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Abstract

We prove that if F is a foliation of a compact manifold with all leaves compact submanifolds,
and the transverse category caty, (M, F) is finite, then the leaf space M/F is compact Hausdorff.
The proof is surprisingly delicate, and is based on some new observations about the geometry of
compact foliations. Colman proved in [3, 8] that the transverse category of a compact Hausdorff
foliation is always finite, so we obtain a new characterization of the compact Hausdorff foliations
among the compact foliations as those with catg, (M, F) finite.
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1 Introduction

A compact foliation is a foliation of a manifold M with all leaves compact submanifolds. For
codimension one or two, a compact foliation F of a compact manifold M defines a fibration of M
over its leaf space M /F which is a compact orbifold [27, 11, 12, 33, 10]. For codimension three and
above, the leaf space M /F of a compact foliation need not be a Hausdorff space. This was first
shown by an example of Sullivan [30] of a flow on a 5-manifold whose orbits are circles, and the
lengths of the orbits are not bounded above. Subsequent examples of Epstein and Vogt [13, 35]
showed that for any codimension greater than two, there are examples of compact foliations whose
leaf spaces are not Hausdorff.

A compact foliation F with Hausdorff leaf space is said to be compact Hausdorff. The holonomy
of each leaf of a compact Hausdorff foliation is a finite group, a property which characterizes them
among the compact foliations. If every leaf has trivial holonomy group, then a compact Hausdorff
foliation is a fibration. Otherwise, a compact Hausdorff foliation is a “generalized Seifert fibration”,
where the leaf space M/F is a “V-manifold” [29, 17, 22].

A compact foliation whose leaf space is non-Hausdorff has a closed, non-empty saturated subset,
the bad set X1, which is the union of the leaves whose holonomy group is infinite. The image of
X1 in the leaf space M /F consists of the non-Hausdorff points. The work by Edwards, Millet and
Sullivan [10] established many fundamental properties of the geometry of the leaves of a compact
foliation near its bad set, yet there is no general structure theory for compact foliations comparable
to what is understood for compact Hausdorff foliations. The results of §54, 5 and 6 used to prove
our main theorem provide new insights and techniques for the study of these foliations.

The transverse Lusternik-Schnirelmann (LS) category of foliations was introduced in the 1998 thesis
of H. Colman [3, 8]. The key idea is that of a transversally categorical open set. Let (M,F) and
(M', F") be foliated manifolds. A homotopy H: M’ x [0,1] — M is said to be foliated if for all
0 <t <1 the map H; sends each leaf L' of F’ into another leaf L of F. An open subset U of M
is transversely categorical if there is a foliated homotopy H:U x [0,1] — M such that Hy:U — M
is the inclusion, and Hyi: U — M has image in a single leaf of 7. Here U is regarded as a foliated
manifold with the foliation induced by F on U.

In other words, an open subset U of M is transversely categorical if the inclusion (U, ) — (M, F)
factors through a single leaf, up to foliated homotopy.

DEFINITION 1.1 The transverse (saturated) category caty (M, F) of a foliated manifold (M, F)
is the least number of transversely categorical open saturated sets required to cover M. If no such
covering erists, then caty (M, F) = oco.

The transverse category caty (M, F) of a compact Hausdorff foliation F of a compact manifold M
is always finite [8], as every leaf admits a saturated product neighborhood which is transversely
categorical. For a non-Hausdorff compact foliation, there is no known construction of categorical
neighborhoods of leaves in the bad set. In fact, as our main result implies, this cannot be done:

THEOREM 1.2 Let F be a compact C-foliation of a compact manifold M with oriented normal
bundle and non-empty bad set X1. Then there exists a dense set of tame points X* C X7 such that,
for each x € X!, there is no transversely categorical saturated open set containing x.



Given a foliated manifold M with caty, (M, F) < oo, the lifted foliation F on a finite covering M of

M also has finite category [8]. Moreover, the bad set of F is the lift of the bad set of F. Thus, if
we apply Theorem 1.2 to the normal orientation double cover of a compact foliation F, we obtain:

COROLLARY 1.3 Let F be a compact C'-foliation of a compact manifold M with catq (M, F)
finite, then F is compact Hausdorff.

Proof: Suppose that F is compact foliation with caty, (M, F) finite, and the bad set X; is non-

empty. Then there is a finite covering M of M whose lifted foliation F has oriented normal and
tangent bundles, and there exists transversely categorical open saturated sets {Uj, ..., U} which
cover M. By Proposition 5.2 there exists a tame point x, € X1, and there exist some 1 </ < k so
that z, € Up. As Uy is transversely categorical, this contradicts Proposition 6.1. [

COROLLARY 1.4 Let F be a compact C'-foliation of a compact manifold M with catg (M, F)
finite, then there is an upper bound on the volumes of the leaves of F, the transverse holonomy
groups of all leaves of F are finite groups, and F admits a transverse Riemannian metric which is
holonomy invariant.

Proof: Millett [22] and Epstein [12] and showed that for a compact Hausdorff foliation F of a
manifold M each leaf has finite holonomy, and thus M admits a Riemannian metric so that the
foliation is Riemannian. [J

Recall that a foliation is geometrically taut if the manifold M admits a Riemannian metric so that
each leaf is an immersed minimal manifold [28, 31, 15]. Rummler proved in [28] that a compact
foliation is Hausdorff if and only if it is taut, and thus we can conclude:

COROLLARY 1.5 A compact C'-foliation of a compact manifold M with catq (M, F) < oo is
geometrically taut. [

The idea of the proof of Theorem 1.2 is as follows. The formal definition of the exceptional set
X1 in §3 is that it consist of leaves of F such that every open neighborhood of the leaf contains
leaves of arbitrarily large volume. The bad set X; is the center of a dynamical system formed by
leaves in a saturated open neighborhood of X7 and thus by definition is the “calm in the middle of
a dynamical storm”.

This dynamical characterization of the bad set intuitively suggests that it should be a rigid set. That
is, any foliated homotopy of an open neighborhood of a point in the bad set should preserve these
dynamical properties, hence the open neighborhood cannot be continuously retracted to a single
leaf. The proof of this statement is surprisingly delicate, and requires a very precise understanding
of the properties of leaves in an open neighborhood of the bad set. A key result is Proposition 5.2,
an extension of the Moving Leaf Lemma in [10], which establishes the existence of “tame points”.

The overview of the paper is as follows: The first two sections consist of background material,
which we recall to establish notations, and also present certain results in the form that we require.
In §2 we give some basic results from foliation theory, and in §3 we recall some basic results about
compact foliations, especially the structure theory for the good and the bad sets. Then in §4 we
establish the local rigidity properties for compact leaves under deformation by a homotopy. These
results are of general interest, as they are part of the general study of the topological properties of
compact foliations. The most technical results of the paper are contained in §5, where we prove
that tame points are dense in the bad set. Finally, in §6 prove that an open saturated set containing
a tame point is not categorical. Theorem 1.2 follows immediately from Propositions 5.2 and 6.1.



2 Foliation preliminaries

We assume that M is a smooth compact Riemannian manifold without boundary of dimension
m = p + ¢, that F is a C'-foliation of codimension-¢ with oriented normal bundle, and that the
leaves of F are smoothly immersed submanifolds. This is sometimes referred to as a C'*-foliation.

We assume that both TF and @ are orientable subbundles of T'M. This suffices for the proof of
Theorem 1.2, as the lift of a categorical open set is a categorical open set [8].

We recall below some well-known facts about foliations, and introduce some conventions of notation.
The books [2, 14, 16] provide excellent basic references; our notation is closest to that used in [2].

For each x € M, denote by L, the leaf of F containing «.

Note that the analysis of the bad sets in later sections requires careful estimates on the foliation
geometry; not just in each leaf, but also for nearby leaves of a given leaf. This requires an explicit
description of the local metric geometry of a foliation, which we provide in this section.

2.1 Tangential and normal geodesic geometry

Let TF denote the tangent bundle to F and II: ) — M its normal bundle, identified with the
subbundle TF+ C TM of vectors orthogonal to TF. The Riemannian metric on TM induces a
Riemannian metrics on both TF and @ by fiberwise restriction. For a vector ¢ € T, M, let ||7]|
denote its length in the Riemannian metric. Then for ¥ € T, F the length in the leafwise metric is
again ||U|| so we use the same notation.

Let dpr: M x M — [0, 00) be the distance function associated to the Riemannian metric on M.
Given R>0and z € K C M, set

By(z,R) = {ye€ M |dy(z,y) < R}

Let dr: L x L — [0,00) be the distance function on the leaf L induced by the restriction of the
Riemannian metric to L. That is, for z,2’ € L the distance dy(z, ') is the length of the shortest
leafwise geodesic between x and x/. As M is compact, the manifold L with the metric dy, is
a complete metric space. We introduce the notation dx for the collection of leafwise distance
functions, where dr(z,y) = dr(x,y) if z,y € L and otherwise dz(x,y) = oo. This is a very useful
notation when considering paths in M and the leafwise distances to points on the path.

Given R >0 and z € K C L, set

B]:(QZ‘,R) = {yEM|d_7:(l’,y)<R}CL
B]:(K’R) = {yEM|d.7:(Kay)<R}CL

Let exp = expM:TM — M x M denote the exponential map for dj;. Denote by pi: M x M — M
the projection on the first factor, then p; o exp:TM — M is the bundle projection onto the
basepoint. Let po: M x M — M denote the projection on the second factor, then for x € M,
exp, = p2 o exp: I, M — M is the exponential map at x.

For x € L, we let expr : T, L — L denote the leafwise exponential map. Then expmjE maps the ball
Br,1(0, R) of radius R in T, L onto the set Br(z, R).



Throughout this section, we will define (and redefine) a constant €y > 0 by successively imposing
conditions which must be met. These conditions should be prefaced by the phrase “As M is
compact, for ¢y > 0 sufficiently small, ...”. To avoid repetition, this phrase will be understood,
and so omitted. Initially, we assume that 0 < ¢y < 1. Formally, ¢y is the minimum of a finite set of
positive constants, but for notational convenience, we just keep redefining €.

For € > 0, let TM€¢ C TM denote the disk subbundle of vectors with length less than e, and
TF¢ CTF and Q° C @ the corresponding disk subbundles of T F and @, respectively.

For each x € M, the differential dgyexp,: TM, = T(TM,)o — T M, is the identity map. It follows
that exp, is a diffeomorphism in a sufficiently small neighborhood of 0 € T'M,. For all x € M,
assume that the restriction exp: TM€¢ — M x M is a diffeomorphism onto it image. Thus, €q is less
than the injectivity radius of the Riemannian metric on M.

We also require that for all z € M, Bys(x,€p) is a totally normal neighborhood of z for the metric
dps This means that for any pair of points y, z € Bys(z, €g) there is a unique geodesic contained in
Bas(x, €y) between y and z. In particular, Bys(z, €y) is geodesically convex (cf. page 72, [9].)

For the leafwise Riemannian metric, we require that for all x € M, the leafwise exponential map

expl : TFL — L, is a diffeomorphism onto it image.

We also require that for all x € M, Br(z,€y) C L, be a totally normal neighborhood of x for the
leafwise metric dz.

Let expgz @), — M denote the restriction of the exponential map to the normal bundle at z. We
assume that for all x € M, exp?: Q5° — M is transverse to F, and that the image expg(Q;P) of
the normal disk has angle at least m/4 with the leaves of the foliation F.

The exponential map expgz Q. — M is the restriction of exp, hence for all z € M, expgz QY — M
is a diffeomorphism onto its image.

We use the normal exponential map to define a normal product neighborhood of a subset K C M.
Given 0 < € < €, let Q(K,e) — K denote the restriction of the e-disk bundle Q¢ — M to K. The
normal neighborhood N'(K, ¢) is the image of the map, exp®?: Q(K,¢) — M. If K = {z} is a point
and 0 < € < €, then N (x,€) is a uniformly transverse normal disk to F.

2.2 Quasi-isometric geometry

The restriction of the ambient metric dys to a leaf L need not coincide (locally) with the leafwise
geodesic metric dx — unless the leaves of F are totally geodesic submanifolds of M. In any case, the
Gauss Lemma implies that the two metrics are locally equivalent. We assume that for all z € M
and y,y" € Br(x,€), then dr and dy; are related by

dy(y,y)/2 < de(y,y') < 2dm(y,y) (1)

Let dvol denote the leafwise volume p-form associated to the Riemannian metric on TF. Given any
bounded, Borel subset A C L for the leafwise metric, define its leafwise volume as vol (A) = [, dvol.

For x € M, let v € Q5 and set y = expg(ﬁ). The restriction of Q) to the leaf L, is a flat bundle,
as the Bott connection on @) has vanishing leafwise curvatures. Hence, there is a foliation F of
Q|L, whose leaves are transverse to the fibers Q|L, — L, and for which the bundle projection
map induces a covering map on the leaves of F. Thus, for the given ¥, there is a local flat section
0p5:Br(x,0) — Q, 0,5(x) = ¥, for 0 < ¢ sufficiently small. Compose this section with the



normal exponential map to obtain a map
Sp.5 = p2 0 exp® oo, 5 Br(z,0) — M

whose image is transverse to (). Thus, the differential DY, 7: T, F — Ty,M composed with the
orthogonal projection T,M — T,F yields a linear isomorphism DZ; 5 TeF — TyJF which varies

continuously with (x,%). We apply this remark in two ways.

Consider the p-form w, 5 = X% ~(dvol,) on TF,. When ¥ = 0, unraveling the definitions shows that
w, 5 = dvol. By the continuity of DX1_ we can assume that for all 2 € M, 7 € Q, with [|7]] < e,

dvol/2 < wyy < 2dvol (2)

This condition implies that when we later define local covering maps between sufficiently close
adjacent leaves using the inverse of the normal geodesic map, then these covering maps preserve
the leafwise volume form, up to a scalar factor of at most 2.

The leafwise Riemannian metric on TF can be similarly compared on nearby leaves using the
normal geodesic projections. We can assume that for all x € M, ¥ € Q, with ||7]] < €g, and for all
we T, F

1D 5(@)]|/2 < |[df]| < 2(|DEy (@) (3)

This condition implies that if two leaves are *

isometry with scale factor 2.

‘eg-close” then the normal projection map is a quasi-

2.3 Regular Foliation Atlas
A regular foliation atlas for F is a finite collection {(Uy, ¢a) | o € A} so that:

Fl: U = {U, | a € A} is a covering of M by C1*—coordinate charts ¢, : Uy, — (—1,1)™ where
each U, is a convex subset of diameter at most ¢y with respect to the metric d;.

F2: Each coordinate chart ¢4 : Uy — (—1,1)™ admits an extension to a C'1**~coordinate chart

Oa : Uy — (—2~,2)m where U, is a convex subset containing the 2¢p-neighborhood of U, so
B (Uy, €0) C Uy. In particular, the closure U, C U,.

F3: For each z € (—2,2)4, the preimage Palz) = d71((=2,2)P x {2}) C U, is the connected
component containing ¢ ({0} x{z}) of the intersection of the leaf of F through ¢, ({0} x{z})
with the set U,.

F4: P,(z) and Pu(z) are convex subsets of diameter less than 1 with respect to dzr.

The construction of regular coverings is described in chapter 1.2 of [2].

The inverse images

Palz) = ¢5 (L, 1) x {z}) C Ua

are smoothly embedded discs contained in the leaves of F, called the plaques associated to the
given foliation atlas. One thinks of the collection of all plaques as “tiling stones” which cover the
leaves in a regular fashion. The convexity hypotheses in (F4) implies that if U, N Ug # 0, then
each plaque P,(z) intersects exactly one plaque of Ug. The analogous statement holds for pairs
UsNU 3 # (. More generally, an intersection of plaques Pq, (21) N -+ N Pq,(24) is either empty, or
a convex set.



The closure of each plaque Po(z) = ¢, ' ([—1,1]7 x {z}) C U, is a compact set with interior (for
the leaf topology) which depends continuously on the transverse parameter z, hence there exists
constants 0 < Cpuin < Cinae such that

Cmin < vol(Puo(2)) < Chga, Va € A, Vz € [—-1,1]7 (4)

Recall that a Lebesgue number for the covering U is a constant € > 0 so that for each x € M
there exists U € U with Bps(z,€) C U. Every covering of a compact manifold admits a Lebesgue
number. We assume that ¢ is chosen sufficiently small so that 2¢p is a Lebesgue number for the
covering U of M by foliation charts. Then for any x € M, the restriction of F to Bps(z,€p) is a
product foliation, and the leaves of F | Bys(x, €p) are convex discs for the metric dr.

For each a € A, the extended chart <Za defines a C''-embedding
ta =65 ({0} x ) : (=2,2) = Uy C M

whose image is denoted by ’ZN'a We can assume that the images 73 are pairwise disjoint, and also
that each submanifold 7, is everywhere perpendicular to the leaves of F by adjusting the given
Riemannian metric on M in an open tubular neighborhood of each 7,. Furthermore, assume that
each ’f’a has diameter at most 1.

Define 7, = ¢, ({0} x (—1,1)7). The local coordinate on 7, is again denoted by t, : (—1,1)7 — T,.
We use this coordinate to identify each transversal 7, with (—1,1)9.

We assume that the coordinates t,, are positively oriented, mapping the positive orientation for the
normal bundle to T'F to the positive orientation on RY.

The collection of all plaques for the foliation atlas is indexed by the complete transversal

T:U?;

acA

For a point = € T, let Py (z) = Pu(t;!(x)) denote the plaque containing .

The Riemannian metric on M induces a Riemannian metric and corresponding distance function
d7 on each extended transversal 7,. For a # 3 and = € 7, y € T3 we set dr(x,y) = oo.

Given z € 7, and R > 0, let By (2, R) = {y € To, | d7(z,y) < R}.

Given a subset Z C U, let Zp denote the union of all plaques in U, having non-empty intersection
with Z. We set Z7 = Zp N7,. If Z is an open subset of Uy, then Zp is open in U, and Z7 is an
open subset of 7.

Given any point w € (—1,1)P, we can define a transversal 7, (w) = ¢, ' ({w} x (=1,1)). There is a
canonical map ¥,: 7, (w) — 7, (0) = 7, defined by, for 7 € (—1,1)4,

Yo (o5 (w x 7) = 6510 x 7) (5)

The Riemannian metric on M induces also induces a Riemannian metric and distance function on
each transversal 7, (w). By mild abuse of notation we denote all such transverse metrics by dr.
Then by the uniform extension property of the foliation charts, there exists a constant C1 > 1 so
that for all « € A, w € (—=1,1)? and z,y € T, (w),

dr(z,y)/Cr < d7(Yu(r),Yu(y)) < Crdr(z,y) (6)



We use the maps (5) to translate points in the coordinate charts U, to the “center” transversal.
The constant C'r is a uniform estimate of the normal distortion introduced by any such translation.
In place of the transversals T, (w) we can also consider the normal geodesic disk at y = ¢ (w x 0),
expg: Q5 — N (y, ) which for 0 < € < ¢ is uniformly transverse to F. If the image N (y,¢) C Ua
then we can project it to the transversal 7, along the plaques in U,. Denote this projection by
7 N(y,e¢) — T, We will assume that the constant Cr > 1 is sufficiently large so that for all

y € M, for all 0 < e < ¢, for all a with N (y,e) C U, and for all z, 2" € N(y, €) we have
du(z#)/Cr < dr(TZ(2), () < Crdy(z7) (7)

2.4 Transverse holonomy

We recall the definition and some properties of the holonomy pseudogroup of F. A pair of indices
(e, B) is said to be admissible if U, N Ug # 0. Let T, C 7, denote the open set of plaques of U,
which intersect some plaque of Ug. The holonomy transformation h,g: 7,3 — 73, is defined by
y = hog(x) if and only if P, (z) N Ps(y) # 0. The finite collection

Hr = {hag: Top — Tga | (o, B) admissible} (8)

generates the holonomy pseudogroup Hx of local homeomorphisms of 7.

Each generator h,g: 7,3 — 73, is a uniformly continuous homeomorphism, in the following strong
sense. The charts {(Ua, ¢a)) | @ € A} are a regular foliation atlas, hence h,g is the restriction of
flaﬁi fxg — ’f’ga defined by the intersection of the extended charts ﬁa NnU, 3. The domain 7,3 C ixﬁ
is precompact with B%(%g, €0) C i;g, so given any 0 < € < €, there is a module of continuity
pap(€) > 0 such that for all z € 7,3 then

Bf'('T’NaB(e)) C jv:)zﬁ and Haﬁ(B'f(xa Maﬁ(e))) C Bf'(haﬁ(aj)7 6)

For the admissible pairs (o, o) we set piaq(€) = €. Given 0 < € < ¢g, define

p(e) = min{pap(e) | (o, B) admissible} (9)
so that 0 < p(e) < e. For an integer n > 0 and 0 < € < ¢ set
(i, €) = minfe, w(€), w(()), - 1M ()} (10)

where (™ denotes the n-fold composition. Note that 0 < p(e) < e implies pu(n,€) = p(™(¢) < e.

The point of the definition (9) is that for every admissible pair («,3) and each z € 7,5 the
holonomy map h,g admits an extension to a local homeomorphism h,g defined by the holonomy
of F, and whose domain includes the closure of the disk B (z, u(e)) about = in 7,3, and satisfies

hos(Bz (2, u(e))) C Bz(hap(z), €).
A plaque chain of length n, denoted by P, is a collection of plaques

{Poéo (ZU)v POll (Zl)v s ?Pan (Zn)}

satisfying Pq, (2i) N Payyy (2ig1) # 0 for 0 < i < n. Each pair of indices (o, a41) is admissible, so
determines a holonomy map hg;q,,, such that hg,q, +1(zi) = 2;4+1. Let hp denote the composition
of these maps, so that

hP = han_lan 0:+-0 ha1a2 o ha0a1



The domain of hp is not empty, as hp(z9) = 2. In fact, from the definition (10) the domain of
hp(zg) contains the ball of radius u(n, €) about zg. This remark can be given a general formulation.
Define ‘H’% to be the holonomy transformations defined by plaque chains of length at most n.

LEMMA 2.1 Given a plaque chain P of length n, and 0 < € < €g set § = u(n, ). Then for any x
in the domain of hp, there is an extension to a local homeomorphism hp defined by the holonomy
of F whose domain includes the closure of the disk Bz (x,d) about x in T, and

hp(Bz(z,6)) C Bz (hap(2), ¢) (11)

That is, pu(n,€) is a module of uniform continuity for all elements of H'r.

Proof: For each 0 < i < n, pu(n,e) < u(i,e) hence there is an extension of
hi = haiflai ©:-+0 ha0a1

to h; whose domain includes the disk Bs(7,6) about z. The image h;(Bz(z,d) has size at most
wu(n —1,¢€), so that we can continue the extension process to h;11. O

2.5 Plaque length and metric geometry

We make two observations about the metric geometry of foliations [26].
Let 7:[0,1] — L be a leafwise Cl-path. Its leafwise Riemannian length is denoted by ||7||#-

The plaque length of -y, denoted by ||7v||p, is the least integer n such that the image of v is covered
by a chain of convex plaques

{Pao(20), Pan (21), - -, Py (20) }
where v(0) € Poy(20), ¥(1) € Pa,(21), and successive plaques Pa, (2i) N Py, (Zig1) # 0.

PROPOSITION 2.2 For any leafwise Ct-path v, ||[7|lp < [(|Vll#/€0)]. Moreover, if v is
leafwise geodesic, then ||v||z < ||v|lp + 1.

Proof: Let N = [(||v]|#/€0)] be the least integer greater than ||y||#/ey then there exists points
0=ty <t <--- <ty =1 such that the restriction of v to each segment [t;,¢;+1] has length
at most €p. The diameter of the set y([t;,ti+1]) is at most €p, hence there is some U,, € U with
Y([tistit1]) C Ua, hence y([ti,tiy1]) C Pal(z;i) for some z;. Thus, the image of 7 is covered by a
chain of convex plaques of length at most V.

Conversely, suppose 7 is a leafwise geodesic and {Pu,(20), Pay (21), - - - Pa, (2n)} is a plaque chain
covering the image ([0, 1]). Each plaque P,,(z;) is a leafwise convex set of diameter at most 1, so
Wil < (n+1) < fhllp+1. O

The extension property (F2) implies that for all « € A and z € (—1,1)9, the closure P,(z)
is compact, hence has finite leafwise volume which is uniformly continuous with respect to the
parameter z. Hence, there exists constants A, B > 0 such that

A<vol(Py(2)) < B for all ae A —-1<2z<1

We note a consequence of this uniformity which is critical to the proof of the main theorem.



PROPOSITION 2.3 Let M be a compact manifold. Then there exists a monotone increasing
function v: [0, 00) — [0, 00) such that if L is a compact leaf, then vol (L) < v(diam (L)). Conversely,
there exists a monotone increasing function R:[0,00) — [0,00) such that if L is a compact leaf,
then diam (L) < R(vol (L)).

Proof: The holonomy pseudogroup of F has a finite set of generators, hence given r > 0, there
exists a positive integer e(r) such that any subset of a leaf with leaf diameter at most r can be
covered by at most e(r) plaques. Thus, if L is a leaf with diameter at most r, then L has volume
at most v(r) = B - e(r).

If a leaf L has diameter at least r, then L contains a minimizing geodesic segment ~ of length
r, and hence contains a leafwise tube N(7v,¢y) around v of radius €y. As M is compact, the
leafwise sectional curvatures of M are uniformly bounded, hence there is a constant A > 0 so that
vol (N(v,€9)) > Ar. Then set R(s) = s/A. O

2.6 Local structure theorem

The “Local Structure Theorem” for foliations due to G. Reeb [27, 1, 2, 16, 32] provides a description
of the geometry of F in an open neighborhood of an arbitrarily large compact subset K of a leaf. The
version given below includes a uniform estimate on the diameter of the open foliated neighborhood,
which we show has several applications to obtaining effective estimates on leaf stability.

Given € > 0, recall that N (K, €) C V denotes the normal e-neighborhood of K.

A subset K C L of a metric space is said to be C-uniformly simply connected if given any closed
loop 7:[0,1] — K with v(0) = v(1) = z, then there is a homotopy Hs:[0,1] — L, 0 < s < 1, with

o Ho(t) =~(t), Hi(t) = =, Hs(0) = H,(1) = =,
e for all 0 < s <1, the path ¢t — H(t) has length at most C - (||y]| + 1).

For exarnple if K is an embedded path in L then K is 1—uniformly simply connected. If KcK
where K is a geodesically star-like subset of L then K is C— —uniformly simply connected, where C'
depends upon the geometry of K. For example, if F is the Reeb foliation of S* and K = S! is the
push-off to a vanishing cycle of a latitude or longitude of the compact toral leaf, then each such
closed loop is contained in a star-like region, but C' will depend upon the choice of the circle, and
may be arbitrarily large.

THEOREM 2.4 Let M be a compact manifold with CH_foliation F. Let L be a leaf of F,
and K C L a _compact, path connected subset of the universal covering L. Then there exists an
immersion V: K x DY — M satisfying:

1. for each ¥ € D, the restriction ¥: K x {U} = M has image in a leaf
2. for each y € I?, the restriction U: {y} x D! — M is uniformly transverse to F
3. UK x {6} — L C M coincides with the restriction to K of the covering map m: L—1L

Moreowver, ’LfK is C-uniformly simply connected in L then there exists 6 > 0 which depends only

on C' and the diameter R = dlamL(K), so that the immersion U: K x D7 — V satisfies

4. for each y € K, N(y,8) C U({y} x D9)

10



Proof: Fix R > 0. Let K C L be a _compact subset of diameter at most R. We first construct the
map V¥ under the assumption that K is C-uniformly simply connected, and then indicate how the
proof is modified to obtain the the general result.

Choose a basepoint x € K. Every point y € K can be joined to x by a leafwise geodesic path v,
of length at most R. In the following, both C and R are fixed and we set

5 = u([CRR+1)/e] +2,60/Cr) (12
eg = 61/Cr

where Cp > 1 was introduced in (6) and (7). Recall that p(n,ep) < €g for all n > 0, so €1 < §1 < €p.
The construction of ¥: K x D? — M begins with the definition of W: {z} x D9 — M. Choose an
orthonormal framing {€}, ..., é,} of @, which we use to identify R? = @),. Then for ¥ € D9, set

U(z,7) = exp%(e; - 7) (13)

x

Let v € A be an index such that By (z, €0) C Uy so that ¥({z} x D?) C By(z,€1) C Uy Define
Uy (z,) =117 o W(x,-): DY — T,. That is, for 7 € DI, z = W, (z,7) € T, is the point such that
U(x x ¥) € Po(z). As ||¥]| < 1, U({x} x ¥) can be joined to = by a geodesic of length at most €1,
the estimate (7) implies that

—,

dr (Vo (z,0), Uyo(z, 7)) < Crdpa(¥({z} x 0), U({z} x ¥)) < Cre; = 6 (14)

and hence R R
Uo({z} x DY) € By (Uu(z x 0),6;) (15)

To define ¥: K x DY — M in general, let y € K , and choose a leafwise geodesic path v, ,:[0,1] — L
of length at most R with v, ,(0) = z and 7, ,(1) = .

Proposition 2.2 implies that the path 7, , determines a plaque chain P, , of length at most [R/eo].
(Recall that [x] denotes the least integer n with n > z.)

We adopt the notation Z, = ‘T/a(x, 6), and similarly let y3 denote a point on the transversal 73
whose corresponding plaque contains the point y. Thus, v, determines a plaque chain from Z, to
yp of length [R/eg] + 2. The holonomy of this plaque chain will be denoted by hg 5.

Note that [R/eo] +2 < [2C(R + 1)/eo| + 2, hence by Lemma 2.1 and estimate (14) the set
U, ({z} x DY) is contained in the domain of the holonomy transformation hg ;.

The notation hz 3 is justified as the map does not depend upon the choice of the path. To see this,
let 'y;y be another leafwise geodesic path from z to y of length at most R with induced holonomy
map h’ 7 The composition v = v, ;o%’w is a closed loop of length at most 2R, so by the hypothesis

that K is C-uniformly simply connected, there is homotopy Hs(t) of v to a constant such that each
path ¢t — H(t) has length at most C(2R + 1). Proposition 2.2 implies that a path in L of leafwise
length C'(2R+ 1) can be covered by a plaque chain of length at most [(C(2R+1)/€p)]. Thus, each
path t — H(t) can be covered by a plaque chain of length at most [(C'(2R+1)/€)]. By the choice
of €1, the set W, ({x} x D7) is contained in the domain of the holonomy transformation associated
to each path ¢t — Hg(t). Thus

hohz;=hpy, =hy =1d

so the holonomy maps hz ; and h%@ are equal on the domain @a({x} x DY).

Let Ly denote the leaf of F containing the point W({z} x 7). As the set W, ({z} x DY) is contained
in the domain of the holonomy transformation hgz g, this implies the holonomy along the path
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Ve 10,1] — L is well-defined for all points in \/ﬁa({x} x D?). Thus, the path v, ,:[0,1] — L lifts to
a path vz [0,1] — Lz such that v3(t) € Ly NN (y(t),€1). Set ¥(y, v) = vz(1).

The point ¥(y, ) does not depend upon the choice of the v, ,, as given two paths v, , and %Iv,y
as above, the fact that U({z} x DY) is contained in the domain of the holonomy transformation
associated to each path t — H(t) also implies that the homotopy from 7, , to 'yéw lifts to the leaf
through ¥({z} x ¢) hence the lifted paths have the same endpoints.

The conditions (2.4.1- 2.4.3) follow immediately from the definition of W: K x D7 — M.

To obtain the constant & in condition (2.4.4) we first note that given any z € K N7 there is a
leafwise geodesic path o:[0,1] — K from z to z of length at most R. Recall from Lemma 2.1 the
definition of the module of continuity function u(™(¢). Set n = [R/eg] and then let § = p(n, d;)/2.
Then a point in the transversal w € N (x,§) determines a point @w € 7 which is within 26 = u(n, é1)
of z. Then the holonomy h, defined by the path o contains @ in its domain, and moreover

h, (Bz(2,20)) € Bz(z,61) C U({z} x DY)

Thus, N (z,0) C U({z} x DY) for z€ KNT.

To prove the general case, note that the compact set K C L can be covered by a finite collection of
foliation plaques, say {Pa;(21), Pay(21),- -+, Pa, (2n)}. As above, each point z; € T can be joined
to the basepoint Z by a chain of plaques of length at most [R/ey]| + 2. As the manifold L is simply
connected, each plaque chain determines a well-defined transverse holonomy map

hii B']‘(/l'\, 52) e BT(ZZ‘, 60)

where the diameter of the domain §; > 0. Set 6 = min{dq,...,d,} > 0, then proceed as above. [

Chapter V of Tamura [32] gives the proof of the Local Structure Theorem in much greater detail
for the interested reader. In this paper, we need the effective estimate above in the case of paths,
so the above proof is complete for our purposes.

The proof of Theorem 2.4 introduced the quantity p([C(2R+1)/eo|+2,¢/Cr)/Cr which represents
a fundamental property of the geometry of F, as it is a “uniform modulus of continuity” for the
transverse holonomy along paths. We introduce a more compact terminology for a special case of
this quantity, applicable for the case of leafwise paths:

DEFINITION 2.5 For 0 <e<e¢ and R >0,
A(R,e) = u([R/eo] +2,¢/Cr)/Cr (16)

COROLLARY 2.6 Given € > 0 and any leafwise path v:[0,1] — L of length at most R, the
transverse holonomy along v defines a smooth embedding

h.: N (7(0), A(R, €)) = N(y(1),€) , hy(7(0)) =~(1)

Proof: Let L be the universal covering of L, and 7: [0, 1] — L alift of ~. Then 7 has length at most
R, so is homotopic relative endpoints to a length minimizing geodesic path 7 from 7(0) to ¥(1).
The length of 54 is bounded above by R, and its image is 1-uniformly simply connected, so from
the proof of Theorem 2.4, there is a well-defined holonomy map along 7 with domain including the
disk N (7(0), A(R,€)) and image in the disk N (y(1),¢). O

12



2.7 Normal tubular neighborhoods

A compact leaf L represents a finite orbit for the transverse holonomy pseudogroup, and the Local
Structure Theorem 2.4 has many applications to the study of the structure of F near Lo. We will
first establish a notation used throughout this paper, then give an essential application.

For € > 0, recall that exp®: Q(Lg,€) — M is the normal geodesic map along Lg restricted to the
e-disk subbundle of Q|Ly — Lo. As Lo is compact, there is an € > 0 such that this map is a
diffeomorphism into an open neighborhood N'(Lg, €) of Lg. Then exp®: Q(Lg,e) — N (Lo, €) is a
diffeomorphism onto, so the bundle projection II: Q(Lg,€) — L¢ induces a projection map on the
image, also denoted by IT: N'(Lg,€) — Lg. Thus, Ly is a strong deformation retract of N' (Lo, ¢€).

If €, is such that € = 2¢, has the above properties, then the induced projection II: N'(Lg, €x) — Lo
has the additional property that the map extends to the closure, IT: N'(Lg, €x) — Lo and thus is
also uniformly continuous.

DEFINITION 2.7 We say that € is Lo—normal if 0 < € < ¢g and
eXpQ: Q(L07 26) - N(L07 26)

is a diffeomorphism onto. The induced map 11: N'(Lg, €) — Lg is called the normal projection.

PROPOSITION 2.8 Let Ly be a compact leaf of F, and suppose that € is Lo—normal. If L
is a leaf with L1 C N (Lg,€), then the normal projection 11: N'(Lg, €) — Lqg restricts to a 2-quasi-
1sometric covering map 11: L1 — Ly.

Proof: Let y € Ly and z = II(y) € Lo. By the definition of IT, there exists 7 € Q, so that exp (7) =
y. Then the transversal hypothesis of section 2.2 implies that the differential DY, 5: T, F — T, M of
the map ¥, 5 = po oexp® ooy 5: Br(x,0) — M is injective. Let Bx(y,0) C Ly be a sufficiently small
disk, then the restriction IT: Bx(y,d) — Lo is a diffeomorphism into. Moreover, by the hypothesis
(3) the map II: Ly — Ly is a local quasi-isometry for the metric dz on Ly and Ly. Thus, II: L1 — Lo
has the path lifting property, so is a covering map. [

When the leaf Ly in Proposition 2.8 is assumed to be compact, a stronger statement can be proved.

The following says that a compact leaf with an a priori bound on its volume that is sufficiently
close to another compact leaf, is “captured” by the holonomy of the nearby leaf.

PROPOSITION 2.9 Let Ly be a compact leaf of F and let € be Ly-normal. Given A > 0, there
exists 0 > 0 so that if Ly is a compact leaf with volume vol(L1) < A and Ly NN (Lo, d) # 0, then
L1 € N (Lo, €) and the normal projection restricts to a 2-quasi-isometric covering map I1: L1 — Ly.

Proof: Let R = R(A) be the constant introduced in the proof of Proposition 2.3. Then vol(L;) < A
implies that diam (L1) < R. Set 6 = A(4R,¢/2).

Assume there exists x € Lo and y € L1 NN (z,4), then it suffices to show that L1 C N (Lo, €).
Suppose not, and that there exists z € Ly but z &€ N(Lg,€). As diam (L;) < R, there exists a
smooth path o:[0,1] — L; with 0(0) =y, 0(1) = z and ||o|| < R. Let t. = inf{t | o(t) € N (Lo,€)}.
As 0(0) =y € N(Lo,d) C N(Lg,e€), there is A > 0 with o[0, \) C N(Lg,€), and hence 0 < ¢, < 1.
For any 0 < s < t,, the image o[0,s] C N (Lg,€), so by (3) the path v = Il 0 ¢]0,s] — L¢ has
length at most 2 times the length of the restricted path o: [0, s] — L1, or length at most 29R. Thus,
the holonomy along ~ defines a map h,: N (z,0) — N (7(s),€/2), hy(y) = o(s). This implies that
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o(t) € N(Lg,e/2) for all 0 < t < t,. By continuity, o(t«) € N (Lo, ¢/2) C N(Ly,¢€) so there is s, > t.
such that o]0, s.) C N(Lg,€). This contradicts the minimality of ¢.. It follows that a minimal ¢,
does not exist, hence {t | o(t) & N (Lo, e€)} must be the empty set, hence z = o(1) € N (Lo, ¢€) as
was to be shown. U

COROLLARY 2.10 Let Ly be a compact leaf of F. Given A > 0, there exists § > 0 so that if
Ly is a compact leaf with volume vol(L1) < A and L1 NN (Lg,d) # 0, then vol (Ly) < 2d, vol (Lg)
where dy is the homological degree of the covering map II: L1 — Lyg.

Proof: Let € be Lyp-normal, and choose § = A(4%R,€/2). as before. Then by Proposition 2.9, if
LiNN(Lg,d) # 0 then Ly C N(Lo,€) and II: Ly — Lo is a covering map.

The homological degree of a covering map equals its covering degree, so the volume of the covering
in the lifted metric, satisfies vol’(L1) = d, vol (Lg). Then by (2) the volume of L; in the leaf metric
dF satisfies

vol (L1) < 2vol’(Ly) = 2d, vol (Lo) O

We mention also the well-known “Reeb Stability Theorem” [27] which follows as a corollary of the
Local Structure Theorem 2.4.

PROPOSITION 2.11 Let L be a compact leaf with transverse germinal holonomy group H, at
x € L is finite. Then H, can be represented by a finite group of homeomorphisms acting on an
open neighborhood U, C T of x. Thus, L admits a open saturated neighborhood V- — L such that
the leaves of F in V are aoll finite coverings of L.

Proof: Pick a basepoint x € L and let H, denote the transverse germinal holonomy group at z.
Note that “germinal” means that the germ of each element h € H, is well-defined.

By assumption, H, is a finite group, with order denoted by N. The holonomy construction defines
a map h:m (L, z) — H, whose kernel K, C 7 (L, z) is a finite index subgroup.

Let mp: Eh — L be the holonomy covering of L; that is, the covering associated to /.

Let R = diam (L). Then any pair of preimages y, z € W;I(:U) can be joined by a path 7, .: [0,1] — Ly
of length |5, .|| < 2NR so each element g € H, is represented by the holonomy h, along a path
Oy,> = T 00y :[0,1] — L also of length at most 2N R with ¢, ,(0) = 0, (1) = . The domain of
hg contains B7(z, A(2NR,€)) and has image in B7(z,€).

Let € be Lnormal. Then the open set

Us= () he(Br(z, A2NR,¢)))
g€EH

is invariant under each h, for g € H,. 0O
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3 Properties of compact foliations

In this section, F is assumed to be a compact foliation of a manifold M without boundary. The
geometry of compact foliations has been extensively analyzed by Epstein [11, 12], Millett [22], Vogt
[33, 34, 35] and Edwards, Millet and Sullivan [10]. We recall some of their results.

3.1 The good and the bad sets

Let vol (L) denote the volume of a leaf L with respect to the Riemannian metric induced from M.
Define the volume function on M by setting v(z) = vol (L;). Clearly, x — v(z) is constant along
leaves of F. However, v(z) need not be continuous on M.

The bad set X of F consists of the points y € M where z — v(z) is not bounded in any open
neighborhood of y. By its definition, the bad set X7 is saturated. Note also that

oo
X, = U X1 Nvol ~X0, n]

n=1

The leaves in the intersection X; N vol ~1(0,7n] have volume at most n, while v(z) is not locally
bounded in any open neighborhood of y € X, therefore each set X; N vol _1(0, n| has no interior.
By the Baire category theorem, X; has no interior.

The complement G = M — X is called the good set. The holonomy of every leaf L C G is finite,
thus by the Reeb Stability Theorem, L has an open saturated neighborhood consisting of leaves
with finite holonomy. Hence, G is an open set, X is closed, and the leaf space G/F is Hausdorff.

Inside the good set is the open dense saturated subset G, C G consisting of leaves without holonomy.
Its complement Gy, = G — G, consists of leaves with finite holonomy.

3.2 The Epstein filtration

The restriction of the volume function v(x) to X; again need not be locally bounded, and the
construction of the bad set can be iterated to obtain the Epstein filtration:

M=XyD>X;DXsD D XqD-

The definition of the sets X, proceeds inductively: Let @ > 1 be a countable ordinal, and assume
that Xz has been defined for § < a. If o is a successor ordinal, let @ = v + 1 and define X,
to be the closed saturated set of y € X, where  — v(x) is not bounded in any relatively open
neighborhood in X, of y € X,.

If « is a limit ordinal, then define X, = ﬂ X3.

B<a
For 3 < «a, the set X, is nowhere dense in X3. Note that since each set M — X, is open, the
filtration is at most countable. The filtration length of F is the ordinal « such that X, # () and
Xa+1 = 0.
Vogt [35] showed that for any finite ordinal «, there is a compact foliation of a compact manifold
with filtration length «. He also remarked that given any countable ordinal «, the construction
can be modified to produce a foliation with filtration length a.
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Such examples show that the bad set X; and the substrata X, need not be a finite unions or inter-
sections of submanifolds; they may have much more pathological topological structure, especially
when the filtration length is an infinite ordinal.

3.3 Regular points

A point x € X; is called a regular point if the restricted holonomy of F|X; is trivial at z.
Equivalently, the regular points are the points of continuity for the restricted volume function
v|X1: X1 — R. If X7 # (), then the regular points are an open and dense subset of X; — X5. We
recall a key result of Edwards, Millet, and Sullivan (see § 5 of [10].)

PROPOSITION 3.1 (Moving Leaf) Let F be a compact foliation of an oriented manifold M
with orientable normal bundle. Suppose that X1 is compact and non-empty. Let x € X1 be a reqular
point. Then there exists a generic leaf L C Ge, and a smooth isotopy h: L x [0,1) — G such that

o forall0<t<1, hy: L — Ly C M is a diffeomorphism onto its image Ly

o L, is in the closure of the leaves U Ly foranyd >0
t>1—6

e limsup vol (L;) = oo
t—1

While the “moving leaf” Ly limits on X1, the moving leaf cannot accumulate on a single compact leaf
of X;. This follows because a compact leaf L admits a relative homology dual cycle, which for € > 0
sufficiently small and = € L, is represented by the transverse disk By (x,€). This disk intersects
L precisely in the point z, hence the relative homology class [Br(z,€),0Br(z,€)] is Poincaré dual
to the fundamental class [L]. Assuming that {L;} limits on L, for ¢ < 1 sufficiently close to 1,
each Ly C N(L,¢) and so the intersection number [L; N Bz (z,€)] = [Ly] N [B7r(x,€), 0B7(x,€)] is
constant. Thus the leaves {L;} have bounded volume as ¢ — 1, which is a contradiction.

It is precisely this “non-localized limit behavior” for leaves approaching the bad set with volumes
unbounded, which makes the study of compact foliations with non-empty bad sets so interesting,
and difficult. There are no results describing how these paths of leaves must behave in the limit.

3.4 Structure of the good set
Epstein [12] and Millett [22] showed that for a compact foliation F of a manifold V', then

v(x) islocally bounded < V/F isHausdorff < the holonomy of every leaf is finite

By definition, the leaf volume function is locally bounded on the good set GG, hence the restriction of
F to G is compact Hausdorff, and all leaves of F|G have finite holonomy group. Epstein and Millet
showed there is a much more precise structure theorem for the foliation F in an open neighborhood
of a leaf of the good set:
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PROPOSITION 3.2 Let V' denote an open connected component of the good set G, and V., =
V NG the set of leaves with no holonomy. There exists a “generic leaf” Lo C Ve, such that for
each x € V with leaf L, containing x,

1. there is a finite subgroup H, of the orthogonal group O(q) and a free action oy of Hy on Lo
2. there exists a diffeomorphism of the twisted product
¢z: Lo X, DI =V, (17)
onto an open saturated neighborhood V, of L, (where D? denotes the unit disk in R?)

3. the diffeomorphism ¢, is leaf preserving, where Lo x gz, D? is foliated by the images of Lox{w}
for w € D? under the quotient map Q: Ly x DY — Lo x g, DY

4. ¢g maps Lo/H, = Lo xp, {0} diffeomorphically to L,
In particular, if x € V. then H, is trivial, and ¢, is a product structure for a neighborhood of L.

The open set V,, is called a standard neighborhood of L,, and the 4-tuple (V,, ¢, Hy, ) is called
a standard local model for F. Note that, by definition, V,, C G hence V, N X; = (). Hence, as
G 3> x — X the diameter of the transversal image disc ¢, ({z} Xz, D?) tends to zero, so these are
geometric models, but not necessarily metric models.

The Hausdorff space G/F is a Satake manifold; that is, for each point b € G/F and w(z) = b
the leaf L, has an open foliated neighborhood V,, as above, and ¢,: Ly x g, D? — V, induces a
coordinate map ¢y:D?/H, — W}, where W, = w(V,). The open sets W, C G/F are called basic
open sets for G/F. Note also that 7 is a closed map [12, 22].

Let G. denote the open set of leaves in the good set G with trivial holonomy. The restricted
quotient map m: Ge — G./F is a fibration with fibers diffeomorphic to Ly. Thus, the singularities
of the quotient map m: G — G /F are concentrated on the set of leaves with holonomy, G},. Millett
[22] called the map 7 a twisted twisted fibration, where the fibration 7: G, — G./F has additional
“twisting” introduced along the singular set Gy /F.

The existence of a standard neighborhood about every leaf of a compact Hausdorff foliation has
further consequences for its global geometry. For example, the holonomy of L, is given by the
composition

71 (Ly,x) — H, C O(q) C Diffeo(D9,0). (18)

COROLLARY 3.3 Giveny € V, let (z,w) € Ly x D? have image ¢, (y). Let Hyy, C H, be the
isotropy group at w € DY of the linear action of H, on D?. Then the holonomy of L, is given by
Wl(Lyyy) - H;By - O(Q)

Hence, there are at most finite number of isomorphism classes of holonomy groups of leaves L,y C V.

We can also use the local models (17) for F to give a better description of Gj,.

COROLLARY 3.4 G}, is a stratified space. That is, for x € Gy, let W;,...,ng(‘r) C R? be
the collection of linear subspace such that W is the fized set for some g; € H,. Then the set
W = WQ} Nn...N Wf(x) N DY is invariant under Hy, and Gy, NV, = ¢ (Lo x g, Wy). Hence, G},
1s relatively closed and nowhere dense in G. Moreover, if F has orientable normal bundle, then
each subspace W has codimension at least 2, and hence the set G is open, dense, and locally path
connected.
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4 Stability properties of compact leaves

In this section, we prove some technical results about stability under homotopy of compact leaves
in a foliated manifold. The results of this section do not assume that F is a compact foliation.

The main goal of this section is to prove Proposition 4.7, which yields an upper bound on both the
volumes of the compact leaves, and the topological degrees of the covering maps, which arise in a
homotopy of a compact leaf. This plays an essential role in our proof of Proposition 6.1.

PROPOSITION 4.1 Let F be a C* foliation of a compact manifold M. Let H:L x [0,1] — M
be a leafwise homotopy. If L is a compact leaf, then Hy(L) is a compact leaf for all 0 <t < 1.

Proof: Let L, = H;(L) and L; be the leaf of F containing L;. The image L, is compact, so it will
suffice to show that the map Hy: L — Lj is onto for all 0 < ¢ < 1.

Let H*(-) denote cohomology with real coefficients, so that HP(L) = R as L is a compact oriented
manifold of dimension p. Also, for each 0 < ¢ < 1, L} is a connected manifold of dimension p,
hence for any y € Ly, we have HP(Ly — {y}) = 0. It follows by combining these two remarks that
if Ly # L} then the induced map H;: HP(L}) — HP(L) is zero.

Let I = {t| Hf # 0} C [0,1]. It will suffice to show that I = [0, 1] to prove Proposition 4.1.
For t =0, Hy is the identity, hence 0 € I.

We claim that [ is both a relatively open and closed subset of [0,1]. To see that it is relatively
open, fix t € I. Then by assumption, H;" # 0 hence L; = Lj.

For each 0 < ¢ < 1, let ¢, be L;—normal. Set V; = N'(L},¢;). The open subset H1(V;) C L x [0, 1]
contains the compact set L x {t}, hence there exists k > 0 such that L x (t — k,t + k) C V4.

Let s satisfy t — k < s <t + k. Then the image Ls C V4, and hence the composition
tolloHg: L — Ly CV;

is homotopy equivalent to H;. Thus, the composition (Il o Hy)*: HP(L}) — HP(L) is non-zero.

We claim that L} C V;. Otherwise, Ly N V; is a proper open submanifold of L}, and hence
HP(L*NV;) = 0. This implies that L — Ly C LNV, C V; — L; induces the zero map on
p-cohomology, contradicting the previous observations.

For t — k < s < t + K, apply the cohomology functor HP(-) to the composition
L—-LsCLicVi— L

The composition (IT o Hg)*: HP(L}) — HP(L) is non-zero, hence H;: HP(L%) — HP(L) is non-zero,

and we obtain that s € I.

Next we show that I is closed. Let I denote its closure in [0, 1], then for ¢t € T and § > 0 the closed
set L x (IN[§—tt+d])is compact in L x [0,1], hence its image H(L x (I N[§ —t,t+4])) is
compact. It thus equals the closure in M of the image H(L X (I N[d —t,t + d])).

The set H(L x (I N[0 —t,t+d])) is saturated by assumption, hence its closure

H(Lx (IN[6—tt+4)=H(Lx (IN[§—tt+d]))

is also saturated. The intersection of saturated sets is saturated, so taking the intersection over all
d > 0 we obtain that H(L x {t}) is a saturated set. That is, L; = L}, hence the leaf L} is compact.
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Finally, we must show that for ¢t € I the map H;: HP(L) — HP(L}) is non-zero. As t € I, there
exists a sequence s, € I with s, — t, so the sequence of compact leaves L x {s,} limits to L x {t},
and hence Ly limits to Lj.

Let 0 < €, < € be sufficiently small so that the normal neighborhood V; = N (L}, €}) is an open
neighborhood retract of L}, with IT : V; — L} the retraction. The open subset H1(V;) C L x [0,1]
contains the compact set L x {t}, hence there exists k > 0 such that L x (t — k,t + k) C V4.

Let n be sufficiently large so that s,, € (t — k,t + &), and then we have Ly, C V;. The composition
vollo Hy, : L — Li C V; is homotopy equivalent to Hy. It is given that H} : HP(L; ) — HP(L) is
non-zero, hence H; = (Il o Hy)*: HP(L}) — HP(L) is non-zero. [

Implicit in the above proof is the geometric result that a “small” homotopy of a compact leaf
is again a compact leaf, and its image is a covering of the initial leaf. We introduce a formal
generalization of this phenomenon, and show in Lemma 4.3 that a homotopy of compact leaves
yields an example.

DEFINITION 4.2 Given0 < € < €q, we say that two compact leaves L, L' C M are e-commensurable
if there is a sequence of compact leaves Lo, Lo, L1, ..., Ly—1,L,—1, L and constants €), €], ... €]
such that L = Lo, L' = Ly, and for each 0 < { < k,

1. €] <€, and € is Ly—normal

2. £ C N(Lg, GZ) ﬂN(LHl, Ele/+1).

The collection of leaves £ = {Lg, £o, L1, ..., Lx_1, £x_1, Lx} is called an e-chain from L to L'.
Proposition 2.8 implies that the normal projection II restricted to to the leaf £4 yields covering
maps m: £y — Ly and m: £y — Lgyq of finite degree; the leaf £/ is a “geometric correspondence”
from Ly to Lyyq1. (It may happen in examples that either £, = Ly or £y = Ly41, in which case the
geometric correspondence is just a map.) The sequence of covering maps yields a diagram

L=Ly+— & —Li— -+ — L1 — &1 — Lp=1L (19)
and the induced maps on the fundamental groups (with respect to appropriate basepoints) yields

m1(L,yo) = m1(Lo,y5) — 71 (L1,y1) -+ T (Lh—1,¥p_1) — T (L yi) (20)

which we denote by 7;(£). All of the maps in (20) have images of finite index, and it is in this
sense that the leaves L and L’ are commensurable, even though their fundamental groups 71 (L, yo)
and 1 (L, yx) need not be subgroups of finite index in a common group.

LEMMA 4.3 Let F be a C! foliation of a compact manifold M. Let H:L x [0,1] — M be a
leafwise homotopy. If L is a compact leaf, and so L' = H(L) is also a compact leaf, then for all
0<e<ey, L and L' are e-commensurable.

Proof: For each 0 <t < 1, Proposition 4.1 implies that the image L; = Hy(L) is a compact leaf,
so we can choose €, which is Lynormal. As L is compact, we can also choose & > 0 so that the
image

H(L X [t_gt,t"’_ftb CN(Lt76:‘,)
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The collection of open intervals {Z; = (t — &,t + &) | 0 <t < 1} is a cover for [0, 1], hence there is
a finite set {tx =0 < t; <--- <ty = 1} so that {Z;,,Z4,,...,Zs,} is a cover for [0,1]. We assume
that the cover has minimal cardinality, which implies that tp4 1 — &, , <t¢+&,.

For 0 < ¢ <k, set Ly = Ly, and €] = ¢;,. For each 0 < £ < k, choose ty1 — &, , < s¢ <ty + &,
and set £y = Ly,. It is immediate that £, C N'(Lg,€/) NN (Leg1,€5,). O

We note the following result, whose elementary proof is a precursor to the proof of Proposition 4.7.

PROPOSITION 4.4 Let F be a C* foliation of a compact manifold M, and H: L x [0,1] — M
be a leafwise homotopy such that for all 0 < t < 1, Hy is a differentiable map whose derivatives
depend continuously on t. If L is a compact leaf, then t — vol (L}) is a bounded function on [0, 1].

Proof: Let dvol denote the leafwise volume p-form on M. This form is not closed, unless restricted
to a leaf of F, but is continuous on M. As H; is a C'! map whose derivatives depend continuously
on t, the pull-back of the volume p-form, w; = H;(dvol) on L, depends continuously on ¢. Let
N; denote the degree of the map H;: L — Ly, which is well defined as both L and L; are oriented
closed manifolds. That is, (H)«([L]) = N¢ - [L¢]. Then

1 1
vol (L} :/ dvol:-/ dvol:-/H*dvolg/w
(Ly) g N oo N ¢ (dvol) |

*
t

which depends continuously ¢, so there exists a uniform upper bound. [

We need two preliminary results before giving Proposition 4.7.

PROPOSITION 4.5 Let F be a C* foliation of a compact manifold M, and suppose that L, L'
are compact leaves which are eg-commensurable by an €g-chain £ of length k. Then there exist a
constant C(m1(L)), depending only on the algebraic data m (L), such that

2(1—2k) C(Wl(ﬂ)) . vol (L) < vol (L/) < 2(2k—1) 0(7'('1(2)) - vol (L) (21)

Proof: We are given an ep-chain Lo, £9, L1, ..., Ly—1, k1, L, and constants (), €}, ..., €] such
that L = Lo, L' = Ly, and for each 0 < ¢ < k, ¢} is Ly normal. Let a; denote the degree of the
covering map II: £, — Ly, which equals the homological degree deg(II). The Riemannian metric
on the leaf Ly lifts via the covering map II to a Riemannian metric on £, with associated volume
form dvol’. Then the total volume for this covering metric satisfies vol’(£y) = ay - vol (Ly).

As €/ < €9 we can apply the estimate (2) to conclude that the two volume forms on the leaf £, are
related by the inequality 1/2 - dvol < dvol’ < 2 - dvol and hence we have

ag/2-vol (Ly) < vol(£y) < 2ag-vol(Ly) (22)

Similarly, for each 0 < ¢ < k, the normal projection II: N'(Lg41, €] 1) — Ly restricts to a covering
map II: £, — Lyyq. Let by denote the degree of this covering. Then we obtain in an analogous
manner that

bg/2 - vol (Lg_H) < vol (Sg) < 2 bg - vol (Lg_H) (23)

Combining these sequences of upper and lower estimates, we obtain

apdy...Qk—1

2(1—%)M.V01(L0) < vol(Ly) < 21
boby - bp_1

~vol (L 24
bobr - bp_1 vol (Lo) (24)

20



apgay ...ap—1

Set C(m (L) =45 —

0

This estimate is intuitively clear, as can be seen in the case when all of the covering maps have
degree ay = by = 1 and each £y = Ly or £y = Lyy1. Then, each successive compact leaf Ly, is
diffeomorphic to the previous leaf L,, and is obtained by perturbing L, by a distance of less than
€o. The volume change for each of these small deformations by at most a factor of 2, based on the
volume form estimate in the inequality (2). The choice of the scale factor 2 in the estimate (2)
was made for simplicity, and could be replaced by an optimal constant, which would yield a more
precise form version of (21).

Lemma 4.3 and Proposition 4.5 yield an estimate comparing the volume of the compact leaf at the
end of a homotopy with the volume of the compact leaf at the beginning. The following technical
lemma allows us to give a uniform estimate for all leaves in the homotopy in Proposition 4.7.

LEMMA 4.6 Let F be a C' foliation of a compact manifold M. Let L, L', Loy be compact leaves,
and suppose € is Lo—normal. Suppose that

1. L' € N(Lo,¢€) with dy = deg(Il: L' — Lo) > 0
2. G:L x [s,8"] = N(Lo,¢) is a continuous foliated map such that Gy (L) = L’

3. the map G: L — L' has degree dy > 0.

Then for all ' <t < §", the leaf Ly = G¢(L) has volume bounded by

vol (Lo)/2 < vol (Lt) < 2d0d1V01 (Lo) (25)

Moreover, the degrees dy of the covering maps II: Ly — Ly are uniformly bounded, 1 < dy < dod;
and likewise dody is an upper bound on the degree of the maps Gy: L — L.

Proof: For all s’ <t < s”, the leaf L; is compact by the proof of Proposition 4.1. As L; C N'(Lg,¢€),
the restriction of the normal projection II: N'(Lg, €) — Lg induces a covering map II: Ly — L.
The composition [ToGy: L — Lg has degree dod; by assumption. As IToGy: L — L” is continuously
defined for all s’ <t < s”, the degree d; of Il o G; must equal dyd; also. It follows that the degrees
of both factor maps II and G; must divide dod;. Thus, di = deg(Il: Ly — Lg) divides dpd; and
hence 1 < dy < dpd;. Similarly, 1 < deg(G;) < dod;.

For all s’ <t < s” we have that vol’(L;) = d; vol (L"), where vol’(L;) denotes the volume of L,
for the covering metric. As in the proof of Proposition 4.5, the estimate (2) on the leafwise volume
forms implies the inequalities (25). O

We can now state and prove the main result of this section.

PROPOSITION 4.7 Let F be a C' foliation of a compact manifold M. If H: L x [0,1] — M is
a leafwise homotopy with L a compact leaf, then for all 0 <t <1,

vol (L) < 4% - vol (L) (26)

where k is the length of an ey-chain obtained from H. Moreover, there is an integer dy, > 0 such
that
1 <deg(Hy: Lo — L) < d. (27)

21



Proof: By Lemma 4.3 and its proof, there is an ep-chain Lg, £9, L1, ..., Lip_1, £r_1, L, constants
0<ey€l,...,ep <€ and times 0 =ty < 5o <t1 <51 <ty <- - <tp_1 <Sskp_1 <ty =1s0 that
foreach 0 < /¢ <k

e Ly=H(L), £ = H,,(L)

e ¢, is Lynormal

o £ CN(Lgef) "N (Lisa,€4,4)

o Hy{(L) CN(Ly€)) forall sp—q <t <sy

where we set s_1 = 0 and s = 1 for notational convenience.

Recall that II: N'(Ly, €]/) — Ly is the normal projection. The composition
HoHt:L—>N(L5,€z) — Ly, ty<t<sy

is a homotopy from Il o H;, = Hy, to Il o H,. Thus, the maps Il o H,, and H;, have the same
homological degree. Recall that ay is the covering degree of II: £, — Ly, or equivalently the
homological degree of II, so it follows that a, - deg(Hs,) = deg(Hy,).

Similarly, using the homotopy
IIo Ht: L — N(Lngl, €Z+1) — Lerl , Sy S t S thrl

we have that by - deg(Hy,) = deg(Hy,, ).
Thus, we obtain
Q _ deg(Hte+1)

a deg(Hy,) (28)

Given 0 < s < 1, let v be the least index such that s < s,, so that s € Z,, = (t, — &,,,t, + &,)-
Then either t, < s <s, or s,_1 < s <t,.
Set d, = Bobr-bumt oy - max{dy, . ..,dps1}.

apgay ...ay—1
The map Hy is the identity, so by applying (28) recursively, we have that d, = deg(Hy,). In
particular, d, is a positive integer, so 1/d, < 1. By the proof of Proposition 4.5, there is an
estimate

2(21/—1)
-vol (L) < vol(L,) <

Consider the case t, < s < s,,. We then have H: Lx[t,,s,] — N (Ly, €;) so we can apply Lemma 4.6
with s =t,, s =s,, and L = L, Ly = L' = L,,. The degree of the map H;, is d,, while L' — L
is the identity so has degree 1. Combine (25) and (29) to obtain the upper bound estimate

2(21171)

Vol (L) = 22 . vol (L) < 4% - vol (L) (30)

vol (Lg) < 2d,-vol(L,) < 2d,-

Note also that by Lemma 4.6 the degree ds = deg(H,: L — L) divides d,, hence 1 < ds < d,, < d,.

In the alternate case 5,1 < s < t, we proceed in exactly the same way. [
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5 Tame points in the bad set

The bad set X consists of the points y € M where the leaf volume function v(z) is not bounded in
any open neighborhood of y. This set is closed, saturated and has no interior, but could otherwise
be an arbitrarily pathological continua. A point z; € X; is regular if the restriction of the leaf
volume function v: X7 — R is is continuous at x7. Equivalently, z1 € X7 is a regular point if the
holonomy of the restriction of F to X is trivial in some relatively open neighborhood of x; € Xj.

In this section we introduce the concept of a “tame point” in the bad set, where the local properties
of the bad set have some additional regularity. We then prove the existence of tame points. Tame
points are used in section 6 for studying the deformations of the bad set under foliated homotopy.

DEFINITION 5.1 A regular point x1 € X1 is tame if for any € > 0, there is a transverse C'-path
v:[0,1] = (N (z1,€) N Ge) U {1} (31)

with v(t) € Ge for 0 <t <1, v(1) = z1 and v(y(t))) tends uniformly to infinity as t — 1.

Since the restricted path 7:[0,1) — G, lies in the set of leaves without holonomy, it follows that
there is a foliated isotopy I': Ly(g) x [0,1) — G such that I'y(y(0)) = v(¢). Thus, a tame point = is
directly approachable by a family of moving leaves whose volumes tend uniformly to infinity.

In the examples constructed by Sullivan [30], it is easy to see that every regular point is a tame
point. In general, though, Edwards, Millet, and Sullivan specifically point out their proof of the
Moving Leaf Proposition 3.1 in [10] does not claim that a regular point is a tame point. The problem
is due to the possibility that the complement of the bad set need not be locally connected in a
neighborhood of a point in the bad set. In their proof, the moving leaf is defined by a curved that
follows “an end of the good set” out to infinity, passing through points where the volume is tending
to infinity along the way. This end of the good set is contained in arbitrarily small e-neighborhoods
of the bad set, but they do not control the behavior of the end. Thus, the existence of a tame
point is asserting the existence of a “tame end” of the good set on which the volume function is
unbounded, and which is defined by open neighborhoods of some point in the bad set.

Let X! C X; denote the subset of tame points.

PROPOSITION 5.2 Let F be a compact, C' foliation of a manifold M. Then the set of tame
points Xt is dense in X.

Proof: Let x1 € X; be a regular point, and L; the leaf through x;. We will build up a detailed
geometric description of the foliation in a sufficiently small neighborhood of L; and use this to
prove there is a tame point arbitrarily close to xj.

Choose a finite generating set {[m1],...,[rx]} for m1 (L1, 1), where [r;] is represented by a closed
path 7;: [0, 1] — Lj with basepoint z;. Let ||7;]| denote the Riemannian length of 7;. Then set

B = 2max {diam (L1), |||, - .-, [|7%]|} (32)

Let 0 < €1 < ¢y be such that the normal projection II: N (L1, e1) — Lp is well-defined. Then set
€2 = A(*B, e1) where A(B, €1) is defined in Definition 2.5.

By Corollary 2.6, the holonomy map h; along the closed path 7; is defined on the transverse disk
N (x1,€2). That is, the transverse holonomy along 7; is represented by a local homeomorphism into

h;: N (21, €2) — N (21, €1) (33)
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Moreover, for any path o: [0, 1] — L; with 0(0) = z; and ||o|| <P the transverse holonomy maps
are defined for all 0 < ¢ <1,
h,: N (z1,e2) — N(o(t), €e1) (34)

Choose 0 < 6 < e sufficiently small so that the induced holonomy on X; NN (z1,24) is trivial.
The induced holonomy of F is trivial on the closure

71 =X ﬁN(ZL’l,5) =X ﬂN(xl,é) c X; ﬁN(.Tl,?(S)

so the saturation Zx of Z; is a fibration over the closed set Z;. We assume that § is sufficiently
small so that Zr C N(Ly,e€1).

The leaf volume function v(y) is uniformly continuous and hence bounded on the compact set Z;
as the induced holonomy is trivial. Hence, every point in Z; is a regular point of the bad set.

For each z € Z;, the normal projection II: N'(L1,€1) — Ly restricts to the leaf L, C Zr to yield a
covering projection 7%: L, — Lj, which must be a diffeomorphism as F|Z; has no holonomy.

By estimate (3) the map 7* is also a quasi-isometry with expansion bound 2. Note that as N'(z1, 20)
is the normal neighborhood of x;, by definition we have that 7%(z) = z; for z € Z;.

For z € Z;, the closed loop 7; lifts via 7% to a closed loop 77:[0,1] — L,. The homotopy classes of
the lifts, {[7{],...,[7f]}, give a generating set for 7 (L., z), which by (3) and (32) have a uniform
bound on their path lengths, ||77| < ‘B.

In fact, since L, C N (L1, €1), for any path o:[0,1] — L; with o(0) = 21 there is a lift 0*:[0,1] — L.
with 0%(0) = z and 7% 0 0%(t) = o(t) for all 0 < ¢ < 1.

For an arbitrary point yo € N (z1,0) and path 0:[0,1] — Ly with 0(0) = x; and |o| < B, the
existence of the transverse holonomy map in (34) means that there is a lift ¢¥: [0, 1] — L,\N (L1, €1)
with o¥(0) = yp and 7Y o g¥(t) = o(t) for all 0 <t < 1.

The lifting property need not hold for paths longer than ‘3, as there may be leaves of F which
intercect the normal neighborhood N(L1,d) but are not contained in N(L1,€1). However, when
L, C N(L1,9) and there is given a path o:[0,1] — Ly with 0(0) = x1, then Corollary 2.6 implies
that the lift o¥ [0,1] — L,y can be defined for ' sufficiently close to y. From a geometric approach,
L, C N(Li,e€1) is a compact subset of an open set, hence for €3 > 0 sufficiently small, the open
normal neighborhood N (Ly, €3) C N'(L1,€1), and the leaves of the foliation restricted to N (Ly, €3)
satisfy an arbitrarily long path lifting property with respect to paths in L, as they approach L.

For y € N(x1,0), let Br(y,0) C N(z1,9) denote the open ball of radius ¢ about y for the induced
Riemannian metric on N(x1,d). Note that, unless N'(x1,d) is a totally geodesic submanifold of M,
Br(y, ) and N (y, ) are distinct submanifolds of M, though both are transverse to F.

By the proof of the Moving Leaf Proposition, which is based on ideas of Montgomery [24] and
Newman [25], there is an open connected component U of N (x1,d) — Z; on which the volume
function v(y) is unbounded on the open neighborhood U NN (z1,8/2) of z1. (See the details of the
proof on page 23 of [10], especially Figure 3.)

Choose a point yg € U NN (x1,d/2) and let 2, € Z1 be a closest point to yg for the induced metric
on N (z1,d). That is, consider a sequence of balls Br(yo,d) C N(x1,0) — Z1 expanding until there
is a first contact with the frontier of U, then z, is this first point of contact. Let dg denote the
distance from yo to x, in this induced metric. Then Br(yo,d0) C U and Br(yo,d0) N Z1 # 0. Let
L, = L, be the leaf containing z,. This is illustrated in Figure 1 below.
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We claim that z. is a tame point. As § > 0 was chosen to be arbitrarily small, and the regular
points are dense in the bad set, the proof of Proposition 5.2 will then follow from this claim.

Figure 1: tame point in the bad set

As noted before, Br(yp,d0) C U, and there is a geodesic path v:[0,1] — N (x1,0) with length dg
such that v(0) = yo, 7(1) = x4 and v[0,1) C Br(yo, o). The complement of X; is the good set, so
the image v[0,1) C G. The set of leaves with holonomy G}, in G is a union of codimension two (or
higher) submanifolds by Proposition 3.2, so by a small C'-perturbation of the path v in U, we can
assume that its image is disjoint from the set Gj. That is, v(t) € Ly C G, and (1) € L.

We claim that the volumes of the leaves L; tend uniformly to infinity. Our proof is by contradiction
— we assume this is false, that is, there exists a constant 2t > 0 and a sequence 0 < t; < --- <
ty -+ — 1 such that x,, = v(t,) — =, and the volumes of the leaves L,, = L,, are bounded above
by 9. The contradiction is then provided by the following “rigidity” result, which has an intuitive
description as saying that for each 9t > 0 there is an € > 0 so that when y € U gets e—close to the
regular point z, € Xi, and if the volume of the leaf L, is less than 9, then L, acts as a “seed”
upon which all the leaves in the saturation of the open set U “crystalize”, forcing all the leaves in
U to have volumes bounded above by 4911.

LEMMA 5.3 For each 9 > 0 there is an €, > 0 so that if there exists y € U N G, such that
d(y,z+) < € and vol(Ly) < M, then for all y' € U, the leaf L' = L, has the volume bound
vol (L) < 4.

Proof: By Proposition 2.3 there is R such that if L C M satisfies vol (L) < 9 then diam (L) < fR.

Recall that L, = L,, and set 7* = 7n%*: L, — L;. For each closed path 7; let 7;*:[0,1] — L, be the
lift with basepoint x,. Their homotopy classes {[7],..., [7}]} form a generating set for m (L, zx).
Note that the path length ||7;*|| <. The holonomy along 7;* will be denoted by h.

Let 0 < €3 < €3 be such that N (Ly, e3) C N (L1, €e2). Set e, = A(PB, e3). Then the holonomy h
along 7;° is represented by a local homeomorphism into

hi: N (2, ) = N (24, €3) CT N (21, €2) (35)
and each map in (35) extends to map

hi: N(z., e2) = N (x4, €1) (36)
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Then for y € U N Bas(2+, €x) with vol (L,) < M, by Corollary 2.6 we have that L, C N(L, €3).
In particular, as N (zy, €3) C N (x4, €2), this implies that

Sy = Ly NN (24, €2) = Ly N N (4, €3) (37)
and their holonomy maps satisfy
hi(§y) C Ly NN (x4, €2) = Fy

Thus, the finite set of points §, is permuted by the action of a set of generators for 7 (L, ). It
follows that the holonomy of all compositions of the generators are defined when restricted to the
set §,. That is, for any w € m1(L«, 24) the holonomy h; along w contains the finite set §, in its
domain. Let H, C m1(Ls,z) denote the normal subgroup of finite index consisting of all words
whose holonomy fixes every point in §,. Let {w1,...,wn} be a set of generators for H,.

Let z € §y. For each w € H,, the holonomy hj, map is defined at z and so must be defined on some
open neighborhood z € V¥ C U of z, which may depend on w. As y € U N G, the leaf L, C G is
without holonomy, so the restriction of h, to the open set V. must fix an open neighborhood of
z € UY C V)V, Thus, the fix-point set of h, contains an open neighborhood of §, and in particular,
contains an open neighborhood y C Uy’ C U N Br(wx, €x).

Each holonomy map h;: N'(z1,€3) — N (x1,€1) fixes the set Z; and its restriction to the open set
Br(z.,€3) equals the restriction of h! to N(x,e€3). Thus, h,, is defined on and fixes the open set
Uy C Br(z«,ex). We will show that U C Fix(hy,), hence for y' € U the leaf L,/ is a finite covering
of Ly and isotopic to L,, hence vol (L,/) < 490

Let my denote the word length of w, with respect to the generating set {[r1],...,[7x]}, and set
ms = max{my,...,my}. Then for all 2 € N(x1,€¢1) and for each 1 < ¢ < N the closed path
representing w in L; can be lifted to a path 77 in the leaf L, with length at most 2m.‘B.

Fix a choice of w = wy € Hs. Choose 0 < 6. < A(2m.*P, ex) < €. such that Br(y,d.) C Uy

Given any point ¢y’ € U there is a continuous path o:[0,1] — U N G, such that ¢(0) = y and
o(1) = y'. Choose a sequence of points 0 =ty < t; < --- <ty = 1 such that for y; = o(¢;) we have
o([tiyti+1]) € Br(yi,0«). See Figure 2 below.

Figure 2: path chain in the good set

We prove by induction on the index ¢ that o ([0, 1]) C Fix(h,,). For i = 0, yo = y and by assumption,
the disk Br(y,d.) C Uy’ C Fix(hy) so o([0,#1]) C Fix(hy).
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Now assume o([0,t,]) C Fix(h,). We show that o([t,,tn+1]) C Fix(hy).
Note that y, = o(t,) € Fix(hy).

The leaf L, through y, is a covering of L; such that the word w is represented by a closed loop
of length at most 2m,3. The holonomy map for w at y, fixes y, so is defined by a map

h?U":N(yn,(S*) - N<yn75*)

As the points of U N G, determine leaves without holonomy, the set of fixed-points for hl’ is an
open subset of N (yn, d,) NUNG.. The set of fixed-points is also always a (relatively) closed subset,
hence Fix(hi") contains the connected component of N(y,,dx) N U N G, which contains the point
Yn. By assumption we have that o([tn, tn+1]) C N (Yn,0x) NU N Ge, hence

0 ([tn,tny1]) C Fix(h¥r) C Fix(hy) (38)

This concludes the proof of Lemma 5.3, and thus the proof of Proposition 5.2. [.

6 Proof of Main Theorem

PROPOSITION 6.1 Let F be a compact C'-foliation of a compact manifold M. If V. .C M is a
saturated open set which contains a tame point, then V cannot be transversely categorical.

Proof of Proposition 6.1: We assume that V is a categorical saturated open neighborhood of a
tame point 7 € X; and show that this yields a contradiction.

Let H:V x [0,1] — M be a leafwise homotopy with Hy = Id, and H;(V') C L, for some leaf L,.

As 7 is a tame point, there is a continuous path v: [0, 1] — V such that v(1) = z1, y(t) € G, for
0 <t < 1, and the volume v(y(t)) of the leaf L, containing the point ~(t) satisfies }m% v(y(t)) = oco.

Define a map ¢:[0,1] x [0,1] — M by setting ¢s(t) = ¢(s,t) = Hs(y(t)). The key to obtaining a
contradiction is to analyze the behavior of the leaf volume function v(¢(s,t)).

Set x; = y(t). Then z; € G for 0 <t < 1, while 21 € X is the tame point.

Set st = ¢(s,t), so that z; = xg. Let Lg be the compact leaf through the point g .

We note that:
o Forall0 <t <1, Ly = Lo; and L1 = L.
e L is the image of the leaf L; by the map H;.
e L1 is the image of the leaf L by the map H,.
e Lor t = 0, the path s + x4 is the trace of the initial point z¢ under the homotopy H.
e For t = 1, the path s — x, is the trace of the tame point z; under the homotopy H,.
e For s =0, the volume function v(xo+) = v(x¢) is unbounded as t — 1.

e For s =1, ¢t — x1, is a continuous path in the leaf L., hence v(z,) is constant for 0 <¢ < 1.
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As remarked after Proposition 6.1, the restricted path v:[0,1) — G lies in the set of leaves without
holonomy, hence there is a foliated isotopy I': Ly x [0,1) — G such that I';(zg) = ;. Note that
each map I'y: Ly — Ly is a homeomorphism, hence has homological degree 1.

Fort =0andeach 0 < s <1, themap Hs: Lo = Lo,o — L, is surjective by Proposition 4.7. Let d o
denote its homological degree. The path of leaves s — L, o starting at Lo has an upper bound Bg on
their volumes by Proposition 4.7, and moreover, there is an upper bound dy = sup{dso | 0 < s < 1}.
Fort =1andeach0 <s <1, themap Hs: L1 = Lo — L, is surjective by Proposition 4.7. Let d, 1
denote its homological degree. The path of leaves s — L, 1 starting at L has an upper bound ‘B on
their volumes by Proposition 4.7, and moreover, there is an upper bound d; = sup{d,; | 0 < s < 1}.

Set P = max{Po, P1}.

For the values 0 < ¢ < 1, we use the isotopy I'; extend the map ¢(s,t) to a continuous 2—parameter
family of maps ®:[0,1] x [0,1) x Ly — M by setting ®,+(y) = Hs(I't(y)) for y € L.

Observe that ®1: Lo — Ly, 0 <t < 1, is a homotopic family of maps, hence its homological degree
is constant. Thus, for all 0 <t < 1 we have
deg(Hi: Lo — Ly) = deg(®1,0:Lo — Liy)
eg(®ys: Lo — Liy)
(
(

o,

= deg(I'y: Lo — L) - deg(Hi: Ly — L1 4)
= deg H12 Lt — Ll,t)
It follows that
deg(HliLtHLl,t) <dy,V0<t<«l1 (39)
Let R = R(2dpd; *B) be the maximum diameter of a leaf with volume at most 2 dy d; .

For each 0 < s < 1, let 0 < €, < ¢y be such that the normal projection II: N'(Ls 1,€.) — Lg1 is
well-defined. Set 0, = A(R, €)).

By the choice of R and ¢, if L is a compact leaf such that vol (L) < 2dy d; P and LNN (Ls 1, 0%) # 0,
then Proposition 2.9 implies that L C N(Lg1,€}), the restriction II: L — Ly is a covering map,
and moreover by estimate (2) we have the estimate

vol (L) < 2deg(Il: L — Lg1) - vol (Ls1) < 2deg(Il: L — Lgs1) - P (40)

For each s, N'(Ls1,9,) is an open neighborhood of L 1, so there exists A\; > 0 such that

d([s — As, s+ As] X [1 = s, 1]) C N (L 1,6%) (41)
Choose a sequence 0 = sg < §1 < --- < sy—1 < sy = 1 of points such that for A\, = Ag, the
collection of open intervals {Z, = (s, — An,Sn +An) | =0,1,..., N} is an open covering of [0, 1].

Moreover, we can assume that the covering is minimal; that is, for each n we can choose a point
§n € (Sn—lvsn—l + )\n—l) N (Sn - )‘n78n) = 1>27 s 7N

The closed intervals {[0,&1], [€1,&2], - - -, [En—1,&N], [En, 1]} form a closed cover [0, 1].
Set 6, =0, and e =€, for0<n<N.
Set Ay = min{\, |n=0,1,..., N} > 0. We claim that

0<s<1 & 1-A<t<l = vol(Lysy)<2dody B (42)
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For s = 0 this contradicts the assumption that vol (Lo ;) = v(¢o(t)) — oo.

The idea of the proof of (42) is that we are given two paths of compact leaves: The first, for ¢t = 1,
is the trace of the homotopy H, applied to L;, which yields the path s — Ls; = Hg(Lq) whose
volumes are uniformly bounded by B; < PB. The second, for t = p with 1 — A, < p < 1, is the
trace of the homotopy Hy applied to L,, which yields the path s — L, whose volumes we want
to show are uniformly bounded. What we show (essentially) is that each leaf L, is a covering of
the corresponding leaf L, 1 and that the degrees of these coverings are uniformly bounded by dq d;.
The proof of this is by downward induction on the index 0 < n < N, and we formulate the covering
property for the discrete set of leaves corresponding to the values {s, | n =0,1,..., N}. The proof
uses the techniques for studying a homotopy of compact leaves introduced in section 4.

It is important to recall the usual caution with the study of compact foliations: a path leaves t — L;
with unbounded volumes cannot limit on any normal neighborhood of a compact leaf in the bad
set. Thus, the paths s — L, , must become more chaotic as 4t — 1. The key point of the proof
below is that the behavior of the path of leaves p +— Ly, is controlled at s = 1, and we then use
an inductive process to control the the limiting behavior as u — 1, for all s < 1.

Let u denote a fixed number such that 1 — A, < pu < 1. For n = N, by (41) we have that
S([1 = En, 1] x [, 1]) € S([1 = An, 1] x [L = An, 1]) € N (L1, 0%)

and thus for each 1 — &x < s <1 the point ¢(s, u) € N(L1,1,0%).
Note that Ly, = L1 = Ly, thus for s < 1 sufficiently close to 1 we have Hy(L,) C N (L11,€y).

Let 7y < 1 be the infimum of 7 such that r < s < 1 implies Ly, C N(L11,€%). The above remark
implies 7y < 1. We claim that ry < &n.

Assume, to the contrary, that ry > &n. Let ry < r < 1. Then for r < s <1, Ly, C N(L11,€y)
and so the normal projection II: L, , — L1 is well-defined and a covering map. The restriction

H:L, x [r,1] = N(L11,€y)
yields a homotopy between H,: L, — L;, and Hy: L, — Ly, = L1 1. Thus,
deg(H o Hr: LM — LT,M — Ll,l) = deg(H o H1: LM — Ll# — L171) = deg(H1: LM — L171)

as II: Ly, — L is the identity. The upper bound (39) implies deg(H: L, — L1,1) < do hence
the covering degree of II: L., — L1 is bounded above by dp, as it is an integer which divides
deg(Hy: L, — L1,1). By (2) it follows that

VOl (L'ﬂ#) S 2d0 . VOI (Ll,l) S 2d0 . &B (43)
The leaf volume function is lower semi-continuous, hence we also have that

vol(Lyy ) < lim vol(L,,) < 2dy-P

T ororNt

Thus, the estimate (43) holds for all ry <r<land1—- A, <p<1.

As we assumed that 7y > {n > An we have that ¢(ry, u) € N(L1,1,0%) hence Ly ,, C N (Li1,€y).
By the continuity of Hy at s = ry there is r < ry such that r < s < ry implies Ly, C N'(L1,1,€y).
This contradicts the choice of rx as the infimum of such r, hence we must have that vy < &y. This
proves the first statement of the inductive hypothesis for n = N, which is that the estimate (43)
holds for all éy <r<land 1—- A <p<1.

29



The second statement statement of the inductive hypothesis involves the “internal geometry” of the
foliation near the path of leaves {s — Lg1}. We prove the equality between the ratios of covering
degrees for a pair of leaves in adjacent normal neighborhoods of a covering of the path {Ls;}.
For §n < s <1, we have ¢(s,1) € N(Ly,1,0%) and vol (Ls 1) <P hence Ls1 C N(Ly1,€x_;) and
the normal projection restricts to a covering map II: Ls 1 — L11. Therefore, both L¢, , and L¢ 1
are coverings of L1 1, and their homological degrees are denoted by

OélJ([ = deg(H:L§N7M—>L171)
any = deg(H:L§N71—>L1,1)

The leaves L¢, , and L¢, 1 are also coverings of L,y _, 1, so have covering degrees with respect to
L, 1. We next show that the degrees of the maps ¢t — ®¢, ; have a well-defined limit, which will
be used to prove the equality of the ratios of the covering degrees with respect to L1 1 and Lg, 1.
We formulate this in a generality that allows us to quote it again for the general inductive step.

For 0 < s < 1, the path ¢ — ¢(s,t) has limit 2,7 = Hs(z1). Assume that we have proven the
volume bound (43) holds for a given s and all 1 — A\, <t < 1. We then have that

Hy(L;) = Lgy C N(Lg1,€)) (44)
and thus there is a well-defined limit
deg (®s,1: Lo — Ls1) = lim {deg (ITo ®,4: Ly — N (Ls1,€,) — Ls1)}
The terminology deg (®s1: Lo — Ls 1) is a small abuse of notation, as given y € Lo there is no

assurance that ¢ — ®,,(y) has a limit at ¢t = 1; it is only given that the image is trapped in the
open neighborhood N(Ls 1,€,). For 1 — A\; <t < 1, define

:(S ) _ deg (q)s,l:LO — Ls,l)
7 deg (@57t2 L() — L57t)

(45)
We now apply this discussion in the case s = {x where we have the volume bound (43). It follows
from our choices that, for 1 — A\, <t < 1 and noting that sy = 1,

He, (Le) = Leya C N(L3N717 67\7> mN(LSN—hl? 617/\7—1> (46)

Thus, for 1 — Ay < p < ¢ < 1 the maps ITo ®¢, ,, ~ Lo P¢, 4: Ly — N(L1,1,€}) are homotopic,
hence
deg(H © (I)ﬁN,H) = deg(H © (I)ﬁN,t) (47)

For t sufficiently close to 1 the map ITo ®¢, ; on the left-hand-side of (47) factors
ITorolIlo (I)EN,t: L() — N(LgNyl, 6/&\_1) — L§N71 C N(L171, Gy\;) — L171
while the map IT o ®¢, , on left-hand-side of (47) factors
o ®ey Lo — Ley o — L1
Identifying the degrees of these maps in our terminology, we obtain from (47) that

deg(®Pey u: Lo — Ley ) - oy = deg(ITo ¢, ) = deg(Ilo D¢ ;) = deg(Pey 1: Lo — Ley 1) - an
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and so

ol = E(E.p) - an (48)

This completes the proof of the first stage of the induction.

The general inductive hypotheses involves two statements. Given 0 < n < N, we first assume that:
forall §, <s<1&1—-X<t<1, vol(Lsy) <2dpd;-*P (49)

Given (49) is valid for n, then for n </ < N and 1 — A\, < p < 1 define the integers ay, by, af, Bg‘.

L§£71 - (Lsz,lv 62/) y Qg = deg (H Lf@ 1 L5g 1)
Ley € N(Lsy y,€)1) , be = deg (H Le,i — L, 1a
Leyy C (stlﬂ GZ) ) ag = deg (IL: Ly — LSg,l)
Lepy C N(Lstzfl:h 6Zfl) J 55 = deg (H: Loy — Lséflvl)

For notational convenience, set by 1 = By, = 1 and ap = afy = 1.

The second statement of the inductive hypotheses is that foralln </ < N and 1 -\, < pu <1,

E(&, p) = A

m
X _
ay by

(50)
We proceed by downward induction on n, and must show that (49) and (50) are true for n — 1.
The choice of Ag > 0 so that (41) holds implies that

¢([5n71 - )\nfla Spn—1+ )\nfl] X [1 - )\*7 1]) C N(LS,L,1,17 Z—l)

and hence ¢(s,t) € N(Ls, ,1,00 ;) forall &1 <s<& and1—\, <t <1
For s = &, the hypothesis (49) implies that for all 1 — A\, <t < 1,

vol (Lg, +) < 2dody <P and hence Lg,  C N (Ls,_; 1, e ) (51)

Thus, the restriction II: L¢, ; — Lg,_, 1 is a covering map. The key to the proof of the inductive
step is to obtain a uniform estimate for the homological degree of this covering map.

LEMMA 6.2 Forall 1—X\, <t<1, 8, deg(He,:Lo; — Le,;) < dod;.

Proof: Consider the diagram

He,
Loy Lgn LgnH, o Ley
n n+1 O/j\/
=(n, t) En+1t |E(N, 1)
Lo, Lg, 11 ~— Lf 1 — Lsyg ~—— Lg 0 o Legyn —— Lig
Hsnfl n (279 bn+1 an

where the integer next to a covering map indicates its homological degree.

The maps He,: Lo,y — Lg¢, 1 and H,,_,: Lo1 — Lg,_, 1 are homotopic through maps into N(Ls, ,1,€r_1),
hence
deg (Hs, ,:Log — Ls, 1) = by - deg (He,: Loy — L, 1) (52)
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As deg( sn_1:Lo1 — Ls,_, 1) = ds1 < dy and the degrees of the maps are positive integers, it
follows that 1 < b, <dj.

Forn < ¢ < N and 1 — A, <t < 1, the maps H¢,: Lot — L¢, ¢ and He, 1 Lot — Lg,, ¢ are
homotopic through maps into N'(Ls, 1, €/), hence

af - deg (He,: Loy — Le, i) = By - deg (Hey,y - Lot — Ley,y 1) (53)

Likewise, for n < ¢ < N, the maps H¢,: Lo1 — L¢,1 and He, 1 Loy — Lg, 1 are homotopic
through maps into N (L, 1,€/), hence

ag - deg (He,: Loy — Le,1) = beg - deg (He,,,: Loa — Le,,, 1) (54)

It follows from equation (53) that

t

a
deg (Hi: Loy — Liy) = 7 ~deg (Hey: Lot — Ley t)
N+1
OZ Oé
= - deg (H§N71: Loy — L§N717t>
BBy
O[t

CM a
= e deg <H£n LOt - Lgn, )
n+l ﬁNﬂN+1
t

= Ot,? aN ﬁt deg (ani LO,t — Lfn,t)
B By
so that by the inductive hypothesis (50) we have

Bt ... 38

Bl - deg (He,: Loy — Le, ) = “p— deg(Hi: Loy — Liy) (55)
an “ e aN
b .- b

= 2N L deg (Hy: Loy — Lay) (56)

an .« e aN

Using (54) we obtain

an...aN

deg (Hli LO,l — Ll,l) = m . deg (Hsn 1: LO 1 — Lsn 1,1 ) (57)
so that
by b d « L L,
N_ eg( n—1"° 01_> nh)gdl (58)
Qp AN deg (Hl.LOJ —>L171)
and hence combining (39), (56) and (58) we obtain
B - deg (Hg,: Loy — Lg, ) < di - deg (Hi: Loy — L14) < dody (59)

This completes the proof of Lemma 6.2. [

Fix 1 - A < p < 1. Let rp_g < &, be the infimum of r Satisfying r < &, such that r < s < &,
implies that Ly, C N(Ls,_, 1,6 _1). As Le, u C N(Ls,_1,€n_1), the continuity of Hy at s = &,
implies that r,_1 < &,. We claim that r,_1 < &,_1.
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Assume, to the contrary, that r,_1 > & 1. Let 1,1 < r < &,, then for r < s < &, L, C
N(Ls, ,1,€r_;) and so the normal projection II: Ly,, — Lg, ;1 is well-defined and a covering
map. The restriction

H: L,u X [’I", gn] _)N(Lsnfl,lﬂez,—l)

yields a homotopy between H,: L, — L, and H¢, :L, — Lg, ,. Thus,

deg(Ilo H,: L, — Ly — Ls, 1) =deg(Ilo He, 1 L, — L¢, ,, — Le, 1)

It follows from the estimate (59) that
deg(Il: Ly, — Ls, 1) <deg(lloH,:L, — Ly, — L, ,1) <dodi (60)

hence
vol (Ly,) < 2dody -vol(Ls, 1) < 2dodi -*B (61)

The leaf volume function is lower semi-continuous, hence we also have that

vol (L, ) < lim  vol(L,,) < 2dod; - P (62)

r—rn—1+

Thus, the estimate (61) holds for all r,,_; <r<land1—- A <pu<1.

As we assumed that r,—1 > &,—1 > $p—1 — Ay—1 We have that ¢(rp—1, 1) € N(Ls, , 1,0,_;) hence
Ly, C N(Ls, 1 1,€r_1). By the continuity of Hs at s = r,_1 there is r < r,_1 such that
r < s <rp_ implies Ly, C N(Ls, ,1,€,_;). This contradicts the choice of r,_; as the infimum
of such r, hence we must have that r,_1 < &,_1. This proves the first statement of the inductive
hypothesis for n — 1.

The second inductive statement (50) follows exactly as before.
Thus, we conclude by downward induction that (42) holds for all 1 — A, <t < 1land all 0 < s < 1.

This yields a contradiction, and completes the proof of Proposition 6.1. [
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