Math 445, Fall 2009 Exercise Set #6 Solutions

1. [#1, page 93] Prove that the space X = B(N,R) of bounded sequences with the “sup norm” is
complete. [This is Example 7, page 119 of Appendix 1 in the text.]

The metric is defined by, for = {a,} € B(N,R) and y = {b,,} € B(N,R)

D(x,y) = sup lan — by
n

Proof. A sequence x = {a, | n = 1,2,...} can be written in function notation as z: N — R
where x(n) = a,. A sequence of sequences {z; | i = 1,2,...} assigns to each index i the sequence

xi:{ag) |n=1,2,...}.

Let {z; |i=1,2,...} C B(N,R) be a Cauchy sequence in B(N,R). We show that it converges to a
sequence 1z, and that x, is bounded, so that z. € B(N,R).

To define the sequence x, we need to define x.(m) for each m > 1. The claim is that for m fixed,
the sequence {z;(m) | i = 1,2,...} is Cauchy. Given e > 0, there exists N, such that i,j > N,
implies D(z;,x;) < €. By the definitions, this implies the Cauchy estimate

[i(m) = z;(m)| < sup |zi(n) —2;(n)] = D(@iz;) < e

Set x,.(m) = lim x;(m). This defines the limit sequence z, = {z.(n) | n=1,2,...}.
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We next must show that x, is a bounded sequence. Fix € > 0 say ¢ = 1. Then by the Cauchy
condition on {z;} there exists N; such that ¢, j > Ny implies D(z;,z;) < 1. Pick any i1 > N;. Let
C = ||z, || = D(0,z;,) < oo. Then for all j > Ny we have D(z;,,x;) < 1 which implies by the
Triangle Inequality that

C—1=|zi -1 < Jlzjll < fla [ +1=C+1

Thus, for each m we have C' — 1 < |z;(m)| < C'+ 1 for all j > N;. Thus, the limit x,(m) satisfies
C —1<z,(m) <C+1. This implies ||z.|]| < C+ 1 so x,. € B(N,R). O

2. [#5, page 93] If every countable closed subset of a metric space M is complete, prove that M is
complete.

Proof. First, a closed subset F' C M of a complete metric space is complete. [Note - we proved this
in class, but no problem to show it again.] Let {z,} C F be a Cauchy sequence, then M complete
implies there is a limit z,, — z, € M. Since F is closed, it contains all of its limit points, so z, € F.
Thus, every Cauchy sequence in F' has a limit in F, showing that F' is complete.

We show the converse by contradiction: assume that M is not complete, then we construct a
countable closed subset ' C M which is not complete. Let {x,} C M be a Cauchy sequence for
which there is no limit point. This means that every y € M is not a limit point of {x,}, so for some
€y > 0 the intersection B(y, €,) N {z,} is a finite set.

Claim: the set F' = {z,} is closed. Let y € M — F. Let ¢, > 0 be such that the intersection
B(y,€y) N {z,} is a finite set. Since y & F' the lower bound 6, = min{D(y,z,) | n =1,2,...} > 0.
Thus, B(y,d,) C M — F. This shows that M — F is open.

Now F' is closed and contains a Cauchy sequence {z,} which has no limit point, so F is not complete,
a contradiction. ]

3. [#6, page 93] Let {M,d} be a metric space. If for every v € M and € > 0, the closed ball
D(u,e) ={y € M | d(u,y) < e} is complete, prove that {M,d} is complete.
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%:’mof. Let {z,} C M be a Cauchy sequence. Set € = 1, the by the Cauchy condition there exists Ny
such that m,n > Ny implies D(z,, ) < 1. In particular, for all n > Ny we have D(zn,,2,) < 1
That is,

{z, |n > N1} C B(zn,,1) C D(zn,,1)
It is given that D(xn,, 1) is complete, so there exists z, € D(zn,, 1) such that z, — z.. But then
T, — T € M also, so M is complete. O

4. [#11, page 93] In the space of real numbers R, give an example of a descending sequence of
non-empty closed sets with empty intersection. That is, find F} D Fy D --- where each F,, C R is
o0

closed, and m F, = 0.

n=1
Proof. There are lots of examples, but no examples that are bounded. For example, let F,, = [n, c0).
The complement R — F,, = (—oo,n) is open, so F, is closed. a

5. [#12, page 93] The following functions are continuous from the real numbers to the real numbers.
Which are uniformly continuous?

W) f@)=a? b)gl@)=la c)hlz)=

1422

Proof. a) f(z) = z? is not uniformly continuous. Given any § > 0 and x > 0 consider
[f(z+0) = f(x)] = [(z +6)* — 2*| = 220 — o0
That is, for € > 0 there is no § > 0 so that |f(x + ) — f(z)| < € for all z € R.

b) g(z) = |z| is uniformly continuous. Given ¢ > 0 set 6 = e. Then |z — y| < ¢ implies (by the
Triangle Inequality) that

9(z) = g(y)l = [lz] =yl < Jz -yl <d=e

c) hiz) = 152 is is uniformly continuous. Given z,y € R, consider
h@) —h(y)| = | —— = | = o Wzl ety
172 T+ A0 +50) L+ 1)

The claim is that there is a finite upper bound
[z + |

C=supy ——5—5

{ma
Then for € > 0 set § = ¢/C. Th show that C is finite is just standard calculus. The quotient is
bounded by |z 4+ y| for |x] < 1 or |y] < 1. And if || > 1 and |y| > 1 then the quotient is bounded
by |z +y|/(2? +y?) < 1. O

|x,y€R}<oo

6. [#13, page 93] Let R be the real line with the standard metric, d(x,y) = |z —y|. Let f: R = R
be a function which has derivative f’(z) for every x € R. Assume there exists K > 0 such that
|f'(z)| < K for all z € R. Prove that f is uniformly continuous. [Hint: Mean Value Theorem)]

Proof. Let x < y € R then the Mean Value Theorem states there exists © < £ < y for which
fly) = f(@) = f'(§) - (y —z). Then
1f(y) = f@)] =€) (y—2) < K|y —a|

Given € > 0 set § = ¢/ K. O



