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THE TWISTED HIGHER HARMONIC SIGNATURE
FOR FOLIATIONS
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Abstract

We prove that the higher harmonic signature of an even dimen-
sional oriented Riemannian foliation F of a compact Riemannian
manifold M with coe [ciehts in a leafwise U (p,q)-flat complex
bundle is a leafwise homotopy invariant. We also prove the leaf-
wise homotopy invariance of the twisted higher Betti classes. Con-
sequences for the Novikov conjecture for foliations and for groups
are investigated.
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1. Introduction

In this paper, we prove that the higher harmonic signature, o(F, E),
of a 2[Cdimensional oriented Riemannian foliation F of a compact Rie-
mannian manifold M, twisted by a leafwise flat complex bundle E over
M, is a leafwise homotopy invariant. We also derive important conse-
quences for the Novikov conjecture for foliations and for groups. We
assume that E admits a non-degenerate possibly indefinite Hermitian
metric which is preserved by the leafwise flat structure. As explained in
[G96], this includes the leafwise O(p, q)-flat and the leafwise symplectic-
flat cases. We assume that the projection onto the twisted leafwise har-
monic forms in dimension [k transversely smooth. This is true when-
ever the leafwise parallel translation on E defined by the flat structure
is a bounded map, in particular whenever the preserved metric on E
is positive definite. It is satisfied for important examples, e.g. the ex-
amples of Lusztig [Lu72] which proved the Novikov conjecture for free
abelian groups, and it is always true whenever E is a bundle associated
to the normal bundle of the foliation. In particular, the smoothness
assumption is fulfilled for the (untwisted) leafwise signature operator.

Any metric on M determines a metric on each leaf L of F, so also
on all covers of L. The bundle E | L can be pulled back to a flat bundle
(also denoted E) on any cover of L. These leafwise metrics and the
leafwise flat bundle E determine leafwise Laplacians A” and Hodge
operators on the dilerential forms on L with coe [ciehts in E |L, as
well as on all covers of L. The Hodge operator determines an involution
which commutes with AP, so AP splits as a sum AP = AP+ + AF—)
in particular in dimension CIAP = A" + A", To each leaf L of
F we associate the formal dilerkence of the (in general, infinite dimen-
sional) spaces Ker(A, ") and Ker(A, ") on L, the simply connected
cover of L. We assume that the Schwartz kernel of the projection
onto Ker(AF) = Ker(A,"") @ Ker(A} ™) varies smoothly transversely.

Roughly speaking, transverse smoothness means that the Ker(Af’i) are
“smooth bundles over the leaf space of F”. There is a Chern-Connes
character ch, for such bundles which takes values in the Haefliger coho-
mology of F, [BHO08]. The higher harmonic signature of F is defined
as

o(F, E) = ch,(Ker(A;™")) — ch,(Ker(A} 7).

Our main theorem is the following.

Theorem 9.1. Suppose that M is a compact Riemannian manifold,
with an oriented Riemannian foliation F of dimension 2[Jand that E
is a leafwise flat complex bundle over M with a (possibly indefinite)
non-degenerate Hermitian metric which is preserved by the leafwise flat
structure. Assume that the projection onto Ker(AlZE) for the associated
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foliation F, of the homotopy groupoid of F is transversely smooth. Then
o(F,E) is a leafwise homotopy invariant.

In particular, suppose that M’, F’, and E’ satisfy the hypothesis of
Theorem 9.1, and that f : M — M’ is a leafwise homotopy equivalence,
which is leafwise oriented. Set E = f*(E’) with the induced leafwise
flat structure and preserved metric. Then T induces an isomorphism f*
from the Haefliger cohomology of F’ to that of F, and

f*(o(F', E")) = o(F, E).

A priori, o(F, E) depends on the metric on M. However, it is an imme-
diate corollary of Theorem 9.1 that it is independent of this metric since
the identity map is a leafwise homotopy equivalence between (M, F;go)
and (M, F;g1). In general, o(F,E) depends on the flat structure and
the metric on E, in particular on the splitting of E = E* @ E~ into
positive (resp. negative) definite sub bundles.

Our techniques also give the leafwise homotopy invariance of the
twisted higher Betti classes. When the twisting bundle E is trivial,
this extends (in the Riemannian case) the main theorem of [HL91].

Theorem 10.6 Suppose that M is a compact Riemannian mani-
fold, with an oriented Riemannian foliation F of dimension p. Let E
be a leafwise flat complex bundle over M with a (possibly indefinite)
non-degenerate Hermitian metric which is preserved by the leafwise flat
structure. Assume that the projection onto Ker(AF) for the associated
foliation F, of the homotopy groupoid of F is transversely smooth. Then
the twisted higher Betti classes B;(F,E), 0 <j <p, are leafwise homo-
topy invariants.

We now give some background to place the results of this paper in
context.

Let M and M’ be closed oriented manifolds with oriented foliations
Fand F'. Let : (M',F’) — (M, F) be an oriented, leafwise oriented,
leafwise homotopy equivalence. Denote the homotopy groupoid of F by
G, and let f : M — BgG be a classifying map for F. The BC (Baum-
Connes) Novikov conjecture predicts that for every x € H*(BG; R),

/]L(TF)Uf*x:/ L(TF’) U (F o d)*x.
M M’

It is easy to check that this conjecture reduces to the case where the
leaves have even dimension. In the case of a foliation with a single
closed leaf with fundamental group I and denoting by f : M — BTl a
classifying map for the universal cover of M, the BC Novikov conjecture
reduces to the classical Novikov conjecture

/]L(TM)Uf*xz/ LTM’) U (F o §)*x, ¥x € H*(BI;R).
M M’
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A powerful approach to the Novikov conjecture was initiated by Kas-
parov in [K88]. He actually proves a stronger version of the Novikov
conjecture, namely the injectivity of the famous Baum-Connes map
[KS03, HgKO01, La02]. See [T99] for a proof of this injectivity for
a large class of foliations, including hyperbolic foliations. Note that it
is still an open question whether the Baum-Connes map is rationally
injective for Riemannian foliations.

A second approach to the Novikov conjecture was initiated by Connes
and his collaborators [CM90] and uses cyclic cohomology and the ho-
motopy invariance of the Miscenko symmetric signature in the K-theory
of the reduced group C*-algebra [K88, M78]. This method proved
successful, [CGM93], for the largest known class of groups, including
Gromov-hyperbolic groups. For foliations, the homotopy invariance of
the corresponding Miscenko class in the K-theory of the C*-algebra of G
was explained in [BC00, BC85] and proved independently in [KaM85]
and [HiS92]. It reduces the BC Novikov conjecture to an extension
problem in the K-theory of foliations, together with a cohomological
longitudinal index formula. The extension problem was first solved by
Connes for certain cocycles in [C86] by using a highly non trivial an-
alytic breakthrough. For general cocycles, the extension problem is
a serious obstacle and many e [adts have been made in this direction
[Cu04, CuQ97, LMNO5, N97, P95, Me]. See also the recent [Ca]
for an alternative approach.

The present paper was inspired by a third method mainly due to
Lusztig [Lu72], and to ideas of Gromov [G96]. It relies on the fact
that for discrete groups having enough finite dimensional U(p,q) rep-
resentations, the even cohomology of the classifying space BI is gen-
erated by U(p,q) flat K-theory classes. The main theorem needed in
this approach is the oriented homotopy invariance of the twisted sig-
nature by such K-theory classes. This approach has been extended in
[CGM90, CGM93] to cover all the known cases, using the concept of
groups having enough almost representations and almost flat K-theory
classes.

Recall that in non-commutative geometry, the index of an elliptic
operator is usually defined as a certain C*-algebra K theory class con-
structed out of the operator itself, without reference to its kernel or cok-
ernel. In the special (commutative) sub-case of a fibration, the Chern
character of this operator K theory class coincides with the Chern char-
acter of the index bundle determined by the operator. In the (non-
commutative) case of foliations, this equality is not known in general.
See [BHO08], where conditions are given for it to hold, as well as [N97]
and the recent [AGS]. For the signature operator, and its twists by
leafwise almost flat K-theory classes, the C*-algebra K-theory index is
well known to be a leafwise homotopy invariant of the foliation [HiS92].
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However, in order to deduce explicit results on the BC Novikov conjec-
ture for foliations, one needs to define a Chern-Connes character of this
C*-algebra K-theory class and to compute it. Our approach to this
problem is to use the index bundle of the twisted leafwise signature op-
erator, whose Chern-Connes character in Haefliger cohomology is well
defined as soon as the bundle is. It is therefore a natural problem to
prove directly the homotopy invariance of the Chern-Connes character
of the leafwise signature index bundle and its twists by leafwise (almost)
flat K-theory classes.

Our program to attack the BC Novikov conjecture for foliations con-
sists of three steps.

e Given a K-theory class y = [E*] — [E~] over B, prove that
the characteristic number / L(TF) U f*ch(y) equals the higher

leafwise harmonic signature]\{.wisted by f*y.

e Prove that the higher leafwise harmonic signature twisted by leaf-
wise almost flat K-theory classes of the ambient manifold is a
leafwise oriented, leafwise homotopy invariant.

e Prove that complex bundles E = E* @ E—, such that [f*E*] —
[F*E] is a leafwise almost flat K-theory class, generate the K-
theory of BG.

It is clear that solving these three problems for a class of foliations
implies the BC Novikov conjecture for that class. The first step was
partially completed in our previous papers [BHO04, BHO08], where we
proved this equality under certain assumptions, which were subsequently
removed in [AGS], provided the bundle E™ & E~ is globally flat. We
conjecture that the result is still true under the far less restrictive as-
sumption that E™ ®E~ is only leafwise flat. The second step is the goal
of the present paper, when the coe Lcieht bundle E has a leafwise flat
structure and the foliation is Riemannian. See [BH] for further results
on this question.

Our results so far on the third step rely on deep but now classi-
cal results of Gromov [G96], and allow us to prove, for instance, the
BC Novikov conjecture, without extra assumptions, for the subring of
H*(BG;R) generated by H1(BG;R) and H?(BG;R). Again see the
forthcoming paper [BH].

We now briefly describe the contents of each section. Section 2 con-
tains notation and some review. In Section 3, we recall the Chern-
Connes character for transversely smooth idempotents, which takes val-
ues in the Haefliger conomology of the foliation. In Section 4, we define
the twisted higher harmonic signature, and prove that if the parallel
translation using the flat structure on E is bounded, then the projec-
tion to the twisted harmonic forms is transversely smooth. Section 5
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contains two important concepts essential to the proof of our main the-
orem, namely the notion of a “smooth bundle over the space of leaves
of F”, and the extension to such bundles of the classical Chern-Weil
theory of characteristic classes. This allows us to compare the charac-
teristic classes of such bundles on di [erknt manifolds. Section 6 contains
results on leafwise homotopy equivalences. Outlines of the proofs are
given in the Appendix. In general, leafwise homotopy equivalences do
not behave well on Sobolev spaces. To overcome this problem, we use a
construction, due to Hilsum-Skandalis [HiS92], which produces smooth
bounded maps between Sobolev spaces. We then use the Whitney iso-
morphism between simplicial and smooth cohomology to get control of
the leafwise cohomologies. In Section 7, we prove that the pull-backs
under leafwise homotopy equivalences of certain smooth bundles over
the space of leaves are still smooth bundles. Section 8 extends the no-
tion of pulled-back connections. Section 9 contains the proof of the
main theorem. In Section 10, we prove the equality between the twisted
higher harmonic signature and the Chern-Connes character of the index
bundle of the twisted leafwise signature operator. We explain how our
methods extend to prove Theorem 10.6. We also conjecture a coho-
mological formula for the twisted higher harmonic signature, which is
already known to be true in some cases. See [H95, HL99, BHO08] and
the forthcoming [AGS]. Finally, in Section 11 we show how our results
lead to important consequences for the Novikov conjecture for foliations
and for groups.

Acknowledgments. We are indebted to J. Alvarez-Lopez, A. Connes,
J. Cuntz, Y. Kordyukov, J. Renault, J. Roe, G. Skandalis, D. Sullivan,
and K. Whyte for many useful discussions. We would also like thank
the referee for several very useful suggestions.

2. Notation and review

Throughout this paper M denotes a smooth compact Riemannian
manifold of dimension n, and F denotes an oriented Riemannian fo-
liation of M of dimension p = 2[Cand codimension q. So n = p +q.
The tangent bundle of F is denoted by TF, its normal bundle by v,
and its dual normal bundle by v*. We assume that the metric on M,
when restricted to v, is bundle like, so the holonomy maps of v and v*
are isometries. A leaf of F is denoted L. We denote by ¢/ a finite good
cover of M by foliation charts as defined in [HL90].

If V. — N is a vector bundle over a manifold N, we denote the space
of smooth sections by C*>°(V) or by C>(N;V) if we want to emphasize
the base space of the bundle. The compactly supported sections are de-
noted by C2°(V) or C2°(N;V). The space of diLerkntial k forms on N
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is denoted A¥(N), and we set A*(N) = @;>0.4F(N). The space of com-
pactly supported k forms is denoted A%(N), and A*(N) = @045 (N).
The de Rham exterior derivative is denoted d or dy. The tangent and
cotangent bundles of N will be denoted TN and T*N.

We will freely use the notation and constructions of [BHO08] in this
paper (very briefly recalled below), with two notable dilerknces. In
constructing the (reduced) Haefliger cohomology of F, [Ha80], we use
the quotient of A%(T), where T is a complete transversal for F, by the
closure L of L* taken in the following sense. (The reader should note
that in previous papers, we said that we used the C*° topology to take
this closure, but in fact we used the one given here.) L* consists of all
elements in w € A¥(T), so that there are sequences {w,}, {®,} c L*

with || — w,|| — 0 and ||dp(w) — &,|| — 0. The norm || - || is the
sup norm, that is ||0|| = sup,c7 ||w(X)||z, where || - || is the norm on
(AET*T),.

The reader should note that this cohnomology appears as a quotient
in the general computation of cyclic homology for foliations carried
out in [BN94]. It is worth pointing out that since F is Riemann-
ian and transversely oriented, H:(M/F) is well behaved and is eas-
ily computed in specific examples. In particular, it is finite dimen-
sional, Hausdor [_has twisted duality, and is invariant by foliation ho-
motopies (which are weaker than leafwise homotopies). This is because
H:(M/F) is related to H;(M, F), the basic cohomology of F, that is
the cohomology of the transverse forms which are invariant under holo-
nomy. For transversely oriented Riemannian foliations of codimension
q, H’j(M/F) ~ Hg_k(M, F), and the latter has all these properties. See
[KT83, EHS85, EH86].

The second exception is that we will be working on the homotopy
groupoids (also called the monodromy groupoids) of our foliations, but
our results extend to the holonomy groupoid, as well as any groupoids
between these two extremes. Recall that the homotopy groupoid G of
F consists of equivalence classes of paths y : [0,1] — M such that the
image of y is contained in a leaf of F. Two such paths y; and y, are
equivalent if they are in the same leaf and homotopy equivalent (with
endpoints fixed) in that leaf.

For Riemannian foliations, G is a Hausdor Cdimension 2p+qg manifold,
in fact a fibration, and we have the usual basic open sets defining its
manifold structure denoted (U,y,V ), where U,V € U/ and vy is a leafwise
path starting in U and ending in V.

As the bundle TF is oriented, just as in the original case [Ha80],
there is a continuous open surjective linear map, called integration over
the leaves,

/  APTE(M) — AF(M/F)
F
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which commutes with the exterior derivatives d,; and dg, and so induces
the map / : HPY R (M R) — HE(M/F).

We aIsthave the source and range maps s, r : G — M and the two
natural transverse foliations F; and F, whose leaves are respectively
L, = s 1(x), and L® = r~1(x), for each x € M. Note that r : L, — L
is the simply connected covering of L. We will work with the foliation
Fs. Note that the intersection of any leaf L, and any basic open set
(U,v, V) consists of at most one plaque of the foliation F; in (U,y,V),
i.e. each L, passes through any (U,y,V) at most once.

There is a canonical lift of the normal bundle v of F to a bundle
vg CTGsothat TG =TF; & TF, & vg, and r,vg = v and s,vg = V.
The metric go on M induces a canonical metric go on G as follows. The
bundles TF,, TF,, and vg and are mutually orthogonal. So the normal
bundle v, of TF, is v; = TF, ®vg. On TF,, go is s*(go|TF ), on TF,
it is r*(go|TF), and on vg it is r*(go|v), which, since F is Riemannian
and the metric on v is bundle-like, is the same as s*(go[v).

We denote by E a leafwise flat complex bundle over M. This means
that there is a connection Vg on E over M which, when restricted
to any leaf L of F, is a flat connection, i.e. its curvature (Vg)?|L =
(Ve |L)?> = 0. This is equivalent to the condition that the parallel
translation defined by Vg |L, when restricted to contractible loops in
L, is the identity. We assume that E admits a (possibly indefinite) non-
degenerate Hermitian metric, denoted {-,-}, which is preserved by the
leafwise flat structure. This means that if ¢, and @, are local leafwise
flat sections of E, then their inner product {1, >} is a locally constant
function on each leaf. More generally, it is characterized by the fact
that for general sections @1 and @,, and for any vector field X tangent
to F,

X{91,92} = {VEx01,02} + {01, VE x02}.

We denote also by E its pull back by r to a leafwise (for the foliation
F,) flat bundle on G along with its invariant metric and leafwise flat
connection. The context should make it clear which bundle we are
using. A splitting of E is a decomposition E = E*™ @ E~ (of E on
M) into an orthogonal sum of two sub-bundles so that the metric is +
definite on E*. Splittings always exist and any two are homotopic. The
splitting defines an involution y of E. If ¢ is a local section of E with
@ = @+ + @~ where ¢% is a local section of E*, then yo = ¢* — ¢ . If
we change the sign of the metric on E—, we obtain a positive definite
Hermitian metric on E~ and so also on E over both M and G. In
general, this new metric on E, denoted (-, -), is not preserved by the flat
structure.

Example 2.1. Assume that the codimension of F is even, say q = 2k.
Set E = AFv* @ C. The bundles v and v* have natural flat structures
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along the leaves given by the holonomy maps (which define flat local
sections). Since the metric on v is bundle-like, the induced volume form
on v* is invariant under the holonomy of F. Denote by x, the Hodge *
operator on A*v*, and also its extension to E. Given two elements @
and ¢, of E,, set

2 —
{01,092} = VoI %, (91 Ay 92),

where A, : E® E — AZFv* @ C. We leave it to the reader to check that
E and {.,-} satisfy the hypothesis of Theorem 9.1.

3. Chern-Connes character for transversely smooth
idempotents

We will need the “transverse diLerkntial” 9, and the graded trace Tr
used in [BHO8].

Consider the connection V on AT*F;®E given by V =r*(VFr@VEg)
where Vg is a connection on AT*F defined by a connection on T*F.
Then V is an operator of degree one on C*(AT*G® AT *Fs ® E), where
on decomposable sections w® @, with w € CX(AFT*G), V(0 ®9) = do®
0+(—1)*wAV . The foliation F, has dual normal bundle v = s*(T*M),
and V defines a quasi-connection V" acting on C*°(Av @ AT *Fs ® E)
by the composition

C®(AV @ AT*F, ® E) - C®(AT*G @ AT*F, ® E)

C®(AT*G @ AT*F, ® E) 2% C®(AVF @ AT*F, @ E),

where i is the inclusion and p, is induced by the projection p, : T*G —
v} determined by the decomposition TG = TF; & v,.

Denote by 9, : End(C>*(AvV! & AT*Fs ® E)) — End(C>*(AvV! ®
AT*Fs ® E)) the linear operator given by the graded commutator

a,(H) = [V", H].

Recall: that (9,)? is given by the commutator with the curvature 8” =
(V¥)? of V¥; that 8" is a leafwise di [erkntial operator which is at worst
order one; and that the derivatives of all orders of its coe [ciehts are
uniformly bounded, with the bound possibly depending on the order of
the derivative. See [BHO08].

Now, suppose that H is an A4*(M)-equivariant bounded leafwise
smoothing operator on AV} ® AT*Fs ® E. If H is such an operator,
we can write it as

H =Hp +Hpy + -+ Hyy,
where Hp; is homogeneous of degree k, that is, for all j,

Hp @ C®(AV; @ AT*F, @ E) — C(AFv: @ AT*F, @ E).



398 M.-T. BENAMEUR & J.L. HEITSCH

Recall that any X € C>(A*TM) defines a section, denoted X, of
AFv,. For such X, I ¢Hlp, is @ bounded leafwise smoothing operator
on AT*F, ® E. For any vector field Y on M, set

Y (ixHp) = i=60. (i gHpe)),

which (if it exists) is an operator on AT*F,; ® E.

Definition 3.1. An A*(M) equivariant bounded leafwise smoothing
operator H on AV} ® AT*F; ® E is transversely smooth provided that
for any X € C>®(A*TM) and any vector fields Yi,...,Y,, on M, the
operator

0)r...00™ (ixHpy)
is a bounded leafwise smoothing operator on AT *F, ® E.

If the leafwise parallel translation along E is a bounded map, then the
projection onto the leafwise harmonic forms with coe Lciehts in E (for
the foliation F,) is transversely smooth. See Theorem 4.4 below. Since
d, is a derivation, it is immediate that the composition of transversely
smooth operators is transversely smooth. It is also easy to prove that
the Schwartz kernel of any transversely smooth operator is a smooth
section in all variables, see [BHO8].

The trace of H is the Haefliger form Tr(H) given by

Tr(H) = /Ftr(H(Y))dX:/Fi*(tr(H | i(M)))dx,

where X is the class of the constant path at x, tr(H (X)) is the A*(M)-
equivariant trace of the Schwartz kernel of H at X and so belongs to
AT*M,, and dx is the leafwise volume form associated with the fixed
orientation of the foliation F. Tr is a graded trace which satisfies
Trood, = dgy o Tr. See [BHO04] and [BHO083].

If K is a bounded leafwise smoothing operator on AT *F,® E, we may
extend it to an A*(M) equivariant bounded leafwise smoothing operator
on Avi ® AT*F; ® E by using the natural A*(M) module structure of
C>®(AV! ® AT*Fs ® E).

The proof of Lemma 4.5 of [BHO08] extends easily to give the follow-
ing.

Lemma 3.2. Suppose that A is an A4*(M)-equivariant leafwise dif-
ferential operator of finite order on Av; ® AT*Fs ® E, and that the
derivatives of all orders of its coe cients are uniformly bounded, with
the bound possibly depending on the order of the derivative. Suppose
that K is a bounded leafwise smoothing operator on AT*F, ® E, and
extend it to an A*(M)-equivariant bounded leafwise smoothing operator
on AVIRAT *F;®E. Then AK and KA are A*(M)-equivariant bounded
leafwise smoothing operators on Avi ® AT*F; @ E. If K is transversely
smooth, so are AK and KA.
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Note that operators A which are the pull backs of operators on M,
such as 8” and T, satisfy the hypothesis of Lemma 3.2. Using Lemma
3.2, it is easy to show that being transversely smooth is independent of
the choice of V.

Finally, we need the concept of G invariant A*(M)-equivariant op-
erators. Suppose that H = Hg + Hp + --- + Hp, is an A*(M)-
equivariant bounded leafwise smoothing operator acting on the sections
of AV @ AT*Fs ® E. Then H is G invariant provided it satisfies two
requirements.

(1) For any X = X3 A -+ A X € C®(A*TM) with some X; €
C(TF), igHpy =0.

This means that Hp,; defines an operator Hy,; : C°°(/\jv§ QNAT*Fs®
E) — C®(A7**vi @ AT*F, ® E), and that for k > q, Hy; = 0.

Each y € LY = L, N LY, defines an action W, : C®(L,, A"V} ®
AT*Fy @ E) — C=(Ly, A*vg @ AT*F, @ E) given by

W,E(Y) = &('y), v €Ly
Lety’ = r(y’), and note that [W.&](y") € (A*VGRAT *Fs®E),/, which we
identify with A*v:@(AT*F®E),, while &(y'y) € (A'VEOAT*FsQE), .,
which we identify with A*v; ® (A\T*F ® E),,. To eledt this action,
we identify A*vy with A*vj using the holonomy along y. The second
requirement of H is:
(2) Forany y € LY,

(y-H)y=W,oH, oW 1 =H,,

where H, is the action of H on A*v; @ AT*Fs ® E | Ex.

Essentially then, H is G invariant means that it defines the same
operator on each Lc s~1(L) for each leaf L of F. Note that 9, preserves
G invariant A*(M)-equivariant transversely smooth operators.

In [BHO8], we defined a Chern-Connes character ch,(e) € H*(M/F)
for any G invariant transversely smooth idempotent e. The essential
result needed was Lemma 4.13 of that paper, which we state for further
reference.

Lemma 3.3. Let H and K be G invariant A*(M)-equivariant trans-
versely smooth operators acting on the sections of AV} ® AT*F; @ E.
Then

Tr([H,K]) = 0.

Lemma 3.3 and the proof of Theorem 4.1 of [BHO04] immediately imply

Theorem 3.4. Let e be a G invariant transversely smooth idempo-
tent. Then ch,(e) depends only on e. In addition, ife;, 0<t<1,isa
smooth family of such idempotents, then

cha(eo) = chy(e1).
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Lemma 3.5. Two G invariant transversely smooth idempotents which
have the same image, have the same Chern-Connes character.

Proof. Suppose that e° and el are two such idempotents. Then e° o
el = el and el 0e® = €0, and the family ef = te! + (1 — t)e? is a smooth
family of G invariant transversely smooth idempotents connecting e° to
el. Theorem 3.4 then gives the result. g.e.d.

4. The twisted higher harmonic signature

We now define the twisted higher harmonic signature o(F, E).

Denote by A’ (Fs, E) the graded algebra of leafwise (for F;) dilert
ential forms on G with coe Lciehts in E which have compact support
when restricted to any leaf of F;. A Riemannian structure on F induces
one on F,. As usual there is the leafwise Riemannian Hodge operator
*, which gives an inner product on each A%(F,, E). In particular, if a;
and a, are leafwise R valued k forms and @; and @, are sections of E,
then

(01 ® @1, 02 @ P2)(X) = / (@1, P2)ay A x0p = / {01, YQ2}a1 A *003.
Exd Exd

We denote by A?Z)(Fs, E) the field of Hilbert spaces over M which is
the leafwise L2 completion of these di[efential forms under this inner

product, i.e.
Ay (Fs, E)y = L(Ly; AT*F, @ E).

This is a continuous field of Hilbert spaces, see [C79]. Because M is
compact, the spaces L2(L,; A*T*F, ® E) do not depend on our choice
of metrics. However, the inner products on these spaces do depend on
the metrics, as do the Hilbert norms, denoted || - ||o.

If E is the one dimensional trivial bundle with the trivial flat struc-
ture, then A’(*z)(Fs, E) is just the leafwise L? forms (now with coe [Cights

in C) for the foliation F; and is denoted Afz)(Fs, O©).

The leafwise de Rham diLerential on G extends to a closed operator
on A’(*z)(Fs,(C) which coincides with the lifted one from the foliation
(M, F) and it is denoted by ds;. The leafwise formal adjoint of d, with
respect to the Hilbert structure is well defined and is denoted by 3., and
d; = — xdyx. Denote by A the Laplacian given by A = (d, + §,)? =
dsds + 0,d,, and denote by 4, its action on A’(“z)(FS,(C). The leafwise
x operator also gives the leafwise involution t on A% (F, C), where as

@)
usual,

on A’(‘fz)(Fs, C), and it is easy to check that d; = —1d,T, so t1(d; +9d,) =
—(ds +0,)T, and At = TA.
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These operators extend to A*(kz)(Fs, E) as follows. Since the operators
are all leafwise, local and linear, we need only define them for local
sections of the form a ® @, where a is a local k form on L and ¢ is a
local section of E |L. Then

d(a® ) =d,a® e+ (1) aAVEp, Fa®g)=+axy, and

T(a® @) =T1a®\Vye,
where V,;Fis Vg restricted to L, so V,;% is a local section of T*L ® E.

We define the wedge product O(AV];Fq') (as a local section of /\k+1T*E®E)
in the obvious way.

Lemma 4.1. We have
0y = —xdy* = —Td, T.
Note that d? = 0, so also 32 = 0 since ¥2 = +1.

Proof. Consider two sections a; ® @1 and 0, ® @2, and set
Qo @ 01, 02 @ 92)(X) = /Q{ml, 02} A o,

(and extend to all of Afz)(Fs, E) by linearity). Then

(01 ® Q1,02 ®@2) = Qa1 ® @1, *(02 @ 92)).

Now suppose that a; is a local k —1 form on L, oy is a local k form on
L, and @ is flat. If @, is an arbitrary section of E, set {@1,0, ® @2} =
02{®1,®2}. (Note that ay is C valued). As {-,-} is preserved by the flat

structure and @; is flat, it follows that on L, Vﬁ(pl, @2} = {01, Vg%g}.
Acting on functions on L, d, = V,;F,'so

ds{®1, 02} = {01, VE‘:(Ipz}-
Then

(ds(01 ® @1), 00 ® @2) = /Jt;l{(Pl,V(Pz}dsGl A %0y =

(—1)* /gldl AN ds({@1, Y2} * a2),

while
(01 ® @1, —* ds *(02 ® @2)) =
(—D)Q(o1 @ @1, #ds (02 ©92)) = (—1)F Qo1 ® @1, ds F(02 @ @2)) =
(—1)FQ(ay ® 91, (ds * A2) @ y@p + (—1)F + 0 A VEYgr) =

(—1)* /Qal A (s % 02) {01, Y02} + (—1)Fou A <0tz A {01, Vayes) =

(-1 /Qal A du(x02{01.y92}) = (~1)F /Qal A du ({01, Y02} * o).
g.e.d.
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Denote by AP the Laplacian given by A = (d,;+3,)2 = d, 3, + 0, ds,
and denote by Af its action on Af,,(Fs, E). Note that T is still an

involution even at the bundle level, and that T(d; + d;) = —(ds + 35)T
and AFT = TAF still hold.

As usual, the space of twisted harmonic forms Ker(AF) is related
to the leafwise cohomology of the twisted forms. The space of closed
L2 forms in Afz)(FS,E) is denoted by ZEkz)(Fs’ E) and it is a Hilbert
subspace. The space of exact L? forms in Afz)(Fs, E) is denoted by
sz)(Fs, E), and we denote its closure by §?2)(FS, E). We denote by

Hfz)(Fs, E) the leafwise reduced twisted L? cohomology of the foliation,
that is

) (Fs, E) = 25 (Fs, E)/B (Fs, E).

Here is a well known Hodge result that we state for further use. See the
Appendix of [HL90]

Lemma 4.2. The field Ker(AkE) is a subfield of Zéfz)(Fs,E), and
Zé“z)(FS, E)= Ker(AE)@?(Z)(FS, E). Thus the restriction of the natural

projection Zé“z)(FS, E)— H’fz)(Fs, E) induces an isomorphism
Ker(Ay) ~ Hiyy(Fs, E).
In addition
A (Fs, E) = Ker(ds + (ds)") & Im(d;) & Im(3,).
That is, for each x € M,
L2(L,; AT L, @ (E | L)) = Ker(d® + 8%) @ Im(d?) & Im(37).

We assume the projection P, onto Ker(AF) is transversely smooth. It
is a classical result that this projection is a bounded leafwise smoothing
operator, so what we are really assuming is a form of smoothness in
transverse directions. This condition holds in many important cases,
see the comments below after the statement of Theorem 4.4. Denote by

% (Fs, E) the +1 eigenspaces of T, and by Ker(AF*) the intersections

% (Fs, E)nKer(AF). Denote by my = 3(P,+ToP;), and note that these
are the projections onto Ker(A}=), respectively. Since the operator T
satisfies the hypothesis of Lemma 3.2, both 14 are transversely smooth,
and their Chern-Connes characters ch,(m+) are well defined Haefliger
cohomology classes.

Definition 4.3. Suppose that the projection P, onto Ker(Af) is
transversely smooth. The higher twisted harmonic signature o(F, E) is
the dilerknce

o(F,E) = chy(m+) — chy (o).
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To justify our claim that our assumption of transverse smoothness for
P, holds in important cases, we have the following which is an extension
of a result due to Gong and Rothenberg, [GR97].

Theorem 4.4. Suppose that the leafwise parallel translation along E
is a bounded map. Then the projection P onto Ker(AF) is transversely
smooth.

The conclusion of Gong-Rothenberg is that the Schwartz kernel of P
is smooth in all its variables.

For Riemannian foliations, P is always transversely smooth for the
classical signature operator (that is, with coe Lciehts in the trivial one
dimensional bundle) for both the holonomy and the homotopy groupoid.
P is transversely smooth whenever the preserved metric on E is positive
definite. It is smooth in important examples, e.g. Lusztig [Lu72]. If
the leafwise parallel translation along E is a bounded map, P is also
transversely smooth using the holonomy groupoid, provided that the
flat structure on E over each holonomy covering has no holonomy (so
using the flat structure to translate a frame of a single fiber of E | L to
all of L trivializes E | L).

It is an open question whether the projection to the leafwise harmonic
forms has transversely smooth Schwartz kernel when F is not Riemann-
ian. It is satisfied for all foliations with compact leaves and Hausdor [1
groupoid [EMS76, Ep76].

Since the paper [GR97] has not been published, we give their proof
here that P depends smoothly on x € M, and then show how to get
transverse smoothness from it.

Proof. Let U C M be a foliation chart and choose xg € U. Then there
is a di Ledmorphism ¢y : U x Exo ~ s~1(U), and a bundle isomorphism
Wy Ux(E| Exo) ~ E |s71(U), covering ¢y and preserving the leafwise
flat structure. They are constructed as follows. The normal bundle
vy = TF, @ vg ~ s*(TM) defines a local transverse translation for the
leaves of the foliation F;. See [HU93, W83]. We may assume that U is
the di Ledmorphic image under exp,,, of a neighborhood Uof0e TM,,.
Then for all x € U, there is a unique X € U so that x = exp,, (X).
Define y, : [0,1] — M to be y,(t) = exp, (tX). Given x su Lciehtly
close to Xq, for any z € Emo there is a unique path y.(t) in G so that
V.(0) =12z, V.(t) € va(t)1 and y.(t) € (Vs)4z@). The transverse translate
®,.(2) of z to L, is just ¥.(1). @, is a smooth di ledmorphism from Emo
to L,, and we set oy (X, 2) = ®,.(2), which is a smooth di Ledmorphism
from U x L,, to s~1(U).

Since we are using the homotopy groupoid, each L is simply con-
nected, so E | Ew is a trivial bundle for each x € M, and using the flat



404 M.-T. BENAMEUR & J.L. HEITSCH

structure to translate a frame of a single fiber of E | L, to all of L, triv-

ializes E | Ex. Choose a local orthonormal framing ey, ...,e; of E |U (on
M). This framing is also a local framing of E | i(U)N(on G). Using the

leafwise flat structure of E to translate it along the L, we get a leafwise
flat framing ef, ..., e of E |s~1(U). For (x, Zj a;jei(z)) € U x (E | Ly),

set
b (x Y aei@) =3 ajedu(x.2).
J J

That is, the image of ¢ € E, (where z € E@) under Yy (X,-) is ob-
tained by first parallel translating ¢ along L, to E;,), obtaining
Zj a;e;(i(Xo)), and then parallel translating Zj a;e;(i(x)) along L, to
E @,z Itis clear that Yy covers ¢y and preserves the leafwise flat
structure.

There is a naturally defined bundle map

Wir(X) : AT Ly @ (E | Lyp) — AT*L, @ (E | Ly)
for egch x € U, which on a decomposable element a ® ¢ < (AT*EIO ®
(E | Lyy))- is given by
W)@ @ e) = (P, 1) a) @ Yu(x, ¢).
We also denote by Wi, the induced map
Wir(X) 1 C(Lag; AT *Lap @ (E | Lyo)) = C(Lai AT*L @ (E | L))

Wy (X) is invertible, commutes with the extended de Rham operators,
and depends smoothly on x. Note that ®_;! is a di[edmorphism of
uniformly bounded dilation (as is @,). If the leafwise parallel translation
along E is a bounded map, then the map Yy is a bounded map, and
Wy extends to the following commutative diagram,

_ _ _ dzo _ . _
L2(Lo; AT Ly @ (E | Lig)) ——2(Lg; AT *Lig ® (E | Lio))

Yol — ‘ o

4.5,
~ N _ de ~ N ~
L2(L,; AT*L, ® (E | Ly)) —L—12(L,;AT*L, ® (E | Ly)).

So Wy (x)(Ker(d¥)) < Ker(d?) and Wy (x)(Im(ds°)) < Im(d?). By
Lemma 4.2, we have

L2(Lag; AT L ® (E | Lyp)) = Ker(d? +320) & Im(d2°) & Im(33°),
and

L2(L,; AT L, @ (E | Ly)) = Ker(d® + 8%) @ Im(d?) & Im(3%).
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With respect to these decompositions, we may write
W11(x) 0 Wi3(x)

Wy(X) = | Wa(X) Wa(X) Was(X)

0 0 l-|-’33 (X)

It follows immediately that Wy,(x) : Im(ds®) — Im(dZ) is an invert-
ible map which depends smoothly on x. Let Ry, : L?(Ly; AT*Lyy ®
(E | L)) — Im(d5°) be the orthogonal projection. Define

R, = Wa(XR.,W5i(x), which equals Wi (x)R.W5t(x),

since W (X)R,, = Yy (X)R4,. Then R, is an idempotent which varies
smoothly in x, and has image Im(dZ). However, it might not be an
orthogonal projection. Set

Q:c =1+ (ﬁx - ﬁ;)(ﬁi - ﬁac)

Then Q, is an invertible self adjoint operator which depends smoothly
on x, and the orthogonal projection R, : L?(L,; AT*L, ® (E|L,)) —
Im(d?) is just

R, = R.R; Q%
so R, depends smoothly on x.

Let T, be the Hodge type operator such that 67 = iT;ltffo , Where
cE” is the di [erential associated with the antidual bundle E* of E. The
operator T, 1 maps Im(d?) onto Im(3?). Set S, = 1,1S,T,, where S,
is the operator for dAj;‘f corresponding to the operator R, for d?. The
argument above, with E replaced by its antidual E’, shows that §x,
so also S,, is an idempotent depending smoothly on x. Note that S,
has image Im(3%). As above, we get that the orthogonal projection
Sy : L2(L,; AT*L, ® (E | L)) — Im(32) depends smoothly on x. Thus
the orthogonal projection P =1 — (R, + S;) depends smoothly on x.

We now show that P is transversely smooth. To do this, we view ev-
erything on U x E;EO, using ¢y, and Yy. Thanks to Diagram 4.5, we are
reduced to considering the operator d?0 : L2(L,; AT *Lyy ®(E | L)) —
LZ(EIO; /\T*E;E0 ® (E| Emo)) acting over each point x € U, that is the
twisted leafwise de Rham operator on the foliation U x Em. We use @
and Y to pull back the structures on s~(U) and we use the same no-
tation to denote these pull backs. In particular, we have the connection
V and the normal bundle v, used to define d,. The leafwise projection
P, onto the twisted leafwise harmonics depends on the leafwise metrics
on L, and E | L,,, which vary with x € U.
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First we prove that we may assume that the normal bundle v, is the
bundle TU C T(U x L,,). Denote the operator corresponding to 9,
constructed using TU by dy. Given a (bounded) vector field Y on U,
we have two lifts, Y to v, and Yo to TU. The dilerence Y — Yo is
tangent to the fibers L,,, so the di[erence of the operators 9} — oy =
VT V@'] = [V@@-] is the commutator with a leafwise di Lerkntial
operator of order one, whose coe Lciehts and all their derivatives are
uniformly bounded, with the bound possibly depending on the order of
the derivative. For s € Z, we denote by W, = W/ (on, E) the usual s-th
Sobolev space which is the completion of C"O(on, AT "Ly @ (E | on))
under the usual s-th Sobolev norm. Then Y(Y) 1= Vg~ V@deflnes a
bounded leafwise operator from any W, to W} _,, and both Y (Y )P, and
P.Y(Y) are bounded leafwise smoothing operators since P, is leafwise
smoothing. As

0, P, = 0P, +[Y(Y),P.],
d)'P, is a bounded leafwise smoothing operator if and only 0§Px is.

By a simple induction argument using the fact that a}jzv(vl) has
the same properties as Y(Y1), we have that 8)*P,, 8)20)1P,,... are
bounded leafwise smoothing operators if and only if 9P, 8;20;*Px, ...
are. Thus we may assume that v, = TU.

Next we show that we may use any connection we please, provided it
is in the same bounded geometry class as V. Suppose that dy is another
derivation constructed from the connection V° in the same bounded
geometry class as V. Then 8} — 9 =[V% — VY”, ], and V¥ — V3" is
a leafwise diLerkntial operator of order zero, whose coe Lciehts and all
their derivatives are uniformly bounded, with the bound possibly de-
pending on the order of the derivative. So V§, — V%” defines a bounded
operator from any Sobolev space W; to itself. Proceeding just as we did
above, we have that 0)*P,, 0Y26Y1Px, ... are bounded leafwise smooth-
ing operators if and only if 601Px, 0 2c?olPx,... are. Thus, we are
reduced to showing that 0,™.. aol(P) is a bounded leafwise smoothing
operator.

The connection we choose is that pulled back from L., under the
obvious map U x Exo — Lg,. We leave it to the reader to show that
this is in the same bounded geometry class as V. Now we can choose
coordinates on U so we may think of U = D™ with coordinates, Xy, ..., Xy,
and xo = (0, ...,0). When we do,

05/ m .93/ P, = 0P 0y, .0,

Thus we are reduced to considering a smooth family of smoothing op-
erators P, acting on the space of sections of AT*L,, ® (E | Ly,). The
parameter x determines the metric g, we use on this space, and P, is
the associated projection onto the twisted harmonic sections. Note that
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the associated Sobolev spaces W are the same for all the g, since these
metrics are all in the same bounded geometry class. The norms on W
do depend on the parameter x. However they are all comparable, so
we may assume that we have a single norm || - ||s on each W, which is
independent of x.

Denote 0™/0X;,,...0X;; by 0;" . We need to prove that for all s

and k > 0, 0;" . P, defines a bounded map from WS to W/,,. Given

KW} — W}, denote the s,s + k norm of K by ||K||s+%s. Then
1K [sk,s = [[(1 + 2)EFRPK (L +2) /2[00,

where A is the Laplacian associated to the metric on AT *L, @ (E | Ly,)-

Since the norms associated to di Lerent metrics are comparable, we may

use any metric g, with associated Laplacian A, we like. Now P, =

(1 +0,)ER2P,(1+ A,) 72, 50

0Py = 0,((1 +A,)CMN2P (1+ )2 =
0i(1+ D)2 (1 + A,) /2 + (1 + D) R/20,P, (1 + A,) 2+
(1+0,)6R2p 9,1+ A,) /2,
which gives
A+ A,)C/29,p,(1+0,)"/? =
0iPy—0;(1+A,) TR 2P (14 2,) /2 — (1+A,) P R/2P 0, (1+4,) /2,
So,
10:Ps[s+ks = |I(1+D)C020,P,(1+1,)"*|op =

10:P2 — 0:(1 + A)ETR/2P (1 + A,) /2~
A+ D,)ER2P (1 + D)oo <

10iPulloo + [10:(1+ D) ZP(L+ A0) " lo0 +
12+ D) 2P0,(1 + B,) oo
Now for any r, (1 + A,)"/2 and 9;(1 + A,)"/? are leafwise di [erkntial
operators of order r, whose coe [ciehts and all their derivatives are
uniformly bounded, with the bound possibly depending on the order of
the derivative, but independent of x. So they define bounded operators
from W7 to W/, for any s, with bound independent of x. Since P, is

leafwise smoothing, it defines a bounded operator from any W, to any
W/ whose bound is also independent of X, since

[IPells,r = H(l+A:c)_8/sz(1+Ax)_r/2H0,O = |[Pzlloo < 1,

Thus we have
110;(1 + A)ER2P (1 + A,) 7 o0 <

101 + D)2 o g [Pl srr,—s 1L+ B2) 2|0
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is bounded independently of x. Similarly ||(1 + A,)C+R/2pP,0,(1 +
Am)—s/2||070 is bounded independently of x. Thus 0;P, : WS — W7, , is
bounded if and only if 0;P, : W5 — W is.

Now for any m and any r, ;" . (1 +A\,)"/? is also a leafwise di [et-
ential operator of order r, whose coe Lciehts and all their derivatives are
uniformly bounded, with the bound possibly depending on the order of
the derivative, but independent of x. Using this fact, a straightforward
induction argument shows that 9;" . P, : WS — W7, is bounded if
and only if 0;" ;P Wg — Wg' is.

Now we have (working on Wg = L2(L,y; AT*Ly, @ (E | Ly,))) that
P. = I — (R, +S,), where R, is the orthogonal projection R, :
L2(Lyo; AT L © (E | Lag)) — IM(AZ°) € L2(Lyp; AT*Lap @ (E | Lup))
obtained using the metric g,. At the point X, R,, also has image
Im(ds°), but R,, might not be an orthogonal projection using the metric
gz As above R, is given by

R, = Ry R QLN

0
where
Q: =1+ (Ryy — RI(Rzy — Rap),
and R;? is the adjoint of R;, constructed using the metric g,. Since
| =Q,Q;!and 9;1 = 0, we have that

0:Q, = —Q;(8:Q.)Q; ™,

and a boot-strapping argument shows that 0%__“@;1) is bounded if
o ., Qz is. It follows that 9;" . R, is bounded if 0" , R, and
o . Ry are bounded. As 0;R,, = 0 for all i, we are reduced to
considering R;?.

We may write the metric g, as g.(u,v) = 0,,(Gzu,Vv) where G, is
a nonnegative self-adjoint (invertible) operator with respect to g,,, as
is its inverse. Since g, is the pull back of a family of metrics defined
on the compact manifold M, G, is smooth in all its variables, and
it and all its derivatives are uniformly bounded, and the same is true
for the inverse G;1. Thus for all m, both 97 , G, and 9" , G;*!

define bounded operators on L2(L,,; AT*Ly, @ (E|Ly,)) (since they
are grder zero di Ebntial operators). For any bounded operator A on
L2(Lao; AT*Lyy ® (E | Lyy)), the adjoint of A with respect to g, is

A" =G 'AG,,

where A* is the adjoint with respect to g,,. It follows immediately that
for all m, 9" , Ry = 0?,1,,,11(651@06:(:) is a bounded operator on
Wg = L2(Lao; AT*Lyo @ (E | Lyp)), since 9;R%, = 0 for all i. Thus for
all m, o;" . R, is a bounded operator on Wj.

S; is a bounded operator on

It remains to show that for all m, 0" .
W;. To do this we may proceed as we did above, using the operators
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S, and S,. We need only observe that the Hodge type operator T,
has the same properties that G, does. Thus for all m, 9 . P, =

Zm...’il z
- 4 Re+0" . S;)isabounded operator on Wy, and we conclude
that P, is transversely smooth.
g.e.d.

Proposition 4.6. If P is transversely smooth, then the projections
onto A% (F,, E) N (Ker(AF) @ Ker(AZ ), k # [Jand Ker(A;™) are
transversely smooth.

Proof. Denote by P, the projection onto Ker(AE). It is immedi-
ate that P is transversely smooth if and only if all the P, are trans-
versely smooth. For k # [ khe projection onto A% (Fs, E)N (Ker(AE) &
Ker(Af_k)) is given by n,f =Pi +T10Py, (since PLoToP; =0 in those
cases), and the projection onto Ker(A; ) is given by my = 2(P,£T0P)).
As the operator T satisfies the hypothesis of Lemma 3.2, and each Py is
transversely smooth, so is each T o Py, so all of the projections are also
transversely smooth. g.e.d.

5. Connections, curvature, and the Chern-Connes character

We now give an alternate construction of the Chern-Connes charac-
ters ch,(14+) and ch,(m_) using “connections” and “curvatures” defined

on “smooth sub-bundles” of A*(kz)(Fs, E).

Definition 5.1. A smooth subbundle of A’(kz)(FS, E) over M/F is a
G invariant transversely smooth idempotent mg acting on A*(kz)(Fs, E).

Example 5.2. 1) Any idempotent in the algebra of superexpo-
nentially decaying operators on AT *F,®E, defined in [BHO8], is a
smooth subbundle of A’(kz)(FS, E) over M/F. So any smooth com-
pactly supported idempotent is a smooth subbundle of A’(*Z)(Fs, E)
over M/F.

2) The Wassermann idempotent of the leafwise signature operator,
as defined for instance in [BHO8], is a very important special case
of (1) above. In this case we take E =M x C.

3) A paradigm for such a smooth subbundle is given by projection
onto the kernel of a leafwise elliptic operator acting on A’(*Z)(Fs, E)
(induced from a leafwise elliptic operator on F). In particular,
the projections 14 and m_.

Definition 5.3. The space C3°(AT *F; ® E) consists of all elements
E e C(GNT*F,@E)N A*(kz)(Fs, E) such that for any quasi-connection
V¥ and any vector fields Yy, ...,Y,, on M,
v, Vv (&) € CZ(G AT F, @ E) N Afz)(Fs, E),

where Vy, = i)ﬁ”.
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Note that if £ € C*(G; A\T*Fs®E), Vy,...Vy, () is automatically in
C>(G; AT*Fs®E), and that if § € C3°(AT*F,®E), then VY, .. VY. (§) €
C°(AT*Fs®E). Note also that C°(G; AT*F;®E) C C(AT*Fs®E).

Proposition 5.4. If H is a transversely smooth operator on AT*F,®
E, then H maps C5°(AT *Fs ® E) to itself.

Proof. Let § € C°(AT*Fs ® E). As H is transversely smooth, it
follows easily that H¢ € C>(G; AT*F, @ E) N A’(kz)(FS, E). Fix a quasi-
connection V” and let Y be a vector field on M. Then

VY (HE) = VY HE — HVYE + HVYE = () H)E + H(VYE),
which is in C®(G; AT*F, ® E) N A%, (Fs,E), since H and 0YH are

@
transversely smooth and ¢ and V5.€ are in C3°(AT *F;®E). An obvious

induction argument now shows that H§ € C3°(AT *Fs ® E). g.e.d.
Let g be a smooth subbundle of A’(kz)(FS, E) over M/F.

Definition 5.5. A C* section of mp is an element § € C°(AT*F; ®
E) which satisfies mg§ = &. The set of all smooth sections is denoted
C°°(mo).

C*>(mp) is a C>*(M) module, with (f - §)([y]) = F(s(y))&(ly]). In
addition, C*>°(mp) = Mo(C*(AT*Fs ® E)) D mo(C°(G; AT*Fs ® E)).

Definition 5.6. C*(AT*M;mp) is the set of all smooth sections of
AT*M with coe Lciehts in C*°(mp), and C°(AT *M; AT*Fs ® E) is the
set of all smooth sections of AT *M with coe Lciehts in C°(G; AT *F; ®
E).

There are natural actions of A*(M) on both C*°(AT*M;my) and
CX(AT*M; AT*F¢ ® E), and under these actions

C®(AT*M;Tp) = A*(M)® o (aryC (o),
and
CENT*MAT*Fy ® E) ~ A*(M)&ce ) C(G; AT*F, ® E),
with the right completions. Thus g : C°(G; AT*Fs ® E) — C°°(mp)
extends to the .A*(M) equivariant map
Mo : COAT*M; AT*Fs ® E) — C(AT *M; 1p).

A local invariant element is a local section ¢ of A’(kz)(FS, E) defined
on an open subset U C M so that for any leafwise path y; in U,
E(yD = &([yys)) for all y with s(y) = r(y1). Local invariant elements
are common. In particular, any locally defined element & € A’(*Z)(FS, E)
defines local invariant elements. Suppose that € is defined on a foliation
chart U ¢ M for F, and let P, be the plague in U containing the point
x. Giveny € P, let y, be a path in P, starting at X and ending at y.
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Define &, € L2(L,; AT*F, ® E) by &,([y]) = &.([yy,]). Then & is a local

invariant element of Afz)(Fs, E) defined along P,. By restricting ¢ to a

transversal T in a foliation chart U and then extending invariantly to E~
we obtain local invariant elements of A*(kz)(Fs, E) defined over U. One
can of course extend this construction from chart to chart as far as one
likes, for example along any path y : [0,1] — L inaleaf L. If y is a
closed loop, the section at 1 will not agree in general with the section at

0, so one does not in general obtain global invariant sections this way.

Definition 5.7. A connection V on mp is a linear map
V : C®(AT*M;mg) — C*®(AT*M; )
of degree one, so that
1) for w € A*(M) and & € C>(1myp),

V(w® &) =dyw® &+ (—1)Fw A VE;

2) for local invariant § € C*(mp) and X € C*(TF), Vx¢ =0, i. e.
V is flat along F;

3) V is invariant under the right action of G;

4) the leafwise operator Vg — moV¥mg : CX(AT*M; AT*F; @ E) —
C>®(AT*M;mp) is transversely smooth.

The usual proof shows that since V satisfies (1), it is local in the
sense that V&(x) depends only on & |U where U is any open set in M
with x € U.

For V to be invariant under the right action of G means the following.
Let y be a leafwise path in M from x = s(y) toy = r(y). Let & be
a local invariant section of 1y defined on a neighborhood of the path
y. For X € v,, we may use the natural flat structure on v to parallel
translate X to y.(X) € v,. Then we require,

Vx€=R) 'V & =RV, 08

where the isomorphism R, : LZ(ES(W); AT*Fs®@E) — LZ(ET@); AT*F;®
E) is given by R, (§)([y1]) = &([y1y]). Note that this condition does not
depend on the choice of normal bundle v because the ambiguity involves
things of the form Vy ¢ where Y € TF. But this is zero because V is
flat along F.

To see that Vg — g V¥ is a leafwise operator, let o € A*(M) and
& € CX(G;ANT*Fs® E). Then

(VTto—To V' Tp) (0®E) = Tip(V — V)Mo (0 2E) = Mo(V—V*) (0@ (E)) =
To (de®no(E)+(—1)'“co/\Vn0(E)—de®n0(E)—(—1)'“03/\V”n0(2)) =

(=10 (@ A (V= V)M0(®)) = (~1)"6 A (Vo — oV To)E,

so Vg — M V¥Mg is a leafwise operator.
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Next we show that CX(AT*M;AT*Fs ® E) is in the domain of
moV¥Mp. ldentify C°(AT *M; AT *Fs ® E) with the subspace C°(AVE ®
AT*Fs @ E)) of C*®(Av} @ AT*F¢s ® E)). Now 9, (mp) = [V¥, o], and
(by assumption) it is transversely smooth. Thus we have

Vi = meVY + 0,(Tp),
SO
T[()VVT[() = T[()VV + T[oal,(T[o).
The domain of the operator on the right contains C°(AvI @ AT *FsQE).

Lemma 5.8. MgV is a connection on .

Proof. As g commutes with the action of A*(M) on C*°(AT *M; 1p),
to show that 1o V¥ maps the space C*°(AT *M; 1p) to itself, we need only
show that for any local section & € C°°(mp) and any local vector field X
on M,

(MoV"E)(X) = mo(i gVE) = mo(VkE)
is in C*°(mgp), where X is the lift of X to v,. As & € C®(mp), it is in
CX(AT*Fs ® E) and mg(§) = &, so V5Tgé = V5.& € CO(AT*F, ® E).
As T is transversely smooth, i6,(m)(§) € C°(AT*Fs @ E). Since
meVY = V¥T+0,(Tp), we have (o V¥&)(X) € C°(AT*Fs®E). Finally,
as 13 = Mo, Mo(Mo(V%E)) = Mo(V%E). Thus (o V¥E)(X) € C>(mp), and
VY maps C°(AT*M; mp) to itself.

The operator mpV” satisfies (1) because g commutes with the action
of A*(M) on C>®(AT*M;mg). In particular, for ® € A¥(M) and & €
C>(m9), we have

MV”(s*'w ® &) = Mop, (r"(Vr @ VE)(s'w ® §)) =
0P, (dg(s°0) @ & + (-1)S"0 AT (Vi & V)E) =

TP, (s*dpw ® &) + (—1)*Mop, (S*0 A r*(Vp ® VE)E) =
s*dpw@MeE+(—1) s* wATIP, r* (V@ V E)E = dy0@E+(—1) wAmg VYE.
To show that mpV" satisfies (2), let X € TF,, & be a local invariant
section of 1y defined near x, and [y] € L,. The fact that £ is invariant
means that there is a section EAof AT*F ®E defined in a neighborhood of
r(y) sothat § = r€ina neighborhood of [y]. Recall that v, = TF,.®vg.
Since X € TF,, X € TF, and r*()z) = 0. Now

MoV5XE =To(r'(Vre ® Vi) ¢)),
but at [y],
(F(Vr @ Vi) ¢®) V1 = (V@ Vi), cegpé = (Ve @ Vi)ok =0,

so MeV5 & = 0.
We leave it to the reader to check that myV* satisfies (3) of Definition
5.7, which is a straight forward computation, using the fact that for
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X € v, and [y] € Ly, r.(Xp;) = y-(X), the parallel translate of X
along y to v, (..
Mo V¥ obviously satisfies (4). g.e.d.

Remark 5.9. If V is another partial connection, then the di Lerkence
VY — V¥ is a leafwise operator which satisfies the hypothesis of Lemma
3.2, S0 noﬁ”no —MeV¥Mg = no(@” — V¥)ng is transversely smooth and
noﬁ” is also a connection on Ty. So, as in the classical case, the space
of connections is an a [nelkpace whose linear part is composed of trans-
versely smooth operators.

Now suppose that V is any connection on my. Define the curvature 6
of V to be
8=V2
The usual computation shows that 8 is a pointwise operator, that is
Lemma 5.10. For any w € A*(M) and any & € C*°(myp),
V(0 ® &) = A VZ(E).

Denote by C>*(AT*M; A’(*Z)(Fs ® E)) the space of all smooth sections
of AT*M with coe [cCiehts in A’(*Z)(Fs ® E). Smoothness means that the
section is smooth when viewed as a section of AV ® AT*Fs® E over G.
Extend V to an operator on C"O(/\T*M;Afz)(FS ® E)) by composing
it with the obvious extension of 1 to COO(AT*M;ATZ)(FS ® E)). The
curvature of VoTig is given by (VoTig)? = VoTgoVoTy = VoVoTy = Bo
Tlp, Since MooV = V. We will also denote these new operators by V and
8. Note that although V is an operator which di [erentiates transversely
to the foliation F;, the operator 6 is a purely leafwise operator thanks
to Lemma 5.10. Also note that

6= T[oe = eT[o.
Lemma 5.11. 6 is transversely smooth.

Proof. Set A = mpVmy — mgV¥mp, a transversely smooth operator.
Then

8 = (MeVmp)? = MeV*Mg VMg + g V¥ oAy + TpAT V¥ o + AZ.
As A is transversely smooth, so is A2, Since oA = ATy = A, the terms
Mo V" TpATg + MgAT Vg = Mg VY Amg + MgAV” g =
o[V, Almo = 10, (A)Tlo,
which is transversely smooth. Now V¥ = g V¥ + 09,,(Tp), S0
MoV ToV* Ty = To(V¥)?Tg + T, (o) V¥ Ty =

Mp8" o + Md,, (Tio) e V” + T, (T1g) 0, (TTp).
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The curvature 8% = (V¥)? satisfies the hypothesis of Lemma 3.2. As
Tp is transversely smooth, it follows from Lemma 3.2 that mp8”mg is
transversely smooth. Using the facts that 0, is a derivation and g is an
idempotent, it is a simple exercise to show that mpd, (19)1e = 0. Finally,
Tp0, (T9)0,, (1) is the composition of transversely smooth operators, so

transversely smooth. Thus 8 is transversely smooth. g.e.d.
Set
[n/2] knk
—0/2in _ (—1)"0
M€ =T+ —
0 0 £ (2im)FK!

and consider the Haefliger form Tr(mpe %/%7™). (Note that 2im is the
complex number.)

Theorem 5.12. The Haefliger form Tr(mee=?/%") is closed and its
cohomology class does not depend on the connection used to define it.

Proof. The zero-th order term of Tr(mge—%/%") is Tr(mp), and since
T is a uniformly bounded leafwise smoothing operator, we have (see
[BHO08])

d Tr(To) = Tr(9, (o)) = Tr(d,(3)) =
27Tr(mo0y,(Mmo)) = 2Tr(Mme0d, (To)To) = 0,
since T is a (G invariant transversely smooth) idempotent.

Lemma 5.13. For k >0, dy Tr(6%) = 0.

Proof. First note that for k > 0,

[V,0"] = [V,V¥#] = VoV?* _V#ovV = 0.

Also note that V. = myV¥my + A, where A satisfies the hypothesis of
Lemma 3.3, as does 6%. Thus

0 = Tr(V,8*]) = Tr(fmeV’mg + A, 6F]) =
Tr(moV¥mo, 6F]) = Tr(meVv»e* — 8Fvimg) =
Tr((me — 1)VV6F + vVer — 9FvY —0FVv¥ (g — 1)) =
Tr((mo — 1)V¥8F) — Tr(8*V¥ (g — 1)) + Tr([V”, 8]).

Note that the three terms are well defined since the three operators are
A*(M)-equivariant. As 8 = 18 = 011, 8% = Mp8”* Mg, and we have

Tr((mo — 1)V¥e*) = Tr((mo — 1)V¥mebkmg) =
Tr((mo — Mo V»6*1o) + Tr((1o — 1)0, (o) 6*10) = 0,
since both terms are zero. The first term is zero because (g — 1)1g = 0.

The second term is zero because both (g — 1)d, (1o) 8% and mg are G
invariant and transversely smooth, so by Lemma 3.3

Tr((mo — 1)9, (1) 8*10) = Tr(mo(mo — 1)d,(T10) %) = 0.
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Similarly,
Tr(6*v¥(mg — 1)) = 0.
Thus
0 = Tr(Vv%,8) = Tr(a,(8")).
It follows easily from Lemma 6.3 of [BHO08] that d Tr(6%) = Tr(0,.(6%)),
so we have the Lemma. g.e.d.

To complete the proof of Theorem 5.12, we note that a standard
argument in the theory of characteristic classes shows that

Lemma 5.14. The Haefliger class of Tr(mee~?/%") does not depend
on the choice of connection V on mp.

g.e.d.

Definition 5.15. The Chern-Connes character ch,(mg) of the trans-
versely smooth idempotent 1o is the cohomology class of the Haefliger
form Tr(mee /%), that is

chy (o) = [Tr(mee /%))

Remark 5.16. In [H95], [BHO04], and [BHO08] we defined Chern-
Connes characters for various objects. It is clear from the results of those
papers that the definition given here is consistent with those definitions.
In particular, if V = mgV” is a connection on 1y constructed from a con-
nection Vp®@V g on AT*F ®E, then the material in Section 5 of [BHO08]
(which shows that the definitions of [H95] and [BHO04] coincide) along
with the comment after Definition 3.11 of [BHO08] shows that the Chern-
Connes character given here for g and the Chern-Connes character for
Tp given in [BHO8] are the same. Thus all three constructions of ch,(1p)
yield the same Haefliger class.

Remark 5.17. Note that in Sections 3 and 5 we may replace the
bundle AT*F,; ® E by any bundle on G induced by r from a bundle on
M, and the results are still valid.

Before leaving this section, we record some facts we will need later. In
particular, we show that any connection V is local in the sense that for
X transverse to F and any local invariant section & of 1, V x & depends
only on & restricted to any transversal T with X tangent to T. See
Corollary 5.21 below.

Lemma 5.18. Let U be a coordinate chart for F. There is a count-
able collection of smooth local invariant sections of mg on U which spans
C°°(mp) | U as a module over C>°(U).

Proof. Let T be a transversal in U. The set s~1(T) is covered by
a countable collection of coordinate charts of the form (U,y,V). In

each chart, choose a countable collection of smooth sections {Eiv’”’} of
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AT *F,®E with support in (U,y,V)Ns~%(T) so that for any section & of
fz)(Fs, E), &|(U,y,V)Ns~1(T) may be written as a linear combination

(over the functions on s(U,y,V) N T) of the {EZ.V’”}. Now extend the
elements of this set to local invariant sections over U, also denoted
{Eiv”}. The collection of sections of C>°(mp) |U

S=J mE™,

Vst

then spans C>°(11p) | U as a module over C>°(U), and the nO(EZV"Y), are
locally invariant sections over U.
g.e.d.

As a consequence, we deduce the following.

Corollary 5.19. If two connections V and ¥ on T agree on local
invariant sections, then they are the same.

Note that the bundle E = r*E is flat (in fact trivial) along the leaves
of the other foliation F, of G, since its leaves are just r—1(x) for x € M.
Denote by d, the obvious diLerential associated to AT *F, ® E. Given a
local section & € C3°(AT*F; ® E), we may view d,.§ as a local element
of C®(AT*M; AT*F,®E). Note that d2§ = 0, and & is locally invariant
if and only if d.& = 0. Note that for £ € C*>°(mp) and X € C>°(TF),
Vx& = d,&(X). To see this, write £ = ). g,&;, where &; € A’(fz)(Fs, E)
are local invariant elements and the g; are smooth local functions on
M. Then Conditions (1) and (2) of Definition 5.7 give

Vx&= Zdng(x)Ej = Zngg’(X)Ej =
J J

> dpg;(X)E; + g;d,;(X) = d,&(X).
J

Let U be a foliation chart for F with transversal T, and V a connec-
tion on M. Then on U, V is the pull back of V restricted to mp| T.
More specifically, for X tangent to T and § € C*>(mp| T), with local

invariant extension & to C°(mp | U), define
VEE = VxE.

We may assume that U ~ R? x T with coordinates (x,t) and plaques
RP x t. Denote by p: U — T the projection. Let x ¢ U and X € TM,
and set T, = x x T. Write X = Xp + p,(X) where Xr € TF, and
p.(X) is tangent to T,. Let § € C>°(mp|U) and define the pull back
connection p*(VT) by

~——

p* (V) x& = d,&(XF) + Vg*(x)(f. | T2) = d:&(XF) + V,, )€ | Ta),
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and extend to C>°(AT *U; ) by using (1) of Definition 5.7 and the fact
that C>°(AT*U; 1) ~ A*(U) ®ceory C(Mo | U).
Denote the curvature (V1)? of V7T by 8.

Proposition 5.20. V|U =p*(V’) and 6 |U = p*(87).

Proof. Let § € C>(1p|U) and suppose that X € TF, so Xp = X
and p,.(X) =0. Then

p* (V) xE& = d,&(X) = VxE.

Next suppose that & is local invariant and X is tangent to T,, so Xz =0
and p,(X) = X. Then

P

P*(VNxE =V, €| T.) = V&,

since (E/|\ﬂ) =€ as & is local invariant. Thus V |U and p*(V7) agree
on local invariant sections, so they are equal.
For the second equation, writing p*(VT) = d, + V7, we have

88 = d2¢ + v7d, &+ d, Ve + (VD)% = (VT)%,

since d2 =0 and V' od, = —d, o V7. But, with the notation p*(V’) =
d, + VT, (VT)?E = p*(87)%. g.e.d.

The following is immediate.

Corollary 5.21. V is local in the sense that for X transverse to F
and any local invariant section & of 1y, V x§ depends only on & | T where
T is any transversal with X tangent to it.

6. Leafwise maps

In this section we collect some results for leafwise homotopy equiva-
lences. Outlines of the proofs are in the Appendix.

Let M and M’ be compact Riemannian manifolds with oriented fo-
liations F and F’. The results of this section do not require F or F’
to be Riemannian. Let f : M — M’ be a smooth leafwise homotopy
equivalence which preserves the leafwise orientations. (We need only
assume transverse smoothness, and leafwise continuity. A standard ar-
gument then allows f to be approximated by a smooth map.) Suppose
that E’ — M’ is a leafwise flat complex bundle over M’ which satisfies
the hypothesis of Theorem 9.1, and set E = f*(E’). Letg: M’ — M
be a homotopy inverse of f.

Proposition 6.1. f induces an isomorphism f* : H:(M'/F') —
H>(M/F) on Haefliger cohomology with inverse g*.

Define f : G — G’ by f([y]) = [f oy]. Recall that f is leafwise
uniformly proper if for any Cy, there is C; so that if the leafwise distance
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from f(zo) to f(z1) is less than Co, then the leafwise distance from zg
to z; is less than C;.

Proposition 6.2. f is smooth and leafwise uniformly proper.

Thus f induces a well defined map on compactly supported leafwise
forms, but in general it does not induce a well defined map on leafwise
L2 forms. To deal with this problem we adapt the construction of
Hilsum-Skandalis, [HiS92], to our setting.

Let i : M’ B> R* be an imbedding of the compact manifold M’ in
some Euclidean space R*, and identify M’ with its image. For x' € M’
and t € R*, define p(x/, t) to be the projection of the tangent vector X! =
% | s=o(X' +st) at x’ determined by t, to the leaf L/, in (M’,F’) C R.
In particular, first project X’ to TF/, and then exponentiate it to L/,
thinking of L/, as a Riemannian manifold in its own right. Since M’ is
compact, we may choose a ball B¥ ¢ R* so small that the restriction of
the smooth map p; = po (f,id) : M x B¥ — M’ to any p; : L, x BF —
L’f(x) is a submersion. Lifting this map to the groupoids, we get

pr:GxBF — ¢,
which is a leafwise map if G x B” is endowed with the foliation F, x B*.
Note that p; : L, x B¥ — E}(:E) is the map induced on the coverings
by py: L, x BF — L}(x). In particular, py([y],t) is the composition
of leafwise paths p;([y],t) = [P;(y,t) - (F oy)], where P(y,t)(s) =
pr(r(y),st). It is easy to see that p; is a smooth map.

Denote by 1, : G x B — B* the projection, and choose a smooth
compactly supported k-form w on B* whose integral is 1. We shall
refer to such a form as a Bott form on B”*. Denote by e, the exterior
multiplication by the dilerential k—form m;w on G x B*. For & ¢
A:(FL E"), we define F:«)(§) € A*(F,,E) as

FO(E) = (M. 0 e, 0 PH(E).
The map p; : G x B¥ — ¢’ is a leafwise (for F, x B*) submersion
extending f, so p}(E) is a leafwise form on G x B* with coe [ciehts
in the bundle p}E/. The map 1y, is integration over the fiber of the
projection Ty : G x B¥ — G of such forms. In general, the fiber of p’}E’
is not constant on fibers of the fibration m; : G x B¥ — G. To correct for
this, we use the parallel translation given by the flat structure of p’}E’
to identify all the fibers of p3E’ |z x B* with (PEN 0 = (FE), =
(F*E’),(»). This is well defined because the ball B¥ ¢ R" is contractible.

For s € Z, denote by W}(Fs, E) the field of Hilbert spaces over M
given by W (Fs, E), = WS*(EI, E), the s-th Sobolev space of di Lerkntial
forms on L, with coe [ciehts in E | L,. Just as it does for the leafwise
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L2 forms, the compactness of M implies that these spaces do not depend
on our choice of Riemannian structure. Note that W C W if s > sy,
and set

WZ(F,, E) = [ W} (Fs, E) and W* _(F, E) = | W7 (Fs, E).
SEZL SEZ

Equip WZ (Fs, E) with the induced locally convex topology.

Proposition 6.3. For any s € Z, £(:+) extends to a bounded operator
from WX (F.,E’) to W} (Fs, E).

As w is closed, e, commutes with de Rham diLerkentials. The image
of e, o P} is contained in the m;-fiber compactly supported forms, so
fO) =m,o0e,o0 p; commutes with de Rham di [erentials. It follows

immediately that the extension of £ to the L2 forms also commutes
with the closures of the de Rham di [erkentials, so @) induces a well
defined map f* : Hfz)(F;,E’) — Hip(Fs, E) on leafwise reduced L2
cohomology.

Proposition 6.4. £ (2)(F E) — H(Z)(Fs, E) does not depend
on the choices of i and w. f* is an isomorphism with inverse g*, so if
T, and f, are leafwise homotopy equivalent, then f} = 5.

Recall the definition of the pairing Q from the proof of Lemma 4.1.

Proposition 6.5. If & and &, are closed L2 sections of A‘L’ iy @E,
then

Qu(F* (&), T (&) = Q) &1, &)

7. Induced bundles

We assume again that F and F’ are Riemannian foliations. The
restriction of f* gives isomorphisms from Ker(AZ N, Ker(AE ™), and
Ker(AE ~) to their images which we denote by

Imf* = f*(Ker(AF)), Imfi=f*(Ker(A')),
and
Imf* = £*(Ker(AZ ™)),
respectively. We use similar notation for the map g* : W*__(F,E) —
W*_(F',E).

Note that for x € M, gf(x) # X in general, which creates technical

problems. To deal with this, choose a leafwise homotopy equivalence

h:M x 1 — M between the identity map on M and gf. Recall the
smooth leafwise path y, from x to gf(x) given by y.(t) = h(x,t). It
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determines the isometry R, : ng(m) — L, given by R.([yD) = [V : YzI-
For any Sobolev space WS*(E;E, E), R, determines the isometry
R W (Ly, E) = W (L, f), E).
In particular for s = 0, it gives the isometry
RE : L2(Ly; AT*Fs @ E) — LA(Lyp(y; AT*Fs @ E).
We shall also consider the smooth leafwise paths y/, from x’ € M’ to
fg(x’) given by y!,(t) = h’'(X, t), where h' is a fixed leafwise homotopy
between the identity of M’ and fg. Given x € M, define the isometry
! . / /
R}t Ly = Ly to be
I 1 — I/ -1 /
RLYT=IV - F(V2) ™ Vil
This induces the isometry
R LA ()i AT'FL @ E') = LAy AT*FL @ E).
Note that the composition
- x . 7/
RyofoRyofG: Ly, = Ly
is homotopic to the identity map, since for [y’] € L', ,,

R, ofoR,of(ly]) = [Fa(y) - F(y2) - F(V2) Vi) = [FIV) Vil
Set

AY) = (V00 o) - FIO) - V-
Then A%(Y") = Fa(Y') - V}(yr and ANY) = V' 5y - FOY) - Viyy- Now
s(AL(Y)) = s(y) and r(AX(y")) = r(y’), and h’ provides a leafwise
homotopy between Al(y’) and y’, so they define the same element in

E}(m). Thus A’ induces a homotopy from R/, o f o R, o § to the identity
map. For x € M, consider the composition

(PUG*REPFRIP)) () - LA(L 0y AT FIRE") — L2(Ly(0ys AT FLRE).
Since R, ocfoR, 0§ : L}(m) — L}(:E) is homotopic to the identity and

P, is the identity on cohomology, it follows that (P;g* R;PZF*R;*Pg)f(x)
induces the identity on cohomology, which is naturally isomorphic to
Ker(AF") sy = IM(P}) f(y- SO its restriction

(PITREPFREP)) 10y - Ker(AF) pay — Ker(AF) iy

is the identity. N
We now show that Im f3 is a smooth sub-bundle of Afz)(Fs, E) over
M/F. Set

! = FR*M.§R*P,.
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Then for each x € M,
(M) 1 L3(Ly; AT*Fy ® E) — L2(Ly; AT*F, ® E)
is bounded and leafwise smoothing since n/, and P, are, and R, R?,

f* and g* are bounded maps. We leave it to the reader to show that
nfr is G invariant using the equality

[9F(Y) - V2l = vy - V]
for any y € G with s(y) = x and r(y) =y. As above, this equality holds
since the two paths start and end at the same points and a leafwise ho-
motopy between them can be constructed using the leafwise homotopy
equivalence h.
We extend nfr to an A*(M) equivariant operator on AV @ AT *F,® E
in the usual way.

Proposition 7.1. 1. : Al (Fs,E) — Im £ is a transversely smooth
idempotent.

Proof. First we have,
(m})? = FR*M, ' R*PF R, §RP, =
f*R"*1, P,§*R*P, F*R*P,,§"R*P, =
fR*(M,)2§*R*P, = F*R*1, §*R*P, = 1,
since i, =, P; = P/m), and for each x € M,
(PG RPA R P!) 2y - Ker(AF) yry — Ker(AF)

is the identity map, and Ker(AF") o Im(rt,.).

As P, is transversely smooth, we need only show that F*R’*n;’g*R*
is transversely smooth.

Let Vg and Vg be the leafwise flat connections on E and E’ and V g
and Vz be the Riemannian connections on T*F’ and T*F, respectively.
Denote by V¥ and V" the quasi-connections on C*°(Av @ AT *F; ® E)
and C>°(AVZF @ AT *F.®E’) constructed from V@ Vg, and Ve @V,
respectively.

Now suppose H is any G invariant operator of degree zero on AT*F;®
E, e.g. H = F*R”*1,.g*R*. If X € C>°(TF), then since H and V” are
G invariant, 3;X(H) = 0. A vector field Y on M is a I" vector field
provided that for any X € C>®(TF), [X,Y] € C®(TF). If Y € C*(v)
is a [ vector field, it is invariant under the parallel translation defined
by F, so ) (H) is G invariant. Globally defined I" vector fields rarely
exist. The restriction of a global vector field to an open subset will be
called a local extendable vector field. Such local vector fields have all
their derivatives bounded. Any local I" vector field may, after a slight
reduction in its domain of definition, be extended to a global vector field.
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Finally, a bounded function (on M) times a bounded leafwise smoothing
operator yields a bounded leafwise smoothing operator. With this in
mind, the problem of showing that such an H is transversely smooth
may be recast as follows (with the proof left to the reader).

Lemma 7.2. Suppose H is a degree zero G invariant A*(M) equi-
variant (homogeneous of degree 0) bounded leafwise smoothing operator
on AV} ® AT*Fs ® E. Then H is transversely smooth if and only if
for all local extendable I" vector fields Y4, ...,Y,, € C*>(v), the operator
9)1...0Ym(H) is a bounded leafwise smoothing operator on AT*F, ® E.

Note that f*R™*1, §*R*V"” makes sense as f*R*1,.§*R* is a well de-
fined A*(M) equivariant operator on Av} ® AT*F; ® E. Note further
that the expression R*V” does not make sense in general. However,
restricted to any su Lciehtly small transverse submanifold, gf is a dif-
feomorphism onto its image, so (gf)~! is well defined on this image.
This makes it possible to prove the following.

Lemma 7.3. Suppose Y € v,, and denote by h.(Y) € v s the
parallel translate of Y along y.. Then

RO GR VY = FRITLG VY ) R".

If Y' € V), then FR*VET,.GR" = £V}, R*T,.GR*, where

h.(Y') e v}(x) is the parallel translate of Y’ along f(y,)* 'y}(m).

Proof. Let (U.,y,V) and (Ugf(x),yygl,V) be local charts containing
[v] € Ly, and [yy; ] € L, s, respectively. To compute f*1,§*R*V¥,,
we may restrict our attention to s~1(T), where T is any submanifold of
M which has Y tangent to it. We may assume that T C U,, and gf
restricted to T is a di Ledmorphism onto its image gf(T), which is also a
transverse submanifold, with gf(T) C U ¢(,). Now s~Y(MNU,,y,V) ~
V and s7H(gf(T)) N (Uysey. VY2 V) ~ V, and the diledmorphisms
with V are just given by the restriction of the target map r. In addition,

(V¥ IsH(T)) or* =r"o ((Vr © VR, )
and

(Vi) |s7TI@f (M) or =r"o ((Vr® VE)Z*(Y)W;l).

where (Vr ® Vg)¥ is the quasi-connection on AT*F ® E over M con-
structed using the normal bundle v of F, Y, is the parallel translation
of Y along y, and h,(Y )Ml is the parallel translation of h,(Y) along

yy; ' So Y, =h.(Y) 1. The restriction of R,

Ry s 1(gf(T)) — s 1(T)
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is well defined, since (gf)~! is well defined on gf(T). In fact it is a
di Ledmorphism which locally is just r~! o r. Ry induces the map on
leafwise di [erential forms
Ry 1 Co(s Y (T); AT*F, ® E) — C=(s H(gf(T)); AT*Fs ® E),
which extends to the operator
Ry :CO(S Y THAT* S H(T) ®E) —

C>(s™Hof(T)): AT*(sH(gf(T))) ® E).

It is clear that R7 VY. is a well defined map, and since locally Ry =
r~tor, we have R% VY, = Vi.o»nRr- But R is just the restriction of
R* to s7(T), so R*VY%. = Vi.onR™

The second statement is proved in the same way. g.e.d.

Proposition 7.4. The operators f*V — V*f* and §*V” — V//§*
are leafwise di erential operators (By a leafwise di erential operator
from L’ to L, it is sometimes meant, here and in the sequel, operators
generated locally by p’ — f*(g—;’) where the Xs are leafwise coordinates

on L’.), whose composition Witr'1 a bounded leafwise smoothing operator
is again a bounded leafwise smoothing operator.

Proof. We will only do the proof for f* as the proof for g* is the same.
Let 0 @ 0 ® @ € CO(AVF @ AT*F! @ E’), with 0 € s*A*(M’), a ¢
C(G'; AT*F)), and @ € C°(G'; E’). Then
d.(0 ® a® ) = (-1)* 0 @ d.(a ® ¢).
Now B
V"0 eaxe) =
Fdywea @+ (1) 0 Via oo+ (—1)o 0 a o Vi) =
dyfroefaefo+ (—10)foef Vviae fo+
(-0 @ Fra e £ V4%0.
On the other hand,
V' (w@a® ) =
dyfro o fraefo+ (—1)Fwe Vifas fo+
(-0 @ Fra o Vi fe.
Thus N N
(F*VY =V fH)weawe) =
(D)o ® ((F*VV, —VifYa e fre+ frae (F vy, — 7317*)@,
which contains no di[erkntiation of w, so v —~V”f~* is indNeed a
leafwise operator, as are its individual components *V%, — V. f* and

vy, — Vi f
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Next consider the leafwise operator f vy, — V%fv* on C*®(AT*F)).
Set

d, =p,dg and d, =p,dg.
In local coordinates, we may write V', and V%, as p,/(dg: + ©f) and
p,(dg + OF), respectively, where O, and O are leafwise dilerkntial

operators (of order zero) with coe [ciehts in T*G’ and T*G. Then we
have

VY — Vit = p,(dg + Op) — p,(dg + Op)F* =
'F*d:, — d,,'F* + F*p,/epf — pl,OFfv*.

Lemma 7.5. f*d, — d,f* and §*d, — d/,§* are leafwise operators,
with

f*d, —d,f* = —Fd, +d,f* and §*d, — d g = —g*d, + d.§".

Proof. Again we prove this only for f*d’ —d,f*. As f*vy, — % f
and f* P Op — p,,G)Ff* are leafwise operators, so is f*d’ d, F*.

On G x BF we have the foliation F, x B* with all its baggage. In
particular, we use the product metric on G x B*, and we have the
transverse derivative dZ. Local charts on G x B* are given by subsets
of the form (U,y,V) x B¥, where (U,y,V) is a local chart for G. It is
clear that in these local coordinates, d,, and d” have exactly the same
form. It is then obvious from the definitions of my , and e, that

I/(T[l % O ew) = (T[l % O ew)dB and d (T[l x O ew) = (T[l % O ew)dB
where dZ is the leafwise derivative associated to the foliation F, x BF.
As f* = T« © €, 0 P}, to prove that fd, — d, f* = —Fd, +d,F*, we
need only prove that

pjd, —d/p} = —pjd; +d7pj.
This is purely a local question, and the usual proof shows that we need
only prove it for compactly supported functions on G'.

Denote by p’, the projection p, : TG' — TF/ determined by the
splitting TG’ = v, ® TF/, and by p2 : T(G x B¥) — T(F; x B*) and
pZ . T(G x B¥) — vp, the projections determined by the splitting
T(G x B =vg @ T(F, x BF). Let 9 € CX(G"). If X € T(F, x BF),
then pZ(X) =0 and pr X €TF., sop,ps,(X)=0. Thus

(a0 — d7pie)(X) = pi((d,@)ps, (X)) — (dg pxPFOIP. (X) =

p}((dg'@)p,ps, (X)) = 0.
Next, suppose X € vg, the normal bundle to F, x B*, and note that
ps, X is not necessarily in v,. Then

(PFd, @) (X) = p3((d,0)(ps, X)) = p}(([dg: @) (P,ps, X)) =
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P7((dgr@)(ps+X)) — P}((dg @) (PLPy, X)) =
(dg . g<P79)(X) — P3((ds9) (P, X)) =

(dg pP3@) (LX) — P3((d.0) (ps, X)) = (d]p}o — p}d.0)(X).
So

(pjd, — dJp5)e = (—pjdi@)p. = (—pjdi@)(1 — pP) =
—pid,0 + (pdi@)pP = —p}d.e +d’pto,
since, restricted to T (F, x B¥), p3d,e = dp’o.
Thus f*d/, — d, f* = —F*d, + d,f*. g.e.d.
So
VY, — Vif* = d, f* — f*d, + F*p, O — p,OsF",
a leafwise di IﬁbntiaINOperator (o[ order at most one).
Finally, consider f*V%, — V. f* acting on C°(E’). In local coordi-
nates, and with respect to local framings of E’ and E, we may write
Vg =dg +Op and Vi = dg + O, where Og and O are leafwise

di Lerential operators (of order zero) with coe Lciehts in T*G’ and T*G.
Then

vy, — Vif* =,V —p,Vef* =
£°p,/(dg: + Op) — p,(dg + Op)F* =
'F*d;j — dl,'F* +'F*p,/@E/ — pVOEF* = —'F*d; +dsi:v* +f*pV/6E/ — p,,OEfV*,
since the proof of Lemma 7.5 above extends to show that f*d, —d, f* =
—f*d, + d,F*, with respect to the local framings. So
fN*VV/ — V%fN* = ds'|:~>’< — '|:~>kdig + F*pu’@E’ — p,,G)Ef~*,
is also a leafwise di[erkntial operator (of order at most one).

Now observe that if we use coordinates on G’ and G and framings of
E’ and E coming from coordinates on M’ and M, and framings of E’
and E over I\/l’ and M, all of whose de~rivatives are ugiformlx bounded,
then d,f* — f*d, + f*p, O — p,OpF" and d,;F* — F*d, + F*p, Op —
p,©gT* are (at worst) order one dilerkntial operators which have all
of their derivatives uniformly bounded. Thus f*V*' — V*f* and all its
derivatives define bounded operators from W (F’,E’) to W} _;(F, E) for

each s, and so their compositions with a bounded leafwise smoothing
operator are again bounded leafwise smoothing operators. g.e.d.

Note that the proof above also proves that the composition of Y =
f*v"” — v or Y, = §*V¥ — V/¥§* with a transversely smooth op-
erator is again a transversely smooth operator. By virtue of Lemma
7.2, we will be using only local extendable I" vector fields Yq,...,Y,, in
proving that f*R*m,§*R* is transversely smooth. Thus Lemma 7.3
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becomes F*R*M,§*R*V” = F*R*1,.§*V'R* and f*V"R*1,§*R* =
f*R*V"1,.g*R*. Then
GV(F*R’*H;TR*) — [VV’F*RI*.H{._@*R*] —
VVF*R/*H;TR* o F*R'*T[L@*R*V” —
f*R/*v/yna—ng*R* - f*R/*ng_v/yng*R* _ YfR/*.n.a_fgv* N 'F*R/*nf,_YgR*.
So

7.6. Y1 (F*R*1,§*R*) =
i)ﬂ*R’*ayf(n;)g*R* - (i)@{f)R’*n;@‘*R* - f*R’*n;(iﬂ;Yg)R*.

By assumption, 9,,(1/.) is a bounded leafwise smoothing operator,
o) i,ﬂ*R’*ayl(n;)g*R* is also. The operators iy Yy, and iyY, are
leafwise operators which have all their derivatives bounded, so their
composition with a bounded leafwise smoothing operator (e.g. R™*1/,.g*)
is again a bounded leafwise smoothing operator. Thus for any local
extendable I vector field Y; on M, 9*(f*R*m.g*R*) is a bounded

leafwise smoothing operator.
To continue the induction argument, we need the following.

Lemma 7.7. Let Y € C*(v) be a local extendable I vector field.
Then there is a bounded vector field Z’ on G’ so that for any ([y],t) €
G x B,

e@10Pr = Priz/pe1.0)-
Given this, then at ([y],t) € G x B* we have
R FR™ 0, () (YL O = g ) PFR™ 00 (L) =

PF(R™1 21 o (111,000 (4)) = PF(R™i 270,/ (T4 )£ ([y], 1))
That is, ig@}R’*aV,(n;) = p}R™iz0,/(}), so

Iﬁ*R/*ayr(ﬂQ)fgv*R* — f*R/*IZiayl(nf‘_)fgv*R*

Lemma 7.8. If p is a transversely smooth operator on A*(kz)(Fs’, E’)

and Z' is a bounded vector field on G’, then iz0,/(p) is a transversely
smooth operator.

Proof. Since iz:0,/(p) = iy, (270, (p), We may assume that zZ =
Zj gj>2;., where X]’. is a finite local basis for the vector fields on M’
and the g; are smooth functions which are globally bounded along with

. o . . X!
all their derivatives. Then izd,/(p) = >, gjl)i@,ﬂ(p) =>2;9;0,(p),
which is clearly transversely smooth since the g; and all their derivatives
are globally bounded. g.e.d.
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Using Equation 7.6, we have
0291 (F R, §*R*) =

9 (F*R’*iZial,/(n’J,)@*R* — (Y PRITLTR — F*R’*n;(i,@/g)R*)
Repeating the argument above we get
032 (F* R0, (T,)J"R") =
L E R0, (170, ()T R — (igY IR0, ()T R~
FR"i40, (M) (igY )R =
FR™i20,(i 0, (M))T R — (i Y IR0, ()FR ~
f*R’*iZial,/(n;)(i)@{g)R*,
which is bounded and leafwise smoothing since iZia,,, (’,) is transversely
smooth.
As 02 is a derivation, we have
0,7 (i Y PR MLGRY) =
02 (1Y )(RMMLGRY) + (1Y )02 (R*TLG°RY).
The operators 6,}/2(i)@{f) and i)@{f composed with bounded leafwise
smoothing operators produce bounded leafwise smoothing operators.
As R, §*R* and 0)2(R”*m/,.g*R*) are bounded leafwise smoothing
operators, this term is a bounded leafwise smoothing operator. Similarly
for the third term.

Now a straight forward induction argument finishes the proof, modulo
the proof of Lemma 7.7.

Proof. To prove Lemma 7.7, we “factor through the graph”. In par-
ticular, consider the map p;c : G x B¥ — G x B¥ x G’ given by
Pra(y,t) = (v,t,ps(y, 1)) which is a diledmorphism onto its image.
Denote by F, , the foliation of G x B* x G whose leaves are of the form
L x B* x L, and denote by E/, the pull back of E’ under the projection
G x BF x ¢’ — G'. We want to construct a transversely smooth idem-
potent 1,  which will play the role of ;. However, 1, , will not be
acting on A’(*z)(Féﬁs, E{;) over M x M’, but rather on the space denoted

fz)(F(’;,s, AT*F! ® Eé;) over M x M’, which associates to each (x, x)
the Hilbert space L2(L!,; AT*F/® E’). Then

(U ey = (M) LA(LL AT FL@ E) — L2(LL AT*FL @ E')
is well defined, and it is obvious that 1,  is a transversely smooth
idempotent and has image Ker(Af'+).

To define the action p} . of Py on A’(kz)(Féﬁs, AT*F.® E(;), we may
consider this space as a subspace of all the forms on G x B¥ x G’ by using
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the pull back of the projection G x B* x ¢’ — G’. When we do so, P}
is just the usual induced map, and on each fiber LZ(E}(x); AT*F! @ E’)
it equals P}

Next define

Oc: Afz)(Fs, E)— AzZ)(FC/;,s' AT*F. ® Eg)
to be
@) g = @) gy : LALyry; AT*Fs @ E) — LA(LL; AT*F. @ E),

for each x’ € M".

Finally, the action of R"™* on A’(kz)(F;, E’) extends easily to an action
on A%, (F(, . AT*FL @ EL).

Then p} (R*T, G5R* = p;R"M,g"R*, and we may work with G x
B x ¢, Féo Por G5, and T, in place of ¢/, F', p}, §%, and T,
respectively. As py is a diledmorphism onto its image, we may push

forward vector fields such as the Y; on G (which are bounded because F
is Riemannian) to bounded vector fields Z/ on G x B¥ x G’. Note that
these vector fields are only defined along the image of py ¢, but this is
su Lcieht for our purposes, since things of the form

FR"i,0, (170, ()T R — (i Y R "i20, (V)T R~
FR"i0, (M) (LY R",
are still well defined. g.e.d.

This completes the proof that 1t} : A%, (F,,E) — Imfj is a trans-
versely smooth idempotent. g.e.d.

The same argument shows that Imf*, and Imf* determine smooth

bundles over M/F, denoted i/ and n/ respectively. In fact, we may
use the proof above to prove.

Proposition 7.9. If p is a transversely smooth operator on AV ®

F!/® E’, then f*R*p§*R* is a transversely smooth operator on AV¥ @
F:® E.

8. Induced connections

Let V' = ., V'“1. be the connection on m/, = Ker(Af'““), deter-
mined by the quasi-connection V’* on A‘T*F.®E’. We now prove that
V'’ induces a connection V on n{.

Lemma 8.1. If & is a local invariant section of 1’,, then f~*(E’) is a
local invariant section of nfr.
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Proof. Recall that for ([y],t) € G x B¥, p;([y],t) = [P;(y,t)- (Foy)],
the composition of the leafwise paths P;(y,t) and f oy, where P(y,t) :
[0,1] — L}(Sm) is the leafwise path given by

Pr(y, t)(s) = ps(r(y),st).
Then B
&) (yy1]) = mx o e ((PFE)(lyyal D) =

My 0 €, (P& (P (YY1, 1) - (Foyy)))) =

T 08, (PF (&' (P (Y, 1)-(Foy)-(Foy1)))) = i .oe, (7 (E (P £ (v, 1)-(Foy)))),
since &’ is local invariant. But this last equals

M. 0 €, (p3E (yl, 1) = F*(€)(Iy)).
g.e.d.

Lemma 8.2. Any local invariant section & of nfr induces a local
invariant section f—*& of m/,.

Proof. Let T be a transversal in M on which ¢ is defined. We may
assume that T is so small that f | T is a di Ledmorphism onto its image
T’. Then (F*)~!: Imf; — Ker(AF™) is well defined over T, and in
fact is given by the map R™*P/g*R*|T. To see this, note that over
T/ the map R*P/g*R*f* : Ker(AF') — Ker(AF') is the identity map,
since it induces the identity map on cohomology, and that Ker(Af/““) C
Ker(Af’). For simplicity, we shall denote R"*P;§*R*|T by f—*. For
x' € T, define

FOK) = FEEFE (X))
This gives a well defined smooth section on T’. Extend it to a local
invariant section on a neighborhood of T’. We leave it to the reader to

show that this construction is well defined, that is it does not depend
on the choice of T. g.e.d.

In order to define the induced connection V, we need only define it
on local invariant sections, and then extend it using (1) of Definition
5.7.

Definition 8.3. Let ¢ be a local invariant section of ni. Given
X € TM, set X’ = f,(X). Define

Vx () = (V' (f 7).
Extend to ¢ € C°°(/\T*M;nfr) by using (1) of Definition 5.7.

Proposition 8.4. V is a connection on nfr.
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Proof. We need to check that the four conditions of Definition 5.7 are
satisfied.

5.7(1): For dilerential forms this is satisfied by definition, so we need
to check it for functions. Specifically, we need that for any local function
w on M which is constant on plaques of F (i.e. local invariant functions),

and for any X € TM and any local invariant section & of nfr,
Vx(wg) = dyw(X)E +wVxE.

If X € TF, this is trivially true since both sides are zero. Now suppose
that X is transverse to F, with X’ = f,(X), and let T be a transversal
of F with X tangent to T. We may assume that T is so small that f
restricted to T is a di Ledmorphism onto its image T’, a transversal of
F’, with inverse =% : T/ — T. The vector X’ is tangent to T’, and
thanks to Corollary 5.21, we have

Vx (€)= F* (V' x/ (F(0E))) = F* (V' x (0o F)F7E)) =
£+ [X’(w oF HF 7+ (wo f—l)v’X,F—*&] =
X' (@oF Y o F)YFf*E + 0f*(V . T %) =
(Xw)E +0VxE = dyw(X)E + Vi
5.7(2): If X € TF then X’ € TF/, and as f*& is local invariant,
V' o (F*8) =0, 50 V() = F*(V/x/(F*)) = 0 and V is flat along F.

5.7(3): The fact that V is G—invariant is a simple exercise which is left
to the reader.

5.7(4): We need to show that
A=vnl —nlv'nl : CO(AT*M;AT*F, ® E) — C®(AT*M; i)
is transversely smooth. Now 1/, = F*R*1,§*R*P, and V = f*V/f * =
f*V'R*P,§*R* = f*n/, V"1, R*P/§*R*. Using the proof of Proposi-
tion 7.4, we have that, modulo transversely smooth operators,
A=, V", R*P/g R F*R*1,§*R*P,—
F*R/*HQ_QJ*R*PZVVF*R/*HZF@'*R*Pé —
', V', R*P/§* R* F*R*P/,. §*R*P,—
'F*R,*T[f._g*R*P[F*VWRI*TTQ_g*R*Pg —

. V"1, R*, §*R*P, — F'R*1,.§*R*P,F VR, §*R*P,,
since P,g*R*f*R’*P/ is the identity on Im(P;) = Ker(AF') > Im(1,).
Now R™*n/, = n/,R™* and V'"1/, = (V"' )n/, = /., V1!, +[V", /. ],
and [V, ] is transversely smooth since /. is. So using Proposi-
tion 7.9, we have that modulo transversely smooth operators,

R, §*R*P,F*V"R*, T R*P, =
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f*R*1, P/g"R*P,F* 1, VT, R*§"R"P, =
1, R*P,§*R*P, P, V"1, R*§*R*P, = £*1’, V', R*T*R*P,,
since R’*P[gV*R*ngV*Pé is also the identity on Im(P;). As m,R™ =
n, ., R™* = n/,R”*n/.,, A = 0 modulo transversely smooth operators,
that is, A is transversely smooth. g.e.d.

9. Leafwise homotopy invariance of the twisted higher
harmonic signature

In this section we prove our main theorem that the twisted higher
harmonic signature is a leafwise homotopy invariant.

Theorem 9.1. Suppose that M is a compact Riemannian manifold,
with an oriented Riemannian foliation F of dimension 2[Jand that E
is a leafwise flat complex bundle over M with a (possibly indefinite)
non-degenerate Hermitian metric which is preserved by the leafwise flat
structure. Assume that the projection onto Ker(Af) for the associated
foliation F, of the homotopy groupoid of F is transversely smooth. Then
o(F,E) is a leafwise homotopy invariant.

Recall that the projection onto Ker(Af) is transversely smooth: for
the (untwisted) leafwise signature operator; whenever E is a bundle
associated to the normal bundle of the foliation; and whenever the leaf-
wise parallel translation on E defined by the flat structure is a bounded
map, in particular whenever the preserved metric on E is positive def-
inite. Note also that these conditions are preserved under pull-back by
a leafwise homotopy equivalence.

Suppose that M/, F’, and E’ satisfy the hypothesis of Theorem 9.1,
and that f : M — M’ is a leafwise homotopy equivalence, which pre-
serves the leafwise orientations. Set E = f*(E’) with the induced leaf-
wise flat structure and preserved metric. Assume that the projections
to Ker(AlZE) and Ker(Af') are transversely smooth. Then we need to
show that

chy(1s) = F*(chy (1))
We do this in two stages. The first is to prove

Theorem 9.2. ch,(14+) = cha(ni).

Proof. Recall that . = f*R"*1.§*R*P,, and set
flt = tnl + (1 — t)P,mL.

A simple computation, using the fact that niP,; = ni, shows that the
ﬁi’t are idempotents, and as P, and the ni are transversely smooth, the
ﬁi’t are smooth families of transversely smooth idempotents. It follows
from Theorem 3.4 that ch,(iL%) = ch, (&Y. Since ®il! = 1L, we need
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to show that cha(ﬁfgo) = ch,(my). We will do only the + case as the
other case is the same. Set 7] = #/°.

Consider the pairings (, ), and Q defined in Section 4. Note that
Q(ds01, ar) = (—1)*1Q(ay, d,a0). Using a partition of unity and lin-
earity, proving this reduces to considering sections of compact support
of the form o = » ® ¢, where & € C2°(L; AT*L) and ¢ is a flat section
of E, where it is immediate. So 552)(&, E) is totally isotropic under

the pairing Q, and it is orthogonal to Ker(AF) under the pairing (, ).
In addition, this equation implies that Q induces a well defined pairing

Q : Hiyy (Fs, E) @ Hiyy (Fs, E) = B(M),

where B(M) denotes the Borel C valued functions on M. It further
implies that P, restricted to the cocycles Zfz)(FS, E) preserves Q. The

subspaces Ker(Af*) and Ker(Af‘) are orthogonal under both of the
pairings, since Q(Tay, 0z) = Q(ay, Tay). As Ker(AF) = Ker(AF™) @

Ker(AF™), so also Z{, (F., E) = Ker(AF™) @ Ker(AP ™) & By (F., E).

The kernels of both ﬁi and 4 contain Ker(P,), so we may restrict
our attention to Im(P,) = Ker(Af). The image of 3. is P,(Im(f)).

Lemma 9.3. 1. : P,(Im(f})) — Ker(AF*) is an isomorphism with
bounded inverse.

Proof. By Proposition 6.5, f* restricted to Ker(Af') takes the pairing
Q' to the pairing Q. (Note that Q is + definite on the Im(my) if Cis
even, while it is v/—1Q, which is + definite on Im(n4) is Cis odd. We
will finesse this point.) Since P, (restricted to the cocycles) preserves

the pairing Q, Q is positive definite on Pg(lm(fNi)). Given 0 # a €
P,(Im(f%)), write it (uniquely) as o = o4 +0o_, where oy € Ker(AJ®).
Then

0 < Q(u,0) = (a4,04+) —(0_,0_) < (O4,04),

S0 () = a4+ # 0 and T4 : Pg(lm(ﬁt)) — Ker(Af*) is one-to-one.

The above inequality also implies that n;! is bounded, with bound

V2. The element o = n;'(a+) and |[a]? = (a,a) = (04, 04+) +
(@ a_) = |low|f? + [Ja_[[> Since 0 < Q(a,0), [[a—[[* < [lo]|f,
so [[mit (@)l = ol < 2fjas|?.

Next we show that m4 is onto. Choose a € Ker(Af“L) which is
orthogonal to m.(P,(Imf%)). The subspaces P,(Imf:) and P,(Imf*)
are orthogonal under Q. Their direct sum is the space Ker(4,) of all
harmonic forms, since nfr + 1/ induces the identity on cohomology.

Write a = B + B_, with B € P,(Imf}). Then
lal? = Q(a,a) = Q(o,B+) +Q(a,B_) =
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Q(a, m+B+) + Q(a, m_P+) + Q(a, ) = Q(a,p-).
The last equality is a consequence of the facts that a is Q orthogonal

to 1. (P,(Im f)) and that Ker(AX*) and Ker(AZ~) are Q orthogonal.
Hence we have,

0 < Jlaf> = Q(B+,B-) + Q(B_,B-) =Q(B_,B-) < 0.

So, a =0, and 1. is onto. g.e.d.

Consider the map m;! : Ker(AF*) — m. . (P,(Imf})), and define p+
to be

p+ =Tt o Ty 0 AG) (Fs, E) — Po(Im(F3)).

Then p. is an idempotent and has image P,(Im ﬁ), which equals Im ﬁi.
We claim that p. is transversely smooth. If so, then ch,(p+) is defined

and ch,(p+) = cha(ﬁfr), since they have the same image. Note that p is
the projection to Pg(lm(fNi)) along Ker(m). With this description, it is
immediate that poT+ = p+ and T4 op4+ = T4 Since T+ is the projection
to Ker(Af*) along Ker(m+). As above, we may form the smooth family
of transversely smooth idempotents tp+ + (1 — t)74 which connects p+
to 4. Again, it follows from Theorem 3.4 that ch,(p+) = ch,(m+), and
we have ch, () = cha(ni). So to finish the proof we need only show
that p. is transversely smooth.
Now

il = Pl = PFRT.GRP,,
and recalling that P;§*R*P,f*R"*P; = P/ and T, = m\,P; = P/T., we
have

@)?=aL and wlml =0
These idempotents are transversely smooth since P, and the ni are
transversely smooth. They also satisfy ﬁfr +7t! =P, and their kernels
both contain Ker(P,). Finally, note that the Im(7y) = Pg(lm(f;)).
Next set

A=m, +7l.

Lemma 9.4. The operator A and its adjoint A’ are transversely
smooth, and A is an isomorphism when restricted to Ker(Af).

Proof. A is transversely smooth because both m4+ and i/ are. As
Al = (my + 7)) =y + (@))!, we need only show that

(ﬁ{)t — PZR*tg*tn/_ R/*tf*tpg

is transversely smooth. Now P, and 1’ are transversely smooth, and
R* = (R*)~! and R™** = (R”*)~! since they are both isometries. Now
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consider £** and g*' restricted to the harmonic forms. Let o’ € Im(P;)
and a € Im(1.). Then
(o, fa) = (f'd',a) = Q(f*d,%a) = Q(f*d/,Ta) =
Q(fv*O(',O() — Q(.i:v*a/’i:v*R/*fgv*R*a) — Q/(G/, R/*q*R*G) —
Q(d,n,R*g*R*a + ' R"§*R*a) =
Q(d, T, R*§*R*a — Tn’_R™"§*R*a) =
Q'(d,*n, R*§*R*a — *n’_R™*§*R*a) =
(o, (M, R*g*R* — M_R™F*R*)a).
So on Im(n.), F* = M, R*G*R* — m"_R*G*R*. Similarly, on Im(r_),
f* = —, R*g*R* + n”_R"*§*R*. Thus on Im(P,),
.i:v*t — (n;R/*ng*R*_n/_R/*fgv*R*)T[_.__(T[Q_R/*fgka*_T[/_R/*ng*R*)n_ —
(', — 1 ))R™*§*R*(n+ — ).
Similarly, §* = (s — T_)R*F*R*(, — ). As (1, — )’ (1, —
n’) =1’ , R* commutes with ., R”* commutes with 1/,, and P,m. =
T4, we have
@) = (n+ — )P R GR* (s — 1),
which is transversely smooth.

Next, note that Q is positive definite on Im(m+) and Im(f:.), and
is negative definite on Im(n_) and Im(/). So Im(my) N Im(RL) =
{0}. Let a € Ker(AF) with A(a) = 0. Then m4(a) = —#t/ (o) and
4 (a), it (a) € Im(me) NIm@@L) = {0}. Thus a € Ker(m) NKer(®! )N
Ker(AF) = Im(m_) N Im(R}) = {0}, so a =0 and A is one-to-one.

Now A(Im(1t})) = n+(P.(Im(f3))) =Im(ms), so Im(my) C Im(A).
Just as 1+ maps Im(ﬁ{) isomorphically to Im(m+), m_ maps Im(ﬁf)
isomorphically to Im(m_). Given a € Im(m_), let B ¢ Im(ﬁf) with
n_(B)=a,s0pB =n_(B)+n(B) =a+n(B), thatis a =B — m+(B).
Now A(B) = m.(B) + Y (B) = m«(B) + B, since B € Im(7Y). So P €
Im(A), since m+(B) € Im(1+) C Im(A). Thus a = — +(B) € Im(A),

and we have Im(m_) C Im(A). As A is linear and contains Im(m.), it
also contains Im(m.) & Im(n_) = Ker(AF), and A is onto. g.e.d.

Lemma 9.5. A~1, the inverse of A restricted to Ker(AF), is a
bounded isomorphism of Ker(AF).

Proof. A~1is bounded if and only if there is a constant C > 0 so that
[|A(@)|| > C for all x e M and all a € Ker(AF), with |jaj| = 1. If not,
there are sequences x; € M and a; € Ker(Af),; with ||o;|| =1, and

lim ||A(0y)]| = lim [Jre (o) + 7. (a))]] =0,
J—o0 J—00
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that is,
0= lim M. (o) + 7/ () = lim ma(ay) + e (7 (0))) + 1@ () =
J—00 j—o0

lim 1. (o, + 7 (a,)) + (7 (a;)).
J—00

This implies that lim;_, n_(ﬁf(aj)) = 0. Now
0 > QM (o) () = |[me(® (a)II” — [Im- (),
50 lim; o M+ (R7 (0;)) = 0, which gives that lim; ... 7t/ (a;) = 0, so
also lim;_,o m+(a;) = 0. Since a; = n+(a;) + n_(a;), we have
lim (n_(a;) — a;) =0,
J—00
in particular,
lim |[m_(a)[[ = lim [|o;|| = 1.
J—0 J—00
Now Q(m_(a;), m_(a)) = —|[m_(at;)|[2, 50 lim; 0 Q(_(a;), T_(0})) =
—1. Since Q is continuous,
lim Q(aj,a;) = lim Q(n_(a;),n_(a;)) = —1.
j—}OO j—}OO
The fact that lim;_, ﬁf(a]—) =0and a; =13 (a;) + ﬁf(aj) implies
that
lim (7t} () — ;) =0,
J—00
and as above, the fact that Q(7:.(a;), 3. (a;)) > 0 implies that

liminf Q(aj;,a;) >0,
J
which contradicts that fact that lim;_,. Q(a;, a;) = —1. g.e.d.

Now consider the map B = A’A, which is transversely smooth and
is an isomorphism when restricted to Ker(AF). Denote by B~! the
composition of maps:

1
B~1: Al (Fy, E) L5 Ker(al) °5 Ker(aF),

where B;l is the inverse of B restricted to Ker(Af). Since p+ takes
values in P,(Im(f%)) = Im(RL), Ap+ = My, 50 Bps = Almy, and py =
B~1A'm,. Thus we are reduced to showing that B~ is transversely
smooth.

Restricting once again to Ker(Af), we have that the operator B is
positive, and A and A~ are bounded operators, so the spectrum of B
on Ker(Af) is contained in a bounded positive set [Cp, C1], and since
B = P,BPy, its total spectrum is contained in [Cy, C;] U 0. Thus, for
su Lciehtly large A, 0 < [|P, — £|| <1 - Co/A < 1, and this estimate
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also holds for all Sobolev norms associated to Afz)(Fs, E). So for large

A,
tEaxbeR)

0
where (Pg — %) =P,. For N € Z, set

N
= a2 (eR)

0
where again (Pg— %) = Py. Then Dy is a uniformly bounded (over all

N) transversely smooth operator, and it converges to B~ in all Sobolev
norms. Thus B~ is a bounded leafwise smoothing operator.

Consider 3} Dy = - o) ((Pg — %)n> where Y is a vector field
on M. For any integers kl, kz, and for N > 1,

1B~ = Dnllkyhs < %i HOX«PE—%)n)Hkmz <

n=N+1
%\!53/<Pz—§>!\kl,kz _z: ang_%,n—l <
n=N+1
1 B > Co\n—1
ARSI Py n(1-32)

This converges to 0 as N — oo as ||9) (Pg—%) |11k, is finite since P,— 2

is transversely smooth. Thus the transverse derivative 0} D converges
in all Sobolev norms, so limy_s OXDN exists, and it is bounded and
leafwise smoothing.

Proposition 9.6. 0Y'B~1 exists, in particular, 0Y Dy converges in
all Sobolev norms to Y B~1, so 0Y'B~1 is a bounded leafwise smoothing
operator.

Proof. As 0Dy converges in all Sobolev norms, we only need prove
that Y B! exists and that it equals limy_,., 0} Dy.

Recall the situation in the proof of Theorem 4.4. For y close to
X in M, we have the smooth diledmorphism @, L, — L Given
Y € TM,, set y(t) = exp,(tY ). For z L, and t su [ciehtly small, say
[t| < C{which we assume from now on), we have the path t — V.(t),
which covers y(t) and has tangent vector in v,. So for [t| < [dthe
diedmorphism @, : 'L, — L ~) €Xists. The vector Y defines the
transverse vector field Y along Lx, i. e. a smooth section of vy | Lx, by
requiring s*(Y) =Y. Then the operator 8 (-) = [V’;E] can be realized
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as 0/0t(-) as follows. We may parallel translate all objects on L, to L.
(and vice-versa) along the paths V. (t) using the connection V. We will
denote this parallel translation by ®; (and the reverse by cpt—l), Thus
any section of ¢ € CgO(Ez; AT*F, ® E) defines a section ®,(8) = &, of
C(Lyy; A'T*F4 ® E) given by

§(2) = BE® @),

and &; is smooth in t. Note that for such a local section, V& = Vgr

(as Y e V) is defined and equals 0, since &, is parallel translation along
integral curves of Y for the connection V. In fact, if we set Y ®) =vy'(v),
then V@)Et = V’;@)Et = 0. Further note that @, is a di Ledmorphism
of bounded dilation and the induced action on E is also bounded, so
the local operators @, and CDt‘l are bounded when acting on sections of
C(Ly; AN'T*Fy @ E), (respectively C2°(L¢y; A“T*Fs @ E). We denote
these bounds, which are uniform in t, by ||®,|| and ||®; || respectively.

Similarly, we may parallel translate operators such as D from nearby
leaves to L, as follows. Given &;,& € C>(L,; A‘T*F, ® E), define the
operator Dy ; on L, by

(D). &) = (7" (Dxsop (&) &)

(D)

N ot =0
well defined as a map from C2°(L,; A‘T*F,®E) to C®(L,; A‘T*F,QE).
Likewise, VD n ) (&:)) is well defined for all & € Cg"(Ex; NT*F,®E),
and takes values in COO(EZ,;/\ZT*FS ® E). The fundamental relation-
ship between parallel translation and the connection V translates to
the equation

This is well defined and smooth in t. Thus the operator

o(D
0.7 (P08 | V) = VytP, €N

In fact, for all to € [— 1]

0(Dn.)
Tat

t=to) ® = o (V@o)(DNn(t) (Et))) ,

since d; 1 = @, Lo d; L where &, is parallel translation from L, to

Lo (to)- ~
For § € C°(L,; A'T*F, ® E) we have

9, DnE = [VPNE = [ViDrE =
VBN (&) — DNV ) = VB y 0 (&),
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since Vff;) = 0. So by Equation 9.7 we have

0(Dn 1)
Y _
Dy = d )
9, D ot ‘t=0
As above, this extends to
O0OnNg) _ L 1/ay
9.8. 2 = 071 () Dy ).

set B;! = &;}(B1), Dy, = q»;l(af (t)DN) = 9(Dy,)/0t, and
D; = cpt—l (IimN_m a;“(t)DN>. Note carefully that the following com-

putation takes place on the leaf L,. For &1,& € C°(Ly; A‘T*F, @ E),
and h € (0, )] we have that

h
(B, &) - B '@ &) - [ (D@D &e] <
|(B7(€0). &) — (D). &2)| +
h
(Dxa@). &) ~ Dxo@) el — | (Dl @), Eoet] +

(Orote. &) - B €. &) + | [ (@ - DDE. B0t

The first term equals
(1B — D)@ ). 8| <

197211822, = Do 1 1901 E 1 E21,

which goes to 0 as N — oo, since Dy — B~ in norm and Hd);lH and
||®|| are bounded. The second term is zero since DY, = 0(Dn )/0t.

The third term is bounded by [|[Dyo — Bg || [|€1]] ||€2]|, which goes to
0 as N — oo, since Dy — B~ in norm. The last term is bounded by

h
/0 197711110 @Dy — Jim 0Dy |01 I8 €l
o

which goes to 0 as N — oo, since ||®; || and ||®;|| are uniformly
bounded for t € [0, h], and 8} D converges in norm.
Thus

h
Jim |87 4@, &) — (Bo @) &) - [ (D& = o
— 00 0

and as the expression inside the limit is independent of N, it actually
equals 0. This implies that

( %(Bﬁl—Bc?l—/ohDédt)(al).&2> = o,

lim
h—0
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for all &;,& € C°(L,; A‘T*F, @ E), 0

1 h
l —(B—l B 1o D’dt> =0
hl—% h h 0 0 K
as a map from C°(L,; A‘T*F, ® E) to C®(L,; A‘T*F, ® E).
Next we have

(Qijg) D;(&1). &) — <D6(El).€z>( < (<gm(D; - D;w)(al),@‘ +
‘«t“—% Diy: ~ Do) &), EZ>‘ * ‘«D?v,o — Do) (&), Ez>‘ <
fim 10711 Jim 6,03, = 0, Dol 104l [8all %211 +
I !L%(DEV,t(El)1§2> — (Do), &) +

107D xs0) = im0, DD [ [zl

The first and last terms can be made arbitrarily small (for t € [0, h])
by choosing N su Lciehtly large. The middle term equals zero since
(DY +(&1), &) is continuous in t, which follows immediately from Equa-
tion 9.8 and the fact that Dy is transversely smooth. Thus,

0 = <t“_r>% D (1), &) — (Dp(81), &) = ((tli_r>r(1) D; — Dp)(&1). &2),
which holds for all &, &, € CgO(Ex; ANT*F,®E), so lim;_yo D;—Dy = 0,
h—0

well defined as a map from C°(L,; AT *F,®E) to C®(L,; A‘T*F,QE),
and as D; is continuous at zero, we have

1 h
lim —</ ngt) = D).
h—0h\ /g
Again by the fundamental relationship between parallel translation and
V, we have

L : L (h :
that is Dj is continuous at zero. The operator lim n (/ ngt) is also
0

-1 -1

B,"—B

lim——_——9 = 9YB~1,

h—0 h v
SO

B, '-By! 1/ [h
Yp-1— | h 0 _— ! —n — H Y
B~l=lim A 20 | —< Ddt)—D—Im Dy,

0y i h b h /0 t o = v 9, D
and 0B~ is a bounded leafwise smoothing operator. g.e.d.

A boot strapping argument now finishes the proof of Theorem 9.2.
Let Y1,Y2 be vector fields on M. As B~'B = P, and the 9 are
derivations, we have as usual

a2t = (@¥2p)B~1 - B 1(82B)B 1,
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which is in the domain of 0}*. Applying it, we find that 4}19)2B~!
equals

(0)20)2P)B 1 + (8)2P,) (0} B~ 1)—

(0,'B~)(3,?B)B~" — B 1(3)%0,?B)B~" —~ B 1(9,2B)(9,*B ™M),
which is a bounded leafwise smoothing map, since B and P are trans-
versely smooth and 9)*B~! is bounded and leafwise smoothing. Pro-
ceeding by induction, we have that for all vector fields Y4, ...,Y,, on M,
the operator 9} ---0YmB 1 is bounded and leafwise smoothing, so B~*
is transversely smooth.

This completes the proof Theorem 9.2. g.e.d.

Finally, we prove Theorem 9.1, that is we prove
Theorem 9.9. ch, (1)) = £*(ch,(1})).

Proof. We will only prove that cha(ni) = f*(ch,(,)), as the other
proof is the same. We begin by constructing special covers of M and
M’. Let {U’} be a finite open cover of M’ by foliation charts with
transversals T/. Choose the U’ so small that g | T’ is a di [edmorphism.
Denote by p: U’ — T the projection. Let {U} be a finite open cover
of M by foliation charts with transversals T. Since the collection of
open sets T~ l(U’) cover M, we may choose the U small enough so that
for each U, thereis a UU with f(U) C UU We may further assume that
the U are so small that f | T is a di Ledmorphism. Set

= () Py AU

Then the set {U’} is a finite open cover of M’ by foliation charts,
f(U) cU’,and T/ = £(T) is a transversal of U’. Denote the projection
p] U — T byp.

SetV = f~1(U’), and note that V is not necessarily connected. How-
ever, V D U whose transversal T is taken di Ledmorphically onto T’ by f.
There is a well defined projection p : V. — T given by p = (f | T)~top’of.
Recall the connection V on nfr (induced from the connection V' on 1))

which we will use to construct cha(nfr), and set V' = V| T with curva-
ture 67. Then just as in Proposition 5.20, we have

Lemma 9.10. V|V =p*(V?) and 6|V =p*(87).

Proof. The proof is essentially the same. To eledt it, we need to
be able to define local invariant sections over V, and to do this we
need families of leafwise paths such that moving along them gives the
projection p. Given y € V, choose a leafwise path vy, : [1,2] — U’
from p’(f(y)) to f(y). Let h: M x I — M be a leafwise homotopy
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between the identity map and g o f. In particular, h(x,0) = x and
h(x,1) = gf(x). Define the leafwise path y, from p(y) to y as follows:

Yy (1) =h(p(y),t) for 0 <t <1; vy, (t) =gy, (1) for 1 <t <2

and
Yy(t) =h(y,3-t) for2 <t <3.

Since f(p(y)) = p'(f(y)), this does give a path from p(y) to y. Using
the y,, we may extend any local section defined on T to a local invariant
section on all of V, and then proceed just as in the proof of Proposition
5.20. g.e.d.

The connection V7" (which is V' restricted to . | T’) and its curva-
ture 6, satisfy V' |U’ = p*(V7) and 0/ |U’ = p*(81+). Set f = f|T
and define fA*(VT’) and f*(eT,) as follows. Let & < C‘X’(nfr |T) and
suppose that X and Y are tangent to T. Set X’ = ﬂ(X) = f,(X) and
Y’ =f.(Y) = f.(Y), both of which are tangent to T’. Define

Ve =TV ETET))
and
(F @< Y))& = O (X', Y)FE|T)).
Lemma 9.11. £*(VT") = v7 and f*(8,/) = 6.

Proof. The element ¢ < Cw(ni | T) determines the local invariant
sections & of m} and f—*& of .. Then

(V) xE = F(VE(FE|T)) = F(V x F ') = Vx& = V&L

Next, using local spanning sets of 1t/ |V and m, |U’, it is not di Ccult
to show that

8r(X,Y) = VEVT - VIVE - Vi,
and similarly for 67-(X’,Y’). Then
vivEiE = Vi F VI F e = VL VI F

and VIVLE = VI VL £E. As f is a di ledmorphism, f.([X,Y]) =
[X’,Y"], so

Vi = FUY e
It follows immediately that
(f*(eT,)(x,Y ))5 = £, (X", Y )FE = 87(X, Y )E.

g.e.d.
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Now consider the curvature operator 6’ of V/ over U’. We may assume
that U’ ~ RP x R? with coordinates X, ..., X/,, and that T’ = {0} x R%.

o Ny

Choose a local invariant spanning set {&/} of m’. |U’. Recall that for
sections aj ® @7, a5 ® @5 of AT*L' @ E/,

Qe aoe) = [ (ohaaing = [ (oo (oo
There are functions &; ;, ; on T’ (thanks to Proposition 5.20) so that
the action of 6’ on a section &' of 1/, is given by

0E) = > D a;,, QELENEdx Adx =

kl=p+1 i,j
> A [ / &5 A E’] &l dx), A dx).
irjoke,l

The reason that we can represent 8’ this way is because for any &'
Ker(r,) and any & € Im(1,), Q'(¢’, &) = 0. This follows from the facts
that (¢,&) = 0, Q'(¥,58) = (£,&), and ¥ =18 = /1’ 5.

Let X' € U" and y/,z' € L,.. With respect to the spanning set {&}
and the local coordinates on U’, the Schwartz kernel @’ ,(y’,z") of 8’ | U’
is given by

OL (. Z)= Y Y a0 (NEWY) @ E(2)dx), Adx;.

k,l=p+1 i,
We write this more succinctly as

U = ) &), & @& dx, Adx.
i7j7k7l

Recall that X' € L,/ is the class of the constant path at x/, that we
identify M’ with its image under X’ — X/, and that / is integration

’

over the fibration U’ — T'. Let {yy,,} be a partition of unity subordinate
to the special cover {U’} of M’. Then

Tr(8)|T' = / W (X) Z a;7j7k7l(p’(x’))2§(¥’) A E;(X') dxj, A dx;.
U’ =
1,7,k,1
Note that we do not multiply the integrand by the leafwise volume form
dx’, since this is already incorporated in it by our use of the leafwise
di Cerkntial forms &, in the Schwartz kernel ©' of 6. In particular, being
Very precise,

L. 2) = 3 a0 NEY) © o€ ) A (dx, A dx,
i,5,k,1
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where vol(z’) is the oriented unit length vector in (A%*TF,).,. Then
tr(@L, (X', X)) dx’ =

D a0 ) (o [ (X) A EG(RDDdX dxi, A dx) =
ig ksl
S a0 (P EX) A &X' dxi, A dx.
B4kl
To avoid notational overload, we will not be this precise.

The G’ invariance of 6’ allows us to compute Tr(8") as follows. Denote
the plague of X’ in U’ by P,.. Let j': P,, — L, be the map given by:
Jj'(W') is the class of any leafwise path in P, from x’ to w’. Then the
value of Tr(8’) at p’(x’) € T’ is given by

Tre)('(X)) =

[ WG 3 a0 G A G 1P b A i
j/(Px/) i,j,k,l

Abusing notation once again by identifying P,/ with its image under j’,
we have that at p'(x’) € T,

TN = [ W) 3 a0 ONEY) A& b A o =

i7jik7l

> @O [ U 0IEW) NG| i,
irjk,l x!
Similar remarks apply to all powers of 6'.

We now return to our analysis on V. = f~1(U’), where we have the
normal coordinates X,+1, ..., X, given by x; = X;ofop, so dx; = f*(dx).
If we set & = F*(eg), then the &; are a spanning set of ni |V. Set
k1 = ;0 Fop, wherep:V — T. Using Lemma 9.11 along with
Proposition 6.5, the Schwartz kernel ©,(y,z) of 6|V is given by

0.(Y,2) = Y aijri(PONE(Y) @ &(2) dxg A dxy,
1,7,k,l

and the action 8|V is

8(¢) = Z Zai,j,k,lQ(Ej,E)Ei dx, Adx; =

kl=p+1 i,j

> @i | / & &[: dx 1 dx

i7j7k7l
That is
0 =f0O.
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We are interested in the Schwartz kernels ©’% and ©F of the operators
6’% and 6*. These are given by

oty )=
/ / / O (Y, W) A O (W, WH) A ... AOL(W_q,2")
b I £
and
0k(y,2) = / / / Ou(Y, W1) A O, (Wi, Wo) A ... A Op(Wy_1,2),
E ) Exd Ed

where the integration is done over repeated variables. Using Proposition
6.5 again, we have immediately that

oF = f+(@™").

For each y,, in the partition of unity subordinate to {U’}, set Yy =
Y7, o F, which gives a partition of unity subordinate to the open cover

{V} of M. Denote by / integration over the fibration p : V. — T.

1%
Recall the map i : M — G given by i(X) = X, the class of the constant
path at x.

Lemma 9.12. Tr(6%) = Z/ Py i tr(0%).
v

Proof. It su [ced to show that for any dilerkntial form w on M,
/ Yyw and / Uy w define the same Haefliger form. Let Wy, ..., W,,

be an open cover of M by foliation charts, with transversals Sy, ..., S;,.
We may assume that Wy, ..., W;, are the only elements which intersect
the support of Yy non—trivially, and that these sets are subsets of V.
Let Lﬁo, . Lﬂm be a partition of unity subordinate to the W,. We require
that Wo = U and Sp = T. Recall that p’: U’ — T’ is the projection.
For j =1, ...,k choose a point y; € S;. Then p'(f(y;)) = f(p(y,)), and,
as in the proof of Lemma 9.10, we define the leafwise path y; from p(y;)
to y;. By construction, the holonomy map h; induced by the leafwise
path y; (which has domain possibly a proper subset of Sg) has range
all of S;. In addition, for each S;, the map hj‘l :S; = So =T is just
the restriction to S; of the projection p : V. — T. Then the Haefliger
classes

k k
/FLIJVOJ = ];)/W,— Wibye = /Wo Wolyw + ;lhx/wj lljleva) =
/W WYy + Zh* / UJJUJVOJ

7j=1
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k

The Haefliger form l]/J\ol]JVO.) + Z hj(/ lﬁjwvw) is supported on

So =T, and it follows immediately from the fact that h;l :S; — So is

just p:S; — T, that it equals / Yy w. g.e.d.
v

Now ch, (1)) = [ ( Z (2|n)’fk|>}’ and by Theorem 9.2 this

equals c~ha(n+), which is mdependent of the Bott form w used to con-

struct f*. Let ¢ be a smooth even function on R, decreasing on [0, 1]
with @(0) = 1 and @(x) = 0 for |x| > 1, and let w be the Bott form
which is a multiple of @(X1)...9(X;)dX1...dx;. For t >0, let g, : R* — RF
be the di Ledmorphism q;(x) = x/t. Denote by w; the smooth family of

Bott forms given by w; = g/w, and denote by ﬁ* the map constructed
using w;. Then for all t >0 and k > 1, we have

[Tr(ek) Z / Yy i* tr(@k)
[Z / foyp it (@) = [Z lim / £(0),) i (ro™)].

We may use the w, to construct the family of maps f; (analogous to
the family *) defined on the original foliation F. As both f* and
are locally constructed and tr ©'% is G’ invariant, it is clear that

i tro’) = f(@i”" ro’).
Thus
nm/ £ (), i*f; (tre’k] = [szl!i_%/vf*(mb,)ft*(i’* tr@’k)].

Itis a classical result that on each plaque in V, the compactly supported
forms £* (W, ) (" tr ©'%) are bounded independently of t € [0, 1], and
converge pointwise to £y, )F*(i"* tr @*) = (i tr@"). By the
Dominated Convergence Theorem, we have

[169] = [ [ im e @i weh] =
%4
Z/ 1) L (U tr(O’k))] -
# [ v we] = o [1re]
>
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[n/2]

k
As ch, () = [Tr(n’+ + > e
k=1

(2im)kk!
cha(ml) = F*(ch,(1,)), we must show that [Tr(nfr)] = f*[Tr(n;)].
Just as we did with 8’, we may write the Schwartz kernel of n/, |U’ as

() (Y, 2') = D050/ (X NEY) @ E(2),

ihj

)} to finish the proof that

where the bgvj are functions on T’, and the action of m/,. on a section &
is given by

(€)=Y b Q'€ &) E.
EyJ

Seth;; = b, ; = b/ ;ofopand & = F*(€)), and consider the operator
i/ on Aﬁz)(FS, E), where T} [V =3, b; ;& © &, which acts by

TLE) = > bi; QE, 8.
2Y)
Then ﬁfr is a G invariant idempotent, has image equal to Im(nfr), and
has a smooth Schwartz kernel. In general . # 1/ because forms of
the type 0,3, which are in the kernel of nfr, are not necessarily in the
kernel of 1. However, since T/ has smooth Schwartz kernel, Tr(7t,) is
well defined, and its Schwartz kernel is just f* of the Schwartz kernel
of 1, Arguing as we did for 8%, we get [Tr(ﬁi } =f* [Tr(nir)].

Lemma 9.13. [Tr(ni)} = [Tr(ﬁi)].

Proof. Since Im(ni) = Im(7;.) and both are idempotents, we need

only show that ﬁfr is transversely smooth, and then apply Lemma 3.5.
We will use the notation of Section 6. Let K’ be Schwartz kernel
of a G’ invariant bounded leafwise smoothing operator on Afz)(F;, E’),

which is given locally, with respect to a local invariant spanning set {&;}
of Al (FJ,E"), by K/ = b/ & © &, with the action given by

4,J "4

K@) =) b, QE.8E
0,J

Now consider the operators f*K’ on Afp(Fs, E) and p3K’ on Af, (F; x

B*, p;E’), with local Schwartz kernels

PR = 1) FEaf ), and K =D pib) (7€ A0)®(FE) AW),
47j

Zh]



TWISTED HIGHER SIGNATURES FOR FOLIATIONS 447

where ® is a Bott form on B*. Recall that Ty IS integration over the
fiber of the projection 1y : G x B¥ — G, and Ps is integration over the
fiber of the submersion py : G x B — @'. Straight forward computations
show that for & € A, (F, E) and fe Al (Fs x BF, p3E),

FR@) = m. (piK/(19) and K'@) = pj (K (01 8)) Ao,
The maps 1y ., Tj, p}, P« and Aw are all bounded maps, and K’

is bounded and leafwise smoothing. Thus f*K'’ is a bounded leafwise
smoothing operator. Applying this to K’ = ,, we have that ﬁi is a
bounded leafwise smoothing operator.

Using Proposition 7.4, it is easy to show that 0}fﬁ£ = [A(Y), T ] +
f*(i40,1,), where Y and Z’ are as in Lemma 7.8, and A(Y) is a
leafwise operator whose composition with a bounded leafwise smoothing
operator is again a bounded leafwise smoothing operator. Applying the
argument above to iz0,/m,, we have that afﬁi is also a bounded
leafwise smoothing operator. An obvious induction argument finishes
the proof. g.e.d.

Thus [Tr(nfr)] = [Tr(ﬁ“{ } =f* [Tr(ng)}, and we are done. q.e.d.

10. The twisted leafwise signature operator and the twisted
higher Betti classes

In this section we give some immediate consequences of our results. In
particular, we show that the twisted higher harmonic signature equals
the (graded) Chern-Connes character in Haefliger cohomology of the
“index bundle” of the twisted leafwise signature operator, that is the
(graded) Chern-Connes character ch,(P) of the projection P onto all
the twisted leafwise harmonic forms. We conjecture a cohomological
formula for this Chern-Connes character, which has already been proven
in some cases. We also indicate how our methods prove that the twisted
higher Betti numbers are leafwise homotopy invariants.

Consider the first order leafwise operator D¥ = d, + &, which is
formally self adjoint and satisfies (D¥)?> = AF. Because of this, the
kernel of D¥ is the same as the kernel of A”. Recall the +1 eigenspaces

% (Fs, E) of the involution T of A*(kz)(Fs, E), and that

Dft = —tDF,
so we have the operators D+ : A% (F,,E) — A%(F,,E), and D% is
designated the twisted leafwise signature operator.
Denote by P, the projections onto the Ker(D*). We assume that

the projection P to Ker(AF) is transversely smooth, so the P are also.
Then the (graded) Chern-Connes character of the index bundle of the
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twisted leafwise signature operator, ch,(P), is defined and is given by
cha(P) = cha(P+) — cha(P-) =

o, (3P, +7P,) + ch, (Lpe+7P0)]-
j=0

-1
[cha (Z P — TPj> +ch, (%(Pz - TP@))].
j=0
As in the case of compact manifolds, we have

Theorem 10.1. Suppose that M is a compact Riemannian manifold,
with an oriented Riemannian foliation F of dimension 2[Jand that E
is a leafwise flat complex bundle over M with a (possibly indefinite)
non-degenerate Hermitian metric which is preserved by the leafwise flat
structure. Assume that the projection P onto Ker(AF) for the associated
foliation F, of the homotopy groupoid of F is transversely smooth. Then,
the (graded) Chern-Connes character ch,(P) of the index bundle of the
twisted leafwise signature operator equals the twisted higher harmonic
signature of F, that is

ch,(P) = o(F,E).
Proof. As ch, is linear and %(Pz +1P;) = 4, we need only show that
chy(P; +tP;) = ch,(P; — TP;),
forj =0,..,3 1. Set P, =P; +ttP; where —1 <t < 1. Then P, is
a smooth family of G invariant transversely smooth idempotents (since

P;tP; =0 for j =0, ..., (3 1) which connects P; + TP; to P; — TP;. It
follows from Theorem 3.4 that ch,(P; + TP;) = ch,(P; — TP;). q.e.d.

Corollary 10.2. Under the hypothesis of Theorem 10.1, the (graded)
Chern-Connes character ch,(P) of the index bundle of the leafwise sig-
nature operator with coe cients in E is a leafwise homotopy invariant.

The operator DZ* is elliptic along the leaves of F,, and so produces,
via a now classical construction due to Connes [C81], a K—theory in-
variant Ind,(D®*), the index of the operator DZ*, which has a Chern-
Connes character ch,(Ind,(D®*)) € H:(M/F), [BHO4].

Conjecture 10.3. Under the hypothesis of Theorem 10.1,
ch,(Ind,(DE*)) =ch,(P) € HI(M/F).

This conjecture has been proven when the spectrum of D is reason-
ably well behaved, see [H95, HL99, BHO08], where it is proven for the
holonomy groupoid. The proofs extend immediately to the homotopy
groupoid. It also holds for both groupoids, without any extra assump-
tions, whenever the projection P belongs to Connes’ C*-algebra of the
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foliation for the groupoid in question. In particular, it holds for the
holonomy groupoid case for any foliation whose leaves are the fibers of
a fibration between closed manifolds, provided that P is transversely
smooth.

Recently, Azzali, Goette and Schick have announced, [AGS], that
they have proven it for smooth proper submersions V. — B with the
fiberwise action (freely and properly discontinuous) of a discrete group
" such that the quotient V/I" — B is a fibration with compact fiber,
but only for bundles E which are globally flat. Conjecture 10.3 should
follow immediately for the homotopy groupoid provided that their result
extends to bundles which are only leafwise flat.

Recall, [BHO04, GLO03], that in Haefliger cohomology,

ch,(Ind,(DF")) = / L(TF) chy(E),
F

where IL(T F) is the characteristic class of TF associated with the mul-
tiplicative sequence Hj x;/tanh(x;), and chz(E) = 3, 2* chi(E).

Corollary 10.4. Under the hypothesis of Theorem 10.1, and assum-
ing Conjecture 10.3, / L(TF)chy(E) is a leafwise homotopy invariant.
F

Finally we have the following.

Definition 10.5. Assume the hypothesis of Theorem 10.1, but now
F may have arbitrary dimension. For 0 < j < p = dim(F), define the
J-th twisted higher Betti class 3;(F, E) by

B;(F,E) =ch,(P;) € HI(M/F).

It is an interesting exercise to show that, just as in the case of com-
pact fibrations, the bundle defined by the projection onto the leafwise
harmonics (in the case E = M x C) is a flat bundle. That is, it admits
a connection whose curvature is zero, so there are no higher terms in
the B;(F,M x C). This is not the case in general.

Theorem 10.6. (Compare [HL91]) Under the hypothesis of Theo-
rem 10.1 with F allowed to have arbitrary dimension, the twisted higher
Betti classes B;(F, E), are leafwise homotopy invariants.

Proof. We only give a sketch here of the proof of the second state-
ment. Let f : (M,F) — (M’,F’) be a smooth leafwise homotopy
equivalence with smooth homotopy inverse g. The pull-back bundle
f*(P;) is @ smooth bundle since it can be realized by the transversely
smooth idempotent ij = f*R™P/g"R*P;. It can be endowed with the
pull-back connection under f of the connection P;V”’P;, and hence the
Chern-Connes character of f*(P;) is given by

Cha(f*(P;)) =f* Cha(P;) =f*B,;(F', E').
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As in the proof of our main theorem, show that P; : f*(Ker(Af')) —
Ker(AF) is an isomorphism and that Q/ = P;P/ is a smooth idempo-
tent with image Ker(Af), hence its Chern-Connes character coincides
with the Betti class B;(F,E). As Q/P/ = Q/ and P/Q/ = P/, the
family Q; = tQ/ + (1 — t)P/ is a smooth homotopy by transversely

smooth idempotents from Qf to ij. Therefore ij and Qf have same
Chern-Connes character. g.e.d.

11. Consequences of the Main Theorem

In this section, we derive some important consequences of Theorem
9.1. In particular, we re-derive some classic results for the Novikov
conjecture, and then give some general results for the Novikov conjecture
for groups and for foliations.

Example 11.1 (Lusztig, [Lu72]).

Let N be a compact connected even dimensional Riemannian mani-
fold. Set W = H'(N;R/Z), and recall the natural (onto) map hy : W —
Hom(H1(N;Z); R/Z). Choose a base point X, € N. Then there is the
natural (onto) homomorphism h : W — Hom(m1(N, X,); R/7Z) given by
composing h; with the natural map m; (N, X,) — Hi(N,Z). Thus for
each element w € W, we have the homomorphism h(w) : m1(N, X,) —
R/7Z, which we may compose with the map x — exp(2mix) to obtain the
homomorphism h,, : m1(N,X,) — S ¢ C. Denote by N the universal
covering of N. 1(N, X,) acts on N in the usual way, and on N x W x C
as follows. Let B € m1(N, X,), and (X,w,z) € N x W x C, and define

B - (x,w,z) = (Bx,w, h,(B)z).
Set
E=(N xW x C)/m(N,X,),

a complex bundle over (N~ x W)/11(N, X,) =N x W, which is leafwise
flat for the foliation F given by the fibration M =N xW — W. Itis
obvious that the usual metric on C defines a positive definite metric on
E which is preserved by the leafwise flat structure. As Hi(N;R/Z) is
the abelianization of m1(N, X,), h is onto, and it is natural to call E the
universal flat C bundle for N. Then M, F, and E satisfy the hypothesis
of Theorem 9.1, since the preserved metric is positive definite.

Note that if f : N — N’ is a homotopy equivalence, then there is
a natural extension of f to f : (M,F) — (M’,F’) which is a leafwise
homotopy equivalence, and f*E’ = E. Thus o(F,E) is a homotopy
invariant of the manifold N.



TWISTED HIGHER SIGNATURES FOR FOLIATIONS 451

By [BHO04] (and assuming Conjecture 10.3 if necessary), we have
that

o(F,.E) = /NIL,(TF)Chz(E) e H(M/F) = H*(HY(N;R/Z); R).

To relate this to Lusztig’s theorem on Novikov conjecture, suppose that
m (N, Xg) = Z™. Denote by g : N — BZ" = T"™ the map classifying
the universal cover N — N (as a Z™ bundle), and let ay, ..., a, be the
natural basis of H(T"; R).

Proposition 11.2. ch(E) = [](@+ 29" (@) ® o).
=1
Theorem 11.3 (Lusztig, [Lu72]). The Novikov conjecture is true
for any compact manifold with fundamental group Z™.

Proof.
o(F.BE) = /}L(TF)chz(E)z
N

> 2"/’[/N]L(TN)g*(O(Z-l A"'Adik)]dil A Ay,

11 <---<ig
is a homotopy invariant, so each of the / L(TN)g* (0, A---Aay) s
N
a homotopy invariant. g.e.d.

Proof. (of Proposition 11.2) As m1(N, Xo) = Z", W = H}(N;R/Z) ~
T™. The bundle E — N x T™ is the pull back by g x id : N x T" —
T" x T" of the bundle E,, — T" x T" which is given as follows. Let
& e Z" = m(T"), and (X,w,z) € R" x T x C, and define

€-(x,w,z) = (x+ & w, (&w) - 2),
where
(Ew) - z = (exp(2mi&yw1)z1, ..., exp(2mi&, W, )Z,,).
Then R
E,=@R" xT" x C)/Z".
Note that E,, = E1®- - -®E,,, where E; is the pull back by the projection
T" x T" — T x T onto the j-th coordinates of the bundle E;. As

chz(én) = H ch2(E;), we need only show that
j=1

n
cho(E1) = [[A+20@ ),
i=1
where o is the natural generator of HY(T;R). That is, cl(él) is the
natural generator of H>(T2;R). This is a classical direct computation
in the theory of characteristic classes. g.e.d.
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We can extend the previous example to the fundamental group I' of
the closed oriented surface S, of genus g > 2. This is a well known the-
orem which follows from the results of many people, the first probably
being Lusztig.

Theorem 11.4. The Novikov conjecture is true for any compact
manifold with fundamental group I.

Proof. The space of equivalence classes of representations of I' in U (1)
is easily seen to be a torus T29 of dimension 2g. Form the fiberwise flat

line bundle E over the total space of the trivial fibration nfg 1 Syx T2 —
T29 given by

(x,0;u) ~ (xy,0;hg(y)(U)), xeH? 0eT?, ueC, yerl,

where hg : ' — U(2) is the corresponding homomorphism as in 11.1.
Denote by nfg DSy x T?9 — S, the other projection. Then for any

cohomology class y € H*(T?9; R), the cohomology class in H*(Sy;R) =
H*(BTI;R) given by
X = nffi [(ngg)*y A ch(E)]

satisfies the Novikov conjecture. This can be seen as follows. Let N
be a smooth closed manifold with fundamental group I' and denote by
¢:N — S, =BI asmooth classifying map. Notice that the harmonic
signature of the foliated manifold M = N x T2¢ (with foliation given
by the fibers of the projection ™)' : N x T?9 — T?29) twisted by the
fiberwise flat bundle (¢ x id)*E, is given in H*(T?%9;R) by the formula

(M, F; (¢ x id)*E) = mp, [(mY) L(TN) U (¢ x id)* ch(E)] .

Clearly, for any cohomology class y € H*(T?9; R), we get the homotopy
invariance of

/ yuny, [(iY) LTN) U (¢ x id)* ch(E)] =
T29

/N L(TN)1y, [(15)*y A (¢ x id)* ch(E)] .
But (y)*y = (¢ x id)*(5°)*y and therefore
M, [(M)*y A (¢ x id)* ch(E)] = (7, o (¢ x id)*) [(ﬂ?g)*y Ach(E)|.

The conclusion follows using that my, o (¢ x id)* = ¢* o T;%,.
Thus we need only show that every class x € H*(S,; R) has the given
form. We may write S, = T2 as the union

Sy = HLUHU---UH,,
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where H; and H,, are T2 with a disc removed, and the other H; are T?
with two discs removed. There are natural inclusions g; : H; — TJZ -

T29. On T2 x T2 we have the bundle E,,. Consider the natural map
hj =g; x I 1 H; x T?% — T% x T? C T% x T%.

Then E|H; x T?9 = h;(lggg). Note also that on a neighborhood of
the boundary of H;, the bundle E is trivial, and the trivialization is
independent of j. Thus we may construct a connection on E by using
a partition of unity and the local connections given on the H; x T?9 by

the pull back under h; of the connection used on Ezg and the local flat
connections on the neighborhoods of the boundaries of the H;. Thus on
the complement of a collar neighborhood of the boundary of H; x T?9,
ch(E) = h;(ch(ézg)), and on a neighborhood of the boundary, ch(E) =
0. Now on T2 x T2¢ we have the one dimensional cohomology classes
[dx], [dx], [dw;] and [dw3] which are dual to the natural generators of
Hi(T3; R). The [dx] live on the first factor of T2 x T%%, and the [dw}]
on the second. In addition,

2g

ch(Ezg) = [ J(@ + [dx}] A [dwi])(1 + [dxZ] A [dw?]).

i=1
Set y; = [[,;[dw;] A [dw?]. Denote by y} and y? the elements of
H1(S,; R) corresponding to the natural generators of H1(T2;R). Then

(o0 [73y; A dwi] A ch(B)] [ H; x T2) (vi") = i XDy} = 8,
while for i # j,
(1o M3y, A TIWET A ch(B)| [ Hi x T27) (vi") = hi (dxED(v™) = 0,

as h;?([dx;‘:’]) =0.

Thus each element of Hl(Sg;]R) has the required form. It is not
di Ccult to see that my . [M3y; A ch(E)] gives a non-zero two dimensional
class of the required form, so we have the theorem.

g.e.d.

Here is another version of Lusztig’s construction, see [Lu72] and
[G96]. Let E be a flat U(p,q) bundle over N (that is a flat bundle
given by amap p : my(N) — U(p,q)). Then E is a leafwise flat com-
plex bundle over N with an indefinite non-degenerate Hermitian metric
which is preserved by the leafwise flat structure. Write E=E* ® E~,
where the indefinite metric is positive + on E*.

Theorem 11.5.
/N L(TN)(cha(E™*) — chy(E )
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is a homotopy invariant of N.

Proof. If N is odd dimensional, this is zero, so assume that N is even
dimensional. Let F be the foliation of N with one leaf, namely N. The
holonomy groupoid of F is just G = N x N, and the projection onto the
leafwise harmonic forms is the same on each N. Thus the hypothesis of
Theorem 9.1 are satisfied and Conjecture 10.3 holds, giving the result.

g.e.d.

This may be recast as follows. Let p : ' — U(p,q) be a homo-
morphism of a finitely presented group. Given any manifold N and
homomorphism ¢ : m(N) — I, we may construct the bundle E =
E* @ E~ — N. This construction is natural under pull-back maps, i.e.
given any map f : N’ — N we can form the bundle E’ = E'*®E'~ — N’
using the homomorphism p o Y o f, where f, : m1(N’) — my(N) is the
induced map. Then E’* = f*(E®), and so this construction determines
two universal bundles E;” and E over BI'.

Theorem 11.6. Let p: " — U(p,q) be a homomorphism of a finitely
presented group. Then
ch(E)) —ch(E,;) € H'(BI;R)
satisfies the Novikov conjecture.

Note that the universal C?*¢ bundle EU (p, q) X /() C**? — BU(p, q)
splits as EU(p,q) Xy CPH7 = E;q ® E,,, and for any map f :
N — BU(p,q) classifying a bundle E with splitting E = E* ¢ E—,
f*(E;,) = E*. Themap p: I — U(p,q) induces Bp : Bl — BU(p,q),
and ch(EZ) = Bp*(ch(E;;,))- Now U(p) x U(q) is a maximal compact
subgroup of U(p,q), so the inclusion i : BU(p) x BU(q) — BU(p,q)
induces an isomorphism in cohomology. That is

H*(BU(p,a);R) = H*(BU(p);R) ® H"(BU(q); R).
It is not di Ccult to see that under this isomorphism
ch(E;q) = ch(E;) and ch(g,,) = ch(E),

where E, — BU(p) and E, — BU(q) are the universal bundles. Thus
we have

Theorem 11.7. Letp: " — U(p, q) be a homomorphism of a finitely
presented group. Then

(B0) (") (en(E,)) —cn(E)) € H(BMR)
satisfies the Novikov conjecture.

Of course, this follows immediately from the well known fact that the
Novikov conjecture is true for subgroups of Lie groups. The main input
here is the possibility to use (complementary) families of representations
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giving rise to interesting foliations. To this end, we have the following
generalization of the Lusztig construction. It would be a very interesting
application to use this construction to shed more light on the series of
some discrete groups sitting in U(p, q). Note that, for a given Lie group
H, the space Hom(I", H) is well understood for abelian groups I and
has been intensively studied when I is a higher genus surface group and
H is PSL(2,R) or PU(Z,2), see [G085]. Other examples of ' and H
have also been studied by other authors and they all fit into the case of
H = U(p,q), see [G96] for a survey.

Example 11.8 (Foliation Lusztig Example).

Let K be a compact Riemannian manifold without boundary, and
g : m1(N) — Iso(K) a homomorphism to the isometries of K. Denote by
Hom.(m1(N), U(p, q)) the set of homomorphisms from m1(N) to U(p, q)
which have image contained in a compact subgroup. Let

h: K — Hom.(my (N),U(p,q))

be a weakly uniformly continuous smooth g-cocycle. Smoothness of h
means that for any y € m1(N), w — h,,(y) is a smooth function from K
to U(p,q). Weak uniform continuity of h means the following. Denote
the norm on U(p,q) by || - ||. Given wy,w; € K, define

dw(Wl,Wz) = max[min||A1 —A2||],
A1 Ao

where A; € hy,; (1(N)), the closure of the image of m1(N) under h,,.
Then, h is weakly uniformly continuous if dyy(wy, w2) — 0 as wy — Wo.
That h is a g-cocycle means that for y;,y2 € my(N) and w € K,

Pgy, () (Y1) (Y2) = hu(y1y2).
Then we may form

E = N x K x CP"%/my(N),
where the action of y € m3(N) on (X, w,z) € N x K x CP*4 is given by
Y(X1 W! Z) = (Y(X)! g"/(W)! hw(Y)Z)

Then E is a C**“ bundle over N x ., vy K.

__Now we have the Riemannian foliation F of the flat fiber bundle
N <. vy K = N, whose leaves consist of the images of the N x {w}.
The bundle E is leafwise flat and the (indefinite) inner product is pre-
served by the flat structure. Again write E = E* @& E~, where the
indefinite metric is + definite on E*. The parallel translation along
the leaves of F is bounded since the closure of the union of all the im-
ages, |Jy hy(m1(N)) is a compact subset of U(p, q). This follows easily
from the facts that K is compact, each h,, (1 (N)) is compact, and h is
weakly uniformly continuous. (We conjecture that continuity of h and
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compactness of K imply compactness of | J, h,,(m1(N)).) As above, the
hypothesis of Theorem 9.1 are satisfied, and we have

Theorem 11.9. Assume Conjecture 10.3. Then for every g, h and
K as above,

[ LR eha(E") - eha(E )
F
is a homotopy invariant of N.

Note that we may view this Haefliger form as living on a single fiber
K of the bundle N x.,(xy K — N. This is because we may take
fundamental domains of N in the various leaves to integrate over (when
we do integration over the fiber to get to Haefliger cohomology), and
these fundamental domains are indexed by any fiber K. Thus we may
integrate over K to obtain

Corollary 11.10. Assume Conjecture 10.3. Then for every g, h and
K as above, the real number

| [ LrEehE*) - craE )
KJF
is a homotopy invariant of N.

As above, we may recast this result in terms of the Novikov conjec-
ture. Let ' = my(N) and let g, h and K be as in Example 11.8. The

construction of the bundle E — N x K and its splitting E = E* ¢ E~
are natural with respect to pull-back maps, so this construction defines
the universal bundle

Ep = EI x K x CP*IT,

where the action of y € ' on EIN x K x CP*? is given as above by
y(x,w,z) = (Y(X),9,(wW), h,(y)z). Then Ep is a CP"? bundle over
Elr xrK, and it splitsas Eg = Ej @ Ej. If ¢ : N — BT classifies the
universal cover N — N, with induced map & : N — EI, then § x idx :
N x K — ETI x K descends to the map ¢ xridg : erK — Bl xrK,
and (¢ xr idx)*(EZ) = E*.

Proposition 11.11. Assume Conjecture 10.3, and denote by m] :
El xr K — BT the projection. Then
i, (ch((E¥]1 - [E7])
satisfies the Novikov conjecture.

Proof. This follows immediately since a direct inspection shows that
in the cohomology of N

iy, o (§ xridg)* = ¢* omy,.

g.e.d.
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Remark 11.12. Example 11.8 can be easily generalized to the fol-
lowing situation. Let Eg be a complex vector bundle over K which is
endowed with a (possibly indefinite) non-degenerate metric {-,-}. As-
sume that the vector bundle Ep is a M-equivariant vector bundle and
that the action of I" preserves {-,-}. Then the vector bundle

EZ:NVXrE0—>NVXrK,

is easily seen to be a complex bundle with a well defined (possibly in-
definite) non-degenerate metric, which admits a leafwise flat connection
preserving that metric. Hence (assuming Conjecture 10.3), we get in
this way more general cohomology classes which satisfy the Novikov
conjecture.

Applications to the BC Novikov conjecture. We now explain
how Theorem 9.1 can be used to investigate the Baum-Connes Novikov
conjecture, that is the Novikov conjecture for foliations. We do this
by generalizing the construction in Example 11.8. Choose a complete
smooth transversal T to the foliation (M, F) and denote by Bg% the
classifying space of the groupoid g% which is the reduced (to T) ho-
motopy groupoid. g% consists of elements of G which start and end
on T. It is well known that Bg% classifies free and proper actions of
G¥%, so that the principal G- bundle Gr (which consists of elements of
G which start on T) over M is the pull-back, by a (up to homotopy
well defined) map ¢ : M — BGZL, of a universal G- bundle EGE over
BGZL. More precisely, we have an action of G& on EGL on the right
EGE x5 G — EGY, denoted xy for (X,y) € EGE x,, GF, where

EGT X5 01 = {(X,Y) € EGF x G, 55(X) = r(y)},
and sp : EGE — T, rp : EGL — BGF. satisfy

spo®=s, sp(xy)=s(y) and rpod=dor.
where s: Gr — T and r : Gr — M are the source and range maps, and
¢:Gr— Eg% is the g%—equivariant classifying map which covers ¢. So
we have

T & EGE 5 BGE.

The fibers of the submersion sg are contractible and this identifies the
universal principal bundle Eg%, see [C94], pages 126-127.

Definition 11.13. A GX-equivariant Hermitian bundle (Eo, {-,-})
is a complex vector bundle g : Eg — T endowed with a (possibly
indefinite) non-degenerate metric {-,-} together with an action of g%
which preserves the metric.

So if we set
GE xr Eg := {(a,u) € GF x Eg,s(a) = mo(u)} = (s|G%)*Eo,
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then there is a smooth map h : g% x7 Eg — Ep such that mgoh(a,u) =
r(a), and for any a € G the map h,(u) := h(a, u) is a linear map from
Eo,s(a) 10 Eq (o) Which preserves the metric {-,-}. It is understood that
h is an action in the sense that

has = Mo ohg,  if r(B) = s(a).

Given a G% Hermitian bundle (Eo, {-, -}), we define a Hermitian bundle
over the classifying space Bg% whose total space is

E = EG} xg7 Eo.

Here E is the quotient manifold where we have identified (x,u) with
(xa, h(a=1,u)) for any o € GE such that

s(a) = mp(u) and r(a) = sp(x).

Note that Example 11.8 falls into this class where we take T = K, a
single fiber of N x ., (7 K and where the Hermitian bundle Eo is trivial
and equivariant through the cocycle h. Finally, for general Riemannian
foliations, the holonomy action of G% on the transverse bundle to the
foliation, and on all functorially defined bundles obtained from it, gives
an example of a g%—equivariant Hermitian bundle.

Definition 11.14. If (Eo, {-,-}) is a GX-equivariant Hermitian bun-
dle, the vector bundle E over the classifying space BGY is called a
Hermitian leafwise flat bundle.

This terminology is explained by the following. Recall that ¢ : M —
Bg% is a classifying map for the foliation F.

Lemma 11.15. The complex vector bundle ¢*E over M admits a
leafwise flat structure which preserves the induced (possibly indefinite)
metric.

Proof. We may assume that the vector bundle ¢*E is smooth and is
isomorphic to Gr XgT Eo. Since the action of g%‘ preserves the metric

{-,-}, there is a well defined metric on E — M which is induced from
{-,-}. The usual proof, using for instance properness of the action of g%
on Gr, allows the construction of a connection on E which is leafwise
flat and which preserves the (possibly indefinite) non-degenerate metric
on E. g.e.d.

As usual, the complex bundle E splits into a direct sum of unitary
vector bundles E = E* @& E~ which are not leafwise flat in general. We
say that the leafwise flat bundle E is bounded if the leafwise parallel
translation along the leafwise flat connection of E is a bounded map.

Theorem 11.16. Assume that the foliation (M, F) is Riemannian,
oriented, and transversely oriented, and assume Conjecture 10.3. Then
for any Hermitian bounded leafwise flat bundle E over Bg,}f, the Chern
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character ch(E*) — ch(E™) € H*(Bg%;R) satisfies the BC Novikov
conjecture.

Proof. The bundle ¢*E is a leafwise Hermitian flat bundle for the
smooth foliation (M, F), and by our assumption of boundedness, the
parallel translation along the leaves is bounded, so the projection onto
the twisted leafwise harmonics is transversely smooth. Suppose T :
(M’,F") — (M, F) is a leafwise oriented, leafwise homotopy equivalence
(which also preserves the transverse orientations). Then T*(¢*E) =
(boT)*E is also a bounded leafwise Hermitian flat bundle, so projection
onto the twisted leafwise harmonics for (M’,F’) is also transversely
smooth. Applying Theorem 9.1, we get that in H*(M'/F’),

o(M',F'; (¢ o F)*(E"] - [ET]) = F*'o(M,F; " ([E™] - [ET])).
Since the foliation is transversely oriented, there is a well defined trans-
verse fundamental class, namely the holonomy invariant closed cur-
rent [M’/F’] which is given by integration over the transversals of
(M’,F"). Applying [M’/F’] to the above equality and using the fact
that [M’/F'] o f* = [M/F] (since f preserves the transverse orienta-
tions) we get

(IM7F'],o(M",F"; (¢ F)(ET] - [ET])) =
(IM/F],0(M,F;¢*([E"1 - [ET])) .
But Conjecture 10.3 gives

o(M,F;¢*([ET]-[ET]) = /FL(TF) A$* ch([E™] - [ET]),
and

(M, F’ 5 (¢of)'(ET]-[ET]) = /F L(TF)A(¢pof)" ch(E™]-[ET]).

Since [M/F]o | = and [M'/F']o = , the conclusion follows,
namely /F /M / /JV
/ L(TF)A¢* ch(E*] - [E]) = / L(TF') A (@ o) ch(E*]— [E]).
M M’

g.e.d.

12. Appendix

We give brief outlines for the proofs of the results of Section 6.

Letf: M — M, g: M — M, E' - M’ and E be as in Section 6.
Then there are leafwise homotopiesh: M xI — M and h’: M'x1 — M’
with 1 =0, 1], so that for all x € M, x’ € M’

h(x,0) = x, h(x,1) =go f(x), h'(X,0) =x/, and h'(X,1) = f o g(X).
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Proof of Proposition 6.1. If U ¢ M and U’ ¢ M’ are foliation charts
in good covers, with transversals T and T/, and f(U) c U’, then it is not
di Ccult to show that f induces f: T — T/, which is a di [edmorphism
onto its image. Define f* on Haefliger forms in the obvious way, and
show that it is well defined. It follows easily that the induced map on
Haefliger cohomology f* : H:(M'/F’) — HX(M/F) is an isomorphism
with inverse g*. g.e.d.

As f is a homotopy equivalence between M and M’, the dimensions
of M and M’ are the same. Since f is a local di [edmorphism, it follows
immediately that the codimensions of F and F’ are the same, and so
the dimensions of F and F’ are also the same.

Proof of Proposition 6.2. Smoothness is obvious. Let m(P) be bound
on the diameter of any plaque in a finite good cover ¢/ of M, so also
a bound for any plaque in the corresponding cover of G. Let U’ be a
finite good cover of M’, such that for each U’ € &/’ there is U € U so
that g(U’) c U. Use the fact that the Lebesgue covering distance of &/’
is positive (say [ 0), and the fact that Q(E/) N (U,y,V) consists of at
most one plaque of §(L'), to show that if z/ is a path in L’ of length less
than C, then § o z; is a path in §(L") of length less than m(P)C/[]

Let zg, z; € L, with 'F(ZZ-) =z}, whose leafwise distance dz{,, z7) <
C. Use the result above and the fact that composition on the right by
any path is an isometry, to show that

dpA(@o2zp) Vu, §o21) - ¥2) < m(P)C/L]
where y,(t) = h(x,t). Then show dHz;,[(§o2z;)-v.]) < length(y, (),
which by Lemma 3.16 of [HL91] is bounded, say by B. Conclude that
dgAz0,21) < 2B+ m(P)C/L]
so T is leafwise uniformly proper. g.e.d.

Proof of Proposition 6.3. For this proof only, for & = a; ® @; €
A% (Fs, E), set
G N&L=(91,92)01 A0 and & A*& = (@1, 92)01 A x00,
and extend linearly, where (-,-) is the positive definite metric on E.
Similarly for A%(F., E’).
Lemma 3.17 of [HL91] implies that f is leafwise uniformly proper.

Becausef is also leafwise uniformly proper and M x B¥ is compact, both
the maps denoted p; are also leafwise uniformly proper. Show that we

may assume that the metric on each L, x B* (respectively L, x B¥) is
the product of a fiberwise metric for the submersion p, and the pull-back

under p of the metric on L}(:E) (respectively E}(x)). Denote by dvolyert
the canonical k form on both L x B* and L x B* whose restriction to
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the oriented fibers of p; is the volume form. Simple computations show
that for any ay,a, € A‘T*F/,

12.1. pjog A=pjo = d volyert Ap}(al A+ ),
and

Since p; is leafwise uniformly proper,

C = sup / d Vvolyert < +oc.
V1€G’ Jpg (']

Use 12.1, to show that for & ¢ Aﬁ([’f(m), E"), Ip3@®)I5 < CIIE[I5, so p}
defines a bounded operator from Wg(F/, E') to Wg(F, x B, pjE").

Choose a sub-bundle H ¢ TF @ TB* so that for each L,, it is a
horizontal distribution for the submersion p; : L, x B* — Loy H de-
termines a sub-bundle H of TF,&TB¥, which is a horizontal distribution
for the submersion ps : L, x B — E’jf(z). Choose a finite collection of
leafwise vector fields \71, e ,VN on M’ which generate C>°(TF’) over
C>°(M’). Lift these to leafwise (for F!) vector fields Y1,...,Yy on G,
and lift these latter to sections of H, denoted X, ..., Xy. If X¥¥t is a
vertical vector field on L x B* with respect to py, then iyvert o p; =0.
Modulo such vector fields, the X; generate TL & TB* over C*(L x BF).
In addition ix; o pj = p} o iy;. Thus for any & € ALL) . E), any
Y =Yg Ao AYgand any ji, ..., jm, With j; € {1,...,N},

lixg, d- i, dPFEY D0 = [IP7(iv;, d- - vy, dEV o <
VClliy;, d- - iy;, dE(Y &) lo-

A classical argument then shows that for any s > 1, P} extends to a
uniformly bounded operator from W/(L;,,, E") to WX(L, x B¥, pjE’),
that is a bounded operator from W{(F/,E’) to W{(F, x B¥, p;E’).

The operator e,, maps W{(L, x B¥,p3E’) to WF*{(L, x B, piE’)
and is uniformly bounded, since w and all its derivatives are bounded.
Thus for s > 0, e, o p} is a bounded operator from W{(FLE') to
WIHE(F, x B, ptE").

For s < 0, dualize the argument above. Denote by p; . integration of
fiber compactly supported forms along the fibers of the submersion p;.
Show that for any a e A**(L, x B*),

12.3. PrOAFpra < Cpy.(aA=a),

where oriented volume elements of E}(x) at a point are identified with
R?%. Do this by first reducing to the case a = dvolyert AQ3, With a3z €
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C‘X’(pf(/\fT L/ (x))) Choose a finite collection of sections Bl, . ET of
AT*F, so0 that B; A +/B; = 0 if i # j, and the B; generate COO(AZT F’)
over C*(M’). Lift these to sections B; of A‘T*F.. Write a =

i i dVvolvert AP}B;. Then py.an+py.a = Zi[pﬁ*(gidVOlvert)]zBi/\
+'B;, and thanks to 12.2,

Pr.(aAxa) = Z pf,*(gz'z dvolyert)B; A #'B; >

[pf *(gz -1d VOIVel’t)]2 , 1 , ,
Zi: P7.+(1dvolyert) BinxPBi = C Zl:[pﬁ*(gz dvolyert)]“Bi A B;

c PrO APy,
proving 12.3. Note that the second to last inequality is just Cauchy-
Schwartz. Conclude that for all a € AL, x BF), [ps.alf <
C |lal|3. Using the facts that p;. commutes with the de Rham dif-
ferentials, py . o iyvert = 0 and iyj OPfx = Pfa0 in, it is easy to deduce,
just as above, that for s > 0, py ., o e, extends to a uniformly bounded
operator (say with bound C,) from W/(L,, x B, p;E’) to WZ(Lf( y E).

For & ¢ Wg(Lf( y»E") with s <0,

(& (- 0 e)E)] _
"

(e o PP@)s = sup

/
sup HE HsH(pf,* o ew)(E)H—s <
¢ 1€l
where & ¢ W (L, x B, pjE’). Thus for any s < 0 (and so for all
seZ)e,o0 P} is a uniformly bounded operator from WZ(Lf(x), E’) to

WH(L, x BF, P;E’), so e, op} is a bounded operator from W/(F/, E’)
to W/(F, x B¥, pjE’).

For all s € Z, the image of e, o P} consists of my-fiber compactly
supported distributional forms. The argument above for p; . applied to
M1 . shows that it is uniformly bounded as a map from Im(e, o p}) C
WHH(L, x B¥,piE’) to W/(L,, E). Thus for all s € Z, () extends
to a bounded operator from W/(F.,E’) to W(F,, E). g.e.d.

Proof of Proposition 6.4. To prove this, we switch our point of view
to that in [HL91], and give another construction of the map f*. Let
K = UKEbe a bounded leafwise triangulation of F; (see [HL91])

£
induced from a bounded leafwise triangulation to F. A simplicial k-
cochain ¢ on K —with coe Lciehts in E assigns to each k-simplex o of
Kan element ¢(0) € E,, the fiber of E over the barycenter of o.
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To define the co-boundary map 9, use the flat structure of E. The [
cohomology of this is denoted H) (L, E). The classical Whitney and
de Rham maps, [W57], extend to well defined isomorphisms
~ ~ ~ l:l ~
Hi (L E) 5 Hipy (LE)  and  Hi (L E) «— Hiy (L, E),

(which are inverses of each other), with bounds independent of L, for
p=1,2. See [HLI1] for p =2, and [GKS88] for p = 1.

Any oriented leafwise simplicial approximation of f, [HL91], defines
a map on simplicial cohomology denoted f%. Set f;, =W ofX o [. It
su [ced to show that f* = f}; : Hiy (Fs, E") — H{y (Fs, E), since then,
for any choice of i and w, fr= f}, so they are all the same. The other

properties of £* follow from these same properties for 7, which are easy
to prove using classical arguments.

Consider the following diagram, where we write L for L x B*. Clas-
sical results imply that it commutes.

ORI . [B] . n[BY N
Ha (L ENEH (L, p;zE')gic(LB, p;zE')#ﬁ'A,Z(L, E)

e . . .

~ * ~ @) ~ T ~
Hoyy (L BN I, (L, piEY) f;(LB, piE) —2H, (L, E).

The subscript ¢ means cohomology with fiber compact supports, and
B is the simplicial k cocycle [ w on B*. The bottom line of this diagram

is £*, and W1 = [, so it su [ced to show that

NB* o BlUopj A = TX.
But, ([BlV) opj o = (Bl oM poifopyn = ([BlU)o My 5 oA,
where 1] , and i}, are induced by the projection and zero section of the

bundle L x B* — L. By the Thom Isomorphism Theorem, ([B]U)o 1t} 5
is an isomorphism whose inverse is precisely N[BF]. g.e.d.

Proof of Proposition 6.5. Use the cup product
1
(41U42)(0) = Gy, sz_j{cbl(ci), $2(0))},

where g; and g; are certain faces of the 2[dimplex o (see [LSO03], Equa-
tion (3.30)), {-,-} is the (possibly indefinite) metric, and we identify
$1(0;) € E,; and §2(0;) € E,; with their images in E,.
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Proposition 12.4 ([LS03]). For any [Zsimplicial cochains ¢; and
¢, on L with coe cients in E,

QW (1), W($2) = /EIW(cbluqaz).

Their proof extends immediately to this case. Using the metric {-,-}
guarantees that for simplicial [2lcohomology classes =; and =,

QW (ELD), W (=) = /pweluzz) = (0,205

For any L? cohomology classes W} and ¥} on L’ with coe [Ciehts in E/,

wr(fw)u(fu) = fyinn

and for any classes =%, =) € HZ,z(E/’ E’), we have f =] Uf =, =
f1(Z,U=h) in Ha (L, E). Recall that if & = o, ® ¢} and & = oty ¢},
then & A& = {97, 05}a] A o5, and we extend to all & by linearity.
Let W3 and W, be the cohomology classes determined by & and &.
Substituting f;, for £*, we have

Qu(F5 (&), Fi () = /Q<Wof20 [w)n(werzo [w) =

/QW<(on/LP’1)U(on/LP’2)) = (LAt ( [wio [w) =

(2L ([wio fwa) = [ wiaw = Q2.
TF(x)
g.e.d.
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