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1 Coarse spectral geometry and foliation ergodic theory

Spectral geometry on a complete open manifold V' of bounded geometry studies the relations between
the geometric and topological aspects of V', and the properties of the spectrum of symmetric elliptic
differential operators on V. The local aspects of this study are classical, and center on curvature
invariants of V' and the asymptotic distribution of the spectrum. Coarse spectral geometry concerns
the global aspects of spectral geometry — investigating the spectral properties of differential operators
which depend only on the quasi-isometry type of the space. The first result of this type was Brooks’
theorem that the essential spectrum of the Laplacian on functions on a covering space V' of a compact
manifold contains 0 if and only if the covering group is amenable [5, 6, 2]. The Novikov-Subin
invariants of a covering are more recent examples of coarse spectral invariants [33, 32, 15, 20, ?, ?].

The leaves of foliations provide a natural class of complete open manifolds endowed with a
Riemannian metric of bounded geometry. The quasi-isometry class of the leafwise Riemannian
metrics depends only on the foliation, so their coarse spectral geometry is a natural property of
the foliation. This paper explores the coarse spectral geometry of leaves, and presents some basic
aspects of this study. Our main results relate the essential spectra of leafwise geometric operators
{Dr | L C V} to the ergodic theory of the leaves. The basic observation is that a point A is
in the essential spectrum of leafwise geometric operator Dy, if and only if there exists a sequence
of compactly-supported, approximate A-eigensections on the leaf L whose supports tend to infinity.
This characterization of essential spectrum is combined with techniques from foliation ergodic theory
to obtain sharper forms of results in the literature known for R™-actions.

A foliation geometric operator is actually a collection of operators, acting along each leaf of F.
These can be combined to yield an operator denoted by Dx on the total space C*°(V,E). Each
transverse invariant measure p for the foliation F yields a Hilbert space completion L?(V,E, i1) of
C*>(V,E), and D has a densely defined closure D, in L?(V, E, u). The spectral coincidence problem
[28, 29, 34, 40, 27] asks how the spectrum of D, is related to the spectra of the the operators
{Dr | L C spt(n)}. One expects such a relationship, because given a leaf L in the support of pu,
an eigensection for D, restricts to a generalized eigensection for Dy. For an amenable leaf, each
generalized eigensection gives rise to a point in the essential spectrum. Foliation ergodic theory
methods yield in a converse to this, relating the spectra on leaves to the spectra of D,,.

The study of spectral geometry of foliation operators is closely related to results from the physics
literature concerning the spectra of almost periodic (deterministic) and random operators. However,
these works tend to emphasize operator theory methods and not foliation methods. One of the
incidental goals of this paper is to exposit (in section 2 below) some basic foliation techniques useful
for spectral questions.

Let (V,F) be a compact foliated measure space. (See § 2 for this and other basic definitions.)
The leaf through a point x € V will be denoted by L,. The leaves of F admit a partial ordering
where L, < L, means that L, is contained in the topological closure L_y C V. The first result relates
the spectra for the leafwise operators Dy, with this partial ordering.

THEOREM 1.1 Let Dy be a leafwise geometric operator for a foliated measure space (V,F).

Suppose that L, < L, and the holonomy group of L, is trivial when restricted to the closure L.
Then 0(Dr,) C 0c(DL,).

Recall that the w-limit set w(L) of a leaf L is the closure of the ends of L. A leaf L is proper if
the induced topology on L from V agrees with the manifold topology on L. This is equivalent to L
being open in the closure C4y (L), so that w(L) = Cly (L) — L. A leaf is non-proper otherwise.

COROLLARY 1.2 Let L be a non-proper leaf of F without holonomy. Then for every geometric
operator Dr along the leaves of F, the leafwise spectrum is all essential: 0(Dy) = 0.(DyL). O



A more general result (Theorem 4.1) than Theorem 1.1 is true, but its hypotheses is more
technical and requires precise definitions from section 2. The exact statement is postponed till
section 4. Theorem 1.1 follows from Theorem 4.1 and Proposition 2.9.

A subset Z C V is called a minimal set for a foliated space (V, F) if Z is closed, a union of leaves
of F, and every leaf of F in Z is dense in Z. An equivalent condition is to say that for every pair
of leaves L., L, C Z we have L, < L,. The foliation F is said to be minimal if V' is a minimal set.
Theorem 4.1 and Proposition 2.10 yield:

THEOREM 1.3 Suppose that F is defined by a locally-free, smooth action of a connected nilpotent
Lie group N, and Z a minimal set F. For a leafwise geometric operator Dz and any leaf L C Z,
the leafwise spectrum o(Dr) = 0.(Dy) is independent of the choice of L C Z. ]

These last results address only the spectrum of the leaves as closed subsets of the line. It seems
likely that there are generalizations of these results to the spectral measures associated to the leaves.
For example, suppose that Dy, has an L2-eigensection (corresponding to a Dirac mass for the spectral
measure). An interesting problem is to understand how this Dirac mass propagates to the spectral
measures for the Dy, where L < L. The work of J. Alvarez-Lépez and the author [1] give geometric
condition for the propagation of the pure-point spectrum.

Now assume that F admits an invariant transverse sigma-finite measure . The next results
relate the spectrum of a leafwise operator Dy, with that of the closure D, in L*(V,E, ).

THEOREM 1.4 For every L C spt(u), we have o(Dr) C 0c(Dy).

There is a converse to Theorem 1.4, but requires that F be hyperfinite with respect to pu
(cf. [41, 13] and section 2 below).

THEOREM 1.5 Suppose that F is p-hyperfinite. Then

D) |J o(Dr) (1)

LCspt(p)

COROLLARY 1.6 Suppose that F is p-hyperfinite. Then

o(Pr)= |J o(Dr) (2)

LCspt(p)

The conclusion of Corollary 1.6 is called spectral coincidence in the literature [27, 28, 29, 34, 40].
The usual context is in the study of almost periodic or random operators on R"™, but the framework
here shows that spectral coincidence follows from general dynamical principles. For example, we can
conclude:

COROLLARY 1.7 Let N be a simply connected nilpotent Lie group, and assume there is a
minimal, locally-free, measure-preserving action of N' on a Borel measure space (V,f1). Then for

every leafwise geometric operator Dz, the leafwise spectrum o(Dyr) is independent of the orbit L,
and o(Dr,) = 0(Dy) = 0e(Dy).

This paper is dedicated to the memory of Bruce Reinhart, whose encouragement led the author
to pursue the study of index theory and spectral properties of foliations. The results of this paper
were first presented at the conference on “Foliations” in his memory at College Park, Maryland,
September 1989.



2 Topological and measurable dynamics of foliations

This section gives a brief introduction to the topological and measurable dynamics of foliations.
Foliated measure spaces were introduced by Feldman and Moore [19], and are natural generalizations
of foliated manifolds and measured laminations. They are the correct context for studying the
measure theoretic questions of foliations (cf. [3, 4, 36, 19, 39, 30, 25]). Proofs of the main results we
need are given, as often only the idea of the proof is available in the published literature.

A compact foliated space is a pair (V, F) where V is a compact metric space, and the foliation
data F is specified by giving a finite covering {U, | « = 1,...,k} and homeomorphisms ¢, : U, =
D™ x X, where D™ = (—1,1)™ is the open m-disc and X, is a compact metric space. The level sets
P, (z) = ¢, (D™ x {z}) are called the plaques of F. Note that the sets X, are not assumed to have
a local Euclidean structure. For example, X, may be a Cantor set - a perfect set without interior.
At the other extreme, for a foliation of a smooth manifold the model for X, can be assumed to be
a closed disc in R™ where n is the codimension of the foliation.

The sets U, are not assumed to be open (recall that the transversal space X, is closed) so we must
impose a covering condition on their interiors, which requires formulating a notion of the interior. Let
V — U, denote the closure of the complement of U,, and define the rim of U, to be the intersection
R(U,) =V —U,NU,. The rim of U, has a disjoint decomposition R(U,) = R*(U,)UR*(U,) where
the longitudinal part R*(U,) corresponds to the boundaries of the plaques, so is homeomorphic via
an extension of ¢! to S™ 71 x X,,. The transverse part R*(U,) corresponds to the “boundary” of the
metric space X, and is homeomorphic via qS;l to D™ x 90X, where 0X, is a closed subset of X,. The
interior of X, is the complement X" = X, —9X,, and define the interior U = ¢ 1(D™ x Xi"t)
which is open in V. We require that the interiors {U | o =1,...,k} cover V.

The collection of plaques endow V' with a second, much finer topology whose basic open sets are
the open sets (in the relative topology) in the plaques P, (z). A leaf of F is a maximal connected
open set in this finer topology. That is, a leaf of F is an increasing union of plaques

e’} N
L= {UPM(@)} (3)

N=1
where each

Pay (2x) m{ U Paxwi)} 40 (1)

and if P,(z) N L # () then P, C L. We will call the collection of plaques {P,,(x;) | ¢ € N} a tiling
of L if it also satisfies the condition that

N-1
Poy(en) € U Po () (5)

If L is compact, then a tiling must be finite. A tiling is intuitively described as a connected chain
of open discs of uniform diameter which cover the leaf without redundancy, so that their increasing
unions eventually engulf every compact subset K C L.

This formal definition includes the usual examples of foliations on smooth manifolds, and also
allows for constructions that arise in dynamical systems and probablistic considerations. Section 6
includes some of the basic examples and constructions to illustrate the possibilities.



The foliation F is leafwise smooth if for each non-empty intersection P, (z) NUg and = € X,, the
transition function £as(x) = ¢g o o5 DIy x {x} — D™ x {y} is uniformly C*°. The uniformity
means that there are estimates on the sup norm over P, (z) N Up of the derivatives of £,3(x) which
are independent of «, 3 and 2. We assume that each leaf L C V is given a Riemannian metric (-, ),
of bounded geometry, so that the leafwise metrics restricted to a chart U, vary continuously with
the transverse parameter x € X,. Moreover, by refining a given foliation covering, we can assume
that each plaque is convex for the leafwise geodesic metric. This implies that the covering is good:
for all choices a, g, ..., ar and z € X, if the intersection Py(z) N Uy, N -+ N Uy, is non-empty,
then it is convex and hence connected.

Let V¥ denote the associated Riemannian connection on the leaf L, and let V¥ denote the
collection of all the leafwise connections.

A foliation cover as above of a foliated space admits a subordinate partition-of-unity
{da | @ = 1,...,k}, constructed by adapting the standard method. The first step is to produce
“model bump functions” on the standard spaces D™ x X,. Choose a smooth function £&: D™ — [0, 1]
which vanishes on the boundary of D™ and is non-zero on the interior of the disc. Choose a
continuous function (,: X, — [0, 1] which vanishes on X, and is positive on the interior X**. For
p € Uy, set E4(p) = E(m1(ha(p))) - Ca(m2(da(p))) where m1: D™ x X, — D™ is projection onto the
first factor, and mo: D™ x X, — X, is projection onto the second. The support of &, is all of U, and
it vanishes along the rim of U,, so we can extend it to a continuous function on V which vanishes
outside of U,. Note that &, has uniform bounds on it’s leafwise covariant derivatives (Vf )€, for
all s > 0. Then define

§a(p)

AN

A set W C V which consists of a union of leaves of F is said to be saturated with respect to F.
The saturation SFZ of a set Z C V consists of the union of all leaves which intersect Z. If Z C U,
we also define the local saturation

Aa(p)

SoaZ= | Pal2)
Po (z)NZ#0D

A local cross-section is a Borel subset Z C U, which intersects each plaque P, (z) in at most one
point. Define local cross-sections T, = ¢, ({0} x X,,). For each 8 with U, NUs # 0 define compact
spaces Tog = To N Sa(Ua NUg) and Xog = ¢o(Tup) C Xa-

A transversal T C V to F is a Borel subset which intersects each leaf in at most a countable
set. A cross-section is thus a special case of a transversal, and one can show (via a Borel selection
process) that every transversal is a countable union of local cross-sections.

A pair («, 8) is admissible if U, NUg # 0. For each admissible pair («, 3) there is a well-defined
transition function v,g: Xog — Xga, which for x € X3 is given by

Yop(x) = ¢ (Sp(¢5 (D™ x {x}) NUp) NTp) € Xpa
The continuity of the charts ¢, implies that each 7,3 is homeomorphism from X,3 onto Xgq.

A plaque-chain of length k between a pair of points z,y € L on a leaf of F is a finite collec-
tion of plaques P = {Pn, (y1),-.., Pa,(yx)} with € P,, (y1) and y € P,, (yx) so that P,,(y;) N
Poioi(yig1) # 0 for 1 < i < k. A plaque-chain P is said to be a shortcut from x to y if there does
not exists a plaque-chain of length less than k between z and .

DEFINITION 2.1 The plaque length between two points x,y € L is defined to be the length of a
shortcut between x and y.



Each plaque-chain P = { Py, (y1), ..., Pa, (yx)} determines a local homeomorphism

/Y,P = 7011(12 S Vakflozk

from an open neighborhood y; € W3 C X,, to an open neighborhood y, € W5 C X,, where
W3 C Xq, is the maximal subset on which the composition is defined.

For x € X,, a closed plaque-chain based at z is a plaque-chain starting and ending at ¢, (),
and defines a local homeomorphism from a neighborhood of z to itself. The collection of all such
local homeomorphisms defines a pointed groupoid YHolg(z) C Emb(X,,z). The germs of these
maps at  form a subgroup Holz(x) C Germ(X,, x) of the germs at x called the holonomy group of
F at . The isomorphism class of Holz(z) is well-defined, independent of the choice of transversal
and basepoint z (cf. Chapter IV, [7]).

Let (V,F) be a foliated measure space with a fixed covering by foliation charts
{(Us, o : Uy — D™ x X,) | @« = 1,...,k}. For each leaf L C V and y = ¢, '(z) € LNT,
there is a well-defined holonomy homomorphism

hy:m(L,y) — Holz(z),

defined by sending the leaf homotopy class in 71 (L, y) determined by a closed plaque-chain P to the
germ of yp at x.

The holonomy covering w: L, — L is the covering associated to the homomorphism h,. Each
plaque P, (x) lifts to a disjoint union of open subsets of Ly, and each connected component of the
lift is homeomorphic to P, (z). These connected components in Ly, are the plaques of Ly, so Ly, is
covered by the union of its plaques. The defining property of the holonomy covering is that each
closed plaque-chain P in Lj, projects under 7: L — L to a closed plaque-chain P in L for which yp is
the identity germ. That is, for each each closed plaque-chain P in Ly, there is an open neighborhood
W, of x € X, so that the restriction of vp to W, is the identity.

A transverse measure p for F is a locally-finite measure on transversals, whose measure class
is invariant under the transverse holonomy transformations. The transverse measure class defined
by p is equivalently specified by giving finite Borel measures p, on each set X, so that each local
holonomy map v,g pulls the measure class of ug|Xga back to that of po|Xag. A local cross-section
Z C U, is said to have p-measure zero if and only if pn(da(SaZ NTy)) = 0.

We say that p is an invariant transverse measure for F if the local holonomy preserves the
measure; that is, v, 5(1s|Xga) = palXap for all admissible (o, 3). The measure of a local cross-
section Z C U, is defined as

,U(Z> = ,uoz((ba(saz N Ta))

This is extended as a countably additive measure to all transversals Z C V: use a selection lemma

to decompose
k oo
7= Uz

a=1i=1

where each Z,; C U, is a local cross-section, then define

N(Z) = Z Z Ma(Za,i)

The holonomy invariance of the measures p,, implies that ;(Z) is independent of the choices of the
foliation covering of V' and the particular decomposition of a set Z.



DEFINITION 2.2 A foliated measure space is a triple (V,F, ) where (V,F) is a foliated space
and p is an invariant transverse measure for F.

The support of a transverse measure p is the smallest closed F-saturated subset spt(u) C V' so
that u(Z) = 0 for any transversal Z C V' \ spt(u). The triple (spt(p), Flspt(p), 1) is a foliated
measure space.

The w-limit set w(L) of a leaf L generalizes the usual notion of the asymptotic limit set for flows:
choose a tiling {P,, (z;) | i € N} of L, then

)= () (U Pam) ©

N=1 \i=N

where the overline denotes closure in the topology on V. If L has only a finite number of ends, then
w(L) equals the union of the closures of the ends; otherwise, it may properly contain this union.

LEMMA 2.3 w(L) is a closed saturated set.

Proof: w(L) is the intersection of closed subsets of V hence is closed.

Choose a tiling {P,,(x;) | i € N1} of L. Let z € w(L), and choose a subsequence of plaques
{Pu,, (2i,) | £ € N} with 2 in their limit. Let 2’ € L, be another point on the leaf through 2. Choose
a plaque-chain P = {P,, (y1),- .., Pay (Yx)} from z to 2/, with local holonomy homeomorphism
yp: Wi — Wi, It will suffice to show that P,, (yx) C w(L). Choose N > 0 so that z;, € W3 for all
¢ > N. Continuity of vp implies that the sequence {vp(z;,) | £ > N} contains y, in its limit, and
thus Py, (yx) C w(L). O

Recall that X C V is a minimal set for F if X is F-saturated, closed and there is no proper
F-saturated closed subset Y C X.

COROLLARY 2.4 A closed saturated non-empty subset X C V' contains a minimal set Z C X.

Proof: The collection of closed saturated subsets of X is closed under intersections, hence by Zorn’s
Lemma contains a minimal element Z. For each leaf L C Z, w(L) C Z is a closed saturated subset,
hence must equal Z. O

The minimal set Z C X need not be unique. For example, if F is a foliation with all leaves
compact, then a minimal set for F consists of a single leaf, so that every closed saturated set with
more than one leaf contains more than one minimal set. (There are also much more sophisticated
examples of non-uniqueness.)

Associate to each leaf L the collection Z(L) = {Z C w(L) | Z is minimal }. These are the
invariant sets for F onto which the leaf L “spirals” as we go to infinity. For codimension one
foliations, Poincaré-Bendixson Theory [35, 8, 9, 14, 23] relates the geometry of L with the structure
of the minimal sets in Z(L). It is easy to show that if all leaves of F are proper, then Z(L) consists
of compact leaves [24]. When F is C? and codimension-one, for a proper leaf L, Z(L) again consists
of compact leaves [9, 23]. Moreover, the leaves of w(L) admit a partial-ordering with the minimal
elements consisting of the leaves in Z(L).

We next formulate the notions of Folner leaves and uniform amenability for foliated spaces
(cf. section 1.7, [25]). Fix a leaf L of F and a tiling {P,,(z;) | ¢ € Nt} of L. For each subset

Z C Nt define
Pr= {UPai(xi)}

i€l



A plaque P,,(z;) is said to be in the interior of Fr if P,,(z;) N Pa, (xr) = 0 for all k& ¢ Z.
P,,(z;) is on the boundary of Fy if i € T and P,,(x;) N Py, (z1) # 0 for some k ¢ Z. Let Fz
denote the union of the boundary plaques for Fr. Let #F7 = #Z denote the number of plaques in
F7 and #0F7 denote the number of plaques on the boundary of F7.

DEFINITION 2.5 A leaf L of a foliated space (V,F) is Folner if there exists an increasing se-
quence of finite subsets Ty C Zo C --- N so that the associated nested sequence of compact subsets

FlCFQC"'CFN:FINC"'

erhausts L and satisfies

. #O0Fn
lim

N—oco #FN =0 (7)

The exhaustion Fy C F» C --- is called a Félner sequence for L. The notion clearly generalizes the
usual idea of a Félner sequence for a Lie group G.

A foliation F defined by a locally-free action of a connected solvable Lie group on V has every
leaf Folner [6, 25]. This example, however, can be misleading, for it suggests that the typical Folner
sequence has a “uniformity” corresponding to the homogeneity of the Lie group. This need not be
the case in more intricate, non-uniform examples [22, 23]. For results concerning the transference
of spectra from a leaf L to another L', we require a formulation of amenability which is localized
to neighborhoods of L. The simplest approach is to require that the holonomy group Holxz(x) of
L, be amenable. However, it is the holonomy groupoid ¥ Holz(x) which describes the orbits of the
leaves near to L,. Composition is not always defined for elements of ¢yHolxz(z), so the usual Folner
condition must be reformulated in different terms. We give two extensions to pseudo-groups — one
for invidual orbits, and the other for the entire action of ¢yHolxz(x). The purpose of these definitions
is to ensure that a gievn subset of a leaf has an arbitrarily close “covering” by a set in nearby leaves
which again satisfies the Folner condition.

Fix a leaf L, and representative of the groupoid yHolz(x) C Emb(X,, z) defined by the closed
plaque-chains based at z. For each integer N > 0, let wHolr y(z) denote the sub-groupoid generated
by the plaque-chains of length at most 2/N. There are at most a finite number of plaque-chains which
are short-cuts of length at most IV, so there exists a countable subset

{ho, hi,..., hil, ey hi1+---+iN7 .. } C ’lﬂHOl]:(,T)
so that each sub-collection
AJ\/v = {h07 h17 AR hi17 R hi1+'~+iN}

(where ho = Id: X, — X, ) generates the sub-groupoid ¢vHolz y(z).

Let L, be a leaf with L, < L,, where y € T, = ¢;'({0} x X,). The maps in the groupoid
Holz y(z) have domains depending upon the element selected, so that the orbit of y under this
groupoid is defined by a partial action as follows: for y, = 71 0 ¢4 (y) € X4, set

YHolzr n(x) - Yo = {h(ya) | h € YHolr n(z) & yo € Domain(h)} C X,

Let

¢Holz(2) - yo = | ) vHolz n(2) - ya
N>0

For example, the assumption L, < L, implies that z, = ¢o(z) € Closurex, (YHOl£(z) - Yo )



Finally, given any subset W = {wy,...,we} C X, define the Ay -penumbra
PyW ={z € X, | either z = h(w;) or w; = h(z) for some h € Ay & w; € W}

Note that hg = Id implies that W C PyW always. The Ay -penumbra consists of the orbits of the
groupoid which can be obtained from an element of the given set W by application of an element of
the generating set Ay .

DEFINITION 2.6 For L, < L,, we say YHolg(z) is uniformly Folner on L, if,
for every N > 0, ¢ > 0 and open neighborhood x € U C X,, there exists a finite subset
Wy n.e CUNyYHoOlg(x) - yo such that

H#{PvWu N} <(1+e€) #Wun,. (8)

It follows by standard techniques that this notion is depends only on L, and L, and not on the
choices of basepoints and covering of V' by foliation charts. The union of the plaques containing the
points of Wy, v . define a compact subset of L, intersecting the open neighborhoof U of = which has
the Folner condition.

DEFINITION 2.7 ¢Holx(z) is uniformly Folner if or every N > 0, € > 0 and open neighborhood
x €U C X,, there exists a finite subset Wy N, C U such that

H{PNWun..} <(1+e€) - #Wun. 9)

The following proposition has an almost obvious proof:

PROPOSITION 2.8 Suppose that L, has trivial holonomy group Holz(z). Then yyHolg(x) is
uniformly Folner.

Proof: Suppose that z, € U C X,, N > 0 and € > 0 are given. By hypothesis, the germ of each
map h € YHolx(z) is the identity at z,, so for the finite collection Ay there exists an open set
o € Vv C U on which each h € Ay restricts to the identity. Thus, for any subset W C Vi we
have PyW = W so that it satisfies the Félner condition (9). ad

The same idea also establishes:

PROPOSITION 2.9 Suppose that L, < L, and the holonomy group of Ly is trivial when re-
stricted to the closure L. Then yHolg(x) is uniformly Félner on L. O

A nilpotent Lie group admits an exhaustion by open neighborhoods of the identity e which are
Folner with respect to a fixed compact neighborhood of e (i.e., the group satisfies the usual Folner
condition) and the orbits of the group inherit this condition. Standard foliation techniques then
yields the following class of examples:

PROPOSITION 2.10 Suppose that F is defined by the locally-free action of a connected nilpotent
Lie group N on V. Then YvHolg(x) is uniformly Félner for allz € V.



Hyperfinitesness for a foliated measure space (V,F,u) (cf. section 4, [19]; section 5, [31])
generalizes the Folner condition from individual orbits to a uniform condition over all orbits. A
Borel equivalence relation on X is a Borel subset R C X x X such that x ~x y whenever (z,y) € R
defines an equivalence relation. A subequivalence relation is Borel subset S C R which also defines
an equivalence relation.

For the disjoint union of the transversal spaces to F,

k
X = U X,
a=1

introduce the equivalence relation R(F) defined by setting « ~x y if and only if the plaques P, (x)
and Pg(y) are on the same leaf of . The R(F)-saturation of a subset Z C X is

R(F)-Z = J{y ~ Fa}

r€Z

If Z C X, is pe-measurable and p,(Z) = 0, then for every admissible pair «, the image
Yap(ZNTap) C Xp also has measure zero. Hence, the saturation R(F)-Z will have y-measure zero.
This implies that R(F) is a measured equivalence relation in the terminology of [18, 19].

An equivalence relation S on V' is finite if the number of elements in each equivalence class is
finite. The intuitive definition of a finite equivalence relation is that it partitions the leaves of F
into bounded Borel subsets, and two points x,y are S-equivalent if and only if they are on the same
leaf and they belong to the same bounded subset. For example, the nearest neighbor partition of the
leaves defines a finite subequivalence relation: Endow the leaves of F with the Riemannian distance
function, then for each plaque P,(z) we obtain a Borel subset consisting of the points which are
“closer” to the transversal T, (x) than to any other transversal T3(y). Continuity of the Riemannian
metric from leaf to leaf implies that the resulting partition of the leaves is Borel.

One can create larger partitions of the leaves by assembling the nearest neighbor partitions into
“blocks”. However, the selection process by which these basic leaf blocks are grouped together is
required to yield a Borel subset S C X x X. The hyperfinite property asserts that this can be done
with arbitrarily large nested subequivalence relations:

DEFINITION 2.11 The equivalence relation R(F) is p-hyperfinite if there exists an increasing
sequence of finite subequivalence relations

*x X CRIiCRyC---CR

where *X denotes the trivial equivalence relation (x ~y y if and only if x = y) and the union URy
defines an equivalence relation ~o, which agrees p-a.e. with ~x (i.e., for p-a.e. © € X we have
T ~oo Y = x ~x y). We then say that (V,F,u) is a hyperfinite foliated measure space, and
{RN(F)} is an exhaustion of R(F).

Connes-Feldman-Weiss [13] proved that an equivalence relation is p-hyperfinite if and only if
the quivalence relation is amenable in the sense of Zimmer [41]. Amenability of R(F) can often be
established by a variety of methods (cf. [41]; Chapter [42]) so this is a very useful criterion for the
existence of a hyperfinite partition.

The equivalence relation R(F) has an orbit metric dz: R(F) — N (cf. section 1.1, [25]) where
the distance dz(x,y) between points x € X, and y € Xg is 1 less than the length of a shortcut
between the plaques P, (z) and Ps(y).



Let S be a finite subequivalence relation for R(F). A point z € X is said to be in the interior
of S if all points y ~x x with dz(x,y) = 1 satisfy  ~gs y. Otherwise, y is on the boundary of S.
The set of interior points for S will be denoted by X*(S) and the boundary points by X?(S).

The key property that we need about a hyperfinite foliated measure space is given by:

PROPOSITION 2.12 Let (V, F, u) be a hyperfinite foliated measure space, with exhaustion { Ry (F)}.
Then the p-measure of the set XO(Ry(F)) tends to zero as N — oo.

Proof: The condition Ry (F) C Ry4+1(F) implies that X?(Rn41(F)) € X?(Rn(F)). Clearly,
X(R(F)) has y-measure 0, so by the dominated convergence theorem the sequence {;(X?(Rx(F)))}
tends to 0. O

Adopt the notation ~y for the equivalence relation determined by {Rn(F)}.

COROLLARY 2.13 Let (V,F, u) be a hyperfinite foliated measure space, with exhaustion {Rn(F)}.
There exists Borel subsets {Xn} of X so that

1. XN intersects each equivalence class of Ry (F) exactly once.
That is, for x,y € XN if x ~y y thenx =y

2. The p-measure of the complement X \ Ry (F)Xn tends to 0 as N — oo.

3. For p-almost every x € X, the sequence of sets

Fy(@) = |J Pay®)

Y~NT

is a Folner sequence for the leaf L through P.(z).

Proof: A finite Borel equivalence relation admits a Borel cross-section [18]. For each N let X be
such a cross-section for Ry (F), then conclusions 1 and 2 follow directly from Proposition 2.12. The
proof of 3 follows from a standard counting argument in the theory of measure preserving group
actions (cf. [17]): suppose there exists a subset X® C X,, of positive y,-measure such that for each
x € X, the leaf L, through P, (z) is not Félner. Then we can assume there exists a constant € > 0
so that for each € X® and N > 0 we have the estimate

P(XO(RN(F)NX") = e p((X*(Ry(F) N X)
Since X2(R;(F) U X*(R;(F) tends to a set of full y-measure, for all i sufficiently large
(X (RA(F) N1 XY) = pu(X?)/2 > 0.

and hence u((X2(Rn(F)N X?) is bounded from below by € - u(X?)/2 > 0, a contradiction. O
(2.13.3) implies in particular that y-almost every leaf of F is Félner (cf. Théoreme 4, [10]).
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We say that a transverse measure p is continuous, or without atoms, if for every x € X and € > 0
there exists an open set about x in X whose p-measure is less than e. Every invariant transverse
measure p can be decomposed p = p. + o into an invariant continuous part p. plus an atomic
part u, where the atomic measure is a direct integral of measures supported on a countable set of
compact leaves of F. Thus, if F has no compact leaves then every invariant transverse measure is
continuous (cf. section 1, [26]).

We conclude our discussion of the dynamics of foliated spaces with a structure theorem for
neighborhoods of leaves, which is a direct generalization of the fundamental structure theorem for
a neighborhood of a compact leaf with finite holonomy (cf. Theorem 3, §4 [7]). Given a set Z C V
and € > 0 let A (Z, €) be the open neighborhood of K consisting of points which lie within € of Z.

PROPOSITION 2.14 Let L be a leaf in a foliated space (V,F). Given a compact subset K C Ly
and € > 0, there exists x € X, for some a and § > 0 so that for the open metric ball B(x,0) C X,
there is a foliated immersion II: K x B(x,0) — V with II| K x {«} the restriction to K of the covering
map 7 Ly, — L, and

II(K x B(z,0)) C N(m(K),e€)

Proof: There exists N > 0 so that K is covered by the union of a finite plaque-chain {Pi,..., Py}
in L. Let P; project to the plaque P,,(x;) on L. For each 1 < ¢ < N the plaque-chain
Py = {Py,..., P} projects to a plaque-chain Py = {P,, (21),...,Pa,(z¢)} on L. The holonomy
map 7yp, for Py is a homeomorphism from an open neighborhood z; € W] C X,, to an open
neighborhood z, € W] C X,,. Choose 01 > 0 sufficiently small so that

B(z1,61) CWPN---NW§ and ¢, (D™ x y¢(B(21,01))) C N(m(K),e) forall 1<(<N

That is, the ball B(z1,d1) is in the domain of vp, for all ¢, and foliated product centered on the
plaque P,,(xy) is contained in the e-tube about 7(K).

The definition of the map II: K x B(x1,601) — V requires a small technical nuance, for though
the above choices show how to define this map on individual boxes P, x B(x1,81), a point p € K
may be contained in several plaques. We must use a standard trick from differential topology to get
a well-defined map.

Let {Ay} be the partition-of-unity on V constructed previously. Fix p € K and y € B(z,d1),
then let

I(p) ={i| p€ P} C{l,....N}
The collection of points {¢; (7 (p),y) | i € Z(p)} lie in the geodesically convex intersection

Prpy@) = [ Pau(i(®)
i€Z(p)

Define II(p,y) to be the unique point in Pz, (x) which is the center of mass for the collection
{031 (m(p),x) | i € Z(p)} with respect to the weights {Ao, (7(p)) | i € Z(p)}. When y = z1 all of
the points {¢,(7(p),z1) | i € Z(p)} are equal, so that II|K x {1} = 7 is an immersion. Moreover,
for all y € B(x1,61) the restriction II|K x {y} is smooth along K, and depends continuously on
y in the C'-topology on immersions. Hence, there exists a 0 < § < §; for which the restriction
II|K x B(x1,6) — V is an immersion. By construction, this map preserves the foliated product
structure and has image contained in the tube N (7 (K),¢). O

11



3 Geometric operators on foliated measure spaces

In this section, we introduce the class of geometric operators on foliated spaces, and recall some of
their basic spectral properties.

Let (V,F) be a foliated space with the ancillary data as determined in section 2. A Hermitian
vector bundle E — V is a foliated Hermitian bundle if for each foliation chart U,, there is a
trivialization @, : E|U, & CN x D™ x X,, such that for each admissible pair a, 3 and x € Xag,
the transition function

Pgod (x): CV x DIy x {z} — CV x D, X {yap(2)}

is an Hermitian isomorphism of CV which depends C* on D¢s. Moreover, we require that
®s o ®_1(x) vary continuously on the parameter x in the C*° topology on bundles maps. Thus, the
restrictions E|L — L to the leaves of F are smooth Hermitian bundles which depend continuously
on the transverse parameter.

Let VEL denote the leafwise Hermitian connection for Ez

E — V is a foliated flat Hermitian bundle if the transition functions ®5 o ®_!(x) are constant
on D for all z. Thus, the restrictions E|L — L to the leaves of F are flat Hermitian bundles
whose flat structures depends continuously on the transverse parameter.

For each leaf L C V, let S — L denote the Clifford bundle of spinors associated to the Clifford
algebra bundle C(T'L), and let P, : C°(S1) — C°(S1) be the corresponding Dirac operator. The
union of the leafwise Spinor bundles S — V forms a foliated Hermitian bundle over V.

Fix an Hermitian vector bundle E® — V. For each leaf L, form the leafwise generalized Dirac
operator Dy, =P, ® VEL defined on the compactly supported sections C2°(Ey,) of the bundle E =
S @ EV restricted to L. That is, Dy, is the Dirac operator associated to the leafwise Clifford bundles
S ®EY — L (cf. Definition 2.4, [38]): At a point = € L, choose an orthogonal framing {ey, ..., emn}
of T, L and extend these to local synchronous vector fields {éy,...,&,} about x (cf. (1.29) of [38].)
The Clifford algebra C(T, L) is spanned by the monomials {e; = e;, ®---®e;, [ [ = (11 < --- <ip)}.
Define |I| = p for I = (1; < --- < ip). Choose also a unitary framing {f1,..., f;} of E? and extend
to local VE%—synchronous sections {f Toeves fq}. Then for a general local section

s = E S1,j -er ® fj set
1] <m
1<j<gq

Dr(s)(z) = > VE (0l ea ®Er(x) ® fi(2) (10)
1 <m
12520

DEFINITION 3.1 A foliation geometric operator Dx for (V,F) is a collection of leafwise Dirac
operators {Dr, | L C V'} associated to a leafwise Riemannian metric for F and a foliated Hermitian
vector bundle E°.

12



PROPOSITION 3.2 (Chernoff [12, 37]) Let Dr: C*(EL) — CP(EL) be a leafwise generalized
Dirac operator. Then Dy, is essentially self-adjoint. ]

Let Dy: C*(E) — C*(E) be a foliation geometric operator. For each bounded Borel function
¢:R — R, we can apply the spectral theorem leafwise for each = € V' to the essentially self-adjoint
operator

Dp,:CF(EL,) — C2(EL,)
to obtain a family of bounded operators ¢(Dr) = {¢(Dr,)| « € V'}. The finite-propagation method
[11, 37] can be used to show that this family depends Borel on the transverse parameter.

PROPOSITION 3.3 Let D:C*(EL) — CX(EL) be a leafwise generalized Dirac operator.
Then A € 0.(Dr) if and only if there exists a sequence {¢1, P2,...} C C°(EL) of unit-norm sections
whose supports are disjoint, tend to infinity in L, and ||(Dr — N)¢il|l2 < 1/i for all i > 1.

Proof: Clearly, if such a sequence of test functions exists, then (Dy, — \) does not admit a bounded
inverse so that A € o(Dy,). If A is not in the essential spectrum, then it must be an isolated point of
finite-multiplicity pure-point spectrum. Hence there is a finite-rank projection IIy so that Dy —A+1I)
is invertible. The condition on the supports of the {¢;} imply that for ¢ > 0, the sections ¢; are
almost orthogonal to the range of II,, hence

Jim [[(Dr = A+ 1)) il = 0

contradicting invertibility.

We use three properties of geometric operators to establish the theorem in the converse
direction. A leafwise operator Ap: L2(Er) — L?(Ep) is smoothing if for each ¢ € L?*(EfL) the
image xB(Dr)Y € C®(EL). It is locally-compact if for each compactly-supported bounded Borel
function g: L — R the compositions Ar, o M (g) and M (g)o AL, are compact operators. (M(g) denotes
the mulptiplication operator by g.)

LEMMA 3.4 Let Dp: C(EL) — C°(EL) be a leafwise generalized Dirac operator. Then for each
bounded Borel set B C R the spectral projection xB(Dr) is a locally-compact, smoothing operator.

Proof: By the spectral theorem, the operators D¢ o xg(Dy) are bounded for all £ > 0, so by the
Sobolev Lemma for open complete manifolds (cf. Chapter 3, [38]) the range of xg(Dr) is contained
in C*°(EL). Local compactness follows from Rellich’s Theorem in the usual way. ad

LEMMA 3.5 Let D:C*(EL) — C°(EyL) be a leafwise generalized Dirac operator. Then there
exists a constant Cy > 0 (independent of the choice of L) so that for any smooth function f: L — R
with compact support, and section ¢ € C°(EL) we have

IDL(f-¥) = f-Dr@)l]2 < Cy - SIGIEHszH Il (11)

Proof: The definition (10) for generalized Dirac operators yields a pointwise commutator formula
Dr(f - ¥)le = f(@) - (DLy)e + Va - Au(9))
where A, is a 0-order linear operator on sections associated to the symbol of Dr; (11) follows. O

Let B(x,R) = {y € L | disty(z,y) < R} be the open ball in L of radius R centered at x.

LEMMA 3.6 Let Dr:C°(EL) — C°(EyL) be a leafwise generalized Dirac operator. Then for each
x €L, R>0 and X € R, the restriction of Dy, — X to the space

C*(B(z,R),E;0) = {¢ € C°(EL) so that spt(¢) C Bz, R)
is Fredholm. o
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Our assumption A € o.(Dr) implies that for all ¢ > 0 the range of the spectral projection
X(A—e, )\+6)(DL) is infinite dimensional. We use this conclusion to inductively construct sections
{¢i]i=1,2,...} CCX(EL) and choose a sequence of radii S; < Sz < --- so that

L [ill2 =1
2. There exists z, € L so that B(ax*,S;) C spt(¢) = K; C B(xs, Siy1) for all i > 1
3. [[(DL = Nill2 < 1/1

Choose a basepoint z, € L. Then choose 9; in the range of x(x—1/10,x+1/10)(DPr). There exists
R; > 0 so that the restriction v1|B(z«, R1) to the ball of radius R; centered at z, has norm
[|¢1|B(zx, R1)]l2 > 99/100. Fix a constant C; > 1 as in Lemma 3.5, set S; = Ry + 20C; then
choose a function 0 < g; < 1 which is identically 1 on B(xy, Ry), identically 0 on the complement
of B(z,,S1) and has gradient bounded by (10C;)~!. Set

¢1=llg1-1ll3" - g1+t
and K1 = B(z1,57). Then by Lemma 3.5 we have

(DL =Nl < lgr-ullat - {llgr - (P — Noalla + [(Dr — Aén — g1 - (D — N [2}
< 100/99- {1/10+ Cy - (10Cy) ™" - |||}
< 1
Assume we have constructed unit-norm sections {¢1, ¢o, . .., ¢, } C C°(EL) with the support of

¢; contained in the compact set K; with B(z.,Si—1) C K; C B(x4,S;) for 1 < i < n, and
(DL, = N)oill2 <1/i  for 1<i<n.

Let xn be the characteristic function for B(x.,S,). Set e(n) = (20(n + 1))~!. The range of the
projection X (x—e(n),\+e(n))(Pr) is infinite dimensional, while the composition

M(Xn) © X(r—e(n) A+e(n)) (DL)
is compact, so there exists a unit-norm 1,1 in the range of X(A,e(n))AJrE(n))(’DL) so that
[[ns1 | B(w, Sn +20nC1) |3 < e(n)
Choose a compact set K/, disjoint from B(x., S, + 20nC1) such that
[¢ns1 | Kngall3 > 1= 2¢(n)

Choose a compactly-supported smooth function 0 < g,41 < 1 which is identically 1 on K,
identically 0 on B(z.,S,) and has gradient bounded by (10nC;)~!. Set ¢ni1 = gni1 - Ynr1, with
K11 = spt(¢ny1. Calculation as before yields

(DL = Ndntillz < (1 —€(n)) - {(10(n+ 1)C1) ' + C1 - (10(n+1)) "'} <1/(n+1)

Finally, choose S, +1 > S, so that K, 11 C B(Z«, Snt1)- O
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A transverse measure p for F is a Radon measure on the Borel subsets of the transversals to
F, which takes finite value on compact subsets [36]. A transverse measure is quasi-invariant if, for
every transversal Z with pu-measure zero, all holonomy transports of Z also have p-measure zero.
A transverse measure is invariant if the p-measure of a transverse set Z does not change under
holonomy transport. A transverse measure for F is said to be non-atomic if it has no atoms. That
is, it assigns measure zero to each countable transverse set Z. Conversely, if p is supported on a
countable collection of compact leaves, then we say p is atomic.

Given an invariant transverse measure y for F let i be its Haar extension to a locally-finite Borel
measure on V. Let L?(V, E, 1) denote the completion of C°°(V, E) with respect to the Hilbert space
inner product defined by . The resulting Hilbert space depends substantially on the geometric
properties of the measure p. For example, if p is the transverse Dirac measure associated to a
compact leaf L, then L2(V, E, u) = L?(L, E|L) is the Hilbert space completion of the smooth sections
over L with respect to the smooth leafwise Riemannian measure. While if i is equivalent to the
smooth Lebesgue measure on V, then L?(V, E, u1) is isomorphic to the Hilbert space completion of
the smooth sections over V' with the usual Riemannian inner product.

A foliation geometric operator D acts on the smooth sections C*°(E) of a foliated Hermitian
bundle. Lemma 2.1 of Chernoff [12] implies that Dz and each of its powers is essentially self-adjoint:

PROPOSITION 3.7 Let Dr:C>®(E) — C*(E) be a foliation geometric operator. Then Dy has
a unique densely-defined extension to a closed operator D,, on L*(V,E, ). O

Hence, for any bounded Borel function ¢: R — R we can define the bounded operator ¢(D,,) on
L?(V,E, ) using the spectral theorem.
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4 Spectrum and recurrence

In this section we prove the results of section 1 relating the spectrum of a leafwise geometric operator
to dynamics.

THEOREM 4.1 Let Dy be a leafwise geometric operator for a foliated measure space (V,F).
Fiz L, and let L, < L, with YHolz(x) uniformly Félner on L,. Then 0(Dr,) C 0c(Dr,).

Proof: Let A € o(Dyr,), then by Proposition 3.3, there exists a sequence of unit-norm sections
{$i]i=1,2,...} CCX(EL,) with ||{(Dr, — A)¢:|| < 1/i. The strategy is to lift these test functions
to a sequence of compact regions in L, so they are approximate eigensections for D, .

Let K; = spt(¢;) which we can assume is a covered by a plaque-chain

Pi = {Pagin) - Paii.nG)
In particular, every plaque in P; can be connected to P,(;1) by a chain of length at most NV;.

The leafwise operators Dy, vary uniformly continuously on the compact space V', so for ¢; > 0
sufficiently small, the variation of Dy, restricted to L, N N(K;,¢€) becomes uniformly small inde-
pendent of K;. To be more exact, for z € To, = ;1 ({0} x Xa,) set 2o, = ¢a,(y) € Xq,. Let
K(24;,N) C L, be the union of the plaques of F which can be joined to P,,(zq,) by a plaque-chain
of length at most N. For N fixed and z,, sufficiently close to z,,, projection along transversals
defines a covering map from K (z,,, N) to a region of L,. In particular, for z,, € X,, close to 4,
the set K (zq,, N; + 1) projects to a region in L, containing K;. We can thus lift Dy, to an operator
(li:)zai on the region K(zq,, N; + 1) and compare coefficients with the operator Dy,. We choose
€; > 0 sufficiently small so that for z,, € B(zq,,€;) C Xa,

sup IDL. = (Dr.)
WEK (2a,;,Ni+1)

<1/

Za;

Following the notation of Definition 2.6, choose a finite subset W; C B(xq,, €;) NYHOlE () - yq,
such that

#APN Wi < (1+1/i) - #W; (12)
Define K(W;,N) C L, to be the union of all plaques which can be joined to one of the plaques
{P,,; (w) | w € W;} by a plaque-chain of length at most N.

LEMMA 4.2 There exists Cy > 0 so that for all i, there is a smooth function g;: L, — [0,1] so
that

1. gi(z) =1 for all z € K(W;, N;)
2. gi(2) =0 for all z € Ly, — K(W;,N; +1)
3. |[Vrgi| <Cs

Proof: Recall that {A\o | @« =1,...,k} is a partition-of-unity for the foliation covering of V. Let

Cy =k sup|Vrial:
zeV

be the supremum of the gradients along leaves for the partition functions. Conditions (4.2.1) and
(4.2.2) define g; everywhere except on L, for z € K(W;, N; + 1) — K(W;, N;), where we set

giz)= Y (2

BEB;(z)

with Bl(z) = {ﬁ | Pﬁ(Zﬁ) C K(Wi,Ni + 1)} O
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Let v; be the lift to K (W;, N; 4+ 1) of the test section ¢;, and set § = g; -y € CZ(Eg,).
Calculate the pointwise norms, for z € L, using Lemma 3.5

(DL, =M&ill- < Cl'IVfgilz'||1/)z'||z+gi(2)'||(DLy—(li:)zai1/1i||z+gz'(2)'II((DLZT/\)@)Z%||z (13)

Integrate this estimate over K (W;, N; + 1) and use (4.2.1), (4.2.3) and (12) to obtain

(DL, = Né&ill2 < C1C2 - [|93| (K (Wi, Ni + 1) — K(Wi, Ny))||2
+1/i - ||| K(Wi, Ni 4+ 1)||2 + 1/i - #W; (14)
< CLCy - #Wifi+1)i- #Wi + 1/)i - #W; (15)
< (CiCa+2)/i- #W; (16)

On the other hand, K (W;, N;) covers the region K; C L, with multiplicity at least #W; so we
have the estimate

ill2 = [[9s KOVi, Ni)ll2 = #Wi - [|¢ill2 = #WVi

Define ®; = S and we have shown that

gl
(DL, — N ®@ill2 < (C1C2 +2)/i
which tends to 0 as i — co. Thus, A € o(Dr,,).

To establish that A is a point of infinite multiplicity, note that for each ¢, the test function @,
constructed has compact support in the set K(W;, N; + 1) C L,. When making the choice of the
next set W1 we can specify that the open neighborhood B(zq,, ,, €i+1) be chosen sufficiently small
so that its IV; + 1 saturation is disjoint from the supports of the previously constructed test functions
{®1,...®;}. This yields an infinite set {®q,...P;,...} of test functions with disjoint supports, hence
A € 0c(Dr,) by Proposition 3.3. O
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5 Spectral coincidence for completely amenable foliations

Throughout this section we assume F admits a holonomy-invariant transverse Radon measure pu.
We prove the two spectral coincidence results of the introduction, relating the leafwise spectra o(Dy,)
for a geometric operator D to the spectrum of its closure D), in L*(V,E, p).

THEOREM 5.1 Let x € spt(p) with YHolx(x) uniformly Félner. Then o(Dr,) C 0e(D,,).

Proof: We use the elementary observation

LEMMA 5.2 Let i be a Radon measure on X,. Then z € spt(uq) if and only if, for every open
set z € U C X, we have uo(U) > 0. ad

Let © € spt(u) N T, for some foliation chart (U, ¢,) with corresponding point z, € X,. Then for
every 6 > 0 we have po(B(zq4,d)) > 0.

Let A € 0(L,). For each ¢ > 0 choose a unit-norm ¢; € C°(E) for which ||[(Dr — N)¢|| < 1/i.
The leaves L, of F|spt(u) with trivial holonomy group Holz(y)|spt(i) = {e} form a dense G? subset
of spt(u) [16], so by the same method of proof as for Theorem 4.1, we deduce that for all € > 0, there
exists a leaf L. C spt(u) without holonomy, and test section &, € C°(Ey,) with ||(Dr, —A\)®|| < e.

Every saturated neighborhood in F|spt(u) of the support K. of ®. has positive measuse. So we
can extend the section

18



There is a converse to Theorem 1.4, but requires that F be hyperfinite with respect to pu
(cf. [41, 13] and section 2 below).

THEOREM 5.3 Suppose that F is p-hyperfinite. Then

oDr)c |J o(Dr) (17)
LCspt(p)
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6 Examples

foliated manifold, invariant measure and pass to support of measure, group actions, constructions
using probability spaces

20



References

1]
2]

8]
[4]

[5]
[6]
[7]
8]
[9]
[10]

[11]

[12]
[13]

[14]
[15]
[16]

[17]
(18]

[19]
[20]
[21]

22]
23]

24]
[25]

[26]

J. Alvarez Lopez and S. Hurder. Pure-point spectrum for foliation geometric operators. preprint, 1992.

A. Ancona. Eigenvalues of the Dirac operator. In ?7¢ pages 251-260, 1993. Lecture Notes in Math.
vol. 1427.

D. V. Anosov. On the tangent fields of transversal fibrations. Math. Zametki, 2(5):539-548, 1967.

D. V. Anosov. Tangent fields of transversal foliations in U-systems. Math. Notes Acad. Sci., USSR,
2(5):818-823, 1967.

R. Brooks. The fundamental group and the spectrum of the Laplacian. Comment. Math. Helv., 56:581—
598, 1981.

R. Brooks. Some Riemannian and dynamical invariants of foliations. In Differential Geometry, volume 32
of Progress in Mathematics, pages 5672, Boston, Basel and Stuttgart, 1983. Birkhauser.

C. Camcho and Neto. Geometric Theory of Foliations. Progress in Math. Birkh&user, Boston, Basel
and Stuttgart, 1985.

J. Cantwell and L. Conlon. Poincaré-Bendixson theory for leaves of codimension one. Trans. Amer.
Math. Soc., 265:181-209, 1981.

J. Cantwell and L. Conlon. In Index Theory of Elliptic Operators, Foliations, and Operator Algebras,
Providence, 1988. Amer. Math. Soc. Contemp. Math. vol. 70.

Y. Carriere and E. Ghys. Relations d’équivalence moyenables sur les groupes de Lie. C. R. Acad. Sci.,
Paris, 300:677-680, 1985.

J. Cheeger, M. Gromov, and M. Taylor. Finite propagation speed, kernel estimates for functions of
the Laplace operator, and the geometry of complete Riemannian manifolds. Jour. Differential Geom.,
17:15-52, 1982.

P. Chernoff. Essential self-adjointness of powers of generators of hyperbolic equations. Jour. Func.
Anal., 12:401-414, 1973.

A. Connes, J. Feldman, and B. Weiss. Amenable equivalence relations are generated by a single trans-
formation. Ergodic Theory Dynamical Systems, 1:431-450, 1981.

R. Edwards, K. Millet, and D. Sullivan. Foliations with all leaves compact. Topology, 16:13-32, 1977.
D.V. Efremov. Combinatorial and analytic novikov-Subin invariants. preprint, 1991.

D. B. A. Epstein, K. C. Millet, and D. Tischler. Leaves without holonomy. Jour. London Math. Soc.,
16:548-552, 1977.

J. Feldman. Lectures on orbit equivalence. preprint, 1981. University of Cal., Berkeley.

J. Feldman, P. Hahn, and C.C. Moore. Orbit structure and countable sections for actions of continuous
groups. Advances in Math., 28:186—230, 1978.

J. Feldman and C.C. Moore. Ergodic equivalence relations, cohomology, and von Neumann algebras I.
Trans. Amer. Math. Soc., 234:289-324, 1977.

M. Gromov and M.A. Subin. Von Neumann spectra near zero. Geometric and Analytic Funct. Anal.,
1:4:375-404, 1991.

A. Haefliger. Structures feulletées et cohomologie & valeur dans un faisceau de groupoides. Comment.
Math. Helv., 32:248-329, 1958.

G. Hector. Leaves whose growth is enither exponential nor polynomial. Topology, 16:451-459, 1977.

G. Hector. Architecture of C?-foliations. In III¢ rencontre de géometrie du Schnepfenried (mai 1992),
volume 1, pages 243-258, 1983. Astérisque No. 107-108.

S. Hurder. Almost compact foliations. preprint, 1991.

S. Hurder and A. Katok. Ergodic theory and Weil measures for foliations. Annals of Math., pages
221-275, 1987.

S. Hurder and Y. Mitsumatsu. On the intersection product of transverse invariant measures. Indiana
Univ. Math. Jour., 40, 1992.

21



[27]
28]
29]
[30]
31]
32]
33]
[34]
[35]

[36]
37]

[38]

[39]
[40]

[41]

[42]

J. Kaminker and J. Xia. The spectrum of operators elliptic along the orbits of r™-actions. Comm.
Math. Phys., 110:427-438, 1987.

Yu. A. Kordyukov. A theorem on coincidence of spectra for tangentially elliptic operators on foliated
manifolds. Funct. Anal. Appl., 19:327-328, 1985.

S. M. Kozlov and M. A. Subin. On the coincidence of spectra of random elliptic operators. Math. USSR
Sbornik, 51:455—-471, 1985.

C. C. Moore and C. Schochet. Analysis on Foliated Spaces. Springer-Verlag, New York and Berlin,
1988. Math. Sci. Res. Inst. Publ. vol. 9.

C.C. Moore. Ergodic theory and von Neumann algebras. In Operator algebras and applications, pages
179-226, 1982. Proc. Symp. Pure Math. vol. 38, Part 2.

S. P. Novikov and M. A. Subin. Morse theory and von Neumann invariants on non-simply connected
manifolds. Uspekhi Matem. Nauk, 41:222-223, 1986. (in Russian).

S. P. Novikov and M. A. Subin. Morse theory and von Neumann II;-factors. Doklady Akad. Nauk
SSSR, 289:289-292, 1986.

L. A. Pastur. Spectral properties of disordered systems in the one-body approximation. Comm. Math.
Phys., 75:179-196, 1980.

J. Plante. A generalization of the Poincaré-Bendixson theory for foliations of codimension one. Topology,
12:177-181, 1973.

J. Plante. Foliations with measure-preserving holonomy. Annals of Math., 102:327-361, 1975.

J. Roe. Finite propagation speed and Connes’ foliation algebra. Math. Proc. Camb. Phil. Soc., 102:459—
466, 1987.

J. Roe. Elliptic Operators, Topology and Asymptotic Methods. Res. Notes Math. Ser. 179. Pitman,
1988.

D. Ruelle and D. Sullivan. Currents, flows and diffeomorphisms. Topology, 14:319-327, 1975.

M. A. Subin. Theorems on the coincidence of spectra of pseudo-differential almost periodic operators
in the spaces L*(R™) and B%(R™). Siberian Math. Jour., 17:158-170, 1976.

R. J. Zimmer. Amenable ergodic group actions and an application to Poisson boundaries of random
walks. Jour. Func. Anal., 27:350-372, 1978.

R. J. Zimmer. Ergodic Theory and Semisimple Groups. Birkhduser, Boston, Basel, Stuttgart, 1984.

22



