scholes model, the bond-price is assumed to be
deterministic, so g(t) =0, and the mean rate is assumed to be constant, so
g(t) =r. In this ideal case the bond is called risk-free or risk-less .

In the case where the bond is treated as a discounted loan, then the pay-
back is at the final price B (T), the initial discounted loan amount received is
B (0), which should be less than B(T), so (B(T) — B(0)) > 0 is the amount
discounted. Discounting is a backward time version of interest on principal.
In the backward time problem, the time-to-maturity or time-to-go =T —t
is the natural time variable.

In the non-stochastic interest rate problem, as in the traditional Black-Scholes
formulation, g =0, g =r, the mean interest rate for borrowing and selling,
and the bond price in backward time is

Bh=B(T- )
So the bond price decays away from expiration,
dé-() = —rB()d

with the bond price decaying in  due to discounting,
B) =8@e " =B(T)e "V

This backward time view is consistent with the options contract where the
profit depends on the final stock price S(T) and the objective is to find the
number of shares as the initial price S(0) in the final value problem for a
stochastic di Lerkntial equation.

Assumption BSM7. Bond and Stock Price Fluctuations are Corr e-
lated, but Not Serially:

Thus, the correlation properties between the stock price noise and the bond
price noise are

dWis (t)dWs (t) "= dt ; (11.16)
dWs()dWs(s) "= 0; if sEt (11.17)

The former equation (11.16) expressing correlation on the same time incre-
ments at t (see Exercise 1 for the proof), while the latter equation (11.17)
expresses the lack of serial correlation on disjoint time intervals when s B t,
also preserving the independent increment property, where
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_  CovldS(t);dB()]  _ Cov[dWs(t);dWs (1)]
"~ Var[dS()]Var[dB ()] dt

(11.18)
= the instantaneous correlation coe Ccieht between stock and bond re-
turns, provided s(t) and g(t) are positive.

The joint density for (dWs(t); dWg(t)) is obviously the bivariate normal den-
sity in (0.142) of preliminaries Chapter 0,

D:lé T 1 ® ]
@s@®.aBe)(S;D = n b Z(t) dt;

(s ) 0)

Merton [197, 199] claims that the lack of serial correlations is consistent with
the E cient Markets Hypothesis . In the simpler expositions of the Black-
Scholes model, there are no correlations, so =0, with g =0and g =,
the common interest rate. The mean square limit for non-serial correlation
(11.16) is left as an exercise for the reader.

Assumption BSM8. No Investor Preferences or Expectations, ex-
cept for Agreement on Parameters:

The investors agree on and have reasonable knowledge the parameters, such
as the means s and g, as well as the volatilities s and g.

Assumption BSM9. Option Price is a Function of Stock and Bond
Prices:
The option price per share at time t,

Y() =F(S):B(1):t;T;K) (11.20)

depends on the stock S and bond B price stochastic variables, as well as on
time t and parameters such as the time-to-maturity T and the contracted
expiration stock price K per share.

Alternatively, the relationship can be cast in terms of the time-to-maturity,
=T —t,
) =F(S(T— 3BT - »T— iTiK):

Although we are interested in the initial option price Y (0) = ¥-¥), considering
the time dependent option price Y (t) = ¥<) allows analysis of the problem
and yields more general results that permit conversion of the option contract
to another investor at the current option price Y (t) = Y(). In the case
of constant coe [ciehts, then the results will depend on the general time-to-
exercise tau = T —t without restriction to a fixed exercise time T.
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Using a two-state-dimensional version of the stochastic di[udion chain rule,
the return on the option asset, initially keeping all quadratic terms in the
Taylor expansion, is
dY(t) = drF(S(t);B(t);t;T;K)
'S F.dt + FsdS(t) + FgdB ()

10 2 2y
+§ Fss (dS)“(t) + 2Fsg dB (t)dS(t) + Feg (dB)“(t) ; (11.21)

omitting higher order terms that obviously have zero mean limits. Here,
{Fs;Fg;Fss;Fsg;Fep} are the set of first and second partial derivatives
of F(S;B;t;T;K) with respect to the underlying portfolio assets S and B.
Next, substitution for the return processes S(t) and B (t) is used, along with
the quadratic di Lerential forms in the mean square limit,

@s)’) T Z()S2(t)dt
(@dB)2(t) "= 2(t)B(t)dt (11.22)
@BdS)(1) '"T - &() s(t)B(®)SH)dt;

which simply follow from the corresponding mean square limit dilerkntial
forms for (dWs)?(t), (dWg)?(t) and (dWgdWs)(t), respectively, given under
previous assumptions. This forces the geometric Brownian motion form on
the option price,

dY(®) "2 Y (@) ( v (Odt+ vs@®dWs() + ve®)dWs () ; (11.23)

where the new option instantaneous return moment coe Lciehts are defined as

Y(t) v(t) =Ft+ sSFs+ gBFs (11.24)
1
"'% I:gstss +2 s gSBFsg+ 3B%Fep
Y() vs()= sSFs; (11.25)
Y() ve(t)= gBFg: (11.26)

Assumption BSM10. Self-Financing Portfolio Investments:

Let Ns(t), Ny (t) and Ng(t) be the instantaneous number of shares invested in
the stock, option, and bond at time t, respectively, such that the instantaneous
values of the assets in dollars are

Vs(t) =Ns(t)S() ; W (t) =Ny @)Y (); Ve(t) =Ne(®)B(t) ;(11.27)

respectively. However, it is assumed there is a zero instantaneous aggre-
gate portfolio value

Vp (t) = Vs(t) + Wy (t) + VB(t) =0; (1128)
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so that the bond value variable can be eliminated
Ve(t) = —(Vs(t) + W (1)) : (11.29)

Merton [199] defines a self- nancing portfolio as a trading strategy in which
no capital is put in or taken out until maturity. Such a strategy avoids an
imbalance between the stock and its option, which would soon disappear as
other investors took advantage of the imbalance. This strategy is also related
to the avoidance of arbitrage profits and in Black-Sholes is = r. Further,
this strategy also includes a no consumption of assets assumption.

It is further assumed that the absolute instantaneous return from the value
of the portfolio Vp (t) is a linear combination of the instantaneous returns in
each of the three assets, (S;Y;B), giving the portfolio budget equation

dVp (t) = Ns(t)dS(t) + Ny (t)dY (t) + Ng(t)dB (1) (11.30)

ds(t) dy(t) dB (t)

=Vs() == +W{H)—= +Ves(t)—=;

s(t) 30) v (1) 70) B(t) B(D)
using (11.27) to convert from number of shares to asset value assuming that
none of the divisors are zero for the latter more convenient form in terms of
rates of return. Note that the budget equation can not be expressed as the

instantaneous rate of return since Vp (t) = 0.

Substituting for the three asset stochastic dynamics from (11.14, 11.15, 11.23)
and eliminating the bond value Vg (t) through (11.29),

1 1
aoov, B_dB Ay
PWTYS 5B 'Y B

= s— B)Vs+(vy— B)YW)dt
+( sVs+ vsW)dWs(t)
+(— BVs+( vy~ B)W)dWg(t): (11.31)

See Merton [199, Chapter 5] text for more justification.

Note that (11.30) does not really follow the It0 stochastic calculus, but states
that the absolute return on the portfolio is the number of shares weighted sum
of the absolute returns on the portfolio assets. However, in [199, Chapter 5],
Merton argues that the missing di [erkntial product terms, such as dNg(t)S(t)
and dNg(t)dS(t), represent consumption or external gains to the portfolio,
which would violate the self-financing assumption making the portfolio open
rather than closed to just the three assets.

e Assumption BSM11. Investor Hedging the Portfolio to Elimin ate
Volatility:
Since many investors as individuals or as a group act to avoid stochastic e [edts,
they tune or hedge their trading strategy, as a protection against losses, by
removing volatility through removing the coe Lciehts of the stock and bond
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fluctuations. A main purpose of the stock and bond underlying the option in
the portfolio is to give su [cieht flexibility to leverage or hedge the stock and
bond assets to remove volatilities that would not be possible with the option
alone. Hence, setting the coe Lciehts of dWs(t) and dWg (t), respectively, to
zero in (11.31),

( sVa+ ysv)'=0 (11.32)
— gVt (ye— B)W=0: (11.33)

The optimal system (11.32,11.33) has a non-trivial solution for the optimal
values (V& V2) provided the system is singular, i.e., the determinant of the
system is zero,

1 1

0 = Det _SB YBY_S s T s(ye— B)+ vs B (11.34)

which leads to the Merton volatility fraction
— == (11.35)

provided s £ 0and g & 0. The single optimal option-stock value relation
that makes it work,
vsVy—
Vet -2 (11.36)
s
recalling budget constraint on Vg, giving
—1 —1

Vot —(vdFvy=- 1- X2 v- (11.37)
S

In the case of the non-stochastic, constant rate bond process, as in the more
traditional Black-Scholes model, , = r and g =0, so yg = 0 and
the option price is assumed to be independent of the bond price B, i.e.,
F = F(S(t);t;T;K) and Fg = 0. Then only the optimal values (11.36)
are obtained, i.e., there is no Merton volatility fraction in the traditional
Black-Scholes model.

However, taking the Merton volatility fraction as valid and substituting in for
the definitions of the option-stock volatility v s and the option-bond volatility

ve from (11.25-11.26), respectively, then the option price turns out to be
homogeneous [199] in S and B,

YEE YIS +VviB ! (11.38)

Since this result is based upon the Merton volatility fraction, it does not
appear in the classical Black-Scholes model, the stock and bond dynamics no
longer having common stochastic di [udion forms.
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e Assumption BSM12. Zero Expected Portfolio Return:
Further, to avoid arbitrage profits, the expected return must be zero as well.
Thus, the coe [cieht of dt in (11.31) must be zero, aside from the assumption
that Vp (t) = 0 would imply that dVp (t) =0, i.e.,

0=(I__s_|— B)Va+(v— )W 1
= —(s— B)L:ﬂy— B) W (11.40)

(11.39)

assuming V,—& 0. Otherwise, there would be no option and no optimal values
(11.36) that would follow from the Merton volatility fraction (11.35). This
means that the portfolio returns are hedged to complete equilibrium, deter-
ministically and stochastically. Thus, provided the option value V,/& 0, then,
by setting the coe [cieht of Vi, —n (11.39) to zero, Merton's Black-Scholes
fraction becomes simply Merton's fraction  for the expected returns, i.e.,

B ey (11.41)
S

Since it does not involve either of the bond related volatilities, g or vg, this
primary Merton fraction holds for the Black-Scholes model as well. The Black-
Scholes fraction (11.41) states that the net drift ratio equals the option-stock
volatility ratio, where the net drift is relative to the market interest/discount
rate g.

11.2.1 PDE of Option Pricing

In order to derive the partial di [erential equation (PDE) of Black-Scholes-Merton
option pricing, the definition of the option expected return vy in (11.24) is viewed
as a PDE for the option price function with the option trajectory Y (t) replaced
by the composite function equivalent F(S;B;t; T;K) as a function of three inde-
pendent variables (S;B;t), (S;B) having replaced the underlying state trajectories

(S(t);B ),
vyF =F+ sSFs+ gBFg (1142)

+% I:gSsts +2 s gSBFsg + 2BBZFBBlzil
It is conceptually important to separate the view of S and B as deterministic,
independent PDE variables and the view of S(t) and B (t) as the random SDE state
trajectories in time, but use each view in the appropriate place.
Next, vy is eliminated using the Black-Scholes fraction (11.41) with y =

B+ ( s— B) vys= s and the option-stock induced volatility vys is eliminated
using its definition in (11.25), i.e., ys = sSFs=F, while the option price F can
be eliminated by Merton’s homogeneous condition (11.38) with Y replaced by F,

F = SFs +BFp ;
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incidentally eliminating both first partials Fs and Fg, so

1 1
0=F¢+ 5 I:észlrss +2 s gSBFsg+ 3B%Fep (11.43)

This Merton’s PDE of option pricing needs side conditions, final condition at
the expiration time and boundary conditions in the asset variables, the PDE and
conditions forming a final value problem (FVP). For the FVP, the natural time
variable is the time-to-maturity or time-to-go =T —t and Fy = —F, so the
backward formulated PDE (11.43) in forward time t can be written as a forward
di [usion or parabolic PDE in backward time ,

1 ]
Fr = 5 EESZFSS +2 s BSBFsg+ gB°Fmp : (11.44)

It is conceptionally important to remember that the PDE problem , (11.44) plus
any final and boundary conditions, is a deterministic problem in realized indepen-
dent variables (S;B;t = T — ) all stochasticity being eliminated, in contrast to the
SDE problem in the stochastic path variables (S(t); B (t); Y (t)) which depends on
the independent variable t and underlying stochastic di [Ldion processes.

In the classical Black-Scholes model, the bond price has no volatility g(t) =0,
so the Merton homogeneous result (11.38) does not hold since it is based upon the
Merton volatility fraction which is invalid if g(t) = 0. Thus, starting back at the
view of the definition of y as a PDE (11.42) setting all B partial derivatives to
zero, but eliminating vy using the Black-Scholes fraction (11.41) and vys using
(11.25), letting the option price function in backward time be defined as

B T K)=F(ST— TK);

leads to Merton’s Black-Scholes option pricing PDE , including a bond term,

Ak % 2S?Hsd + g(SHsH* BHg- A/ (11.45)

If the assumption that the mean interest/discount rate is the constant market rate,
g = r along with constant stock volatility s, then the standard Black-Scholes
option pricing PDE is obtained.

However, many texts do not use Merton’s elaborate assumptions, that we have
decomposed into a larger number of individual assumptions here, so these texts use
a di[erknt hedging argument to produce the Black-Scholes PDE and the constant
rate coe Lcieht r. Dropping the zero aggregate assumption, the portfolio value is
then

Ve (t) = Ns()S(t) + Ny (DY (t) (11.46)

in terms of the number of shares times the price per share for the option and the
underlying stock. Similarly, the change in the portfolio value is given by the budget
equation,

dVe (t) = Ns(1)dS(t) + Ny ()Y (1); (11.47)
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ignoring the missing di Lerential forms as in Merton’s more general version. Upon
eliminating the resultant stochastic terms to form a riskless portfolio, the coe [ciehts
of dWs(t), again yields the stock-option relationship, relating the number of stock
shares to that of the options

Ns = —Ny A (11.48)

called delta hedging since A = @=@Sis called the Delta of the option [278],
where the definition of v in 11.25) has been used.
Thus,
Ve =Ny - (F — SHs):
where the process Y (t) has been replaced by the composite function definition
Y =F in (11.20), and
1 1 1
dVe =Ny - —Hk ESZFIQS| dt:

Finally, it is assumed that the portfolio will earn at the riskless rate, avoiding
arbitrage profits without risk,

dVe () = rVp(t)dt (11.49)

which upon eliminating Vp and dVp leads to the Black-Scholes option pricing
PDE ,

ek % 25%Hsd + r(SHs - A (11.50)
independent of Ny as long as Ny B 0 and, as typically written, no longer including
the bond term as in Merton’s version (11.45).

The Black-Scholes option pricing equation (11.45) is a parabolic or di[udion
PDE in two asset values, S and B, but degenerate in B since there is no di[udion
term in B and only a drift or mean rate term rB Ag]

Two elementary solutions of (11.45) can easily be verified:

« Only a stock asset: F4$:B; ;T;K)=S.
- Only a deterministic bond asset: F($;B; ;T;K) =B (T)exp(-r ).

11.2.2 Final and Boundary Conditions for Option Pricing PDE

In the case of the European call option, the final option price, for any value S of
S(T), satisfies the final option profit conditions given in (11.1) for calls or (11.2) for
puts, translated directly as

1
max[S(T) — K; 0]; call
max[K — S(T);0]; put
=max[ (S(T)—K);0]; (11.51)

FE@):B(M):T;T;K)=
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where =1 for calls and = —1 for puts. Since S(T) and B(T) are arbitrary but
non-negative, we can replace them by the independent variables S and B respec-
tively to form the final condition for the PDE,

F(S;B;T;T;K)=max[ (S—K);0]; (11.52)

but we will return to the original form (11.51) when transforming to new variables.

For the other boundary conditions, the discussion will be simplified to the
risk-free bond case, i.e., g(t) = 0, as assumed in the classical Black-Scholes case
(11.50), except that the time-dependent interest/discount rate, g(t) = r(t), will
be retained. In the case of risky bonds, the boundary conditions are given by
di [usion PDEs instead of explicit functions or values, so solving the PDE (11.44)
by computational methods, as in Chapter 9 or in [108, 226, 259, 278], is more
practical.

The number of boundary conditions depends on the highest order partial
derivative for each independent state variable in the PDE, one condition if it is
first order and two conditions if it is second order. Thus, for (11.44) it is two
boundary conditions in the stock and one in the bond. Time is not a state variable,
but there is one final condition (technically an initial condition for the backward
time variable ) since the time derivative is first order.

At the zero stock price, S = 0, the Merton’s Black-Scholes PDE (11.45) re-
duces to

Fe(0;B; T;K) =r(BHsF)] (11.53)

upon setting S to zero in the coe Lciehts, assuming the derivatives are bounded,
which is a risky assumption prior to finding the solution. This is a first order
PDE, all of which are classified as hyperbolic PDEs, and the usual method of
constructing a solution is called the method of characteristics [246]. Noting
that the PDE problem is a deterministic problem, the PDE (11.53) is compared to

the deterministic (non-1td!) chain rule for £@B; ) =H~@;B; ;T;K),
di2 Hd +HgdB ; (11.54)

assuming that the dilerkntials d and dB can be varied independently, the ordi-
nary di Lerkntial equations (ODEs) for the characteristic path are written maintain-
ing relative proportions between the diLerkntials of (11.54) and the corresponding
coe [ciehts of (11.53),

d _ dB _ o
1 B R
Solving these ODEs successively in pairs,
B=B¢)=eRO; (11.55)

where is a characteristic path constant of integration and the cumulative rate for
time-dependent r (t) is
- -

R()= r(T —s)ds= i(shds ; (11.56)
0 0
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and

Hf()eRM;

where f =f () is an arbitrary function of integration depending on the constant
from a prior integration. Using the first integral (11.55) to eliminate in favor of

B-dnd vyields

1 1
HEQ); )=f B)eR® gRM®. (11.57)

It is not necessary to know much about the method of characteristics, since the
reader can verify the solution by the usual substitution procedure. The arbitrary
function f can be eliminated by applying the final condition (11.52) at = 0 with
R(0) =0,

F@d); 0) = f (B¢d)) = F (0; B¢d); T; T;K) = max[ (—K);0] = 0:5(1 — )K :

Since B¢d) = B(T) is considered arbitrary at this point, f (B)}J= 0:5(1 — )K,
a constant (beware Merton [197] assumes B(T) = 1), leading to the complete
particular solution

H@; )=HA@B; ;T;K)=05(1— )Ke RO (11.58)

independent of B = B-(1). Note that B(J) is a deterministic path function of a de-
terministic ODE problem since it is derived from the deterministic PDE problem,
(11.53) plus conditions, so is di[erent from the stochastic path function B-(J) for
the SDE problem, or more precisely the stochastic ODE problem. The boundary
condition (11.58) corresponds to a boundary condition used by Wilmott [278] for
finite di Cerknces applied to Black-Scholes type models.

However, since we cannot assume the partial derivatives are bounded for the
full Merton model (11.44), we will only assume that the option price will be bounded
in the limit of zero stock price:

H¢;B; ;T;K)is boundedas S - 0*: (11.59)

For large S, it is more di [cult to find the proper boundary condition. How-
ever, one heuristic choice is to assume that for large S the di[udion term will be
exponentially small so the drift terms will dominate:

HACrsHs I BAg - A (11.60)

As with the small stock price limit, the conjecture (11.60) needs to be verified
for a solution. Again applying the method of characteristics to F4$;B; ) =
A¢$;B; ;T:K), or checking by substitution, but with four variables, { ;B;S; £}
instead of three,

d dB ds df!
1
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Integration leads to three constants or functions of integration, two of which can be
eliminated in favor of the independent variables S and B,

= -
F(S;B; ;T;K)=g S&™;BeR® g RM®; (11.61)

where g = g(Sexp(R( )); B exp(R( ))) is an arbitrary function of integration ob-
tained by integrating both the stock and bond characteristic ODEs e [edtively gen-
erating two constants of integration, and R( ) is given in (11.56). Applying the
final condition (11.52) when S > K yields

A(;B;0; T;K) =max[ (S—K);01=0:5(1+ )(S—K);
so that g is a constant function and the complete particular solution
H(3;B; ;T;K) COB(L+ )(S—Ke RM): (11.62)

A similar boundary condition is also specified in Wilmott’s [278] finite dilerknce
applications. However, it turns out we will not need this condition here, but the
condition suggests that the option price will not be bounded as S - +oo.

The bond boundary condition or conditions are not as straightforward, since
the final bond price per share does not appear explicitly in the final option profit
formula. At the zero bond price, B = 0, the Black-Scholes PDE (11.50) reduces to

50, T;E) = r(SHo - Ay 2 28%Hsd (11.63)

upon setting B to zero in the coe Lciehts, assuming the derivatives are bounded.
However, 11.63 is a di[udion equation rather than a boundary value, so there has
been very little simplification of the original Black-Scholes PDE except the dimen-
sion has been reduced to one from two state variables. This may still be useful
for computational methods. The reduction in dimension is similar for the Merton
version (11.44) of the Black-Scholes option pricing PDE, the only di Lerence is that
the drift term is absent. For either PDE, setting B = B(T) in the PDE leads to no
simplification since B (T) would be arbitrary. There is still hope, since Merton has
a way of transforming away B (T) analytically, but this transformation is modified
here.

11.2.3 Transforming PDE to Standard Dilusion PDE

Since the underlying stock and bound price models are linear stochastic di[ldion
equations, the expectation is that the distribution of the option price should be
somehow related to the log-normal distribution studied in Chapter 4. However,
here we have two state variables instead of one, so it will be useful to get rid of the
bond B-dependence since the dependence is so weak that the bond does not appear
in the final condition. For this purpose, it is noted that the dimensions of B+3;

and K are all in the price of dollars per share. Thus, according to Buckingham's

pi theorem [42] of dimensional analysis , the solution can be put into the form
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of intrinsic dimension-less groups collecting all powers (the pi’s) of variables and
parameters in the problem to eliminate any extraneous scalings. Two such groups
for independent and dependent variables that lead to a self-similar solution without
B are

_ Bg)s
G(x;, )= %; (11.65)

where the scale factor K - B=8-d) is equivalent to Merton’s [197] if we set the final
bond price Bd) = 1 dollar per share. Note that if y( ) = K - BJ)=Bd) has the

final payo [34(0) = K which is the exercise price and dy( ) = Kd B1)=Bd). See
Wilmott [278] for more on the use of similarity transformations in the financial
context.

The partial derivatives of the proposed self-similar transformation to eliminate
the bond explicitly are

@x_ X @x_ X
@S s' @B B’
SHSE SGy ; BHgk — KB (xG, - G) ; Ak 2 G,

B(0) B(0)
S?Hsd = %XZGXX ;
SBHcd = —%XZGXX ;
B2Hgg = %XZGXX ;

Upon substitution of the PDE of option pricing (11.44), a singular di [udion equation
is obtained with variable coe [ciehts,

1
Gr(x ) =3 20 )X*Gx ; (11.66)
where

Po)=(2-2 se+ &)(T—) (11.67)

is a combined volatility term where all the volatilities on the right hand side are
evaluated at the common argument of (T — ), confirming the validity of the conjec-
tures self-similar solution transformation to transform away the bond variable B,
subject to consistent boundary and initial conditions. The boundedness boundary
condition (11.59) as S - 0™ is

G(0"; ) is bounded : (11.68)
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As S - +oo, the option boundary condition should also be bounded for a put,
but O(S) for a call is expected. For the final condition it is helpful to consult the
original forward form

F(S(T);B(T); T, T;K)=max[ (S(T) —K);0];
leading to
G(x;07) = max[ (x —1);0]; (11.69)

where the factor B (T) = Bd) washes out as by our proper scaling or by Merton’s
unscaled dollar bond. This completely justifies the assumption of a self-similar
transformation heuristically, since it works.

Note that the dil[udion PDE (11.66) has a variable di[udion coe Lcieht that
is quadratic in x and vanishes as x —» 0", so that the PDE is called a singular
di[udion. However, we still have not transformed the backward time variable and
we have not used a logarithm transformation like the one we used in Chapter 4. In
order to obtain a standard di [udions PDE, with coe [cieht % let

=
u=u()= [2(s)ds ; (11.70)
0
w=w(x; )=In(x)+ %u( ) (11.71)
G(x; ) =xe(w(x; );u()); (11.72)

combining several of Merton’s [197] transformations. The new time variable u is
a di[udion time that helps eliminate the correlation coe Lcieht and other terms.
The inverse of the independent variable logarithmic transformation is given by x =
exp(w — u=2), with the di[udion time correction. The new dependent variable

G(x; ) _ ™S$;B; )
X S ’

®(w;u) =

provided S > 0, is thus the dimensionless ratio of the option price H—tb the stock
price S, comprising another self-similar transformation and that transformation is
common to both F—dnd G. Applying this transformation, being easier than the
first, the standard di [Udion equation is obtained,

OuWi 1) = 5 Pun (Wi ) | (11.73)

where —oo <w < +oo and 0 = u(0) <u = u(T). The partial derivatives have the

following meaning,
1 1
_ @ @0
@u

b, and ®,, =

w @—\& u .
On the other hand, the side conditions are not so standard with the final condition
(11.69) at =0 for G being transformed to

o(w;0%) =e Wmax[ (e" —1);0] =max[ (1—e %);0]; (11.74)
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where the reader should confirm that this is correct in all cases, since it is gener-
ally not correct to bring a variable into a maximum argument. However, for the
boundary condition a singular limit is avoided by keeping the x factor multiplying
®(w;u), so

X (w; u)P(w; u) (11.75)

should bounded as w — —oco when x — 0™,

The solution of (11.73) can be written in terms of the complementary error
function erfc or the normal distribution @, but they are related through several
identities, two of which are in (0.20,0.21). Merton [197], [199, Chapter 5] uses erfc,
while Black and Scholes [34] use the standard normal distribution which in our
notation is ®,(x;0;1). The simplest fundamental solution

®1(w;u) = dn(w;0;u) ; (11.76)

of (11.73) can be derived using Fourier transform methods [102, Chapter 9] or can
be derived using the self-similar solution technique used here earlier to remove the
bond dependence. See also the introduction to the diludion equation (0.26) in
Chapter 0. However, it may be much easier to verify

1
®1,u(w;u) = §q>1,ww(w; u); (11.77)

using a symbolic computation system such as Maple™ or Mathematica™. The
simple di[udion solution @, in (11.76) is just too simple and does not satisfy the
final condition (11.74) at u = 0™ which can be written in terms of either the
standard unit step function H (x) in (0.154) or the averaged unit step function
Ha(x) in (0.155)

dw;0")= I1—e™H((w)= (1—e W)Ha(w): (11.78)

Since either step function will do, the coe Lcieht vanishes at w = 0, but instead the
simple solution @; satisfies the final condition,

®1(w; 0%) = Ha(w); (11.79)

as the reader can verify by examining the casesw > 0,w =0andw < Oasu - 0*.

Thus, another solution is needed to provide the extra variable factor e™".
Specializing to the call option when = +1, the second solution is

Oy (w;u) = e W20, (w; u;u) ; (11.80)

which can be shown to satisfy the standard di [udion equation (11.73) and a di Lerent
final condition

Do (w;0%) = e "Ha(w) ; (11.81)

006/5/2
page 425



426 Chapter 11. Applications in Financial Engineering

than that of @ in (11.79). The boundedness condition (11.75) is trivial asw — —oo
since both ®; and e¥~Y/2d, vanish by the definition of ®,, with u> 0. Thus, the
transformed solution for the call option price is

q)(call)(w; u) = dy(w;u) — da(w; u)

— . N- _ a—wW+u/2 [
= O (2 0 U) = 200 (w; u'%_ = (11.82)
= o, :%;0;1 —ev2e, NS0 5 (1189)

upon transforming to standard normal distributions. Thus, &) satisfies the final
condition,

o@D (w;0%) = (1 — e ™)Ha(W) : (11.84)

The solution form resembles solutions of the di[udion equation on a semi-infinite
domain found by the classical method of reflection. Transforming back to the orig-
inal variables, one can compare to the original Black-Scholes form with g =r
and 2 =0, so B()) = B@)exp(—r ) and u= 2 . The correlation term with
(11.18) vanishes with g.

The European put option price solution ( = —1) is somewhat di Lerknt, rely-
ing on normal distributions complementary to those of the the European call option
with two component solutions,

CD(pUt)(W; u) = ¢3(W1 U) - CD4(W, U)

= g WHu/2 @5 Pn (1 u) — (L 5 Ra(W;0;w)  (11.85)
=e W2 1@, 01
T -
- 1-o, Qﬁa;o;l : (11.86)

where again the final form is in terms of standard normal distributions. The reader
can verify that ®®UD(w; u) satisfies the standard di [gion equation (11.73) and the
put option price final condition,

CD(pUt)(W; 0+) = (e_W — 1)Ha(—W) (1187)

and the zero stock limit boundedness condition that e¥~4/2d®Pud (w: u) is bounded
asw — —oo, not zero as in the call case, Maple or Mathematica being the preferred
tools. The put and call option prices are related in a general way according to the
principle of put-call parity , i.e., in transformed variables,

o@D u) — dC@D (w; u) = exp(—w + u=2) — 1:

See also Exerecise 6 on p. 456.
The boundary condition limits of the solutions essentially follow from the
corresponding extreme limits of the normal distribution function,
1 1

0; W~ —oo (11.88)

oW D = 1 deo
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except in one case. Thus, for the intermediate transformed call option price multi-
plied by the transformed stock option x®(©D ysing (11.82) for ®(¢alD (w; u) satisfies
the limiting conditions,

1

. _ +

x®@@D w;u) - X =1 W 400 & X - +0o

consistent with the derived limits (11.58) for Black-Scholes call and put option
pricing in the boundary conditions subsection. The put option price is formulated in
terms of the complementary normal probability distribution, 1 —®,(w; ; 2) which
vanishes exponentially as w — +oco and X — +oo, so results in an indeterminate
form, oo - 0, for x®®UD_ However, this form can be resolved using I'Hospital's
rule and the fact that x = exp(w — u=2),

L 1-op(w;; o 1

e—(w—m)zl(202)+w .0
e—w+u/2 2 2 !

- 2
X 1—0n(w; ; )

since the larger degree monomial in the exponent dominates the smaller one. Finally,
the put option price extreme conditions are

|:1| _ & 0+ 1

x®PUO (w;u) - o: W o 400 & X — 400

again consistent with prior derived limits (11.62) for Black-Scholes call and put
option pricing. Note that the extreme boundary conditions strongly reflect the
final condition.

Reversing the transformations used to convert the answers ®©D (w; u) (11.82-
11.83) for the call option price and ®®49 (w; u) (11.85-11.86) for the put option price
back to the actual option price Y (t) = F(S(t); B (t);t; T; K) is left as Exercise 5 at
the end of this chapter.

While the put option pricing results are not in Merton’s continuous returns
paper [197] ([199, Chapter 8]), there are many other results and more exploration
with the removal of assumptions, such as the no dividends exclusion. In his com-
panion discontinuous returns paper [198] ([199, Chapter 9]), Merton presents one
of the first treatments of jump-di [udions in finance.

11.3 Jump-Diludion Option Pricing

Since the 1973 Black-Scholes-Merton option pricing model is based upon the pure
di [Sion stochastic model, there is one obvious missing feature that large market
fluctuations or jumps such as crashes or rallies which characterize extreme market
psychology are not represented. There are several papers on the statistical impor-
tance for including jumps in financial market models, e.g., see Ball and Torous [18]
on stocks and options, Jarrow and Rosenfeld [150]on the capital asset pricing model
(CPAM) or Jorion [152] on foreign exchange and stocks.

There are other qualitative features that characterize real market log-return
distributions that can not be reproduced by the pure di[udion model of Black-
Scholes-Merton, but can be modeled, in part, by adding jumps to the dilusion
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process. One feature is that real markets have negatively skewed log-return distri-
butions, provided a su [cieht number of years of daily return data is used [127], so
that the log-return skewness coe Lcieht (0.11),

E[X — EIX])?] _

XI= = arx 2

0;

where
X = AIn(S(ti)) = In(S(ti+1)) — In(S(ti))

is the log-return for trading day ti+, fori = 1 : ng—1 trading days, while 3[X]=0
for the intrinsically skewless normally distributed log-return model on the pure
di[udion process. Hence, real markets in the long run are found to be pessimistic
due to more negative log-returns, including crashes, than positive log-returns.

Another feature is that real market distributions are found to be leptokurtic
so that the log-return kurtosis coe [cieht (0.12),

El(X = EIXD]
(Var[X])?

for X = AlIn(S(ti)) = In(S(ti+1)) — In(S(tj)), whereas the the normally distributed
pure di [udion process is mesokurtic  (also said to have zero excess kurtosis. 4[X]—
3) since 4[X] = 3. Leptokurtic means that the distribution is more peaked (kurtic
is derived from the word for crown) at the maximum and consequently has fatter
tails than the normal distribution.

Still another characteristic if the volatility smile  which refers to the cur-
vature of the implied volatility, volatility implied by the log-normal Black-Scholes
formula, versus the strike price. For more information on volatility smiles and their
relation to non-log-normal distributions which they signify, see such references as
Hull [144].

Merton [198] in 1976 pioneered the analysis of option pricing for stock returns
governed by a jump-di [Ldion model. Merton chose the normal distribution for the
jump-amplitude distribution for the log-return. Here, the option pricing with jump-
di [usions is described in terms of the jump-di [udion formulations in this book. The
stock price is assumed to be subject to extreme changes over a very short period of
time due to significant changes in the firm or in the market. Further details can be
found in Zhu [284], and Zhu and Hanson [285]. Thus, consider the jump-di [udion
model for the stock price S(t) at time t,

a[X]= > 3

dS(t) = S(t)( qdt + dW(t) +J(Q)dP(t)); S(0)=So>0; (11.91)

where 4and g are designated as the di [udion parameters for the standard di [udion
dW (t), while J(Q) = exp(Q) —1 > —1 is the jump-amplitude for the jumps of
Poisson process dP (t), such that the symbolic jump from means

d

O
J(Q)dP(t) = J (Qu);

k=1
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for integers k = 1, otherwise the sum is zero if k = 0 and where the marks Qx
are 11D normally distributed. Note, unlike Merton in [198], in (11.91) there are
not the same notational shifts in the di[udion drift and jump amplitude, so that
E[dS(t)=S(t1)] = qdt + dt E[J(Q)] and Merton’s Y — 1 is the same as J(Q) while

d-
By the stochastic chain rule the log-return satisfies
d

dIn(S(t)) = |qdt + qdW (t) + Qk; (11.92)
k=1
when g = 4—05 g is the dil[udion-corrected mean appreciation coe [cieht.
Under the assumption of constant coe [ciehts, the solution of (11.92) is immediate,
PO—
S(t) =Soexp( at+ WM+ Qi) (11.93)
k=1

The solution is positive as long as Sg > 0 and Qy is assumed real, a consequence of
the geometric jump-di usion assumptions.

11.3.1 Jump-Dil[udions with Normal Jump-Amplitudes

Since the marks Qg are independent and identically distributed normally, the mark
density is defined in our notation as

o@= n@ i D) (11.94)

where , denotes a normal density with mean j = E[Q] and variance 12 = Var[Q].
If the discrete version

A
AIN(S(t)) = At + gAW (1) + Q«k
k=
' A
= WAt+ AW()+ j(AP({H) — Ab)+ Qk— j); (11.95)
k=1

of the log-return SDE (11.92) is used to approximate the log-return di Lerkence,
AIn(S(t)) = In(S(t + At) — In((S(t));

where the last line of (11.95) has the stochastic terms collected into independent and
zero mean forms to facilitate moments calculations. The standard moments (mean
plus central moments for higher moments) can be calculated (See Theorem 5.17 on
p. 222, [130] and [284]) using (11.95 rather than the solution (11.93). Thus,

M1 =E[AINSM)] =1+ AL

Mz =VarlAInSm) = ( i+ (+ At

Ms = E[(AINSH) M)l = j( §+3 DAL

Ms =E[AINSH) =M= (§+6 5 2+3 HAt+3( G+ (F+ [at
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The variance normalized third moment is the skewness coe Lcieht,

i(f+3 9 .
(3% (7+ Dy@oe

s[AIn(S())] = (11.96)

so 3[AIn(S(t))] < 0 if the log-normal jump-amplitude mean ; < 0, since the
jump rate  must be positive for there to be jumps. The variance normalized
fourth moment is the kurtosis coe [cieht,

(§+653+3 )
3+ (3+ pra

4[AIN(S()] = +3; (11.97)
so the 4[AIN(S(t))] > 3 provided j 8 0 and j 8 0. Thus, the jump-di[udion
with log-normally distributed jump amplitudes provides more realistic log-return
distribution properties with skewness whose direction depends on the sign of the
mark mean ; and leptokurtosis for nontrivial mark distributions.

Another advantage, particularly in analysis, follows from the convolution re-
sult that the sum of normals is normally distributed. This is expressed in Corol-
lary 5.21 on p. 228, so for the jump-di[udion with log-normally distributed jump-
amplitude, the density with a small modification for the dilerence and constant
coe Lciehts is given as an infinite sum of translated normal densities over all Pois-
son jumps by

[ —— 2 2
amne@yX) = p( At) n(X; wAt+k j; gAt+k §);  (11.98)
k=1

where px (' At) is the Poisson distribution (0.50) with parameter Atand (x; ; ?2)
denotes the normal density with general parameters and 2.

11.3.2 Risk-Neutral Option Pricing for Jump-Di [usions

Rather than follow Merton’s 1976 [198] paper to directly explain his approach using
the PDE formulation of the previous section, we will approach the option pricing
in the presence of both diludion and jumps by directly applying a risk-neutral
assumption that the discounted earnings on a European call option is at the existing
market rate r, i.e., the risk-neutral call option price has the form

CIM(Sp; T) = e "TEM[max[S(T) — K; 0]] ; (11.99)

where T is the option exercise time, K is the strike price, exp(—rT) is the dis-
count factor and EC™ denotes the risk-neutral expected value [144, pp. 248-250],
depending on the initial asset price Sp as well.

As Merton points out, the classical Black-Scholes hedge or the delta hedge
(11.7) is no longer su Lcieht to eliminate all risk when there are jumps in the under-
lying asset price that result in non-marginal changes. This could come from non-
systematic information about the firm to cause extreme changes in value. There are
special cases that are of little interest and there is always the possibility of using
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the Black-Scholes hedge to eliminate the di[udive volatility-risk  during the quiet
period between jumps, but when a jump event arrives there is the possibility of
a large loss or other unexpected change in value of the option, i.e., the so-called
jump-risk  will not be covered. In short, there are too many random variables in
a jump-di [odion to delta hedge away with a single stock. For instance, in the
compound Poisson process there is the pure counting part of the process and then
there is the uncountable 11D log-jump-amplitudes or marks Qx that would need to
be hedged.
Letting

e 2
I =ERQI= n(Q) (€7 — 1) dg= e "% —1 (11.100)

—oo

be the mean jump-amplitude of the asset price, then the mean asset price at the
strike time T using iterated expectations on the closed form solution (11.93),

[
E[S(T)]= soe(ud—o.5c§)T E ech(T)eP,’jz(P Qx

tJ ] I%Iiﬁ_—l -
= Soe(“d_o'5G§)TEw(T) e“dW(T) EN(T) L1 EQk|N(T) IZGIQKEJ(T)%

k=0
L1 1
N

= SoetHa—050DT PBOETE T (4 1)
k=1
1 1 1
=S T Enery (0 +DN® =See T p(T)( 5+ 1)K
k=1

_1
= SpeTe™ T - (T (5 +1))K=kl = SpeHa T Th

k=1
— Soe(le"‘)\HJ)T ; (11.101)

where the 11D property of the Qx and the Poisson distribution px( T ) (0.50) have
also been used.
In the risk-neutral world (see Hull [144, pp. 248-250]) then

E[S(T)] = Speta™ )T = 5pe'™;
so the jump di[udion rate in a risk-neutral world must be
dt =1

the sum of the di[udive and jump mean rates. For consistency with the benchmark
Black-Scholes model, this relation will be used to eliminate the di [udive mean rate
in a risk-neutral world

a= M=r— (11.102)
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allowing the following formulation of the risk-neutral option.

De nition 11.1.  Jump-Di usion Risk-Neutral European Call Option:

Applying the general jump-di usion solution (11.93), with (11.102) to the risk-
neutral European call option payo (11.99) and in terms of the general jump partial
sum random variable

with density @k(sk)), yields the form,

CUM(Sy; T) = e "TEMM[max[S(T) — K; 0]]
] I% P(T) (]

P
= ¢ 'TE max Soe(r—)\pJ—G(Z,/Z)T+GdW(T)+ ke’ — K: 0

e’ k=0 Pe(T) I?:,o dw n(W;O:T)g;o dsk g (sk)

. max Soe(r—)\ug —02/2)T+0gW+sk _ K: 0

(11.103)

= e_rTIZI k=|ﬂk(T ) I?:: dw (W;0;T)

‘Bg_max Spe(r A —03/2)T +oaw+8 _ k-

NN

Remark 11.2. The random sum s used here, rather that the markQ;j as in
(11.101), since the maximum function in (11.103) needs a dierent splitting of the
expectations.

Theorem 11.3. Risk-Neutral Call Prices as an In nite Poisson Sum of
Shifted Black-Scholes Call Prices { General Jump-Di usion Case:
For the general jump-di usion,

1 1 [ [T
CIM(So;T) = pu(T )Eg COV SeeMoTiTiK; Zir ; (11.104)
k=0
where the Black-Sholes call price function
CONS;T;K; §r) = s (di(s)) —Ke™ T (d(9)); (11.105)
]
D(x) = On(x;0;1) = »% e /2dy (11.106)

is the standardized normal distribution,
1 o V_ V_
di(s) = In(s=K)+(r + 3=2)T =( ¢ T) and da(s)=di(s)— 4 T (11.107)

are Black-Scholes normal argument functions.
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Proof. Note that the argument of the last maximum in (11.103) has a root at
W = wg(sk) when
Soe(r—)\pJ —03/2)T+ogW+sSK — K

or when
Wo(sk) = (IN(K=Sp) — (r — 5 — 3=2)T +sK)= ¢; (11.108)

allowing the removal of the maximum function. Some further manipulations with
the normal integrals permits the transformation to an infinite Poisson sum over
Black-Scholes call functions with shifted arguments,

) "l
CM(So;T)=e""  pu(T )Eg, dw n(w;0;T)
k=0 wo ($h) (L]

Soe(r—)\pJ —02/2)T+oaqw+B _ K

1 1
= (T By, SoePk M A(Seetk AT — Ke T B (Seehk M T)

k=0

where the intermediate functions A(s) and B (s) are derived below.

2
A(s) = e %T/2 wo(sy W n(w; (0; T)eoaw
— e—oélezgl dw —w2/(2T)+0gqw

2nT Iiﬁ(s)
— o—03T/2.41 —(W—04T)?/(2T)
e VT wote) W ’

Ll 2
— A v —y2/2
(2] (Wge)oaTy/ T dy \/y 1

1= (Wo(s) — \d/T_)f:IT
= 0 é %— WO(S))E]]T
® dy Soes_)\“JT ;

V_
since by (11.108) and (11.107), ( 4T —Wo(s))= T = d1(Soe> ™3 T). The simpler
second argument quickly follows from

1 1 \/_|:|
= dw n(W;(0;T) =@ —wo(s)=
B(S) Wffﬂl:VY (w (0|:T|) 59_ Wo(s)= T

1 111
= o d; Soes_)\“JT + 4 T =& do Soes_)\“JT ;

using (11.108) and (11.107) again. Reassembling A(s) and B (s) from the current
equation for C™ yields (11.105) from the relation

COI(s; T;K; §;r) =sA(s) —Ke T B(s);

and thus (11.104) follows. 0O
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Remark 11.4. The primary argument s of C(®® is shifted for each jump number
k by a factor exp(3c-  5T) that depends only on the jump process (the result in
this form is valid for general jump-di usions as treated in this book).

If the mark density is normal, o(q) = n(q; j; jz), then the European call
option formula can be simplified.

Theorem 11.5. Risk-Neutral Call Prices as an In nite Poisson Sum of
Shifted Black-Scholes Call Prices { Log-Normal-Jump-Ampl itude Jump-
Di usion Case:
For the log-normal-jump-amplitude jump-di usion,

[ - . 1
CIM(SoiT) = g P(T YO Spek®u+oi/D= AT Tk 2(T)=T;r ;(11.109)

where the Black-Sholes call price function

1 1
OV TR, 2ATI=Tin = 56 sy 2(T) —Ke™To dp s, E(T)@;(I“'“O)

dets; 2(M) = I%|1(8=K)+IFT y |"Z(T)=2|:=I k(T

(11.111)
dzd; 2(T)) = du(s) = «(T)
are Black-Scholes normal argument functions, and
f(T)= §T+k (11.112)

is the log-return variance.

Proof. ~ In order to simplify the expectation calculations, let
1 1
X = gW(T)+ Si;-'— k i

be the zero mean part of the risk-neutral log-return process obtained by subtracting
the mean

k(M) =@ — 53— =T +k j (11.113)
and leaving the variance (11.112),
kM= T+k Ji
so by the normal convolution corollary (11.98) the density is reduced to
x(X) = n(x;0; E(T)): (11.114)
The payo [clito (b remove the maximum function in the normal case then is

Xk(T) = In(K=Sp) — «(T):
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Thus, the normal risk-neutral call price is derived using normal integral identities
as follows,

o O O
CI™(So; T) = e ropk(T) '1, dx n(x;0; 2(T))max See(M+X —K; 0

L1 = L1l [
= e (T 1 dx a0 2(TY) SeeM -k

= e o T )Vl

oz(T)
Soek(M+ok(T)/2 . ‘(’; ) dﬁ—(x—oﬁa»zl(mia»
k
—K I:L? dx e—*x*/(20x(T))
Xk( ) l:l ) q(T) (T)
—_ g —X
= ko Pk ( Tl_l—l Sperk(M=rT+a (T)/2¢ %

—_Ke—I¥T —Xk(T)
Ke "o Gk‘zT)

= pegoP(T) 107 [
Soekt +0IJ-2:/2I)I—:7\IHJT(D dJ Soek(pj+0j2/2)—)\uJT. l%(T)

—Ke "o dz_—lsoek(“j +oj2/2)—)\uJT; ﬁ(T) :

finally by using (11.111) with (11.113) and (11.112).
Note that by several 11D and normal identities,

b ] | S
E[e@k] —E e =Q = Eq%?i D: eli+01/2 — k(i +07/2).

i=1 i=1

giving the meaning of this exponential term in (11.109) for the final normal jump-
di [mSion call option result C{™(S; T). O

Option pricing for other jump-di [usions can not be written in as simple a form
and the Poisson terms increase in complexity exponentially. The use of the double-
exponential (Laplace) log-jump-amplitude jump-di[udion has been developed by
Kou and co-worker [165, 166]. Zhu and Hanson [285] have developed a Monte-Carlo
estimation of risk-neutral option pricing for uniform log-jump-amplitude jump-
di[udions. Zhu [284] has made a comprehensive study and comparison of various
exponential and uniform log-jump-amplitude jump-di [udions using refined Monte-
Carlo estimations of option prices with several variance reduction techniques. Re-
cently, Yan and Hanson [282] have treated option pricing for the uniform log-jump-
amplitude jump-di[dion combined with stochastic volatility using characteristic
functions and fast Fourier transforms following the general methodology of Carr
and Madan [47].

Some other hedging methods for jump-di [1dions, like mean-variance hedging,
are treated in a more abstract way by Runggaldier [235], Bingham and Kiesel [33],
and Cont and Tankov [59] using a generalization of jump-di [Udions allowing infinite
jump-rates called Lévy processes (see Chapter 13 in this book).
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11.4 Optimal Portfolio and Consumption Models

Prior to Merton’s 1973 mathematical justication and generalization of the Black-
Scholes model [34] in [197], he did pioneering work on the portfolio and consumption
problem in continuous-time. Beginning in 1969 Merton’s paper [194] ([199, Chapter
4]) on lifetime portfolio selection with constant relative risk-aversion (CRRA) util-
ities laid out the background for the widely cited 1971 paper [195, 196] (reprinted
in [199, Chapter 5]) on the optimal portfolio and consumption theory with the
more general hyperbolic absolute risk-aversion (HARA) utilities that exhibit ex-
plicit solutions. While the paper was primarily on geometric Brownian motion
(pure di[udion), generalization to jump-di [udions consisting of Brownian motion
and compound Poisson processes with general random finite amplitude is discussed
very briefly in [195].

While Merton was often on the leading edge of continuous-time finance and
pushing generality of financial models by incorporating the latest financial and
stochastic theories, one can get cut on the leading edge. There are a number of
errors in the 1971 Merton paper [195, 196] due to the lack of proper boundary con-

ditions and problems with the general HARA utilities. In particular, there are di [=_1

culties due to enforcing non-negative wealth, handing zero wealth (bankruptcy) and
maintaining the non-negativity of consumption. These errors are very thoroughly
discussed in Sethi’s [241] massive assembly of papers by Sethi and his coauthors
that give corrections and generations to the consumption and investment portfolios
with an emphasis on bankruptcy and pure di [udion. The basic problems are clearly
discussed in Sethi’s introduction [241, Chapter 1], while important basic papers are
the paper of Karatzas, Lehoczhy, Sethi, Shreve [156] (reprint [241, Chapter 2]) on
exact solutions the infinite horizon case and the paper of Sethi and Taksar [242]
(reprint [241, Chapter 3]) pinpointing the errors in Merton’s 1971 paper [195, 196].
The errors were mainly in certain ranges of the HARA utilities and these di Ccullties
led to a more thorough exploration of the consumption and portfolio problem.

In this section, the jump-di[udion version for the consumption and portfolio
problem is treated with a version of the CRRA utilities that avoids the problematic
parameter range of the general HARA utilities. In particular, the text-oriented
presentation here is partly based on a portfolio optimization paper with time-
dependence and uniformly distributed log-jump-amplitudes of Hanson and West-
man [126] with some corrections.

11.4.1 Log-Uniform Amplitude Jump-Di [udion for Log-Return

Let S(t) be the price of a single financial asset at time t, such as a stock or mutual
fund, governed by a geometric jump-di [udion stochastic di Lerkntial equation (SDE)
with time-dependent coe Lciehts,

1 ) 1
ds(t) = S(t) Lt)dt + 4(t)dG(t) + J T,:;QKIE;l (11.115)

k=1
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with S(0) = Sp; S(t) > 0, where 4(t) is the mean appreciation return rate, ¢(t) is
the volatility, G(t) is a continuous Gaussian process with zero-mean and t-variance
(G is used for the diludion component of the noise since W in this section will
denote the wealth), P(t) is a discontinuous, Poisson process with jump rate (t),
and associated jump-amplitude J (t;Q), —1 < J (;Q) < oo to avoid bankruptcy at
a single jump, with log-return mark Q mean j(t) and variance jz(t). At the kth
Poisson jump, T, is the pre-jump time and Q is the corresponding 11D random
pick for the mark. The stochastic processes G(t) and P(t) are assumed to be
Markov and pairwise independent. The jump-amplitude mark Q, given that a
Poisson jump in time occurs, is also independently distributed. The stock price
SDE (11.115) is similar in our prior work [124, 123], except that time-dependent
coe Lciehts introduce more realism.

Since the stock price process is a geometric jump-di [usion, the common multi-
plicative factor of S(t) on the right can be removed by a logarithmic transformation
yielding the SDE of the stock price log-return,

d . [o
dIn(S@) = a)dt + ¢(t)dG(t) + In 1+J T,;Qc ; (11.116)
k=1

where g(t) = q4(t) — 3(t)=2 is the log-di[usion drift and In(1 + J(t; q)) the stock
log-return jump-amplitude is the logarithm of the relative post-jump-amplitude.

Since J(t;q) > —1, it is convenient to select the mark process to be the log-
jump-amplitude random variable,

Q=In@A+JtQ); (11.117)

on the mark space Q = (—oo; +00). Though this is a convenient mark selection, it
implies the independence of the jump-amplitude in time, but not of the log-jump-
amplitude distribution ®g(q;t) for Q. For comparison to the Standard and Poor’s
( S&P500) log-return data, the discrete log-return di Lerknce form

AlIn(S) = In(Si+1) — In(Si) = In(Si+1=S)

will be used at time tj+1; = t; + At;j. The corresponding the log-return di Lerential
dIn(S(t)) in SDE (11.116) is written in the approximate, mean-zero, independent
process, discrete form,

AIn(S(t)) COw(t) + () )AL+ q(ti)AG(t) (11.118)
+ j(ti) (AP () — (t)AL) + k=1! D(Qk— jti); .
where AG(t;) = G(ti+1) — G(tj) and AP (t;) = P (ti+1) — P(ty).

11.4.2 Log-Uniform Jump-Amplitude Model

Extreme jumps in the market are rare events making it di Cculit or impossible to
separate out the jumps from a background of continuous di [udive changes (see Alt-
Sahalia [5]) to determine their distribution. Extreme jumps are limited by circuit
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breakers [11] introduced by the New York Stock Exchange in 1988 as a response
to the crash of 1987, so a finite jump-amplitude distribution like the uniform dis-
tribution is appropriate. Thus, consider the uniform density on [a(t); b(t)] for the
marks Q,

(- (-
s=am,  alt) = g=bt)
ty=  b—a( .
(G:0) 0; otherwise ' (11.119)

where a(t) < 0 < b(t) to allow for both crashes (g < 0) and rallies (g > 0) .
The basic moments of the uniformly Q (uq) density o(q;t;) yields the mean

Eq[Ql = j(ti) = (a(ti) + b(ti))=2 ; (11.120)

variance
Varg[Q] = #(ti) = (b(ti) — a(t;))*=12; (11.121)

third central moment

M () = Eq %IQ - j(ti))SIjz 0
and fourth central moment

M) =Eo @~ (1) =9 {(t)=:

In terms of the original jump-amplitude J (t; Q), the mean is

4 e Iq?_ |:|_eb(ti)_ea(ti)_ .
J(ti) =EqQU(Q;ti)]=Eq € 1 = 7b(ti)—a(ti) 1

The first four moments of the uniform jump-di [udion (UJD) log-return di Lert
ence using (11.118) are

MU ) = E[AINGSE)] = (ati) + () jE)AL; (11.122)

MEIO() = VardAIGSE)] = S+ ) Fw)+ 26 At (1L129)
. [ .
M) = B Aln(s(t)) — MM ()

- (11.124)
(ti) j(ti) E%(ti)+3 i(ti) At

=y _
E AIn(S@)—MYt)

() @) +6 200 )+ fa)s Ay (11129)

(3]

+3 I:cl‘i(ti)'F (ti) I:,E(ti)'F HOBG\DE

MO (t)

AT DI
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The M r%‘jd)(ti) moment calculations, in particular, need Lemma 5.15 from Chapter 5
for the four powers of partial sums of zero-mean 11D random variables Gx = Qx— ;

, SO
- g o, m=1 g
xo m nMP(t) = no?(ti), m=2 =
E Qk = § nMéuq)(ti)=O, m=3 § !
= T M) +3n(n—1) M) S, m=4
4 i 2 i ’
where n = AP (t;).
Let the uniform jump-di [udion be denoted by
APt
Xi=Gi+ Qx
k=1
where Gj = 14(ti)At; + 4(ti)AG(t;) is the nonstandard Gaussian process, then

the density for the uniform jump-di [udion X, is derived from the law of total prob-
ability (0.90) summing over all Poisson jumps and the nested convolution prop-

erty (0.98),

()
ud(X) = pC (t)AL) Gig(x);
k=0
where px(A) is the usual Poisson counting distribution with corresponding kth den-
sity coe [cieht ij()j(x) given by
o 1 . 1
ija(¥) = 6 (EH) (X);

through the nested convolution property. The complexity of these coe Lciehts grows
exponentially with k. However, the first few are, using (5.67) for k =0,

Q)= 6= nli; 2

where for brevity = 4(ti)At; and 2 = 3(t;)At;, now dropping the (t;) argu-
ment for brevity and using (5.68) for k = 1,

— - 2
300 = (6 () () = sn(x—bjx—a;; 2)= Znbbxcaio),

where sn(x —b;x—a; ; 2) is called the secant-normal density  (5.69), and
finally from (5.70) with the triangular density  (5.71) for k = 2,
] Cl _
P00 =6 (Ch)2 () = 228 g(x—2bjx—a—1b; 2)

X2l (x—a—Db;x—2a;; ?)

.
tolar n(m205 D=2 akx-a=b D+ k-2 P
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There are five stochastic jump-di [udion model parameter processes to be es-
timated,

{a®: G0 5@ O OX

assuming that the interest rate process r(t) is given deterministically and the
time steps At; over the given market period. Using the definitions of the jump
mean-variance parameters { j(t); 2(t)}in (11.120-11.121), the uniform jump range
{a(t); b(t)} can be estimated instead. The parameter estimations using variants of
maximum likelihood methods is beyond the scope of this chapter, but the reader
can consult our work in [126, 286] in the time-dependent parameter case and
[124, 125, 127, 128, 130] for other background in the time-independent parameter
case.

11.4.3 Optimal Portfolio and Consumption Policies Application

Let a portfolio contain a riskless asset, the bond, with price B (t) dollars at time t in
years, and a risky asset, the stock, with price S(t) at time t. Let the instantaneous
portfolio change fractions be Up(t) for the bond and Uj(t) for the stock, such that
the total satisfies Up(t) + Us(t) = 1. The bounds for Ug(t) and Ui(t) will be
developed later from the jump-amplitude distribution and the non-negativity of
wealth condition.

Let the bond price process be deterministic and exponential,

dB(t) = r()B(t)dt: B (0) = Bo; (11.126)

where r(t) is the bond rate of interest at time t. The stock price S(t) has been
given in the jump-dil[Odion SDE (11.115). The portfolio wealth process changes
due to changes in the portfolio fractions less the instantaneous consumption of
wealth C(t)dt,

dW (t) = W(t) (r (t)dt + U (t) (( q(t) —[EI(;[&?dt

raodew+ FPio —cwma; D
such that W (t) = 0 and that the consumption rate is constrained relative to wealth
0 < C(t) = C{™ W (t), consistent with non-negative constraints that Sethi and
Taksar [242] show are needed. In addition, the stock fraction is bounded by fixed
constants. US™™ < Uy (t) = US| so borrowing and short-selling is permited. In
(11.127), Up(t) = 1 — U4 (t) has been eliminated [123, 126, 286].

The investor’s portfolio objective is to maximize the conditional, expected cur-
rent value of the discounted utility Ug(w of final wealth at the end of the investment
final time t¢ and the discounted utility of instantaneous consumption preferences
U(o), i.e., the optimal value of the portfolio satisfies

[
Vi w) = maxqu ey E e‘B“’tf)UaS\]/V (t))

_ 11.128
+ ? e PESIY(C(s)) ds ; ( )
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conditioned on the state-control set C = {W (t) = w; U1 (t) = u; C(t) = c}, where the
time horizon is assumed to be finite, 0 <t<t ¢, and (t;s) is the cumulative time-
discount over time in (t;s) with (t;t) = 0 and discount rate (t) = (@=@39(t;t)
at time t. In order to avoid Merton’s [195] di Cculities with HARA utility functions
too general for the portfolio and consumption problem, UC) - +o0 as C - 0%
will be assumed for the utility of consumption, while a similar form will be used
for the final utility Ug(W). Thus, the instantaneous consumption ¢ = C(t) and
stock portfolio fraction u = Uy (t) serve as two control variables, while the wealth
w = W (t) is the single state variable.

Absorbing Boundary Condition at Zero Wealth:

Eq. (11.128) is subject to zero wealth absorbing natural boundary condition. This
avoids arbitrage as pointed out by Karatzas, Lehoczky, Sethi and Shreve [156]
([241, Chapter 2]). It is necessary to enforce non-negativity feasibility conditions
on both wealth and consumption. They derive formally explicit solutions from a
consumption-investment dynamic programming model with a an infinite horizon,
that qualitatively correct the results of Merton [195, 196] ([199, Chapter 6]). See
also Sethi and Taksar [242] for specific errors in [195, 196] and Sethi’s excellent
summary [241, Chapter 1].

Here the Merton boundary condition correction in his 1990 text [199, Chap. 6]
is used,

vig 0%) = Ug(0)e Bt +u(0) ? e Bta)gs ; (11.129)

since the consumption must be zero when the wealth is zero. The terminal wealth
condition, vits; w) = Ug(w), must also be satisfied.

Portfolio Stochastic Dynamic Programming:

Assuming the optimal value vt;w) is continuously dierkntiable in t and twice
continuously di Lerkntiable in w, then the stochastic dynamic programming equation
(see our papers [123, 126, 286]) follows from an application of the (I1td) stochastic
chain rule to the principle of optimality,

0= vithw)= OV w) + Uy
+[0 O+ al®) = r ()T — Tt w)
+1 FOUPWAE(E W) (11.130)

o Eft? v (USHW) -V w)) da;

where uB= utdw) UMD UM and ¢ et w) C; C{M™w] are the
optimal controls if they exist, while v ¢t; w) and v[,) (t; w) are the partial derivatives
with respect to wealth w when 0 <t <t ¢. Upon a jump, the wealth changes by a
factor

(u;g) =1+ ("= Du;

in the post-jump wealth argument of (11.130).
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Non-Negativity of Wealth and Jump Distribution:

Non-negativity of wealth implies an additional consistency condition for the control
since the jump in wealth argument (uSH)w = (1 + (e — 1)uD in the stochastic
dynamic programming equation (11.130) requires (u;g) = 0 on the support interval
of the jump-amplitude mark density o(qg). Hence, it will make a di [erence in the
optimal portfolio stock fraction u™~bounds if the support interval [a(t); b(t)] is finite
or if the support interval is (—oo; +00), i.e., had infinite range. Our results will be
restricted to the usual case, the a(t) < 0 < b(t), i.e., both crashes and rallies are
modeled.

Lemma 11.6 (Bounds on Optimal Stock Fraction due to

Non-Negativity of Wealth Jump Argument[286]). If the support of o(Q) is
the nite interval g CJA(t); b(t)] with a(t) < 0 < b(t), then u; w) is restricted by
(11.130) to

-1 1

© =1 utt:w) < %WE (11.131)
but if the support of o(qg;t) is fully in nite, i.e., (—oo;+o00), then ut; w) is re-
stricted by (11.130) to

0=<sutw)=<1: (11.132)

Proof. It is necessary that (u;q) =0 so that (u;qg)w = 0 when the wealth and
its jump-in-wealth in the HIBE (11.130) argument need to be non-negative, w = 0.
The borderline case is when instantaneous stock fraction case is zero, i.e., u =0, so

(0;g) =1> 0.
Next consider the case when the support, a(t) =< q < b(t), is finite. When
u> 0, then | 1 1 —

01— 1-€® y<s (o =s1+ O -1 u:

Since e2® < 1 < eP® the worse case for enforcing (u;q) = 0 is on the left, so

+1 -1

u< B [+ :
T—a®  J(ta()

When u < 0, then
1 1 1 1
01— &0 -1 (= Ug=s1+ 1-e*® (—u):

The worse case for enforcing (u; ) = 0 is again on the left, so upon reversing signs,

—1 -1
U= SoF JEon)’

completing both sides of the finite case (11.131), which can be written in terms of
the original jump-amplitude coe [cieht —1=J(t; b(t)) < ut; w) < —1=J(t; a(t)).
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In the infinite range jump model case when —co < q < +o00, 0 < %9 < oo,
Thus, when u > 0,
0s1l—u< (u;Q) < oo;

so u < 1. However, when u < 0, then
—o< (U< 1l-uy;

S0 u < 0 leads to a contradiction in that (u;q) is unbounded below and u = 0,
proving (11.132), which is the limiting case of (11.131) when a(t) — —oo and

Remark 11.7. This lemma gives the constraints on the instantaneous stodkaction
ut; w) that limit the jumps to the jumps that at most just wipe out theinvestor's
wealth. Unlike the case of pure di usion where the functionhterm has local depen-
dence on the wealth mainly through partial derivatives, thecase of jump-di usion
has global dependence through jump integrals over nite derences with jump mod-
i ed wealth arguments, leading to additional constraints inder non-negative wealth
conditions that do not appear for pure di usions. The additional constraint comes
not from the current wealth or nearby wealth but from the disentinuous wealth
created by a jump.

In the case of the tted log-uniform jump-amplitude model, the range of the
jump-amplitude marks [a(t); b(t)] is covered by the estimated largest range,

1 1

[a(™™; b = min(a(t)); max(b(t)) [37:113e-2 +4:990e-7;

over the period from 1992-2001 corresponding té = 1:10 using [126] results. The
corresponding overall estimated range of the optimal instataneous stock fraction
ut; w) is then

1 1

i -1 +1
[umin; y(ma0] = - _15? o E0-A13919:54; +14:56];

in large contrast to the highly restricted in nite range models where
[min(ut w)); max(u't; w))] = [0;1]

is xed for any t.

Regular Optimal Control Policies:

In the absence of constraints on the controls, then the maximum controls are the
regular optimal controls u(®9(t; w) and c("®9(t; w), which are given implicitly, pro-
vided they are attainable and there is su Lcieht di Lerkntiability in c and u, by the
dual critical conditions,

UceD (t; w)) = vt w) ; (11.133)
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2OWAVEA G WU (b w) = —( g(t)—r (©))wv et w)
- OWspZam IE({tt))(eq — vt Ut w); gw) dq ;
for the optimal consumption and portfolio policies with respect to the terminal

wealth and instantaneous consumption utilities (7.2). Note that (11.133-11.134)
define the set of regular controls implicitly.

(11.134)

11.4.4 CRRA Utility and Canonical Solution Reduction:

For the risk-averse investor, the utilities are assumed to be the constant relative risk-
aversion (CRRA) power utilities [199, 122], with the same power for both wealth
and consumption,

UX)=Us(x) =x¥=; x=0; 0< < 1: (11.135)

The CRRA utility designation arises since the relative risk aversion is the negative of
the derivative (U™x)) in the marginal utility (U'(x)) relative to the average change
in the marginal utility (Ux)=x), or here

RRA (x) = —UTx)=(U%x)=x) = (1— ) > 0; (11.136)

i.e., a positive constant, and is a special case of the more general HARA utilities.

The CRRA power utilities for the optimal consumption and portfolio prob-
lem lead to a canonical reduction  of the stochastic dynamic programming PDE
problem to a simpler ODE problem in time, by the separation of wealth and time
dependence,

vt w) = U(Ww)vo(t); (11.137)

where only the time function vp(t) is to be determined. The regular consumption
control is a linear function of the wealth,

D (tw) = w - (1) = w=vp V), (11.138)

using (11.133) and Ux) = x¥Y~! from (11.135). The regular stock fraction u from

(11.134) is a wealth independent control, but is given in uniform case implicit form:
1 ] [

e O-rO+ O w0 (11139)

uCe Dt w) = ui* (1)

11(U) = setam Efg(eq —1) YLt w)dg: (11.140)
The wealth independent property of the regular stock fraction is essential for the
separability of the optimal value function (11.137). Since (11.139) only defines
ul®(t) implicitly in fixed point form, u${®®(t) must be found by an iteration such
as Newton’s method, while the general Gauss-Statistics quadrature [272] can be
used for jump integrals (see [123]).
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The optimal controls, when there are constraints, are given in piecewise form
as I I | 1
cttw)=w = cjt) = max min ¢*?(1); C§™™ ;0 ;

provided w > 0, and
I I | N
ut;w) = ufd) = max min u$®?t); Um0 Ul

is independent of w along with u{®®(t).

Substitution of the separable power solution (11.137) and the regular controls
(11.138-11.139) into the stochastic dynamic programming equation (11.130), leads
to an apparent Bernoulli type ODE,

1 VA
0=vs() + (1= ) Gutug)vo(t) + g(thvg " (1) ; (11.141)

gi(tu) = ﬁ [ ®+ (@) +u q(t) — r(t)I)_zI

111 1 T
= o) T e 11.143
gZ(t) 1— C[()reg)(t) C(()reg)(t) ( . )
1 Irbl(t)
la(tu) = Y(u;o) dg ; (11.144)

b(t) —a(t) awm

for 0 =<t <t ¢. The coupling of vp(t) to the time dependent part of the consumption
term cI®@(t) in gx(t) and the relationship of c§? (t) to vo(t) in (11.138) means that
the di Cerkntial equation (11.141) is implicit and highly nonlinear and thus (11.141)
is only of Bernoulli type formally. The apparent Bernoulli equation (11.141) can
be transformed to an apparent linear dilerkntial equation by using the Bernoulli
linearizing transformation (t) = Vé/(l_y)(t), to obtain,

0= )+ qu(t;ud)’ (t) + g(t);

whose general solution can be inverse transformed to the general solution for the
separated time, but implicit, function,

L] L] R
Vo(t) = 17V(t) = e 9itus®)(tr—t 1+It%92( )ed1 (tus () (tr—T)g Y. (11.145)

In order to illustrate this stochastic application, a computational approxi-
mation of the solution is presented. The main computational changes from the
procedure used in [123] are that the jump-amplitude distribution is now uniform
and the portfolio parameters, as well as the jump-amplitude distribution are time-
dependent. Parameter time-dependence is approximated by quadratic interpolation
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over the years from 1992-2001. The terminal time is taken to be t¢ = 11, one year
beyond this range. For this numerical study, the economic rates are taken to be
time-independent, so the bond interest rate is r(t) = 5:75% and the time-discount
rate is (t) = 5:25%. The portfolio stock fraction constraints are

[US™™; Ud™™] = [-10;10] and C{™? =0:75

for consumption relative to wealth.

In Figure 11.1, the optimal portfolio stock fraction u'() is displayed. The
portfolio policy is not monotonic in time and the minimum control constraint at
U™ is active during the first half year in t [J0; t¢], while the maximum constraint
is not activated since u™() remains significantly below that constraint. The u{)
non-monotonic behavior is very interesting compared to the constant behavior in
the constant parameter model in [123]. Likely the stock fraction grew initially due
to the early relatively quiet period, then peaked at the beginning of the fourth year
(1996 in the S&P500 data) as the market became noisier and continued to decline
due to the final relatively noisier period. In Figure 11.2 the optimal, expected,

Optimal Portfolio Fraction Policy

u*(t), Portfolio Fraction

6
t, Time in Years

Figure 11.1. Optimal portfolio stock fraction policy utd) ont [0;12]
subject to the control constraint set[U{™™; U{™)] = [-10; 10].

cumulative consumption, c~t; w), is displayed in three dimensions. The optimal
consumption policy ¢; w) results in this computational example are qualitatively
similar to that of the time-independent parameter case in [123].
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Optimal Consumption Policy

B [=2] @
o o o
L L J

c*(t,w), Optimal Consumption
2

[
o
V2

0 100

w, Wealth

Figure 11.2. Optimal consumption policy c(t;w) for (t;w) [C]Q;12] x< [0; 100].

11.5 Important Financial Events Model: The
Greenspan Process

Many financially critical announcements can have significant e [edts in the mar-
ket, such as those on interest rates, unemployment statistics, budget deficits, trade
deficits, prices of supplies such as oil, weather extremes and many others. Some of
these announcements are scheduled like those of the Federal Reserve Board, labor
reports or business earnings. The response to these scheduled announcements are
sometimes di Ccult to predict, because market investors may have already factored
in unfavorable or favorable news. Whereas, unscheduled announcements present
both uncertainties in time and response making the compound Poisson processes a
reasonable model. The Poisson model would be unsuitable for scheduled announce-
ments. In [129], Hanson and Westman proposed a quasi-deterministic stochastic
jump process that resembled the compound Poisson process only in the random
jump-amplitude components, but otherwise jump at scheduled or deterministic
times. This theoretical basis for our paper was the optimal portfolio problem for
important external events paper [231] of Rishel . Our contribution was primarily
constructing the intricate computational procedure for the problem and formulat-
ing the problem as a full stochastic di[erential equation model. The formulation
appears to be of interest in other financial problems where there are uncertain,
scheduled payments such as dividends.

Scheduled jumps aledt the market. The response magnitude of the jumps
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can be random, as described by Rishel [231]. On February 17, 2000 there were
large market fluctuations caused by the semi-annual economic report of the now
former Federal Reserve Board Chairman Alan Greenspan to Congress concerning
the raising of interest rates among other things. The next day was followed by a
double witching daywith the simultaneous expiration of contracts on stock options
and indices. Although these events and the market responses to them are quite
complicated, these quasi-deterministic processes are strongly motivated by the in-
fluential announcement events by Chairman Greenspan and thus they might be
called “Greenspan processe$

The optimal portfolio and consumption work [122, 129] will be summarized
and reformulated with the constructs of this book. The reformulation uses a more
concrete formulation of the quasi-deterministic processes than the more general,
abstract Poisson random measure-like formulation in [129]. Also the problem was
reduced to a single risky asset model from the multi-asset model in [129]

11.5.1 Stochastic Scheduled and Unscheduled Events Model,
with Stochastic Parameter Processes

Let the usual Poisson process P (t) denote an unscheduled events process which
occur at the random times Ty for k = 1;2;:::, with random jump-amplitudes
J(p; A (T, )) where p is the corresponding random mark and A (t) is an auxil-
iary parameter, vector process. Let the quasi-deterministic process or Greenspan
processQ(t) denote a scheduled events process at fixed times ~with random jump-
amplitude K (¢-A ( —)) where dis the corresponding random mark. Both processes
are right-continuous.

Let the portfolio consist of one almost risk-less asset B (t) at time t and one
risky asset S(t). The risk-less asset B (t) satisfies the familiar form,

dB(t) = r(A())B(t)dt; B (0) = Bo; (11.146)

where the almost risk-less asset interest r(a) depends on a mildly random param-
eter vector A (t) = [A1(t); A2 (t)] associated with unscheduled and scheduled event
processes. Here, Ai(t)) is a parameter for unscheduled events driven by Poisson
process dP(t), with jump-amplitude J;(q) and random mark p, and satisfied by

d
dA1(t) =A1(t)Ja(a)dP (t) = A1(Ty )J1(q); (11.147)
k=1
where (Ty; ok) are the kth Poisson time-mark parameters. The process A1 (t) can
be called a geometric Poisson processsince the noise is linear in A;(t), making
the noise multiplicative. For reasons cited in the previous section, the range of
the unscheduled process mark is finite, so a < g < b. Also, A,(t) is a parameter
process for scheduled events driven by the quasi-deterministic process dQ(t), with
jump-amplitude K (@) With random mark d,_dnd satisfied by

d

P
dAz(t) =A2(1)K 2(d)dQ(t) = Az( HK2( 4B (11.148)

=1

006/5/2
page 448



11.5. Important Financial Events Model: The Greenspan Process 449

where —is a scheduled event time such that = > —and dds the "th realized
jump-amplitude mark for ° = 1:M, where p = max( oy < t¢ with t¢ being the
portfolio final time and &= d= b—The process A,(t) is also a multiplicative or
geometric noise process.

The risky portfolio asset with price S(t) satisfies the SDE

dS(t)=S(t)( (A(t)) + (A(t)dG(t) +JI(g;A (t))dP(t) (11.149)
+K (GA (1)dQ();

where S(0) = Sp, 0 = S(t) <t (@) is the mean stock appreciation rate, G(t) is
a standard Wiener or Gaussian process , (&) is the standard deviation coe Lcieht
corresponding to dG(t), A (t) is an auxiliary parameter process, while the compound
unscheduled and scheduled jump processes with jump-amplitudes short-hand nota-
tion can properly be defined as

d
SMJI(qA )P (L) = S(T I (@ A(T)); (11.150)
k=1
and
iy
S(HK (dA (1))dQ(t) = S( HK (d=3A ( ): (11.151)
=1

The primary dilerknce between forms (11.150) and (11.151) is that in the former
dP(t) and T, are stochastic with E[dP(t)] = dt and Tx+1 — Tk exponentially
distributed (0.56), while in the latter dQ(t) and are deterministic so E[dQ(t)] =

dQ(t) and E[ h= o

11.5.2 Further Properties of Quasi-Deterministic or Scheduled
Event Processes: K (d; A(t))dQ(t)

The scheduled jump of the dQ(t) of (11.151) is scheduled at prescribed times —
and jump-counts = = 1:M, such that =1 > and v = max( h < te. At
these times, random jump-amplitiudes K (dg3h ( —)) where di—=ls the random mark
or background random variable for which the probability distribution can be more
conveniently specified. The A (t) is an auxiliary parameter process that is optional
for the jump-amplitude function K associated with dQ(t). The dQ(t) is a pure
deterministic counting process the triggers the random jump-amplitude.

The expectation of the event response jump-amplitude K (A (t)) conditioned
on the parameter process is

E[K (B )IA (1) = a] = E[K (¢@)] = K (a):

The jump in the ith stock at a jump of the ith scheduled event processes is given
by

[SIC 2= S( 5 —S( o) =K @A ( )S( o
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for <t ¢ where t¢ is the terminal time and stocks due to right-continuity property
of the scheduled jump processes.
Similarly, for the scheduled parameter process A (t), the jump at s given

by
[A20( = Az( D) —Az( D) = Ka(d@R2( D);

which in turn is similar to the jump of the unscheduled parameter process A (t),

[ALl(T) = AL(T) — Ax(T,) = Ja(@)A(Ty):

11.5.3 Optimal Portfolio Utility, Stock Fraction and
Consumption

The set-up of this optimal portfolio problem is similar to that of the prior section, so
the focus will be mainly on di [erknces arising from including the quasi-deterministic
scheduled event processes and skipping similar intermediate steps. Let W (t) be the
portfolio wealth at time t, Uy(t) is the vector of the instantaneous fraction of
wealth invested in the risky assets at vector price S(t), such that the risk-less asset
fraction at price B (t) satisfies

Uo(t) = 1 — Uy(t);

and C(t) is the consumption of wealth. As in the prior sections, the jump-amplitude
distributions will be assumed to be of finite range, so that the risky asset fractions
will not be restricted to [0; 1], but will be restricted to some larger and reasonable
range [U(Min; yma39],

Following Eq. (11.127) of the previous section, the portfolio wealth process,
relative changes due to relative changes in the portfolio fractions less the instanta-
neous consumption of wealth C(t)dt, is governed by the SDE,

dw(t) = (W) (r(A D) + Ur(t)( (A1) —r(A1))) —C(1))dt
+W(OUL() (A 0))AG(t) +W (H)U1(t)I (o A (D))dP (1) (11.152)
+W (U1 (DK (dA (1))dQ(t) ;

with the necessary conditions that W (t) = 0 and that the consumption rate is

constrained relative to wealth 0 < C(t) < C{™ W (t). For the stochastic dynamic
programming formulation, it is necessary to know the jumps in the wealth for both
unscheduled and scheduled jump-times, which are

WI1(Tk) = W(T) —W(T, ) = W (T, )Us(T I (oK) (11.153)
and
WIC =W ( 5 —W( D) =W( HUi( HK2(d" (11.154)

The investor’s objective is to maximize the conditional, expected current value
of the discounted utility Ug(w; a) of final wealth at the end of the investment final
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time t¢ and the discounted utility of instantaneous consumption preferences U(c),
so that the optimal value of the portfolio satisfies

e
vt w;a) = maxqame) E e‘B“tf)Uﬁ%V(tf);a)

+?e—§<t§>u (C(s)) ds ; (1159

conditioned on the state-control set C = {W(t) = w;U.(t) = u;C(t) = c;A (1)
ﬁ, where the time horizon is assumed to be finite, 0 < t < t¢, and (t;s)
¢ (A(2))dz is the integral over the instant nominal discount rate (A(t)) on
[t;s]. The instantaneous consumption ¢ = C(t) and stock portfolio fraction vector
u = U (t) serve as two control variables, while the wealth w = W (t) is the single
state variable.

Again, Merton’s zero-wealth boundary condition correction given in his 1990
text [199, Chap. 6] is used, but here with the extra parameter argument,

vt 0%;8) = Ug(0; @) PE) + U(0) ? e Pt)ds; (11.156)

since the consumption must be zero when the wealth is zero. The terminal wealth
condition

vite; w; @) = Ur(w; a); (11.157)

must also be satisfied and provides the start of the stochastic dynamic programming
problem, a backward time problem.

The constant relative risk-aversion (CRRA) power utilities (11.135-11.136)
are also used here, as in the last section, for the risk-averse investor, with the same
power for consumption and wealth, but now with parameter values,

u(c)=c'=; ¢c=0; 0< < 1:
Ui(ai)) = |lailY'=i; aB0; i80; i=1;2; (11.158)
Ur(W;a) = UW)Ui(a)U(az); w=0; a=[a;a]:

The utilities satisfy general properties, which in the case of consumption for exam-
ple: (1) it is non-negative, U(c) = 0, (2) the marginal utility is favorable toward
consumption, U%c) > 0, (3) but at a decreasing rate, U™c) < 0.

The application of stochastic dynamic programming to the standard jump-
di [udion with only Gaussian and Poisson noise leads to a single PDE in time t
and wealth, as in the previous section, because the Gaussian and Poisson noise,
in particular the Poisson jump times, average out with the expectation used in
the objective. However, in the present problem with scheduled quasi-deterministic
jumps, the scheduled jump-times are not averaged out by the expectation operator.
Thus, between scheduled jump-times, for i = 1:N+1 and jump-counters °, the
optimal value function v(t; w; a) using the Principle of Optimality and expanding

006/5/2
page 451



452 Chapter 11. Applications in Financial Engineering

using the SDEs and the stochastic chain rule to dt-precision,
0= VRf;w;a)El (@vitw;a)

+maxy,c U(c) + ((r(@+u( (a) —r(@))w — c) vt w; a)

+2(u (a))2wWAviy(tw;a) -

+ I?(V%;W(HuJ (0,a));a1(1+J1(9)); a2) —vit w;a)) q(a)dg (11.159)
= vittw;a)— (v tw;a) +U(c’

+((r(@+uC (@ —r@))w = cHvyt w; a)

+3 (U@ WAy (t w; @)
+ I?(V%;w(uu@(q; a)); a1 (1+J1(9)); az) ~vt w;a)) q(a)dq ;

valid starting from the terminal wealth condition (11.157) and otherwise holding
on open time intervals in backward order determined by the scheduled jump-times
from ( m;te) to ( =1; onfor = M:—1:2 (the triple construct has the form start :
step : stopas in MATLAB™) and (0; 1). Here, ut% ut; w;a) and c== c'¢; w; a)
are the optimal arguments of the maximum in the first part of (11.159) and are
subject to previously stated constraints.

While the unscheduled, Poisson jumps are instantaneous and random, the
expectation from the objective averages the jumps with E[dP (t)] = dt which is the
same order as the contributions of the continuous terms in (11.159), the scheduled
jumps are instantaneous and deterministic so they do not average, the continuous
terms contribute zero in that instant and only the scheduled jump integral survives.
Hence, at the scheduled jump-time for © = M :—1: 1 there is a new stochastic
dynamic programming jump condition,

VEEWa) = SV WK () a1 a1+ K (@ T o(cddg ; (L160)

where ug,= u¢' 5 w;a). This condition does not arise in the usual jump-di [tSion
problem with only unscheduled jumps. Note that the value of vi(' 5 w; a) is to be
found from integrating (11.159) from =1 to so that the jump-condition (11.160)
provides the new backward value v - W; a) which is the start for the integration
of (11.159) on ( =1; o

Since there is a non-negativity condition on wealth, that condition also applies
to the wealth arguments in (11.159) and (11.160), so

(1+uJ(ga) =0
and
(1+u™ (ga) =0
are additionally required, respectively.
If the consumption and stock fraction are unconstrained, then the regular

controls, c(®9 (t; w; a) and u(®9(t; w; a) are implicitly obtained, assuming su [cieht
di Lerentiability,

U D%reg) (t;w;a) I:; v w;a) (11.161)
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and
( @W) vt w;ayutw;a) = —( (a) —r(@)wvy(tw;a)
—-w ?J (@it w(1+u'3(@)); a1 (1+31(0)); @2) q(A)dq :
Since these regular control policies introduce both implicitness and nonlinearities
into the PDE of stochastic dynamic programming (11.159), the solution will require

computational iterations. There is also a jump in the regular stock fraction from
(11.160) and is given implicitly by

0=w ?K () VAS 5W(1+U(_reg),|§ (Ga)); ar; ax(1+K () (11.163)

(11.162)

where ugg)_ = u9( S w;a). The optimal policies (c5Li5are found by applying

the constraints to the regular control policies (c("®9); u("¢9),

11.5.4 Canonical CRRA Model Solution

The great advantage of the CRRA power utilities (11.158) for the portfolio and
consumption optimization problem is that the solution is separable in the form

v w; a) = Ur(w; a)vo(t; a) ; (11.164)

so the wealth state can be completely stripped away in terms of a given utility
function Ug(w; a), avoiding the exponential computational complexity of the curse
of dimensionality. Also, the terminal condition (11.158) is easily satisfied as long
as the remaining time-dependent part of the solution satisfies

vo(te; @) = 1;

and since U(0™;a) = 0 = U(0™) the zero-wealth absorbing boundary condition
(11.156) v&t; 0*;a) = 0.

Substituting the canonical solution into the implicit equation (11.161) for
c(re9(t; w; a) yields a preliminary solution linear in w and in terms of vo(t; a),

w 2(a)

(reg) (4 \n; - — (reg) 4. —
I wia) =w- oy (6a) =
V(])'/(l Y) (t;a)

(11.165)

where »(a) = 1=(U;(a1)Uz(a2))=Y), using some algebra. The corresponding
optimal consumption is given by

1 1
c'w;a) = weit;a) =wmax P (t;a); ™ (11.166)

However, the reduction of the u(™9(t; w; a) does not eliminate the implicitness,

but yields a solution independent of w, i.e., ud(t:w;a) = u{*¥(t;a), a prime

criterion for separability, where
1 1 —J 54

PG = G o @ r@+ 1Pt Gaya ; (1167)
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and where
I{tu;a)= 2 ?J @; a)%ua +J1(q) 1t ga) g(opdqg ;

vo(t; (1 + J1(q))as; a)
Vo(t; a1; az)

1(tg;a) =

noting that 1(t;g;a) is the primary source of implicitness. The corresponding
optimal portfolio fraction is given by
1

_ - [TT]
u;w;a) = max UMM min y™m: (et ) (11.168)

Substituting the PDE (11.159) and CRRA separated solution (11.164) along
with the optimal controls (11.166-11.168), leads to an implicit Bernoulli-type ordi-

nary di [erential equation,
1

] A
o=vilta)+ (@1 — ) Stutasave(t;a)+ Layvy ' (t;a) ; (11.169)
where
Htu;a) = @3(tu;a)=@E ﬁ - @ +|:I(f(a) —( @ —r@)u)

—YeBur+ (LGuia -1

111 I;I 1 [1TT11
Laa)y= L cottia) _ cottia) @)
y = _1_y C‘greg)(t;a) c(()reg)(t;a) 2 ’

L]

li(tu;@)—1) = U@ +ul(@a) 1(tga)Ui(1+J1(q) 1(tg;a) q(@dg ;
when t ison ( =1; ohfor ° = (M + 1):=1: 1, conveniently defining m+ =t and
o =0.

The implicit, nonlinear Bernoulli equation can be linearized by the transfor-
mation

®=v%""""ta);

S0 (11.169) becomes

0= )+ Htu'tha)ya) )+ Lia); (11.170)

which can easily be solved for (t) but only formerly in terms of the implicit depen-
dence on the controls which requires iteration to obtain a fully explicit solution.

Besides iterations, the computation of the solution has many complications
in terms of integrating the jump integrals embedded in the coe Lciehts, merging a
regular time grid with the scheduled jumps and assembling solutions on the un-
scheduled subintervals with the jump conditions at the scheduled jumps in time. A
summary for the computational algorithm is given in [129] along with the solutions
for a test case of discrete jumps and various parameter values. The merger of the
regular-time grid and the jump-time grid is illustrated in the simple jump-adapted
code fragment in Fig. 10.7 of Subsubsect. 10.1.5 on p. 374. This is the compli-
cation that is the most asked question about this problem, mostly because it has
many other applications in finance where there are jumps added onto a continuous
process, such as discrete transaction costs, dividends and death benefits.
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11.6 Exercises

Many of these exercises, depending on the instructor, whether numerical or theo-
retical, can be done by MATLAB, Maple or Mathematica, but if theoretical, the
Symbolic Toolbox in MATLAB will be needed.

1. Show that the Itd mean square limit for correlated bond-stock price noise at
time t (11.16)

dWis (£)dWs (t) "= dt : (11.171)

is valid. Are there any special treatments required if = 0or = *1?
You may use the bivariate normal density in (0.142) or Table 0.1 of selected
moments of preliminaries Chapter 0.

2. Merton [197] ([199], p. 266) gives a stricter definition of more risky or riskier,

Security X 1(t) is more risky than security X (t) if
Xa1(t) = gXa(t) +
where (qg; X2(t); ) are mutually independent, E[g] = 1, E[X2(1)]

2(t), E[1 =0, Var[q] = &, Var[X1()] = (1), Var{Xz(t)]
2(t)> 0and Var[ ] = &

(a) Show that
=0+ D IO+ 30 i+ & 20;

(b) Can you demonstrate this for a financial application or critically evaluate
the applicability of the definition?

3. Verify that the call option pricing solution ®a)(w;u) (11.82) or (11.83)
satisfies the

(a) standard di[udion PDE (11.73),
(b) call final condition (11.84).

Either Maple or Mathematica is recommended.

4. Vferify that the put option pricing solution ®®U9(w;u) (11.85) or (11.86)
satisfies the

(a) standard di[udion PDE (11.73),
(b) put final condition (11.87).

Either Maple or Mathematica is recommended.
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5. (a) Reverse the transformations to obtain option pricing solutions for

6. Show that the transformed call and put option solutions satisfy a more usual

Suggested References for Further Reading

FC(s:B:t;T;K) and F®PU(S;B;t;T;K)

from the transformed solutions ®©aD(w;u) and ®®PYD(w;u), respec-
tively, through restoring the original variables B, S, F and

(b) Reduce the final restored form to the Black-Scholes assumptions on

volatilities and mean rates.

call-put parity principle, %

=T-—t.

1 1
RO — f@D (& T K) =K exp(=R( ) — $¢);
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