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Abstract

In this paper, we study the topological dynamics of C® and C' actions on the circle by
a countably generated group I', under the assumption that there is expansive orbit behavior.
Our first result is a simple proof that if a C%-action ¢ is expansive, then I" must have a free
sub-semigroup on two generators, hence has exponential growth. For C'-actions, we introduce
the set of points E(p) with positive asymptotic exponent. These are the points which are
infinitesimally expansive. We prove that the hyperbolic periodic points of elements ¢(7) are
dense in E(p). We then show that if the infinitesimally expansive set E(y) has an accumulation
point in itself, then the geometric entropy h(yp) must be positive. If K is a minimal set for a C''-
action ¢, then either there is an invariant probability measure supported on K, or K C E(y).
As a corollary of the proof, we give a new proof that a C'-action with h(¢) = 0 must have
an invariant probability measure. Finally, we use the results of the paper to reformulate a
conjecture of Ghys, and give a proof that for a real analytic action ¢, there is either an invariant
measure, or there is a nonabelian free subgroup of I'.
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1 Introduction

Let I' be a finitely-generated group, and ¢:I' x S — S! be an effective action of I' on the circle by
orientation-preserving homeomorphisms. The topological dynamics of ¢ and the algebraic structure
of T are known to be related in many, often surprising ways (see Ghys [14].) There are also many
open questions about such actions. In this paper, we consider some results related to the theme of
“expansiveness” and the consequences for the topological dynamics of ¢ and the structure of I'.

One motivation for this paper comes from the study of codimension one foliations. The dy-
namics of codimension one foliations can be modeled by a pseudogroup acting on S! [16, 33, 18, 1].
Conversely, every group action on S' can be realized as the holonomy pseudogroup of a codimension
one foliation. Thus, there is a close relationship between these two areas. However, the study of
dynamics of pseudogroup actions requires careful attention to the domains of definition of elements
of the pseudogroup, a highly technical issue that often obscures fundamental ideas.

Another advantage of the study of group actions is that the orbit of a point z is given by the
quotient space {¢(v)(x) | v € T'} = I'/T, where I', is the isotropy subgroup of xz. Thus, the
geometry of the orbit of x is dominated by that of I', and we can formulate properties about the
geometry of all orbits using I'. For foliations, there is no a prior: relationship between the topology
of different leaves, even up to coarse geometric equivalence [24].

This paper can be considered as an introduction to the dynamical theory of codimension one
foliations, without the complications of pseudgroups. Many results of this paper have corresponding
versions for codimension one foliations [23, 25, 27, 29], but the statements are often easier to
formulate and more definitive for a group action on S', and the proofs are more elementary.

In the study of the dynamics of group actions and foliations, “expansive orbit behavior” is often
encountered, and it has strong consequences for the topological dynamics of the system. We will use
a broad interpretation of expansiveness in this paper, ranging from the classical definition below,
to a local form where the action is assumed expansive on some dynamically defined subset of S'.
In this generality, expansiveness is one of the key properties in the topological dynamics of a group
action. The standard definition of an expansive action is as follows. As we are often considering the
restriction of ¢ to invariant subset of S!, we give the definition for a general action ¢:T' x X — X
on a metric space (X, dy). For notational convenience, given v € I" we let yx = ¢(v)(x).

DEFINITION 1.1 A continuous action ¢:T' x X — X on a metric space (X,dx) is expansive if
there exists € > 0 so that for any pair © # y € X, there exists v € T such that dx(yz,vy) > €. If
we wish to emphasize the constant €, then we say p is e-expansive.

Expansive actions of Z on compact Riemannian manifold M are a well-understood area of
dynamics [38, 30]. For example, it is simple to show that the topological entropy of an expansive
diffeomorphism must be positive. However, an action of Z on S! is never expansive, as an expansive
map on S' cannot be invertible. There are also many classes of expansive actions of groups I' acting
on shift spaces, which are topologically just Cantor sets [10, 37]. Motivated by these examples,
Tom Ward asked might it be possible to find an expansive action of a nilpotent group I' on S!?
Answering this question provided another motivation for this work.



We now discuss the results of this paper. We will assume S! has the Riemannian metric induced
from the standard embedding in the Euclidean plane as a circle of radius 1, and let d: S' xS! — [0, 7]
denote the path length metric. Recall that a subset K C S' is minimal if K is closed and I'-invariant,
and there is no closed, I'-invariant proper subset of K.

Section 2 begins some basic definitions and results about the topological dynamics of group
actions on the circle. We include a discussion of the dynamics for actions restricted to minimal
sets. For example, we show that if ¢ is expansive when restricted to a minimal set K then K has
finite type. We also show that an expansive action on S' must have an open local minimal set.
Finally, we define the entropy of an action following [12], define the concept of a “ping-pong game”
and “resilient” orbit, and give the relation to entropy.

In section 3, we prove that for an expansive CY-action on S!, I" must have exponential growth.
An expansive action ¢ can be suspended to give an expansive topological foliation F in the sense
of Inaba and Tsuchiya, and one of the main results of [29] implies that F must have a resilient leaf,
and hence I' has exponential growth. This provides a negative answer to Ward’s question above.
Independently, and much later, Connell, Furman, Hurder [7] and Spatzier [39] proved that if ¢ is an
expansive action, then I' cannot have a nilpotent subgroup of finite index. Here, we give a simple
direct proof of the following optimal result (see Example 8.1 in section 8):

THEOREM 1.2 If ¢:T' x St — S is an expansive action, then the entropy of the action ¢ must
be positive (or infinite) and T' contains a free sub-semigroup on two generators. In particular, T
must have exponential word growth, and cannot have a nilpotent subgroup of finite indez.

The proof uses only elementary topological dynamics, and the techniques are reminiscent of
those in [33]. In particular, we show in detail how the expansive hypothesis implies the existence of
a “ping-pong game” for the dynamics of ¢, which implies both of the conclusions of Theorem 1.2.
The proof for the group action case is analogous to that for foliations given in [29], but is simpler and
all details are included, which will hopefully make the ideas from group dynamics more transparent,
and convince the reader this is a “basic” result of group dynamics.

Sections 4 through 6 study C'-actions. In section 4, we introduce the I'-invariant set E(F) C S!,
where a point x € S! is in E(F) if the asymptotic exponent of ' at z is positive — the precise
definition is given in § 4. Such sets arise in the study of C'-group actions on S! which have positive
entropy [22, 23, 25]. One of the main results of this paper is that a C''-action satisfies a dichotomy,
that there is always either an invariant probability measure, or E(F) contains a minimal set for (.

For a > 0, the subset E,(p) C E(p) consists of those points for which the exponent is at least a,
and E(¢p) is the union of all such subsets. The set of hyperbolic fixed-points for the diffeomorphisms
¢(7) form a subset P"(p) C E(F), filtered by the subsets PJ* () of points such that (v)'(z) > b||v||
for some v € I" with vx = z.

THEOREM 1.3 Let ¢:T' x St — S1 be a Ct-action, and suppose that E,(F) is not empty. Then
for all b < a the hyperbolic fized-points Pl(p) are dense in E,(p), and ¢ is expansive on Pl (p).

The proof of Theorem 1.3 follows from Propositions 4.5 and 4.7. The proofs of these two propositions
introduce several fundamental techniques for the study of expansive Cl-actions, which are used
repeatedly in later sections.



At every point of E(F) there is an element of holonomy which is locally expanding by an
arbitrarily large factor, hence if the set F(F) is “large enough” one expects the action of ¢ to be
chaotic, and have positive entropy. We prove this in section 5:

THEOREM 1.4 Let o:T x S — S' be a C'-action, and suppose that E,(F) has infinite cardi-
nality for some a > 0. Then there exists a perfect subset K C E(F) on which the restricted action
of ¢ is expansive. Moreover, the entropy h(y) of the action must be positive, and I' contains a free
sub-semigroup on two generators.

COROLLARY 1.5 Ifp:T'xS' — St is a C'-action with E(F) an uncountable set, then h(p) > 0.

Section 6 gives criteria for when the set E(y) is non-empty:

THEOREM 1.6 Let o:T' x S' — S be a C'-action with minimal set K. Then either every orbit
of ¢ on K has polynomial growth, or K C E(y), and hence there is a hyperbolic ping-pong game
for ¢, and the entropy h(p) > 0.

This result is a generalization of the Sacksteder Theorem [33] applied to C? actions. This implies
the following dichotomy for C'-actions, which follows from Lemma 6.1 and Theorem 1.6:

COROLLARY 1.7 A C'-action ¢:T x S' — S either has an invariant probability measure, or
there is a hyperbolic ping-pong game for ¢, and the entropy h(yp) > 0.

In section 7, we discuss the application of the ideas of this paper to a conjecture of Ghys that
a CP-action either has an invariant probability measure, or there exists a nonabelian free subgroup
of I'. We reformulate the conjecture in terms of the action of ¢ on minimal sets, and show the
conjecture is implied by the existence of certain maps with isolated fixed-points. As an application,
this proves:

THEOREM 1.8 Let ¢:T' x S' — S' be a C¥-action. Then either © has an invariant probability
measure, or I' has a non-abelian free subgroup on two generators.

Shortly (a few days) after this paper was first circulated, G. Margulis gave a proof of the Ghys
Conjecture for C%actions [31].

Finally, in section 8 we discuss three examples which are very helpful in understanding the
results of the previous sections, as they illustrate dynamical properties which must be considered
(implicitly, at least) in the proofs. The first example is of an expansive, real analytic action of a
solvable group on the circle, which shows that the conclusions Theorems 1.2 and 1.4 cannot be
strengthened to conclude that I'" contains a free non-abelian subgroup on two generators. The
second example is an extension of the first, and gives an expansive C''-action with an exceptional
minimal set K such that the action is not hyperbolic on K. The third example is simple, but
illustrates a group action with a countable family of hyperbolic fixed-points but tame dynamics.

The author would like to thank the organizers of the conference “Foliations: Geometry and
Dynamics”, Warsaw, May 29-June 9, 2000, and the organizers of the meeting “Ergodic Theory,
Riemannian Geometry and Number Theory” at the Newton Institute, Cambridge, UK, July 3-7,
2000 for making possible these meetings where parts of this work were presented. The hospitality
was excellent, as were the mathematical discussions.

The author is especially indebted to C. Connell, A. Furman, E. Ghys, T. Inaba, and G. Margulis
for a variety of discussions related to this paper.



2 Topological dynamics of group actions

We give definitions and basic results concerning the topological dynamics of continuous group
actions. Some of these results are just straightforward generalizations of ideas from the dynamics
of a single invertible transformation, while other properties are more similar to results from the
structure theory of C9-foliations [34, 35, 36, 15, 19]. We start with two definitions from topological
dynamics of group actions.

DEFINITION 2.1 A continuous action ¢:T'xX — X on a metric space (X, dx) is equicontinuous
if for all € > 0 there exists 0(€) > 0 so that so that for all x,yX, if dx(x,y) > € then dx(yx,vy) >
d(e) for all v € T'. That is, the family of maps {p(v) | v € T'} is equicontinuous.

If X = S and ¢ is an equicontinuous action, then there exists a I'-invariant metric dr on S'.
Moreover, dr defines a I'-invariant Borel measure ur on S by defining ur([z,y]) = dr(z,y) where
[z,y] C S!is a closed interval.

DEFINITION 2.2 A continuous action ¢:T' x X — X on a metric space (X,dx) is distal if, for
every pair © # y € X, there exists 6(x,y) > 0 such that dx (yx,vy) > §(z,y) for all vy €T.

Clearly, an equicontinuous action is distal, while an expansive action is at the other extreme.
There is a dichotomy in the following special case:

LEMMA 2.3 A minimal action o:T x S' — S is either equicontinuous or expansive.

Proof: Let {o1,...,01} be a symmetric generating set for I'. Then there exists a modulus of
continuity function &(¢) so that if [a,y] C S' is a closed interval of length 6(¢) < 7 then o¢([z,y])
has length at most e. Set §p = d(7/2).

Suppose that ¢ is not equicontinuous. Then for some 0 < € < 7 there exists a sequence of pairs
{(zn,yn) | n = 1,2,...} with d(xy,yn) > € and 7, € I" such that d(v,zn, Wmyn) < 1/n. Choose
a limit point z, for the set {v,z, | n = 1,2,...}. Passing to a subsequence, we can assume that
A( VT, z+) < 1/n and dx (YnZn, Ynyn) < 1/n for all n.

Note that d(z,y) < € implies there is a unique shortest interval Z,;7 with endpoints = and y.
Let x # y € St with d(x,7) < ¢, then there exists 79 € I' such that gz, lies in the interior of 7, 7.
Choose n > 0 such that vo(¥nZn, 7nyn) is contained in the interior of Z;7.

Write v, = 0y, - - - 0y, as a product of generators, and define hy = o, Lo o L. Yo ! Note that
hi(T,y) contains 7,Tn, 7nyn in its interior, so is an interval with length at least e. If the length
is greater than 7 then there exists ¢ < k such that hy(Z,7) has length between dy and m. We set

€0 = min{e, dp} and it follows that ¢ is ep-expansive. O

2.1 Minimal sets

Suppose that K C S! is a minimal set for ¢. Then either K is a finite set, or K = S!, or K is a
perfect, nowhere dense subset.

If K is finite, the I' acts via permutations of the set of points, so there is a normal subgroup of
finite index 'k C G consisting of transformations which fix all the points of K.

If K = S' then we saw that ¢ is either equicontinuous or expansive. In the former case, it
is well-known that there is a I'-invariant probability measure m on S' whose support must be S!



(cf. [33]). Renormalize m to have total mass 27, choose a basepoint ¥y € S!, then the measure
m defines a homeomorphism hy,:S' — S! by setting hm(xz) = m([zg,x]) modulo 27, so that
h},d0 = m where df denotes the standard length measure. Thus, hy, conjugates ¢ to an action ¢m
on S! by rotations. As I' acts effectively by orientation-preserving homeomorphisms, this implies
I is free abelian. The case where ¢ is expansive will be discussed in later sections.

A nowhere dense minimal set K is called exceptional. The dynamical properties of exceptional
minimal sets have been studied by many authors [18, 34, 19, 3, 4, 5, 6, 28, 29] and we recall here just
a few properties used in this paper. The complement S' — K = Z where Z = U, I,, is a countable
union of open connected intervals I, = (an,by), and clearly 7 is T'-invariant. The intervals I,, are
called the gaps of K, and the closure I, = [a,,b,] is called a closed gap. An endpoint of K is a
point in the intersection K N 1,, for some n.

DEFINITION 2.4 For x € S' we say the orbit Iz is semi-proper if there exists ¢ > 0 so that
for either T = (x — €,x| or T = [z,x + €), the half-open interval T has disjoint T'-orbit. That is, if
v #1 then v I N7TZL = 0.

For example, for an exceptional minimal set K the orbits I'a,, and I'b,, are semi-proper. We say
that K has finite type if there are only a finite number of semi-proper orbits determined by the
endpoints of K. There are C?-actions with an exceptional minimal sets that is not of finite type
3, 4, 28].

LEMMA 2.5 Let K be an exceptional minimal set of ¢. Then ¢ is expansive on K if and only if
K has finite type.

Proof: Let € > 0 be an expansive constant for the action restricted to K. That is, for every
x # y € K there exists v such that d(yz,vy) > €. Let I,,...,I;, be the gaps such whose length
is greater than e. Then for any gap I, there must exist v with v(I) of length greater than e. As
v(Iy) is again a gap of K, yay must be be an endpoint for one of I;,,...,I; . Hence, the orbits of
the endpoints {a;,,...,ai,,bi,,...,b;, } contain all endpoints of K.

Conversely, suppose that K has finite type. Let {I, | n = 1,2,...} be the gaps of K and
suppose that Iy,..., I are such that the orbits of the endpoints {a1,b1,...,a,br} contain all the
orbits of the endpoints of K. Choose 0 < ¢ < max{|[1|,|l2|,...|Ix|,7/2}. Given z,y € K with
0 < d(z,y) < €, K is nowhere dense so there exists a gap I, with I,, C [x,y]. Then there exists
v € T such that vI,, = I; for some 1 <14 < k, and so d(vyx,vy) > |I;| > €. O

Note that if K is not of finite type, then the proof shows that action fails to be expansive only
for pairs (x,y) which are endpoints of some gap I,,. Let K = K — U2 {a,,b,} be K with all
endpoints deleted.

LEMMA 2.6 Let K be an exceptional minimal set of . Then ¢ is expansive on K.

Proof: Let z # y € K, then z or y are not endpoints, then for any gap, say I, there is some v € T’
for which va; € (z,y). Thus, v[; C (z,y) and hence d(y~'z,v"'y) > |I1|. O
Proposition 7.2 below gives another version of this result, proving expansiveness for the action

on the “interior” of an exceptional minimal set.

The orbit of every point x € K is dense, so for any gap I; there are infinitely many disjoint
images {vl; | v € I'} hence there must be a sequence 7,I; whose lengths tend to 0. That is,
lim,, o0 d(Ynai, Ynbi) = 0. Hence, if ¢ has an exceptional minimal set then it cannot be distal.



2.2 Local minimal sets and expansiveness

DEFINITION 2.7 A T'-invariant set K is a local minimal set if for all x € K the closure of its
orbit, T x, equals the closure K. If K is an open set, then we call K an open local minimal set.

A minimal set K is a local minimal set. An orbit 'z such that each point vz is isolated in I' x is
a local minimal set, but is not a minimal set unless the orbit is finite.

LEMMA 2.8 Let z € S' and let K = Int T . Let V C K be a non-empty open subset. If for
every y € V, the orbit closure T y has non-trivial interior, then the saturation of V is an open local
minimal set.

Proof: Suppose that for every y € V, the interior U, = Int T y is not empty. As y € I' x we have
T'y C T z and hence U, C K =Int T z. Thus, there exist v so that vz € Uy. The closure of I' y
contains U, hence has yx as a limit point. But this implies I' y = I'v~'y has v 'vz = 2 as a limit
point, and thus Ty DT 2 so Ty =T z = K. That is, for all y € V we have I y = K.

Now consider the saturation W = U ~V. For each z € W, there is v € I with z = vy so the

vyel’
orbit closures satisfy

Tz=THy=Ty=K=W a
This elementary lemma has a strong consequence.
PROPOSITION 2.9 An expansive action ¢ has a non-empty open local minimal set.

Proof: Suppose that ¢ has no local open minimal set. Choose z; € S'. If the orbit closure
T z; has no interior, set X; = I z;. Otherwise, the interior U; = Int ' z1 is non-empty, so that
Vi = U N{z €S |d(zz1) < 1/100 is a non-empty open set. By Lemma 2.8 there must exists
y1 € Vi such that X; = I y; has no interior. Set K| = 7.

The complement S' — Z; is an open I'-invariant set, so consists of a countable union of open
intervals. Let I denote one of the complementary intervals with greatest length. Let zo € Is be
the midpoint, and define Xy = T x5 if this set has no interior. Otherwise, as before, there exists
yo € I with d(ya, 22) < |I2]/100 such that X5 =T 3, has no interior. Set Zo = X; U Xo.

Given any € > 0, we can repeat the above process a finite number of times to obtain a closed
invariant subset Z,, with no interior such that the complement S' — Z,, consists of a countable union
of intervals each of length less than e.

Assume that ¢ is e-expansive. Choose Z,, as above, and let I C S' — Z,, be a complementary
interval. For all v € T" the image [ is again a complementary interval, so |[yI| < e. Butis x,y € I
then this implies d(yx,vy) < € for all v contradicting the assumption. It follows that is ¢ is
e-expansive for some € > 0 then ¢ must have a non-empty open local minimal set. O

COROLLARY 2.10 Suppose that ¢ has no non-empty open local minimal set. Then there exists
a collection of sets {K, |n=1,2,...} such that

1. each K,, is closed and saturated with no interior

2. the action of p on K, is transitive; that is, there exists x,, € K, whose orbit is dense

3. the union | JS°, K,, is dense in S!



The proof of the corollary follows from the same method of proof as above. Note this result
is an elementary form of the theory of levels for a topological group action. There is no claim
about the dynamics and limiting behavior of the sets K, which a good theory of levels proves
[8, 34, 35, 36, 15, 19]. In fact, the sets K, could all be exceptional minimal sets! But the simplicity
of the proof above is also notable, and is sufficient for our application to the proof of Theorem 1.2.

2.3 Geometric entropy

We recall the definition of the entropy of a group action, following Ghys, Langevin and Walczak [12].
While this definition is usually considered only for C'-actions, it still makes sense for topological
actions, though the value may be infinite.

Choose a symmetric generating set S = {o1,...,0%} for I'. (We also assume one of the o; is
the identity.) An element v € T' has length |y|| < N if there exists indices 41,...,iy such that
V=0 Oy

Given € > 0 and an integer N > 0, we say that x,y € S' are (N, ¢)-separated if there exists
v € T with ||v]| < N and d(vyz,vy) > €. A finite subset {z1,...,7,} C S! is (N, €)-separated if for
every k # ( the pair of points x, 24 is (IV, €)—separated.

Let S(p, ¢, N) denote the maximum cardinality of an (NN, €)-separated subset of S'. This is a
finite number, as there are at most a finite number of maps in {©(7) | ||v|| < N}, hence this is an
equicontinuous family. Now define

| N
h(p,€) = limsup 0806 V) S(;f; &)
N—oo

(1)
The geometric entropy of ¢ is the limit

hg) = lim (g, o)

This limit is finite if ¢ is a C'-action , but may be infinite for topological actions when I' has
rank greater than one. In general, h(¢) depends upon the choice of the generating set S. The key
point is that the dichotomy h(p) # 0 or h(p) = 0 is independent of the choices, and depends only
on the topological conjugacy class of the action .

The number h(y) is called geometric entropy of ¢ as in the limit (1) the denominator is N which
represents the word length. In contrast, to define the “usual” topological entropy from topological
dynamics of group actions, the denominator would be the number of elements in the ball of radius
N in T for the word metric on I'. The usual topological entropy is always finite, but vanishes if ¢
is a C''-action and I is not rank one abelian.

Given a I'-subset K C S! we can also define the relative geometric entropy h(p, K) where we
define S(p, K, €, N) using subsets {x1,...,2,} C K, and the remainder of the definitions follow the
same pattern.



2.4 Ping-pong games and resilient orbits

We next recall a dynamical notion which was been colloquially called a “ping-pong game” by
de la Harpe [9], though the concept dates from the work of Klein, and it has many uses in the
study of dynamical systems.

DEFINITION 2.11 The a pair of maps {~v1: Ly — I1,7v2: Iy — I} is called a ping-pong game for
@ if Iy C S is a closed interval, 11,1, C Iy are closed disjoint subintervals, and v1,72 € T' satisfy
yilo = I and volg = I. If ¢ is a Ct-action, and 0 < Ye(x) <1 for k=1,2 and all x € Iy, then
we call this o hyperbolic ping-pong game.

Note that the definition of a ping-pong game does not require that either map ~;: Iy — I;
have a unique fixed-point. However, for a C! action, if both maps ¢(71) and ¢(y2) are hyperbolic
contractions on Iy then they clearly have unique fixed-points.

Here is one of the standard properties of a ping-pong game.

LEMMA 2.12 If {yi:Iy — I1,72: Iy — I3} is a ping-pong game for ¢, then {v1,72} generates a
free sub-semigroup of T

Proof: A word « in the free sub-semigroup generated by {772} has the form v = ~;, - v, - - V4,
for indices i; = 1,2. It suffices to show that « is not the identity, but vIo C v;,Io C I;; # Io. O

An action ¢ with a ping-pong game has non-zero entropy.
LEMMA 2.13 If{vi:Iop — I1,v2: Iy — I2} is a ping-pong game for ¢, then h(y) > 0.

Proof: Choose a symmetric generating set S = {071, ..., 03} for I which contains {y1,77 ", 72,75 * }.
Let € > 0 be the distance between I and I». Choose any x € Iy and set
S ={Yir Vip - Vinx | 15 = 1,2}
The set S, has 2" elements, and given any pair of distinct points y = i, - Viy - Vi, and z =
Vir Vo VT there is a least 1 < £ < n so that iy # j, hence
Vy,z = Vi Vigmr = Vit Ve
Then ’yz;;y =, Vi,* € I;, and ’y;;z =Y, - V.2 € I;, hence d(’yz;;y,’yyf;z) > €.
It follows that S(p, e, N) > 2"N and h(p) > log(2). O

We recall a definition from the topological dynamics of foliations:

DEFINITION 2.14 We say x € S' is a resilient point for ¢ if there exists v € I' and an open
interval J = (x — §,x+0) such that JNTx # {x} and v: J — J is a contraction with fized-point x.
If ¢ is a Ct-action and o(v) (x) < 1, then we say = is a hyperbolic resilient point. An orbit 'y is
resilient if there is some x € I'y which is resilient.

LEMMA 2.15 If there exists a resilient point x for ¢ then there is a ping-pong game for .

Proof: Let x be a resilient point with +:J — J a contraction with x as unique fixed-point, and
7 €T besuch z # 7o € J. Choose n > 0 such that v*J N 74" J = (). Then set v; = ", v = 77",
Ip=J, L =mJ, I ="J. 0

Conversely, if there is a hyperbolic ping-pong game for a C'-action ¢ then it is an exercise to
show there is a hyperbolic resilient point also.



3 Expansive actions on local minimal sets

PROPOSITION 3.1 Suppose that o:T' x S1 — S is an expansive action with an open local
minimal set U. Then there exists a ping-pong game {v1: Ko — K1,7v2: Ko — K} for ¢.

Proof: Let 0 < € be the expansive constant for ¢. Set § = ¢/10.

Given points =,y € S* with d(z,y) < © we let Ty C S' denote the interval (the shortest path
in S!) they determine, and |Z7| the length of this interval.

The open set U is the disjoint union of open intervals, and since U is invariant and ¢ is expansive,
the diameter of at least one interval must be at least e. Choose x1 € U to be the midpoint of a
longest connected interval in M. (In the case where U = S select any point.) Let y1, 2, € U be the
points with d(x1,y1) = d(x1,21) = 6/4 and 1 € y1z1 C U. Choose v; € T’ with d(y1y1,7121) > €.
Let J; denote the interval 71, 27, and Iy = y1J5 so |[1] > e.

Now proceed inductively. Assume 6-tuples {z;, y;, 2, Vi, Ji, I; } have been chosen for 1 <i < n
and we select a new 6-tuple {Z,,Yn, 2n, Yn, Jn, In}. Let z, be the midpoint of I,_; and choose
Yns Zn € I,_1 be distinct points with d(z,,yn) = d(Tn,2,) = §/2"T1. Choose 7, € I' with
d(YnYnsnzn) > €. Then set J, = Tn,2, C I,—1 and let I,, = 7,J, which is a subset of U.
Note that |J,| = §/2™ and |I,,| > € for all n > 1.

Let z, be an accumulation point for the set of “midpoints” {xi,x9,...}. Note that since all

intervals I, have length at least € the point x, lies in the interior of U, and is at least ¢/2 distance
from the boundary of U. By the transitivity of ¢ there exists v, € I" such that 30 < d(xy, yexs) < 49.

Choose 0 < 6; < §/2 such that for the closed interval W = {w € S' | d(zx,w) < 81}, we have
W C {w € S | d(ysws,w) < 51}. Then both W and its image v.W have diameter less than §.
By the assumption 3§ < d(xy, vx24) < 49 it follows that W N~ W = 0.

Choose p > 0 so that §/2P < §1/2 and d(z,x,) < 61/2. Then J, C W.
Choose ¢ > p so that d(x., z4) < §1/2, so again J, C W. It follows that ~v..J, N J, = 0.

Define
1

n=0goom) T & m=a (g0 0)”
Then set Ko = I, and Ky = v11;. Note that K; C J, by our choices. We set Ko = v, K; and
so K1 N Ky = (. That is, y1: Ko — K and ~,: Ky — K> forms a ping-pong table for (. O

Observe that the proof of Theorem 1.2 now follows from Propositions 2.9 and 3.1, and then
applying Lemmas 2.12 and 2.13.

Note also that Example 8.1 gives a real analytic expansive action of a solvable group on the
circle. Thus, the conclusion that there is a free sub-semigroup of I' on two generators is best
possible. In Example 8.1 there is a unique minimal set which is a fixed-point for the action of I
Thus, the ping-pong game constructed in the proof need not be contained in a minimal set for .
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4 Infinitesimal expansion and hyperbolic fixed-points

In this section we assume that ¢ is a C'-action. We introduce the set of infinitesimally expansive
points E(¢p) and the set of hyperbolic fixed-points P"(¢), then show that each point = € E(yp) is
the limit of hyperbolic periodic points.

Choose a symmetric generating set S = {o71,...,01} for I', where one of the o; is the identity.
An element v € T" has length |y|| < N if there exists indices i1,...,iy such that v = g - - 04,
and ||y]| = N if this is the least integer such that ||v] < N.

DEFINITION 4.1 A point x € S' is infinitesimally expansive for ¢ if

l /
A(z) = limsup log{' ()} >0 (2)
lyll—o0 ol
Define E,(p) = {x € St | M(z) > a} and let E(p) = U Eu.(p).
a>0
LEMMA 4.2 E,(p) is ['-invariant.
Proof: Let A(z) > 0 and 0 € I'. Then
/
AMoz) = limsup log{~'(ow)}
| =00 1]l
ey 12{00) @)}~ og{(0™ YV (0a)} hol
Iyl — o0 (el (1]l
l /
B (era o)
||yo||—o0 ||/70-||
= Az) O

DEFINITION 4.3 A point © € S! is a hyperbolic fixed-point for ¢ if there exists v € I' with
yr =z and 0 < p(y) (x) < 1. Let P"(p) denote the set of all hyperbolic fized-points for .

For a >0, we say a point x € P"(¢) has exponent greater than a if there exists v with yr = x
and () (x) > exp{a - |7]))}. Let P*(p) denote the set of all hyperbolic fized-points with exponent
greater than a.

Clearly, P"(p) C E(F) and P(p) C Eu(p) for all a > 0. We also have:
LEMMA 4.4 P"(p) is T-invariant.

Proof: Let 2 € P!(¢) and v € T with vz = 2 and log{p(y)'(2)}/||7|| > a. Given o € T', choose
n > 0 such that log{ox(7)'(x)}/(||7|| +2|le||/n) > a. Then note that |jo-7" o~ t|| < n|vy| +2[o],
and

log{p(o 7" - 07") (o)} = nlog{p(v)'(2)}
hence log{p(c - 4" - 071 (0x)} > allo-4" -0~ Y. O

The hyperbolic periodic points for each ¢(7) are isolated, hence at most countable. As T is also
countable, the set P"(y) is at most countable. Our next result shows that P"() is not empty if
E(y) is not empty. The idea of the proof is based on a modification of the method of proof for
Proposition 3.1.
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PROPOSITION 4.5 For a > 0, P*(p) is dense in E,(p).

Proof: Let x € E,(¢), set A = A(z), and choose 0 < € < A — a, and set ¢y = ¢/10. Define

= 1 Y
lill = o, max [log i)' ()}

Choose § = d(e) > 0 so that if d(y, z) < d then

[log{p (o) (y)} —log{p(0i) ()} < e forall 1<i<k (3)

Note that the modulus of continuity ¢ strongly depends on the choice of €, and d(¢) — 0 as € — 0
except in trivial examples.

Choose a sequence 7, € I such that ||v,| — oo and log{p(y,) (z)}/|I7nl] > A — € for n > 0.

We next introduce a technical condition on each map (7). For eachn > 0, set £,, = ||vy||. Then
we can choose indices {i1,...,1p, } so that %71 = 0y, "+ 0j. For 1 <j < £, set 7;; = 0y, 04
with 7;7%) = Id.

Set z, = 7y, and label the orbit of z, by z,; = 90(7;;)(,2”) For each 1 < 5 < /4, set
finj = log{@(ci;) (zn,j—1)}. Then log{ew(v, ") (2n)} = pin,1 + - + i, -

An index 1 < j < /4, is said to be eg-regular if all of the partial sum estimates hold:

/J/n7j + 60 < 0
Hnj + png+1+ 260 < 0

P+ F ping, + U —7+1)e < 0

Regular points always exists, and in fact occur with a density estimated in terms of A and ||¢]|.
Here, we need just the least regular value, which has a simple description. An index j < £, is
eo-irreqular if p, 1 + - + pn,; + jeg > 0. There is a greatest irregular value, as

(1 + -+ tng, )/ ln <0 — X< —a+ —9¢/10 < —eg

If jo is the greatest eqp-irregular index, then jo+1 is an eg-regular index. If p,, j, > —€o then j1 = jo+1
is the least ep-regular index. Otherwise, jo is again an ep-regular index, and if p, j,—1 > —€g then
Jo is the least. Continue in this way until p,; > —eo then j; = i 4 1 is the least ep-regular index.
Note that ¢ is also an ep-irregular index.

For each n let b, be the least ep-regular index for ~,; 1 and define 7, = Ty, """ Oy - Set y,, = .
The idea of the ep-regular value is that it guarantees that each of the maps ¢(0y, - - - 03, ) for i > 4y,
is a sufficiently strong linear contraction at y, to guarantee that the map is a uniform contraction
on the interval (y, — 9, y, +0) because of the choice of §. We make this precise in Lemma 4.6 below,
but first need some estimates. Note that ||7,|| = €, — by + 1 < |||, and

log{@ () (yn) }/ 7l log{@ () (Yn) }/ Il

<
< log{e(vn) (zn)}/I7nll + €0
< 2€p— A (4)

There is also a uniform lower bound —||¢|| < log{w (%) (yn)}/||Tnll-

By passing to a subsequence if necessary, we can assume that vy, — y. and that d(y.,y,) < §/4
for all n > 0. Set I}, = [yp — 0/2,yn + /2], and h,, = ¢(73,). Define I, = [y, — 0/4, y« + 04] then for
all n > 0 we have y,, € I, C I,.
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LEMMA 4.6 For eachn > 0,

dexp{—|¢[ll[7all} < [hn(Ly)| < dexp{(3e0 — A)||7all} (5)
Proof: Fix n and 7, = 0y, ---0;, . Then by (3) for y € I,

[log {2 (s, ) (1)} = log{p(e,, ) ()} < €0

Thus, by the definition of y, s, we have for all y € I,

exp{—e€o + finb, } < @(U;i),(y) < exp{eo + Hn,b, }

hence
dexp{—eo + tnp,} < (o, )In)| < dexpleo + tnp, }

As by, is ep-regular, d exp{eg + finp, } < 0 so we can repeat this argument for ¢( ) on the

interval (o, )(I,) to get an estimate

i, 41

dexp{—2€0 + fnp, + tnpor1} < 000, 0 - 00 )(In)| < dexp{2€0 + tnp, + tnp,+1}

We repeat the above argument ¢,, — b, + 1 times and use (4) to arrive at the upper bound

"P(Tn)(‘[n)’ < 5eXp{(€n - bn + 1)60 + Hn by, +--- 4+ Nn,bn}
< dexp{eo[mall = (A = 2€0)|7nll}
<

dexp{(3eo — \)||7nll}

The uniform estimate exp{—||¢|/|7.|} < ©(7.) (y) for all y € S! yields the lower bound
sexp{—lelllml} < [hn(ln)]. O

We now complete the proof of Proposition 4.5. The point y; € I, is in the interior, and
x = hy(y1), so there exists 6; > 0 such that [x — 201, + 261] C hy(L,).

Choose n > 0 so that d exp{(3ep — A)||7||} < 61 and ||7,|| > ||¢lll|71]]/€0 which implies

Beo = MlImall + lelllimll < (deo — Al (6)

Then y1,y, € I, implies d(hy, (y1), by (yn)) < dexp{(3eo—A)||7n||} < 1 hence h,,(I,) C h,(I,) C
hy(I,). Set g, = hl_1 ohy,, J; = I, and J, = g,(I,). Thus, g,:J;1 — J, C J; so g, has a fixed
point x,, € J, satisfying d(z,hy(x,)) < 0 exp{(3eo — A)||7x||} and so

d(ri '@, 20) < Sexp{(3e0 — N)I7all + llellI7all}
which tends to 0 as n — co. Set 7 = 7, ' - 7,,, then g, = ¢(7;) and it remains to estimate

gn(rn) = 90(7'1_1),(7%33”) ~p(7n) ()
exp{[||llT [} - exp{(3e0 — A)[|7all}
exp{(4eo — A)||7nll}

exp{—al|7[} .

VAN VANIVAN
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Note that while the proof of Proposition 4.5 shows that each point € E(p) is the limit of
hyperbolic contractions g, with fixed-points z,, — x, it may happen that for all of these fixed-
points, we have z,, = « for all n. There is nothing in the proof which implies the fixed-points z,,
are distinct from the original point 2. In this case, P*(p) = E,(p). Example 8.3 illustrates exactly
this case.

Also note that all of the hyperbolic contractions g,: J; — J, C Ji have domain J; which is an
interval of constant width 0/2. However, the choice of 6 depends on the choice of x € E,(p), as
€0 = €/10 where € as chosen to satisfy 0 < € < A\ — a to optimize the estimate on g/,(x,). The next
result uses a simple observation that if @ > 0 then we can bound the choice of § for each z € P (),
and this implies the action is d-expansive on P”(¢).

PROPOSITION 4.7 For a >0, ¢ is expansive on P (y).

Proof: Choose 0 < € < a, and set €y = €¢/10. Then choose d > 0 so that if d(y, z) < J then
|log{w(0;) (y)} —log{p(c:)'(2)} < e forall 1<i<k (7)

Given z € P!(y) let v € T be such that vo = = and p(7)'(z) < exp{—al|v||}. Set £ = ||y|| and
write v = 0y, ---0,. For 1 <j </l set y; = Oij Oy with v,0 = Id, and x; = v;_1.

For each 1 < j < set pj = log{w(oi;)'(x;)}. Then log{w(v)'(x)} = p1 +--- + e

Extend the finite sequence {iu1,...,u¢} to an infinite periodic sequence

{/’1/17"'7#67”17"'7#67"'}
and let S,,(n) denote the sum of the terms from m to n, where 1 < m < ¢ and m < n < co. We
say m is eg-good if and only if S;,(n) < —(n —m + 1)eg for all n > m.

It is given that S;(¢)/¢ — —a < —¢, so there is a greatest ng with S1(ng) > —ngep. Set mg =
nop+1 We claim that myg is ep-good. If not, then there exists n > mg with S,,,(n) > —(n—mp+1)ep.
That is, the sum fino4+1 + -+ + pn > —(n — ng)ep. By the choice of ng, we then have

Sl(n) = Sl(no) + Sno(n) > —np€y — —(n — no)EQ = —ne€g

contradicting the choice of ng.

Because the sequence of p; is periodic with period ¢, the sum Sy,(n) = Sp,—¢(n — ¢) hence if
mg > ¢, then my — £ is also an €y-good value. Thus, we can assume 1 < mg < /.

Extend the definition of «; for 1 < j < £ to all j > 1 by defining v;4, = v - ;.
Set zg = (o) (z) and Iy = [xg — /2,20 + 4/2].
Let 7 =0, 0y, and g = (7). Then g(z¢) = x as yz = z.

We can now use the same proof as for Lemma 4.6 to obtain
LEMMA 4.8 For eachn > 0,

§ exp{—[l@l[ll7nll} < le(m) o) < & exp{(3e0 — A)llml[} o (8)

In particular, note that ¢ exp{(3eg — A) |||} < d exp{—a/2||v||} so the lengths of the interval
I, = ©(7)(Io) tends to zero as n — oo. For each integer k > 0 the interval J, = ¢(7*) o g(Iy)
contains z in its interior, and |Jx| — 0 as k — oo.
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Given another point y € P () with y # = there exists & > 0 such that y ¢ J,. Hence,

et V() & e(r TR (k) = Io

which implies that = and y can be §/2-separated. As the choice of § depended only on a and not
on the choice of z # y this implies ¢ is §/2-expansive on P*(p). O

We point out one corollary of the above proof that will be used in the next section.
COROLLARY 4.9 Leta > 0 and choose § > 0 as in the proof of Proposition 4.7. Then for each
x € Pl(p) there exists 7,7, € I such that for xo = 1,2 and I, = [xg — 6/2,x9 + 6/2], we have

YzZo = xo and (v ): I, — I, is a hyperbolic contraction.

Proof: With notation as above, set 7, =771 = (0;, - aimo)_l and v, = 771y, O
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5 Infinitesimal expansion and entropy

We assume that ¢ is a C''-action and that E(¢) is not empty. Proposition 4.5 then implies that
Pl () is not empty for some a > 0, and by Proposition 4.7 the action of ¢ on P”(p) is expansive.
By Corollary 4.9 each orbit of I' in P"(;) contains a hyperbolic fixed-point point with a uniform
length domain, whose length depends only on a. In this section, we give conditions on the set E(p)
which are sufficient to imply h(yp) > 0 as a consequence of the expansiveness on P? ().

First, we say that P”(p) has finite orbit type if there exists {x1,..., 2} C P*(p) so that for

every x € P(y) there exists v € I and 1 <4 < k so that yz; = 2. That is, the quotient I'\P”(¢)
is finite. Otherwise, we say that P”(p) has infinite orbit type.

PROPOSITION 5.1 Ing(go) has infinite orbit type for some a > 0, then there exists a ping-pong
game {11: Iy — Iy, 79: Iy — I2} for ¢, and hence h(p) > 0.

Proof: By hypothesis, there exists a > 0 and an infinite set {z1,z2,...} C P!(p) such that
I'z; NTxp # 0 implies i« = k. By Corollary 4.9, there exists § > 0 so that for each orbit I'zy
there exists yx € 'z and a hyperbolic contraction hy = ¢(y¢): I — I with fixed-point y; where
I, = [yr — 6/2,yx + 6/2]. Moreover, i # k implies y; # yx.

Let y. be a limit point for the set {y1, 2, ...} and choose i,k > 0 so that d(ys,y;) < /10 and
d(Ys,yx) < 6/10. Then Iy = [y« — /5,9y« + 0/5] C I; N I;;. Choose n > 0 so that hl(Iy) C I,
hZ(IO) C Iy and h?([()) c I, ﬂhZ(IQ) Clyp=0. Set I} = h?(fo), I, = hZ(IO) and 71 = ’yf, To = ’y]?,
then {7: Iy — I, 70: [y — I3} is a ping-pong game, and by Lemma 2.13, h(p) > 0. O

We next give a condition on E(p) which implies h(p) > 0. We say x € E,(p) is an accumulation
point for E,(¢p) if for all € > 0 the set {y € E,(¢) | d(x,y) < €} is infinite. Since E(y) is I'-invariant,
if x is an accumulation point then each point yx for v € I' is also an accumulation point.

An orbit T'z is proper if each point vz is isolated in the set I'zx.

LEMMA 5.2 If E,(¢) has no accumulation points, then E,(y) is a countable union of proper
orbits.

Proof: Suppose that each point x € E,(p) has an open neighborhood U, such that U, N E,(y) is
finite. Let U be the countable collection open intervals (a — b,a + b) where the centers {a,} form
a countable dense subset of S! and b is a rational number. Then for each point y € U, N E, () we
can find an open set I, , € U with I, , € U and I, , N E,(¢) = {y}. Thus, E,(p) is a countable set.

For x € E,(p), if Tz is not proper then z is an accumulation point for E(p) as 'z C E,(p).
Hence, if E,(¢) has no accumulation points, it must be countable, and every orbit is proper. O

PROPOSITION 5.3 If E,(¢) has an accumulation point for some a > 0, or E(yp) is uncountable,
then there exists a ping-pong game {11: Iy — I, 70: Iy — I3} for ¢, and hence h(p) > 0.

o0
Proof: Suppose that F(p) is uncountable. Since E(p) = U E/n () there must exist a = 1/n for
n=1

which E,(¢) is uncountable. By Lemma 5.2 the set E,(¢) has an accumulation point, so it suffices
to consider this case.
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The idea of the proof is to use the method of proof for Proposition 4.5 to construct an infinite
sequence of hyperbolic fixed-points with domains of uniform length §. These domains have to
overlap since S! is compact, and this will produce the ingredients for the ping-pong game as we
have seen before.

The reader is referred to the proof of Proposition 4.5 for details of the steps below which coincide
and are omitted here. We start by choosing 0 < ¢ < a, and set ¢ = €¢/10. Choose a symmetric
generating set S = {o1,...,01} for I', where one of the o; is the identity. As before, choose § > 0
so that if d(y,z) < § then

|log{w (o) (y)} —log{w(0;) (2)}| < e forall 1<i<k

Let z be an accumulation point for E,(¢) where a > 0.

Choose a sequence 7, € I' such that ||v,| — oo and log{x(v,) (z)}/||Vm|l > a — €y for n > 0.
Set £, = ||7n||. Choose indices {i1,... i, } so that v, ' = i, 0. For each n let by, be the least
eo-regular index for v, !, and define 7, = iy, * " 04, - Then

—llell < log{ep(rn)'(2)}/[Iall < 260 — a 9)

For each n set x, = 7, 'z. By passing to a subsequence if necessary, we can assume that

ZTn — x4 and that d(zs, z,) < 6/100 for all n > 0. Set I, = [z, — §/2, 2, + §/2], and h,, = ¢(1,).
Define I, = [z, — 0/4, x4 + /4] then for all indices n we have z,, € I, C I,,. We can now use the
same proof as for Lemma 4.6 to obtain for each n > 0,

dexp{—[lllllTall} < [hn(Ln)] < &exp{(3e0 — a)||mnll}
Hence, |h,(I,,)| < dexp{—a/2||v,|} and so for n > 0,

hn(I*) - hn(In) - hl(I*) - hl(Il) (10)

Thus, (10) implies h1_1 oh,: 1 — I, C I1 so hl_l o h,, has a fixed point y, € I, satisfying
d(zp,yn) < dexp{(—a/2)||7||}. Set 7¥ = 77! - 7, then o(7) = hi' o h, has hyperbolic fixed-
point y,, which can be chosen arbitrarily close to x, = 7, 'x € T'z. In particular, we can assume
d(yn,xn) < 0/4 so the distance from y,, to the endpoints of I,, is bounded below by §/4.

For simplicity of notation, let g = ©(7%), 21 = Yn, w1 = 7,, 'Yn, J1 = I and K; = I,,, then
g1:J1 — K C J; has hyperbolic fixed-point z; which satisfies d(z,w1) < dexp{(—a/2)|7.|}. If
I'z1 N Jq contains a point other than z; then I'z; is a resilient orbit, so we are done by Lemma 2.15.

Otherwise, introduce the open set Wy = Int h; (I;) with x € W7 and and W1NT'z; = {wy }. Since
x is an accumulation point for E,(¢) there exists 22 € Wi N E, () so that d(z,z?) < d(x,w1)/3.
We then repeat the above construction of a hyperbolic fixed-point using the orbit I'z?, to obtain
an interval Js of length 0 and map go: Jo — K5 C Jo which has a hyperbolic fixed-point z5. As
before, introduce the point we = hj(z1) and by choosing n sufficiently large in the construction of
29 we can assume d(z2, wg) < d(x,w1)/3, hence d(wy,ws) > d(z,w1)/3 so Tws is disjoint from Tw;.
Again, if I'zo N Jy contains a point other than zo then I'zs is a resilient orbit, and we are done.

Iterating this procedure, we either arrive at a resilient leaf, or we obtain a series of hyperbolic
contractions g;: J; — K; C J; where |J;| = ¢ and g; has a fixed-point z; € J; which is bounded away
from the endpoints of J; by at least §/4. Then there exists ¢ < k so that {z;,zx} C Iy = J; N Ji
and n > 0 so that for I} = g'(J;), Io = g}}(Ji), h1 = g}' and hy = g}, {hi: Iy — I;,hy: Iy — I}
is a ping-pong game. O
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6 Infinitesimal expansion and minimal sets

It is generally difficult to decide when the set E(p) is non-empty. The two known cases are when
P" () is non-empty, and when the Godbillon-Vey class of C%-action is non-zero [27]. In this section,
we establish a dichotomy for a minimal set K, that either there is a p-invariant probability measure
supported on K, or K C E(p). If K is finite, this is trivial. If K is exceptional and some z € K
has exponential orbit growth, then K C E, () for a > 0 the growth rate of an endpoint. If K = S!
and K ¢ E(y), then we use a new e-cocycle tempering procedure (cf. [21, 26]) to show there is an
invariant probability measure on S'.

Choose a symmetric generating set S = {01, ...,01} for I', where one of the o; is the identity,
and define the corresponding word metric on I'. Define a set I'y = {7 | ||7]| < N}, which is the
ball of radius N about the identity for the word metric on I'. Let #I'5 denote the cardinality of
the set I'y. The growth rate of I' is the number

1 r
gr(I',S) = limsup log #1
N—o0 N

Given 2 € S we define the growth rate of the action ¢ at z to be

1 r
gr(I'; S, p,x) = limsup m
N—oo N
Clearly, gr(I',S,p,x) < gr(T',S). If gr(T',S,p,z) > 0 we sat that the orbit I'z has exponential
growth, and subexponential growth otherwise. We recall a well-known fact.

LEMMA 6.1 Let ¢ be a C°-action with a minimal set K. Suppose that some x € K has
gr(D,S,¢,x) = 0. Then there is a p-invariant probability measure m on S' with support on K.
Hence, there exists a constant C > 0 and integer r > 1 so that for everyy € K, #{I'n-y} < C-N".
In other words, either every orbit of I' on K has exponential growth, or all orbits have polynomial
growth.

Proof: The measure m is a weak-* limit of the probability measures {my | N =1,2,...} defined
by, for a continuous function ¢: S — R,

1
mN(Q):m Z 9(y)

yEFN~:c
The measure m defines a continuous map mm:S' — S' by mm(y) = 27m([y,0]) mod 27Z, where
[y, 0] is the counter-clockwise interval from 0 to y. The map 7y, is monotone increasing on K, as K
minimal implies that every relatively open set in K has positive m-measure. If K is exceptional,

Tm 1S constant on the gaps of K, thus, is at most 2-to-1 on K as it identifies the endpoints of a
common gap. Thus, 7y, is injective on the orbits Iy for any y € K.

Since K is invariant, 7y, defines a semi-conjugacy of ¢ to an action of pym: T x St — S! which
is a group of rotations of the circle. If r is the rank of this abelian group of rotations, then there
exists a constant C' > 0 so that for every 6 € S the orbit growth #{pm(I'x)(0)} < C - N". Then
for any y € K we have

#{e(Tn) W)} = #{pm(T'N)(mm(y))} <C-N" O

There is also a dichotomy for E(p) and minimal sets:
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LEMMA 6.2 Let K be a minimal set for ¢, and suppose that x € K satisifies A(z) = a > 0.
Then for all 0 < b < a, K C Ey(p) and P} (p) N K is dense in K. Hence, either K and E(p) are
disjoint, or K C E(p).

Proof: Apply Proposition 4.5 to the point x € E,(¢)NK, then following the notation of the proof,
there exists a hyperbolic contraction g, = ¢(7}): J1 — J, C J; with fixed point z,, € J; so that
m te € Ji, and x, € P} (). This implies that

d(zn, g, (11 ') = d(g),(2n), 8T '2)) =0 as i— o0

As z € K and K is I'-invariant, gi (7, 12) € K for all i, so the fixed-point ,, is in the closure of K.
But K is closed, so z,, € K. We have constructed one hyperbolic fixed-point in K, but the orbit of
x, under I is dense in K, so Pf*(¢) N K is dense in K.

Let y € K. Then as K is minimal, there exists ¢ € I' such that oy € J;. The sequence of
diffeomorphisms ¢(7¥) “*¢(o) has asymptotic exponent at y the same as for g at z,, so A\(y) > b.
This shows K C Ey(¢). O

Now assume that K is an exceptional minimal set with gaps {I; = (a;,b;) | i = 1,2,...}. The
orbit of every point z € K is dense, so for any gap I; there are infinitely many disjoint images
{~I; | v € T'} for which the sum of the lengths of is at most 27. If I' has exponential growth, this
observation suffices to show K C E(y).

PROPOSITION 6.3 Let ¢ be a C'-action with exceptional minimal set K. If gr(I', S, p,z) =
a > 0 for some endpoint x € K, then for all b < a, K C Ey(p). Conversely, if A(x) > 0 for some
point x € K, then every orbit of K has exponential growth.

Proof: Suppose K is an exceptional minimal set, and x € K is an endpoint with gr(T',S, ¢, z) =
a > 0. We will exhibit a point a, € KN Ey(pp) for all b < a. Then by Lemma 6.2 we have
K C Ep(yp) for all b < a.

Let I, = (ay,b,) be the gap for K with endpoint x, and assume x = a,. (The case where x = b,
proceeds identically.) Set O(N,z) = #{I'y - x}. Choose 0 < € < a and set ¢y = ¢/10. Then there
exists C' > 0 and a sequence Nj, — oo such that O(Ny, z) > Cexp{Ni(a —€y)} for all k£ > 1.

Choose 6 = d(e) > 0 so that if d(y, z) < d then
|log{p(c:) (y)} — log{w(a;) (2)}] < e forall 1<i<k (11)

For v1,v2 € T either y1 I, Ny2l, = 0 or v11, = v21,. Thus, there are O(Ng, x) disjoint intervals
in the collection {vI, | ||v|| < Ng}. As the sum of the lengths of these intervals is less than
27, for each k there exists v € I'y with |y, ly| < 27/O(Nk,z) < Cyexp{(ep — a)Ni}. Denote
Yely = (ak, br). Let a, € K be an accumulation point of the set of endpoints {ar}. Passing to a
subsequence, we can assume that d(a.,ax) < §/4k.

Let Ny be such that ||v|| > Ny implies |yI,| < 0/4. For each k set ¢ = ||| and write
Yk = 0y, -+ 04y Let jo < No be the least index so that j > jo implies |0y, - - -0y, I;| < §/4. Set
Of = 0Oy, *** Oy and

Tk‘ — ’yk . O-].;l f— O-iZk .. 'O-ij0+1

so that [|yg[=No < |7kl < |lvll- Set Jp = ol Then |Iz|exp{—[l¢[|[No} < |Ji| < [Iz] exp{ll¢||No}-
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We can now apply the mean value theorem to the map 4,0(7',;1): I, — Jj, to obtain a point y, € I
such that

| Tk |

@(Tl;l)/(yk) > I—k|

| 12| exp{—|lo||No}
Ca exp{(e0 — a) Ny}

v

> Czexpf(a — e0) Nk — [lpl| No}

For all £ > 1 we have
d(as, yr) < d(ax,ar) + d(ag, yr) < 0/4k + /4 < §/2
so that yx € (ax — 6/2,a. + 0/2). By the choice of jy, the same argument implies that for j > jo
d(0i; -+ Oiy 41 O, Oy -~ 0y Uk) < 0/2

so that we can apply the estimate (11) along the orbit of a. and yj determined by the generators
of 73, to conclude

o(; 1) (a.) = Czexp{(a — 260) Ny, — [|p|| No}

As Nj — oo this implies a, € Ep(p) for b < a—2¢y. The choice of the limit point a, was independent
of the choice of € and 0, and as € > 0 can be made as small as desired, this implies a, € Ep(p) for
all b < a.

To prove the converse, we note that by Lemma 6.1 it suffices to show that there exists one
orbit in K with exponential growth. Suppose z € K with A(z) > 0, then by Lemma 6.2 there
exists a hyperbolic contraction g, = ¢(7,}): J1 — J, C Ji with fixed point z, € J; N K. As K
is minimal, there exists o € I" such that ox € J; but = # ox. Thus, z is a resilient point, so by
Lemma 2.15 there is a ping-pong game for ¢ with x as one of the fixed-points, hence the orbit of
x has exponential growth. O

When K = S!, we require a separate method of proof to show if K N E(¢) = () then there
exists an invariant measure on K. This sort of problem requires a “tempering” procedure, as the
hypothesis is that the Lebesgue volume growth along orbits is subexponential, and we need to show
there is an equivalent measure which has uniformly slow growth. There are two types of tempering
procedures in the literature, one which works when I" has subexponential growth [21, 26], and the
other applies when the volume growth along orbits is bounded [41]. The proof of the following
result introduces a new tempering procedure, which combines the techniques of both methods.

PROPOSITION 6.4 Let ¢ be a minimal C'-action. Then either E(¢) = S', or ¢ has an
invariant probability measure supported on S' and E(p) = 0.

Proof: Suppose that S' ¢ E(y), then by Lemma 6.2 we can assume A(z) = 0 for all z € St. We
will construct a sequence of probability measures {m,, | n = 1,2,...} so that for any continuous
#: St — R we have |m,,(¢) —m, (¢ o0;)| < ||¢||/n for all 1 < i < k. The weak-* limit m, of the set
of measures {m,,} is invariant under I', and as ¢ is minimal, the support |m,| = S!.

For each N > 0 define

(o, N, x) = max{p(y)'(z) | [|7]| < N} (12)

Note that u(p,0,2) =1, and pu(p, N,z) > 1 for all N. As A(z) =0, for all € > 0,

]\}lm eXp{—NE},U,(gD, Nax) =0
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[e.e]

For each € > 0, define a Borel function f. on K by f(z) = Z exp{—Ne} - u(p, N, z) and

N=0

introduce the measure m, = f. df where df denote the standard Lebesgue measure on S'.

LEMMA 6.5 Let ¢:S' — R be continuous. Then |p(0;)*me(¢) — m.(¢)| < exp(—e)||o|.

Proof: We calculate

@(Ui)*me‘x = fe(aix) ((P(Ul)*de)‘x

e}

= {Z eXp{—Ne}-u(%N’w)} o(0i) (x) df

N=0

= {Z eXp{—Ne}-u(%Nﬁmso(w)/(w)} db

N=0

Observe that u(p, N,0;2)p(0;) (x) < ple, N +1,z) as ||yoi]] < N + 1, hence

ploymle < Y exp{-Ne}-ulo, N +1,2)
N=0
< expldh- S exp{-Ne} - ulp Noa)

N=1
< exp{e} -m,

(13)

Note that if ||y < N — 1 then ||yo; || < N, so u(e, N, oix)e(0) () > u(e, N — 1,z), hence

e e}

p(0i) mely > Z exp{—Ne} - p(p, N — 1, )
N=1
> exp{—e} ’ Z exp{—Ne} ’ M(@?vi)

N=0
> exp{—€} -m|;

The estimates (13) and (14) imply |¢(0;)* mc(¢) — m(¢)| < exp(e€)||P||-

(14)

|

For each integer n > 0, choose € with exp(e) < 14 1/n and set m,, = m./m.(1). The sequence
of probability measures {m,, | n = 1,2,...} have uniformly slow growth, so this complete the proof

of Proposition 6.4.

a

Theorem 1.6 and Corollary 1.7 of the introduction now follow from Lemma 6.1, Propositions 6.3

and 6.4, and Proposition 5.3.

Note that in the proof of Proposition 6.4, we used the hypothesis that the action is minimal
only to conclude that the invariant measure m, had support on all of S*. Moreover, A(z) = 0 was
required only for a set of full measure. Thus, if we combine the above proof with Proposition 5.3,

we obtain a new proof of Theorem 5.1, [12] in the case of groups acting on the circle:

COROLLARY 6.6 A C'-action ¢ with h(v) = 0 must have an invariant probability measure.
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7 The free subgroup conjecture

In a lecture at the Dynamical Systems Symposium at the University of Paris, VI in June 1998,
Etienne Ghys made the following conjecture:

CONJECTURE 7.1 (Ghys) Let o:T xS' — S be a C°-action. Then either o has an invariant
probability measure, or I' has a non-abelian free subgroup on two gemerators.

In this section, we make some observations about this conjecture and the results of this paper.
As an application, we give a proof of the conjecture for real analytic actions.

Recall that a topological action ¢:I' x S — S admits a minimal set, which is either a periodic
orbit, the entire circle S', in which case the action is minimal, or an exceptional minimal set. A
periodic orbit supports an invariant probability measure, so it suffices to consider the other two
cases.

If the action is minimal, then by Lemma 6.1 either there exists an invariant measure with full
support, or every orbit of ¢ has exponential growth. In the latter case, by Lemma 2.3 the action
on S! must be expansive. Proposition 3.1 implies that the action admits a ping-pong game.

If the action preserves an exceptional minimal set K, then again there is the dichotomy that
either there is an an invariant measure with full support on K, or the orbit of every point in K has
exponential growth. The latter case, where the orbits have exponential growth, can be reduced to
the minimal action case:

PROPOSITION 7.2 Suppose that ¢:T' x St — S has an exceptional minimal set K, and there
is no invariant probability measure with support K. Then there exists a ping-pong game {~1: Iy —
I, v9: Iy — Iy} for ¢ restricted to K.

Proof: Define a continuous map p:S' — S which is constant on the gaps of K, and monotone on
K. The action ¢ descends to a quotient action @:I" x S! — S! which is semi-conjugate to ¢ via p.
The action @ is then minimal, with no invariant measure. By Lemma, 2.3 the action % on S' must be
expansive. Proposition 3.1 implies that % admits a ping-pong game {®(v1): Iy — I1,p(72): o — I2}.
We set In = p~'(Iy), Iy = p~*(I1), Io = p~'(I3), and obtain a ping-pong game for ¢. O

There is no statement that the maps ¢(v1) and ¢(v2) have unique fixed-points. Even if one of
the maps $(;) has a unique fixed point, it could be the image of a gap under p, hence its preimage
consist of the endpoints of a gap of K.

These remarks show that Conjecture 7.1 is implied by the more concrete problem:

CONJECTURE 7.3 Let o:T' x S — S' be a C%-action with a minimal set K, and suppose that
there is a ping-pong game for ¢ on K. Then I' has a non-abelian free subgroup on two generators.

For C'-actions, the existence of hyperbolic fixed-points for the action of ¢ on minimal sets
lets us strengthen the above remarks. Assume that ¢ is a C''-action with no invariant probability
measure. Then there exists a minimal set K which is either S! or exceptional. By Corollary 1.7
there is a hyperbolic ping-pong game for ¢ on K. That is, there exists elements 1,75 € I' and
a domain [y with Ip N K # () so that the pair of restricted maps {f: Iy — I,9: 1y — I3} is a
ping-pong game. Moreover, f and g are hyperbolic contractions with fixed points f(z) = z € K
and g(y) =y € K for = # y.
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Thus, for C'-actions, we can add to the hypotheses of Conjecture 7.3 the statement that the
maps defining the ping-pong game are hyperbolic contractions on the domain Iy with unique fixed-
points there. This is the setting for applying some version of the “Tits alternative” [40, 9]. One
possible approach is the formulation of the Tits alternative in section 3 of Farb-Shalen [11]. We
give the statement in the present context:

THEOREM 7.4 Let ¢:T' x S' — S be a C°-action with a minimal set K and no invariant
probability measure on K. Suppose there exists v1,72 € T' so that, for f = p(11), g = ¢(72),
Fix(f) = {x € St | f(z) = 2}, and Fix(g) = {x € S* | g(x) = x}, we have

1. fIK and g|K have infinite order
2. Fix(f)NK # 0 and Fix(g) N K # 0
3. Fix(f) NFix(g) NK =0

Then for some n > 0, the group generated by f™ and g™ is a nonabelian free group.

Proof: If K = S! this is exactly what is proved in [11]. If K is exceptional, define a minimal action
% on S! via the semi-conjugacy of the proof of Proposition 7.2, then proceed as before. O

We use this result to prove the following:

THEOREM 7.5 Let o:T'x St — S' be a CV-action with a minimal set K, and suppose that there

is a ping-pong game {y1: Iy — I1,v2: Iy — L2} for ¢ on K such that for f = ¢p(m), g = ¢(y2), the
sets Fix(f) N K and Fix(g) NK are discrete. Then T' has a non-abelian free subgroup.

Proof: Let Fix(f)NK = {z1,...,2,} and Fix(9) " K = {y1,...,ym}- If Fix(f) NFix(g) = 0 then
we are done by Theorem 7.4. Otherwise, it suffices to choose an element 7 € I' such that

{z1,. .,z N {7Yy1, . Ty NK =0 (15)

for we then replace g with h o go h™! where h = ¢(7), and condition (7.4.3) is satisfied since
K is invariant. Following an observation of Farb and Shalen in section 3 of [11], we note that if
no such 7 € I' exists, then for every 7 there exists x; and y; with 7y, = z;, or 7 € T, k where
Tir = {o €' | oy = 2;}. Let I'y, C I' denote the stabilizer of yj, then T;; = 7Ty, for any
element 7 € T; ;. Thus, I is a finite union of cosets of stabilizers of points in Fix(g). By the “Coset
Lemma” 3.1 of [11], one of the stabilizers I'y, must have finite index in I". But this implies that
the orbit I'yy, is finite, which contradicts the fact that the orbit of every point in K is dense. Thus,
there must exist some 7 satisfying (15). O

For a C'-action ¢ with minimal set K and no invariant probability measure supported on K,
there is always a ping-pong game on K as remarked previously. Thus, Conjecture 7.1 would follow
if the maps f and g can be chosen with isolated fixed-points in K. The fixed-points of a real
analytic action are always isolated, so Theorem 1.8 follows from the remarks of this section and
Theorem 7.5.

NB. In the manuscript [31], G. Margulis has given a proof of Conjecture 7.1 for C%-actions.
The methods are similar to those discussed in this paper, but Margulis considers the action of I’
on e-nets, not just on individual points, and so avoids the need for assuming isolated fixed-points.
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8 Examples

We give three examples which illustrate the ideas developed in this paper. The first example is a
real analytic expansive action of a solvable group. The second second example embeds the first
example into the gaps of a Denjoy example to produce an expansive C'-action of a solvable group
with a Cantor type minimal set. The third example is a C'"*-action with a countable collection of
hyperbolic fixed-points, but is not expansive. None of these examples is new, but understanding
each of them provides a foundation for understanding the ideas of this paper. They also provide
“counter-examples” to extending the conclusions of the theorems of the paper, as discussed in
comments after each example.

EXAMPLE 8.1 An expansive C¥-action of a solvable group on S' with minimal set a point.

Define maps of the real line by f(u) = 2u and g(u) = v+ 1. Embed the real line into the circle
St ={z=2z+iy| 2?2+ y* =1} C C by the linear fractional map h(u) = (1 + iu)/(1 — iu). This
map conjugates f to @« = ho foh ' and B = hogoh™!, which are both real analytic linear
fractional transformations of S'. Let I' be the solvable subgroup of Diff(S!) they generate, and
@:T:S' — S! the action they determine.

The action of f,g on R has every orbit dense, hence the action of I' on S! admits a unique
fixed—point (—1,0), and every other orbit is dense. In particular, the fixed-point (—1,0) for the full
action is the unique minimal set.

Given x # y € S', at least one of these cannot be the fixed-point (—1,0). Hence, there exists
¢ such that g‘(h='(x)) and ¢g‘(h='(y)) lie on opposite sides of the origin in R. Applying a suitable
power k > 0 of f we can ensure that their images f* o ¢/(h~'(z)) and f* o ¢*(h~'(y)) span an
interval containing either [0,1] or [-1,0] in R, hence ho f¥ o g¢(h=1(z)) and ho f¥ o g (h='(y)) are ¢
separated in S! for e < 1/2.

This example is interesting for two reasons. First, it shows that expansiveness is not sufficient
to imply there is a free subgroup on two generators in I', even for analytic actions, as the group I is
solvable. Secondly, the action of I' does have a ping-pong table, which is given in terms of f and g
by the two maps h~tohjoh(u) = g~20f~2(u) = —2+u/4 and h~'ohgoh(u) = g?of~2(u) = 2+u/4.
We can take h—1(Ip) = [—4,4], h—1(I;) = [-3,—1] and h—1(I3) = [1,3]. The forward iterates of
Iy define a Cantor set K which is invariant under the semigroup generated by {hj,hs}. But the
set K is not invariant for the full group I" as the only minimal set for I" is (—1,0). Thus, properties
of the subdynamics generated by a ping-pong game need not carry over to the full group action.

EXAMPLE 8.2 An expansive action of a solvable group on S' with exceptional minimal set.

Let :S' — S! be a (Denjoy) C!-diffeomorphism with an invariant exceptional minimal set K. The
complement of K consists of a disjoint union of open intervals {U;, Us, ...} and v acts transitively
on the set of intervals. Thus, we can index the open sets by Z where U, = +Up.

Let h; and hy be the linear fractional maps of S' constructed in Example 8.1. Let hs be a
modification of the map h; so that hs agrees with h; away from a small neighborhood of the
fixed-point (—1,0). Near (—1,0), we require that hs also have (—1,0) as a unique sink, but such
that h5(—1,0) = 1, and all higher derivatives vanish at (—1,0). That is, we make h; flat at (—1,0).

Let ¢:S' — (—=1,0) — Uy be an affine diffeomorphism (which is unique).

24



Define o € Diff' (S') with fixed-point set K, and on U, we define
alUy=~"ogohzop oy

Define 3 € Diff!(S!) with fixed point set K, and on U, we define
BlU =~ opohyogp oy

Let I’ C Diff!(S!) be the subgroup generated by {a, 3,~7}. Clearly, K is the unique minimal set
for the action of I', and every point in the complement of K has dense orbit in S'.

The action of I is expansive. There are two cases to consider. If z # y € S', and both points
lie in the same connected component of the complement of K, then a suitable power v¢(z) € Uy
so we can proceed as in Example 8.1. If x # y do not lie in the closure of the same connected
component of the complement of K, then there exists some U, contained in the interval Ty, thus
7~#(z) and y~*(y) contain Uy in the interval they determine, so the points are again e-separated.

This example is a little more subtle than the first, as it has a unique exceptional minimal set,
which is obviously of finite type, and the action is expansive on K. The set of hyperbolic periodic
points P{(L)gQ(gp) is dense in the complement of K. (The point (1,0) is fixed by a, where o/(1,0) = 2,
and the conjugates of a provide a dense set of fixed-points.) However, KN E(y) = () as there is
an invariant measure for the action on K. This shows that in general, E(p) is not a closed set.
Also, the orbits in the complement of K have exponential growth, so that in Theorem 6.3, it is not
sufficient that the exponential growth orbit limit to K - it must be an orbit of a point in K.

EXAMPLE 8.3 A proper C™®-action of a solvable group on S with countably many hyperbolic
fixed-points and no ping-pong games.

Let h; be the hyperbolic linear fractional map as in Example 8.1. Choose a fundamental domain
I = [a,b] for h; in the invariant open set S} = {z =2 + iy |22 +y> =1 & y > 0}.

Let ¢:S! — (—1,0) — I be an affine diffeomorphism (which is unique) and us it to define hy on
Iashy =¢ohyo¢!. Extend hy to all of S' as the identity outside of I. On the interior of the
interval I, hy has a unique hyperbolic fixed-point yo € I with derivative 2, and all other points are
asymptotic to the endpoints of I.

Let T be the subgroup of Diff>*(S!) generated by {hyi,hs}, and ¢ the action it generates. The
group I is solvable, but its commutator subgroup is infinitely generated, so I' must have exponential

growth. Note that ¢ has countably many hyperbolic fixed-points {y = h¥(y) | k € Z}, where y;
is fixed by all of the maps gf = h¥ o h{ o hy*. Thus, A(yx) > £-log(2)/(2k + £) for all £.

On the other hand, the orbits of ¢ consist of either a singleton (for x = (—1,0)); or copy of Z
(for the translates h(yg), for the endpoints of I, and for all points in S'); or they are isomorphic
to Z2. That is, all orbits have quadratic growth.

Obviously, ¢ has no ping-pong table, in spite of the existence of many hyperbolic fixed-points.
The issue is that the domains of contractions of these fixed-points do not overlap, so do not generate
the complicated dynamics of a ping-pong table. It is cautionary, for many of the constructions made
in this paper require producing contractions with overlapping domains, and it is not sufficient to
just exhibit the contractions, as the domains must be controlled as well.

The suspension of this example is one of the most basic in the study of foliations, as it is “depth
two” and the leaves have quadratic growth, even though the group I' has exponential growth. More
examples and constructions can be found in Hector [17], and also in the book [1].
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