
Math 445, Fall 2009 Final Exam - Solutions December 9, 2009

1. Let X be a metric space.

a) Define: “U ⊂ X is open”.

Solution: A set U is open if for every x ∈ U , there exists ε > 0 so that the ball B(x, ε) ⊂ U .

b) Prove: X is separable ⇐⇒ there is a countable basis B for the metric topology on X.

Solution: Let S = {x1, x2, . . .} ⊂ X be a countable dense subset. Then set collection
{B(xm, r) | m ∈ N , r ∈ Q , r > 0} is a countable basis for the metric topology on X.

Conversely, let B = {Bn | n ∈ N} be a countable basis for the topology on X. For each n
choose xn ∈ Bn. Then we claim S = {x1, x2, . . .} is a countable dense subset. For, given
any open set U ⊂ X and y ∈ U there exists Bn ⊂ U with y ∈ Bn. But then xn ∈ U also,
so S is dense.

2. Let f : X → Y be a map between metric spaces.

a) Define: “f is continuous” using the metric definition.

Solution: f : X → Y is continuous if given any x ∈ X and ε > 0, there exists δ > 0 such
that d(x, y) < δ implies that d(f(x), f(y)) < ε. That is, f(B(x, δ)) ⊂ B(f(x), ε).

b) Prove: f is continuous ⇐⇒ f(xn) → f(x) whenever xn → x is a convergent sequence
in X.

Solution: Assume that f is continuous, and let xn → x be given. Set yn = f(xn) and
y = f(x). We must show that yn → y, or that given any ε > 0 there exists N so that n ≥ N
implies that d(y, yn) < ε. Since f is continuous, there exists δ > 0 so that d(x, z) < δ implies
d(f(x), f(z)) < ε. Since xn → x is given, there is an integer N such that n ≥ N implies
d(xn, x) < δ. Then by continuity, d(f(x), f(xn)) < ε. Thus, if n ≥ N then d(yn, y) < ε
which shows that yn → y.

The converse is shown by contradiction. Suppose there exists a sequence xn → x such that
f(xn) does not converge to f(x). Then there exists ε > 0 and a subsequence {xni | i =
1, 2, . . .} such that xni → x and d(f(x), f(xni)) ≥ ε. Now, xni → x implies that for all δ > 0
there exists i with d(x, xni) < δ, so f is not continuous at x.
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23. Let X be an infinite set. The Zariski topology on X is defined by the collection of subsets

T = {U = X −A | A ⊂ X, A is finite } ∪ {∅}
a) Show that T satisfies the axioms of a topology.

Solution: The set A = ∅ is finite, so X = X − ∅ is open.

Let {Uα | α ∈ A} be a collection of open sets for T . Then for each α there is a finite set
Aα ⊂ X with U = X −Aα. The by de Morgan’s laws,⋃

α∈A
Uα =

⋃
α∈A

(X −Aα) = X −
⋂
α∈A

Aα = X −A

where A =
⋂
α∈A

Aα is the intersection of finite sets, so is finite. Thus, X −A is open in T .

Let {U1, . . . , Un} be a finite collection of open sets for T . Then for each i there is a finite
set Ai ⊂ X with U = X −Ai. The by de Morgan’s laws,

n⋂
i=1

Ui =
n⋂
i=1

(X −Ai) = X −
n⋃
i=1

Ai = X −A

where A = A1 ∪ · · · ∪An is a finite union of finite sets, so finite. Thus, X −A is open in T .

b) What is the closure of the set A = {1/n | n = 1, 2, . . .} in the Zariski topology on R?

Solution: The closure A of A is the intersection of all closed subsets in T containing A.
The closed subsets of T are the complements of the open subsets in T , so either a closed
subset is a finite subset of X, or all of X. Since no finite subset contains the infinite set A,
the only closed subset containing A is all of X. Thus, A = X.

4. Let K ⊂ R2 be a compact subset of the plane with the metric topology. Prove that there
exists a point ξ ∈ K so that ξ is the furthest point from the origin (0, 0) in K. (“Furthest”
means the maximum distance from. You may assume that compact implies sequentially
compact.)

Solution: We use that the function f(x) = d((0, 0), x) is continuous for the metric topology.
The problem is to find a point x ∈ K so that f(x) ≥ f(y) for all y ∈ K.

Claim 1: M = sup{f(x) | x ∈ K} <∞. If not, then for each n > 0 there exists xn ∈ K with
f(xn) ≥ n, and then the sequence {xn} has no convergent subsequence (by the Triangle
Inequality.) This contradicts the assumption that K is sequentially compact.

Next, for each n > 0 chose xn ∈ K so that f(xn) > M − 1/n. Then K compact implies the
sequence {xn} has a convergent subsequence, xni → x∗ ∈ K. Then by the continuity of f ,
we have

f(x∗) = f( lim
i→∞

xni) = lim
i→∞

f(xni) = M

Thus, x∗ ∈ K satisfies f(x∗) = sup{f(x) | x ∈ K} as was to be shown.



35. Let T be a topology on a set X.

a) Define: “(X, T ) is connected”.

Solution: (X, T ) is connected if it is not separated. That is, if X = U ∪ V where U, V are
open and U ∩ V = ∅, then either U = ∅ or V = ∅.

b) Suppose that f : X → Y is a continuous onto map, where X and Y are topological
spaces. Show that if X is connected, then Y is connected.

Solution: Suppose that f(X) is not connected, then it must be separated, for the relative
topology from Y . That is, there exists open disjoint sets U, V ⊂ Y so that f(X) ⊂ U ∪ V
and both f(X) ∩ U 6= ∅ and f(X) ∩ V 6= ∅.

As f is continuous, both A = f−1(U) and B = f−1(B) are non-empty open subsets of X.
And f(X) ⊂ U ∪ V implies that X = A ∪B, so X is separated, which is a contradiction.

c) Suppose that (X, T ) is a connected topological space, and f : X → R is a continuous
map for the standard metric topology on R. Prove that if there exists points a, b ∈ X so
that f(a) < 0 < f(b), then there exists c ∈ X such that f(c) = 0.

Solution: The image f(X) ⊂ R is connected by b) and contains points f(a) < 0 and f(b) >
0. Suppose that there exists no c ∈ X with f(c) = 0. Then 0 6∈ f(X), so U = (−∞, 0) and
V = (0,∞) is a separation for the image f(X), which contradicts that f(X) is connected.
Thus, there must exist c ∈ X with f(c) = 0.

6. Show that a topological space X is Hausdorff if and only if the diagonal

∆(X) = {(x, x) | x ∈ X} ⊂ X ×X
is closed for the product topology. (Justify all of your claims!)

Solution: Suppose that X is Hausdorff. We must show that ∆(X) is a closed set, or that
X ×X −∆(X) is an open set. Let (x, y) ∈ X ×X with x 6= y. Since X is Hausdorff, there
exists open sets U, V ⊂ X with x ∈ U , y ∈ V and U ∩ V = ∅. Then U × V is an open set
for the product topology on X ×X. Also, U × V ∩∆(X) = ∅, as (x, x) ∈ U × V implies
that x ∈ U ∩ V . Thus, (x, y) ∈ U × V ⊂ X −∆(X) is an open neighborhood.

Conversely, suppose that ∆(X) is a closed subset, then X×X−∆(X) is an open set in the
product topology. Thus, for each x 6= y, there exists an element U × V of the basis for the
product topology such that (x, y) ∈ U × V ⊂ X ×X −∆(X). Each of U, V ⊂ X is open by
definition. The inclusion (x, y) ∈ U × V implies that x ∈ U and y ∈ V .

Finally, we claim that U ∩ V = ∅. If not, then there exists x ∈ U ∩ V , which implies that
(x, x) ∈ U × V so that U × V ∩∆(X) 6= ∅, contrary to choice.

Thus, we have shown there exists disjoint open neighborhoods of the distinct points x 6= y.
Hence, X is a Hausdorff space.


