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VORONOI TESSELLATIONS FOR MATCHBOX
MANIFOLDS
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ABsTRACT. Matchbox manifolds 9 are a special class of foliated
spaces, which includes as special examples exceptional minimal sets
of foliations, weak solenoids, suspensions of odometer and Toeplitz
actions, and tiling spaces associated to aperiodic tilings with finite
local complexity. Some of these classes of examples are endowed
with an additional structure, that of a transverse foliation, consist-
ing of a continuous family of Cantor sets transverse to the foliated
structure. The purpose of this paper is to show that this transverse
structure can be defined on all minimal matchbox manifolds. This
follows from the construction of uniform stable Voronoi tessella-
tions on a dense leaf, which is the main goal of this work. From
this we define a foliated Delaunay triangulation of 91, adapted to
the dynamics of F. The result is highly technical, but underlies the
study of the basic topological structure of matchbox manifolds in
general. Our methods are unique in that we give the construction
of the Voronoi tessellations for a complete Riemannian manifold L
of arbitrary dimension, with stability estimates.

1. INTRODUCTION AND MAIN THEOREMS

An n-dimensional foliated space M is a continuum locally homeomor-
phic to a product of a disk in R™ and a Hausdorff separable topological
space. The leaves of the foliation F of 9t are the maximal connected com-
ponents with respect to the fine topology on 9t induced by the plaques
of the local product structure. A matchboxr manifold is a foliated space
such that the local transverse models are totally disconnected, and the
leaves have a smooth structure. Thus, a matchbox manifold is a contin-
uum 9t whose arc-components define a smooth foliated structure on 1.
A matchbox manifold is minimal if every leaf of F is dense in 9.
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The main result of this paper is that a minimal matchbox manifold 9t
has an additional “regularity property”, that it always admits a Cantor
foliation H, which is “transverse” to the foliation F. The existence of the
transverse foliation H has a variety of applications for the study of these
spaces, as it implies that a minimal matchbox manifold 9t is homeomor-
phic to an inverse limit of “covering maps” between branched manifolds.
The method of proof uses the construction of stable Delaunay triangula-
tions for the leaves of such foliations, and we give a careful development
of this topic as well as discuss the subtleties that arise for the cases when
n > 2.

The notion of a matchbox manifold is essentially the same as that of a
lamination. In low-dimensional topology, a lamination is a decomposition
into leaves of a closed subset of a manifold; in holomorphic dynamics,
Sullivan [68, Appendix]| introduced Riemann surface laminations as com-
pact topological spaces locally homeomorphic to a complex disk times a
Cantor set. A similar notion is used by Lyubich and Minsky in [49], and
Ghys in [36]. An embedding into a manifold is not assumed in the latter
contexts, and a matchbox manifold is a lamination in this sense.

A celebrated theorem of Bing [14] showed that if X is a homogeneous,
circle-like continuum that contains an arc, then either X is homeomorphic
to a circle, or to a Vietoris solenoid. In the course of proving this result,
Bing raised the question: If X is a homogeneous continuum, and if every
proper subcontinuum of X is an arc, must X then be a circle or a solenoid?
An affirmative answer to this question was given by Hagopian [41], and
subsequent alternate proofs were given by Mislove and Rogers [53] and by
Aarts, Hagopian and Oversteegen [1]. These authors called such spaces
“matchbox manifolds”, as 9t admits a covering by local coordinate charts
U which are a product of an interval with a Cantor set, and so are in-
tuitively a “box of matches”. The first two authors showed in [22] that
a homogeneous continua 9 whose arc-connected components define a n-
dimensional foliation of 9t is homeomorphic to a generalized solenoid, for
n > 1. That is, Bing’s Theorem holds in the context of n-dimensional
matchbox manifolds. The proof makes use of Theorem 1.1 below.

Foliated spaces were introduced in the book by Moore and Schochet
[54], as the natural generalization of foliated manifolds for which the leaf-
wise index theory of Connes could be developed [26]. Our use of the
“foliated space” terminology follows that of [54], and also [19], and the
term “matchbox manifold” is used to distinguish a class of foliated spaces
which have totally disconnected transversals. The foliation index theorem
for matchbox manifolds was used to formulate Bellisard’s Gap Labeling
Congecture [8], which motivated the study of the topological properties
of the tiling space associated to an aperiodic tiling of R™ of finite type.
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The conjecture relates the K-theory of the C*-algebra associated to the
aperiodic potentials formed by translation of the operator on R™ (see [9]),
with the K-theory of the associated tiling space [46]. The approaches
to the solution of the Gap Labeling Conjecture in the works [10, 12, 45]
motivated the study of the topology of tiling spaces, including the work
of this paper.

Given a repetitive, aperiodic tiling of R™ with finite local complexity,
the associated tiling space (2 is defined as the closure in an appropriate
Gromov-Hausdorff topology on the space of translations of the tiling. Then
the space 2 is a matchbox manifold in our sense (for example, see [34, 64,
65].) One of the remarkable results of the theory of tilings of R™ is the
theorem of Anderson and Putnam and its extensions, that the tiling space
Q) admits a presentation as an inverse limit of a tower of branched flat
manifolds [6, 63, 65]. The proof uses the tiling combinatorial structure,
along with the observation that the choice of a basepoint z¢y € R™ defines
by translation a family of Cantor set transversals to the foliation F.

Benedetti and Gambaudo [13] proved an equivariant version of the
above results, in the case of tilings associated to a free action of a con-
nected Lie group G which again defines a foliated space ). Part of their
hypotheses is that the action of G on ) preserves a transverse Cantor
structure to the foliation F defined by the action. It is not clear if the
constructions in this paper extend to the G-equivariant case, generalizing
the results in [13].

Williams [74, 75| showed that an invariant hyperbolic set Q for
certain classes of Axiom A diffeomorphisms are homeomorphic to inverse
limit systems. The inverse system is defined by bonding maps which
are immersions of branched manifolds, obtained from the expanding map
obtained by restricting the action to the invariant hyperbolic set. These
are the Williams solenoids, which are matchbox manifolds. In this con-
text, the diffeomorphism is assumed to preserve a hyperbolic splitting
of the tangent bundle to the ambient manifold M in a neighborhood of
the smoothly embedded space 2 C M. The leaves of F correspond to
the expanding directions, while the stable, contracting directions define a
foliation in a neighborhood of €2 which is transverse to F. The restriction
of this local stable foliation to 2 then defines a transverse Cantor struc-
ture for F. These examples are a model for the study of the properties
of tiling spaces and matchbox manifolds.

More generally, given a finitely generated group I' and a minimal topo-
logical action on a Cantor set K, the suspension construction yields
a matchbox manifold, whose leaves are covered by a simply connected
manifold of which I" acts freely and cocompactly. Such examples arise nat-
urally in the study of odometers and Toeplitz flows [27, 29], which includes
the class of McCord solenoids [51, 66]. Suspension examples admit a
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fibration to a base space, and the fibers define a Cantor fibration with
fibers transverse to F. A variety of further examples of matchbox man-
ifolds can be found in the works [16, 17, 36, 48]. Finally, the continua
which arise as minimal sets for flows or foliations, and have totally dis-
connected transverse model spaces, are examples of matchbox manifolds
as well.

For the special cases above where 9 is a tiling space, a generalized or
Williams solenoid, or a suspension, there is a continuous family of local
transversals to the foliation F on 9. The collection of these transversals
define a transverse Cantor foliation H of 91, whose “leaves” are Cantor
sets. This concept is related to the notion of Smale spaces, introduced
by Ruelle [62] and developed by Putnam [57, 58| and Wieler [72, 73]. See
section 7 for precise statements.

For a general matchbox manifold 901, its leaves are Riemannian man-
ifolds with uniform control over their geometry, but there is essentially
no control over their “transverse geometry”. For example, the transverse
holonomy of the foliation F on 9t need not be Lipshitz continuous, so that
many usual techniques from foliation theory which require some degree of
transverse regularity do not apply [2]. The main goal of this paper is to
show the existence of a transverse Cantor foliation H for a minimal match-
box manifold 91, where H is “well-adapted” to the dynamical properties
of the foliation F, so that 9 admits a covering with bi-foliated charts.
Of equal importance though, is the method of proof using leafwise Voronoi
tessellation and the associated Delaunay triangulations, as discussed
below, which provides a foundation for the general study of these spaces.

Our first result shows the existence of transverse Cantor foliations for
matchbox manifolds with equicontinuous dynamics.

Theorem 1.1. Let M be an equicontinuous matchbox manifold. Then
there exists a transverse Cantor foliation H on 9 such that the projection
to the leaf space M — M/H = M is a Cantor bundle map over a compact
manifold M.

The most general application of our techniques is to prove an ana-
log of the “Long Box Lemma” from the study of flows on continua (see
[31, Lemma 5.2], and also [1, 3, 4, 32]). This lemma states that every
connected, contractible orbit segment K in a 1-dimensional matchbox
manifold is contained in a bi-foliated open subset Dtx of 91, which is
the “long box” neighborhood of K. We generalize this concept to
n-dimensional matchbox manifolds, for n > 1.

Definition 1.2. Let 9t be a matchbox manifold, x € 9t a basepoint,
L, C M the leaf through x, and L, the holonomy covering of L,. We say
that K, C L, is a proper base if K, is a union of closed foliation plaques
with x € K, and there is a connected compact subset K z C Zgz such that
the composition ¢, : IN(Z C Em — L, C M is injective with image K.
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The hypotheses imply that K, is path connected, and the holonomy
of F along any path in K is trivial. The “Big Box” concept is analogous
to a strong form of the Reeb Stability theorem for foliations of compact
manifolds.

Theorem 1.3 (Big Box). Let 9 be a minimal matchbox manifold, x €
M and K, C L, a proper base. Then there exists a clopen transversal
Ve C M containing x, and a foliated homeomorphic inclusion ®: K, X
Ve — Nk, C M such that the images @ ({{y} x Vu |y € K, }) form a
continuous family of Cantor transversals for F|Ng, .

The main part of the conclusion is the foliated product structure on
the image Mg, C M. This implies that Mg, has a natural projection
map to the submanifold K, C L,.

In the case of one-dimensional matchbox manifolds, Theorem 1.3
reduces to the Long Box Lemma [31, Lemma 5.2], as a contractible line
segment K has no holonomy. The requirement that K, contains no loops
with holonomy is essential.

Theorem 1.3 and the techniques used to prove the result are used in
[23] to prove:

Theorem 1.4. Let M be a minimal matchbox manifold. Then I admits
a Cantor foliation transverse to F, such that the leaf space M/H is a
branched compact manifold.

Given the existence of the transverse Cantor foliation #H as in
either Theorems 1.1 and 1.4, then the fact that the leaves of H are totally
disconnected allows decomposing the foliation  into a finite union of sub-
foliations, whose quotient spaces again have the structure of a (branched)
manifold. Continuing this process recursively, so that the “leaves” of the
subfoliations have diameter tending to zero, one obtains the following two
applications. Details are given in the cited papers below.

Theorem 1.5. [22] Let M be an equicontinuous matchbox manifold.
Then I is a foliated space, homeomorphic to a weak solenoid. That
is, M is homeomorphic to the inverse limit of an infinite chain of proper
covering maps between compact manifolds.

Theorem 1.6. [23] Let MM be a minimal matchboxr manifold. Then M
is homeomorphic to the inverse limit of an infinite chain of branched
covering maps between compact branched manifolds.

The results of Theorems 1.1, 1.5 and 1.6, all have applications to the
study of the topological invariants of the space 21, analogous to those
results for tiling spaces and minimal actions of Z™ on Cantor sets, to the
dynamics of the foliation F as is given in Gambaudo and Martens [35],
and other properties of foliated spaces as discussed in [44].
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We mention one other direction of research giving an application of the
techniques of this paper. The sequence of papers by the authors Forrest
[33], Giordano, Matui, Putnam and Skau [37, 38, 50, 59] and Phillips [56]
study topological orbit equivalence for minimal Z™-actions on Cantor sets,
culminating in a proof that they are affable. The methods we develop here
for the proof of Theorem 1.3 also makes it possible to consider extensions
of their results for minimal Z"-actions to much more general cases. We
refer to their works for the definition of affable equivalent relations, which
is a continuous analog of the hyperfinite property in measurable dynamics.

Conjecture 1.7. Let M be a minimal matchbor manifold, which is amen-
able in the sense of Anantharaman-Delaroche and Renault [7]. Then I
is affable.

It seems likely that using a combination of the methods of [33] with
those developed in [38], it should be possible to prove the special case of
Conjecture 1.7 for the case of minimal matchbox manifolds with leaves of
polynomial growth, which would be analogous to the proof by Series in [67]
that a foliated manifold with leaves of polynomial growth is hyperfinite.

2. OVERVIEW OF PROOF

We give some comments on the goals of this work, and then give an
overview of the paper and the proofs of the above theorems.

In the case where F is defined by a flow, as in the seminal works [1, 3,
4, 5], the construction of H follows from the choice of a local transversal
to the flow, and then using the flow to suitably translate it to all points
of the space. However, when the leaves of F have dimension greater than
one, this method does not apply. Even in the case where F is defined
by an action of a connected Lie group G as in [13], it is part of their
hypotheses that translation by G yields a transverse Cantor foliation.

In the case where F is a smooth foliation of a compact manifold, it
is generally not possible to construct a transverse foliation to F, unless
the codimension of F is one, and then the unit normal vector field to the
leaves defines such a foliation. Thus, the existence of H fundamentally
requires that the transverse geometry be totally disconnected.

In the case where 9 is embedded as a minimal set for a smooth
foliation F of a compact manifold M, one approach to the construction
of H# would be to construct a transverse foliation H to F on some open
neighborhood of 9t in M, and restrict H _to M. Even with these very
strong assumptions, the requirement that H be transverse to F demands
a local inductive approach, based for example on the construction of
a smooth transverse triangulation to F as given by Benameur in [11],
using the ideas of Thurston’s “Jiggling Lemma” in the Appendix to [71].
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In general, a matchbox manifold 9t need not have a smooth embedding
into some Euclidean space RY for N > 0, such that the normal bundle
to the smoothly embedded leaves is well-behaved. Thus, it is problematic
whether transversality methods such as used by Benameur can be applied.

The approach in this paper to the construction of A on 91 is based
on using arbitrarily small but discrete approximations to the geometry
of the leaves of F, and deriving corresponding estimates of the uniform
continuity of the “normal direction”. As the transversal geometry to F
is totally disconnected, the concept of normal to a leaf must be defined
“discretely” as well.

Most of the work in the construction of A is to show that for each leaf
L, C 9M, there exists a Voronoi set N, which is sufficiently fine, and the
points of AV, are “strongly stable” as the point x varies transversally over
a small but fixed transverse clopen set. The strongly stable criterion, as
made precise later in the paper, implies that the leafwise Delaunay trian-
gulations of the leaves of F associated to the Voronoi sets are transversely
stable, and so can be used to define local affine transverse coordinates,
which are used to define the transverse foliation . Thus, the more geo-
metric construction one obtains in the case where 9t is a minimal set for
a smooth foliation, is extended to the general case of matchbox manifolds,
without assuming any additional regularity on the holonomy maps of F.

While the techniques used are based on “elementary methods”, they
are quite technical. We give effective estimates for the construction of
Delaunay triangulations in the case where the leaves of F are general
Riemannian manifolds, and are not assumed to be Euclidean. This is
required for our construction of “stable” Delaunay triangulations, as the
stability property is fundamentally more subtle in dimensions greater than
two, than for the one and two dimensional cases. This work gives the
construction in full detail, as it does not seem to be dealt with in the
literature, yet is the foundation for a variety of other results.

For each foliated coordinate chart, U; C 90, there is a natural “vertical”
foliation whose leaves are the images of the vertical transversals defined by
the coordinate charts. The problem is that on the overlap of two charts,
these vertical foliations need not match up, as the only requirement on a
foliation chart for F is that the horizontal plaques in each chart “match
up”. The exception is when 907 is given with a fibration structure, then
the coordinates can be chosen to be adapted to the fibration structure,
and so the fibers of the bundle restrict to transversals in each chart which
are compatible on overlapping charts. The idea of our construction is to
subdivide the topological space I by dividing it into “arbitrarily small”
coordinate boxes, where the problems to be solved become “almost linear”.
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The structure of the paper is as follows. First, we present the basic
concepts and dynamical properties of matchbox manifolds as required.
For the preliminary results in sections 3 through section 6, the proofs
are often omitted, as they can be found in [22]. The exception is when
details of the proof or the notations introduced are necessary for later
development, then they are briefly outlined.

Section 3 gives definitions and notations. Then section 4 introduces
the holonomy pseudogroup, and gives some basic technical properties of
holonomy maps. Section 5 recalls important classical definitions from
topological dynamics, adapted to the case of matchbox manifolds, and
gives several results concerning the dynamical properties of matchbox
manifolds. Section 6 develops the analog of foliated microbundles and the
Reeb Stability Theorem for matchbox manifolds. Then in section 7, the
important notion of a transverse Cantor foliation H for F is introduced.

Sections 8 and 9 give the classical constructions of Voronoi and
Delaunay triangulations in the context of Riemannian manifolds. In sec-
tion 10, we extend these concepts from a single leaf, to a “parametrized
version” which applies uniformly to the leaves of a matchbox manifold
M, and introduce the notion of a nice stable transversal. In section 11
we show how to obtain a transverse Cantor foliation using the Delaunay
triangulation derived from a nice stable transversal.

Sections 12 and 13 recall the classical properties of Voronoi tessellations
and Delaunay triangulations in Euclidean space. The goal is to establish
the framework and some estimates that are required in the subsequent
constructions in the Riemannian context.

Sections 14 and 16 develop the “micro-local” Riemannian geometry
of the leaves. The point is to give estimates on the distortion from
Euclidean geometry in the local adapted Gauss coordinate systems, which
are used to choose the radius of charts sufficiently small so that the leaf-
wise Delaunay triangulations will be defined and stable. This development
requires standard results of local Riemannian geometry, as in Bishop and
Crittenden [15] or Helgason [42]. We establish various a priori estimates,
as in section 15, which seem to be unavoidable in order to prove the
stability of the leafwise Delaunay triangulations.

Finally, sections 17 and 18 give the inductive construction for nice
stable transversals. The procedure followed invokes all the previous prepa-
rations, including the constants defined in section 15. The resulting
arguments are the most technical of this work. The paper concludes with
section 19 where we apply these results to prove Theorems 1.1 and 1.3.

We comment on the various notations used in this paper. In general,
roman letters indicate properties of a manifold, such as sets in the leaves.
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Greek letters are used to denote the more conventional notations, such as
the Lebesgue number ¢, or the equicontinuous constant (5(; , or leafwise
estimates such at Ar. Capital script letters generally indicate some set
associated with the leafwise sets, such as the plaque chains Pz(&), or
the simplicial cones Ca(z). Fraktur letters denote sets associated with
the matchbox manifold 9, such as the transversals T; or the Voronoi
cylinders Qz%'

3. FOLIATED SPACES

We introduce the basic concepts of foliated spaces and matchbox man-
ifolds. Further discussion with examples can be found in [19, Chapter
11], [54, Chapter 2] and the papers [21, 22]. Recall that a continuum is a
compact connected metrizable space.

Definition 3.1. A foliated space of dimension n is a continuum 9%, such
that there exists a compact separable metric space X, and for each x €
there is a compact subset T, C X, an open subset U, C 9, and a
homeomorphism defined on the closure ¢, : U, — [—1,1]™ x T, such that
oz(x) = (0, w,) where w, € int(%,). Moreover, it is assumed that each ¢,
admits an extension to a foliated homeomorphism @, : ﬁm = (—2,2)"x %,
where U, C Um

The subspace T, of X is called the local transverse model at x.

Let 7,: Uy — T, denote the composition of p, With projection onto
the second factor.

For w € T, the set P,(w) = 7, (w) C U, is called a plaque for the
coordinate chart ¢,. We adopt the notation, for z € U,, that P,(z) =
Pr(72(2)), so that z € P,(z). Note that each plaque P, (w) for w € T, is
given the topology so that the restriction ¢, : Py(w) — [—1,1]" x {w} is
a homeomorphism. Then int(P,(w)) = ¢, 1((=1,1)" x {w}).

Let U, = int(U,) = ¢, *((—=1,1)" x int(T,)). Note that if z € U, NU,,
then int(P,(z)) Nint(Py,(z)) is an open subset of both P, (z) and P,(z).
The collection of sets

Vz{gogl(Vx{w}erim, weT,,VC(-1,1)" open}

forms the basis for the fine topology of M. The connected components of
the fine topology are called leaves, and define the foliation F of 9. For
x €M, let L, C M denote the leaf of F containing z.

Note that in Definition 3.1, the collection of transverse models
{%; | © € M} need not have union equal to X. This is similar to the
situation for a smooth foliation of codimension ¢, where each foliation
chart projects to an open subset of R?, but the collection of images need
not cover RY.
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Definition 3.2. A smooth foliated space is a foliated space 90t as above,
such that there exists a choice of local charts p,: U, — [-1,1]" x T,
such that for all z,y € 9 with z € U, N Uy, there exists an open set
z € V, C U,NU, such that P,(z) NV, and P,(z) NV, are connected open
sets, and the composition

Va2 = Py O @;1: 02(Pz(2) N V) — (Py(Py(Z> nv)
is a smooth map, where ¢, (P,(2)NV,) C R" x {w} = R™ and ¢, (Py(2) N
V.) CR™ x {w'} = R". The leafwise transition maps 1, 4. are assumed

to depend continuously on z in the C'*°-topology on maps between subsets
of R™.

A map f: MM — R is said to be smooth if for each flow box ¢,: U, —
[~1,1]" x T, and w € T, the composition y — f o ;! (y,w) is a smooth
function of y € (—1,1)", and depends continuously on w in the C*°-
topology on maps of the plaque coordinates y. As noted in [54] and [19,
Chapter 11], this allows one to define smooth partitions of unity, vector
bundles, and tensors for smooth foliated spaces. In particular, one can
define leafwise Riemannian metrics. We recall a standard result, whose
proof for foliated spaces can be found in [19, Theorem 11.4.3].

Theorem 3.3. Let 9 be a smooth foliated space. Then there ezists a
leafwise Riemannian metric for F, such that for each x € M, L, inherits
the structure of a complete Riemannian manifold with bounded geometry,
and the Riemannian geometry of L, depends continuously on x. In par-
ticular, each leaf L, has the structure of a complete Riemannian manifold
with bounded geometry. O

Bounded geometry implies, for example, that for each z € 9, there is
a leafwise exponential map exp? : T, F — L, which is a surjection, and
the composition exp? : T, F — L, C 9 depends continuously on x in the
compact-open topology on maps.

Definition 3.4. A matchboxr manifold is a continuum with the structure
of a smooth foliated space 9, such that the transverse model space X is
totally disconnected, and for each x € M, T, C X is a clopen subset.

All matchbox manifolds are assumed to be smooth with a given leafwise
Riemannian metric.

3.1. Metric properties and regular covers. We first establish the lo-
cal properties of a matchbox manifold, which are codified by the definition
of a regular covering of 9. One particular property to note is the strong
local convexity for the plaques in the leaves.

Another nuance about the study of matchbox manifolds, is that for
given x € 9, the neighborhood U, in Definition 3.1 need not be “local”.
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As the transversal model T, is totally disconnected, the set U, is not
connected, and a priori its connected components need not be contained
in a suitably small metric ball around x. The technical procedures de-
scribed in detail in [22, §2.1 - 2.2] ensure that we can always choose local
charts for 91 to have a uniform locality property, as well as other metric
regularity properties as discussed below.

Let dogn: 9 x M — [0, 00) denote the metric on M, and dx: X x X —
[0, 00) the metric on X.

For x € M and € > 0, let Don(x,€) = {y € M | dom(z,y) < €} be the
closed e-ball about = in 9, and Box(z,€) = {y € M | dom(x,y) < €} the
open e-ball about z.

Similarly, for w € X and € > 0, let Dx(w,e) = {w’ € X | dx(w,w’) < €}
be the closed e-ball about w in X, and Bx(w,€) ={w' €% | dx(w,w’) < €}
the open e-ball about w.

Each leaf L C 991 has a complete path-length metric, induced from the
leafwise Riemannian metric:

dr(z,y) = inf{||y|||~:[0,1] = L is piecewise C' ,
YO =z,~v1)=y,vt) el Y0<t<1}

where ||| denotes the path-length of the piecewise Cl-curve v(t). If
x,y € M are not on the same leaf, then set dr(z,y) = oco. For each
xe€Mand r >0, let De(z,r)={y € L, | dr(z,y) <7}

Note that the metric doy on 9t and the leafwise metric d» have no
relation, beyond their relative continuity properties. The metric dgy is
essentially just used to define the metric topology on 91, while the metric
dr depends on an independent choice of the Riemannian metric on leaves.

For each z € M, the Gauss Lemma implies that there exists A, > 0
such that Dx(x, \;) is a strongly convexr subset for the metric dz. That
is, for any pair of points y,y" € Dx(x, ;) there is a unique shortest
geodesic segment in L, joining y and ¢’ and contained in Dx(z, \;) (cf.
[28, Chapter 3, Proposition 4.2], or [42, Theorem 9.9]). Then for all
0 < A < A, the disk Dg(z, A) is also strongly convex. As 9 is compact
and the leafwise metrics have uniformly bounded geometry, we obtain:

Lemma 3.5. There exists Ax > 0 such that for allx € M, Dr(x, \x) is
strongly convex.

If F is defined by a flow without periodic points, so that every leaf is
diffeomorphic to R, then the entire leaf is strongly convex, and Ax > 0
can be chosen arbitrarily. If the leaves have dimension n > 1, the constant
Ar must be less than one half the injectivity radius of each leaf.

The following proposition summarizes results in [22, §2.1 - 2.2].
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Proposition 3.6. [22] For a smooth foliated space M, given esy > 0,
there exist A\x > 0 and a choice of local charts p,: Uy — [-1,1]" x T,
with the following properties:

(1) For each x € M, U, = int(U,) = ;1 ((—1,1)" x Bx(ws, €.)),
where €, > 0.

(2) Locality: for all x € M, each U, C Box(z, €am)-

(3) Local convezity: for all x € M the plaques of ¢, are leafwise
strongly convex subsets with diameter less than Ax/2. That is,
there is a unique shortest geodesic segment joining any two points
i a plaque, and the entire geodesic segment is contained in the
plaque.

A regular covering of 9 is one that satisfies these conditions.

By a standard argument, there exists a finite collection {z1,...,2,} C
M where @, (z;) = (0,w,,) for w,, € X, and regular foliation charts
0z, Ug, — [=1,1]" x T, satisfying the conditions of Proposition 3.6,
which form an open covering of 9. Moreover, without loss of generality,
we can impose a uniform size restriction on the plaques of each chart.
Without loss of generality, we can assume there exists 0 < 55,: < Ar/4
so that for all 1 < ¢ < v and w € F; with plaque “center point” z, =
©2.1(0,w), then the plaque for ¢, through z,, satisfies the uniform esti-
mate of diameters:

(31) Df(xw,dﬁ/Q) C 'Pi(CU) C D]:(xw,ézf).

For each 1 < i < v the set T, = w;l(O,‘Ii) is a compact transversal to
F. Again, without loss of generality, we can assume that the transversals
{T21,- -, Tz, } are pairwise disjoint, so there exists a constant 0 < ey < &7}
such that

(32)  dr(zy)>e forx#y,v€Ty,yeTy , 1<i,j<v.

In particular, this implies that the centers of disjoint plaques on the same
leaf are separated by distance at least e;.

Given a fixed choice of foliation covering as above, we simplify the
notation as follows. For 1 < i < v, set U; = Ux” Ui =Us,, and ¢ = €,.
Let U = {Uy,...,U,} denote the corresponding open covering of 9, with
coordinate maps

Vi = Pg,; - ﬁz — [—1,1]” X T , Ty = Wxi:Ui — %, A ﬁz — [—l,l]n.
For z € U, the plaque of the chart ¢; through z is denoted by P;(z) =

Pi(mi(2)) C U;. Note that the restriction \;: P;(z) — [~1,1]" is a home-
omorphism onto. Also, define sections

(3.3) 7i: T; — U; , defined by 7,(¢) = @[1(0,5) , so that m;(7;(§)) = &
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Then 7; = T,, is the image of 7; and we let 7 =71 U---UT, C 9 denote
their disjoint union.

Let €, =%, U---UT, C X; note that ¥, is compact, and if each T;
is totally disconnected, then ¥, will also be totally disconnected.

We assume in the following that a finite regular covering U of 9 as
above has been chosen.

3.2. Foliated maps. A map f: D — 9 between foliated spaces is said
to be a foliated map if the image of each leaf of F is contained in a leaf of
F'. If M is a matchbox manifold, then each leaf of F is path connected,
so its image is path connected, hence must be contained in a leaf of F.

Lemma 3.7. Let M and I’ be matchbox manifolds, and h: M — M
a continuous map. Then h maps the leaves of F' to leaves of F. In
particular, any homeomorphism h: 9 — M of a matchbor manifold is a
foliated map. O

A leafwise path, or more precisely an F-path, is a continuous map
~v:[0,1] — 91 such that there is a leaf L of F for which ~(¢) € L for all
0 <t < 1. If M is a matchbox manifold, and «: [0,1] — 9% is continuous,
then ~ is a leafwise path.

3.3. Local estimates. We next introduce a number of constants based
on the above choices, which will be used throughout the paper when
making metric estimates.

Let ¢4 > 0 be a Lebesgue number for the covering /. That is, given
any z € 9 there exists some index 1 < i, < v such that the open metric
ball Bgm(z, Ez,{) C Uiz~

The local projections 7;: U; — ¥, and sections 7;: T; — U; are con-
tinuous maps of compact spaces, so admit uniform metric estimates as
follows.

Lemma 3.8. [22] There exists a continuous increasing function p. (the
modulus of continuity for the projections ;) such that for all1 < i <wv
and x,y € U;,
(34) don(z,y) < pr(e) = dx(mi(z),mi(y)) <e.
Proof. Define p,(€) to be
min {e, min {dm(z,y) |1 <i<v, 2,y € U; , dx(m(z),m(y)) > €} }.
O

Lemma 3.9. [22] There exists a continuous increasing function p, (the
modulus of continuity for the sections ;) such that for all 1 <i < v and
w,w €T,

(3.5) dx(w,w") < pr(e) = dom(mi(w), 7:(w")) <€ .
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Proof. Define p,(¢) to be
min {e, min {dx (w,w") |1 <i<v, w,w' €%, , dn(ri(w), 7(w")) > €}}.

|
Introduce two additional constants, derived from the Lebesgue number

€y chosen above. The first is derived from a ‘“converse” to the inodulus

function p,. For each 1 < ¢ < v, consider the projection map 7;: U; — %;,

then introduce the constant

e/ = max{e|V zeU,; with Dop(z,ey/2) C U,
Dx(mi(x),€) C m (Don(z,e/2))}

which measures the distance from €, /2-interior points of U; to the exterior

of their transverse projection to ¥;. Then let

(3.6) GZ:min{eZ|V1§i§V}.

Note that by (3.5) we have the estimate ¢/, > p, (€/2).
For y € 9 recall that Dz(y,€) is the closed ball of radius € for the

leafwise metric. Introduce the “leafwise Lebesgue number” 65 ,
;(y) = max{e| Dr(y,€) C Dam(y,eu/4)}
(3.7 e = min{e,(y)| Vyem}

Thus, for all y € M, Dx(y,€/;) C Do (y, eu/4). Note that for all r > 0
and z' € Dz(z,€f;), the triangle inequality implies that Den(2',7) C
Dop(z,r + e /4).

4. HOLONOMY OF FOLIATED SPACES

The holonomy pseudogroup of a smooth foliated manifold (M, F) gen-
eralizes the induced dynamical systems associated to a section of a flow.
The holonomy pseudogroup for a matchbox manifold (90, F) is defined
analogously, although there are delicate issues of domains which must be
considered. See the articles by Haefliger [40], and also by Hurder [44], for
a discussion of these and related topics.

The properties of the holonomy pseudogroup of a matchbox manifold
are fundamental to its study, as they reflect the degree to which the leaves
of F are intertwined, and so the lack of a global product structure for 9.
This is a factor in all of the constructions later.

A pair of indices (i,7), 1 < 4,5 < v, is said to be admissible if the
open coordinate charts satisfy U; N U; # 0. For (i,j) admissible, define
D, =m(U;NU;) C T; C X. The regularity of foliation charts imply that
plaques are either disjoint, or have connected intersection. This implies
that there is a well-defined homeomorphism h; ;: ©; ; — 9, ; with domain
D(h;,;) =9, , and range R(h;;) = ©;,. Note that the map h,; admits
a continuous extension to a local homeomorphism on the closure of its
domain, hj;: D; ; — D; ;.
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The maps Q(}}) = {h;; | (i,j) admissible} are the transverse change
of coordinates defined by the foliation charts. By definition they satisfy
hi; = Id, h_- = hj,, and if U; NU; N Uy # 0 then hyj o hj; = hi; on
their common domain of definition. T he holonomy pseudogroup G of F
is the topological pseudogroup modeled on X generated by the elements
of GU.

A sequence T = (ig,41,...,1q) is admissible, if each pair (ig_1,i¢) is
admissible for 1 < ¢ < «, and the composition
(4.1) hr = h;

Tasla—1

o "Oh'

11,%0

has non-empty domain. The domain D(hz) is the mazimal open subset
of ©;,.4, C %y, for which the compositions are defined.

Given any open subset U C D(hz) we obtain a new element hz|U € Gr
by restriction. Introduce

(4.2) G7 = {hz|U | T admissible & U C D(hz)} C GF .

The range of ¢ = hz|U is the open set R(g) = hz(U) C %;, C X.
Note that each map g € G» admits a continuous extension to a local
homeomorphism g: D(g) — R(g) C %,

The orbit of a point w € X by the action of the pseudogroup Gr is
denoted by

(4.3) O(w) = {g(w) | g € G5 , we D(g)} C Z.
Given an admissible sequence Z = (ig, %1, ..,iq) and any 0 < ¢ < q,
the truncated sequence Z, = (ig,i1,...,%¢) is again admissible, and we

introduce the holonomy map defined by the composition of the first £
generators appearing in hz,

(4'4) hIz = hiz7izf1 0--+0 hihio :

Given ¢ € D(hz) we adopt the notation § = hz,(§) € %;,. So & = £ and
hI(E) = &a-

Given € € D(hg), let ¢ = 29 = 7;,(§0) € L;. Introduce the plague
chain

(4.5) Pz(§) = {Piy(€0), Piy (&1)s - -+, Pin (o)} -

Intuitively, a plaque chain Pz () is a sequence of successively overlapping
convex “tiles” in Lg starting at xo = 7;,(&o), ending at z, = 7;_ (£a), and
with each P;, (&) “centered” on the point z, = 7;,(&).

Recall that P;,(x¢) = P;,(&¢). Correspondingly, set Pz(z) = Pz(§).
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4.1. Leafwise path holonomy. A standard construction in foliation
theory, introduced by Poincaré for sections to flows, and developed for
foliations by Reeb [60] (see also [39], [18], [19, Chapter 2]) associates to
a leafwise path v a holonomy map h,. We describe this construction,
paying particular attention to domains and metric estimates.

Let Z be an admissible sequence. For w € D(hz), (Z,w) covers ~ if
the domain of v admits a partition 0 = sg < $1 < -+ < s, = 1 such that
the plaque chain Pz(w) = {P;,(wo), Pi, (w1), ..., Ps, (wa)} satisfies
(4.6)

Y([s¢, Se41]) Cint(Pi,(we)) , 0 <L <a, & (1) € int(P;, (wa)).

It follows that wg = 7, (7(0)) € D(hz).
Given admissible sequences, Z = (ig, i1, - - -, io) and J = (jo, j1,---,J8)
for which (Z,w) and (J,v) cover the leafwise path ~: [0,1] — 90, then

~v(0) € int(Pi, (wo))Nint(Pj, (vo)) , (1) € int(Pi, (wa))Nint(Pj, (vs)).

Thus both (0, jo) and (i, jg) are admissible, and vy = hj, i, (wo), Wa =
hi, js(vg). The proof of the following can be found in [22].

Proposition 4.1. The maps hz and h;, j, o hy o hj, 4, agree on their
common domains. O

4.2. Admissible sequences. Given a leafwise path v: [0,1] — 9, we
next construct an admissible sequence Z = (ig, i1, .. ., i) With w € D(hz)
so that (Z,w) covers v, and has “uniform domains”.

Inductively, choose a partition of the interval [0,1], 0 = sp < s1 <
-+ < 84 = 1 such that for each 0 < ¢ < «, ¥([s¢, $¢41]) C Dr(we, €f;)
where xy = v(s¢). As a notational convenience, we have let so41 = S4, SO
that ¥([Sa, Sa+1]) = Za. Note that we can choose spi1 to be the largest
value such that dz(v(s¢),v(t)) < ¢, for all sy <t < sp41. Thus, we can
assume o < 1+ [|v||/€7.

For each 0 < ¢ < a, choose an index 1 < iy < v so that By (zs,€y) C
U;,. Note that, for all sy < t < sp41, Bm(y(t),€e/2) C U;,, so that
xoy1 € Uy, NU;,,,. It follows that Z, = (ig,i1,...,is) is an admissible
sequence. Set h, = hz . Then h,(w) = w’, where w = m;,(2o) and
w = (Ta).

The construction of the admissible sequence Z, above has the impor-
tant property that hz is the composition of generators of Gz which have a
uniform lower bound estimate eZ,— on the radii of the metric balls centered
at the orbit, which are contained in their domains, with eZ; independent
of 7. To see this, let 0 < ¢ < «, and note that 2,41 € Dr(zps1,€;)
implies that for some sy < sy, ; < s¢41, we have that y([sy,,,se41]) C
Dz (x441,€). Hence,

(4.7) Bon(y(t),eu/2) C U;, NU;,,, , forall sy, <t < spqq.



VORONOI TESSELLATIONS FOR MATCHBOX MANIFOLDS 183

Then for all szﬂ <t < spy1, the uniform estimate defining eZZ > 0 in
(3.6) implies that

(4'8) B-'f(ﬂ—iz (’7(0)7627/{—) C ;Diz’iz-u & Bx(wiu-l (’Y(t))’el?{—) - :Diz-u,iz'

For the admissible sequence Z, = (ig,41,.-.,%q), recall that x;, = v(s¢)
and we set wy = 7;,(2¢). Then by the definition (4.1) of hz the condition
(4.8) implies that Dx(wy, ¢/;) C D(hy).

The above construction has a converse, which associates to an admis-
sible sequence a leafwise path. Let Z = (i, 41, .. .,%,) be admissible, with
corresponding holonomy map hz, and choose w € D(hz) with z = 7, (w).

For each 1 < ¢ < a, recall that Z, = (ig, i1, ...,%s), and let hz, denote
the corresponding holonomy map. For £ = 0, let Zg = (ig,%0). Note that
hz, = hz and hg, = Id: Ty — %o.

For each 0 < ¢ < «, set wy = hz,(w) and zy = 74, (wg). By assumption,
for ¢ > 0, there exists z¢ € Pr—1(we—1) N Pe(wy).

Let v¢: [(£ — 1)/, £/a] = Ly, be the leafwise piecewise geodesic seg-
ment from z,_; to z; to zy. Define the leafwise path v%: [0,1] — Ly,
from z( to x, to be the concatenation of these paths. If we then cover v7
by the charts determined by the given admissible sequence Z, it follows
that hz = h.z.

Thus, given an admissible sequence Z = (ig, i1, . ..,%y) and w € D(hz)
with w’ = hz(w), the choices above determine an initial chart ¢;, with
“starting point” x = 7;,(w) € U;, C 9. Similarly, there is a terminal
chart ¢;, with “terminal point” z’ = 7, (w’) € U;, C 9. The leafwise
path 7% constructed above starts at x, ends at 2/, and has image contained
in the plaque chain Pr(x).

On the other hand, if we start with a leafwise path ~: [0,1] — N,
then the initial point 2 = v(a) and the terminal point 2’ = (b) are both
well-defined. However, there need not be a unique index jy such that
r € Uj, and similarly for the index jz such that 2’ € U;,. Thus, when
one constructs an admissible sequence J = (jo, . . ., jg) from 7, the initial
and terminal charts need not be well-defined. That is, in fact, the essence
of Proposition 4.1, which proved that

hI‘U:hiij Ohjohj07io|U fOI' U:D(hz)ﬂD(hiijohjohjoﬁio) .
We conclude this discussion with a trivial observation, and an applica-
tion which yields a key technical point, that the holonomy along a path
is independent of “small deformations” of the path.
The observation is this. Let Z = (ig,%1,...,in) be admissible, with
associated holonomy map hz. Given w,u € D(hz), then the germs of
hz at w and u admit a common extension, namely hz. Thus, if v, /'

are leafwise paths defined as above from the plaque chains associated to
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(Z,w) and (Z,u) then the germinal holonomy maps along v and 4’ admit
a common extension by Proposition 4.1. This is the basic idea behind the
following technically useful result.

Lemma 4.2. [22] Let v,7": [0,1] — 9 be leafwise paths. Suppose that
2= (0),a' = 7'(0)€ Uy and y= 4(1),5' = 7'(1) € Uy. If dm(3(1),7' (1)) <
eu/4 for all 0 <t <1, then the induced holonomy maps h., h agree on
their common domain D(h,) N D(hy) C %;. In particular, if curves
v, are sufficiently close, then they define holonomy maps which have a
common extension.

4.3. Homotopy independence. Two leafwise paths v,7': [0,1] — 9
are homotopic if there exists a family of leafwise paths ~4: [0,1] — 9
with 79 = v and v; = /. We are most interested in the special case when
7(0) = 4/(0) = 2 and v(1) = /(1) = y. Then v and +" are endpoint-
homotopic if they are homotopic with v4(0) = = for all 0 < s < 1,
and similarly v5(1) = y for all 0 < s < 1. Thus, the family of curves
{7s(t) | 0 < s < 1} are all contained in a common leaf L,. The following
property then follows from an inductive application of Lemma 4.2:

Lemma 4.3. [22] Let v,v": [0,1] — 9 be endpoint-homotopic leafwise
paths. Then their holonomy maps h, and h. agree on some open sub-
set U C D(hy) N D(hy) C Zy. In particular, they determine the same
germinal holonomy maps. O

Here is another consequence of the strongly convex property of plaques:
Lemma 4.4. (22| Suppose that v,~": [0,1] — M are leafwise paths for
which v(0) =+'(0) = z and v(1) =+/(1) = 2/, and suppose that

dom (7(t), 7' (t)) < ey /2 for all a <t <b.
Then v,7': [0,1] = 9 are endpoint-homotopic. O

Given g € G5 and w € D(g), let [g],, denote the germ of the map g at
w € T, Set

(4.9) I't ={lglw |9 €GF, we D(g), g(w)=w}.

Given z € U; with w = m;(x) € T, the elements of I'} form a group, and
by Lemma 4.3 there is a well-defined homomorphism hz ,: m1(Lg, ) —
I'"Z which is called the holonomy group of F at x.

4.4. Non-trivial holonomy. Note that if y € L, then the homomor-
phism hr, is conjugate (by an element of G3) to the homomorphism
hrz. A leaf L is said to have non-trivial germinal holonomy if for
some z € L, the homomorphism hr , is non-trivial. If the homomor-
phism hr, is trivial, then we say that L, is a leaf without holonomy.
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This property depends only on L, and not the basepoint x € L. The
foliated space 9 is said to be without holonomy if for every x € M, the
leaf L, is without germinal holonomy.

Lemma 4.5. [22] Let M be a foliated space, and L, a leaf without ho-
lonomy. Fiz a regular covering for 9 as above, and let w € ¥, be the
local projection of a point in L,. Given plaques chains Z, J such that
w € Dom(hz) N Dom(hy) with hz(w) = w' = hy(w), then hz and hy
have the same germinal holonomy at w. Thus, for each w' € O(w) in the
G% orbit of w, there is a well-defined holonomy germ hy ..

Proof. The composition g = h}l ohz satisfies g(w) = w, so by assumption
there is some open neighborhood w € U for which g|U is the trivial map.
That iS, hI‘UZhj|U |

Recall a basic result of Epstein, Millet and Tischler [30] for foliated
manifolds, whose proof applies verbatim in the case of foliated spaces.

Theorem 4.6. The union of all leaves without holonomy in a foliated
space M is a dense Gs subset of M. In particular, there exists at least
one leaf without germinal holonomy. O

5. DYNAMICS OF MATCHBOX MANIFOLDS

Many of the concepts of dynamical systems for flows (and more gen-
erally group actions) on a compact manifold admit generalizations to the
foliation dynamics associated to a matchbox manifold, by considering the
leaves of F in place of the orbits of the action. See [44] for a discussion
of this topic. We first recall several important classical definitions from
topological dynamics, adapted to the case of matchbox manifolds, and
several results concerning their dynamical properties from [22].

Definition 5.1. The holonomy pseudogroup Gr of F is equicontinuous
if for all € > 0, there exists § > 0 such that for all g € G, if w,w’ € D(g)
and dx(w,w’) < ¢, then dx(g(w), g(w')) < e.

Definition 5.2. The holonomy pseudogroup Gz of F is expansive, or
more properly e-expansive, if there exists ¢ > 0 such that for all w,w’ €
%, there exists g € Gr with w,w’ € D(g) such that dx(g(w), g(w’)) > e.

Equicontinuity for G gives uniform control over the domains of arbi-
trary compositions of generators.

Proposition 5.3. [22] Assume the holonomy pseudogroup Gr of F is
equicontinuous. Then there exists 627; > 0 such that for every leafwise
path v: [0,1] — 9, there is a corresponding admissible sequence I, =
(i0,i1,. .., ia) S0 that Bx(wo,8)) C D(hz,), for x = ~(0), wo = i, ().
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Moreover, for all 0 < €1 < EZ; there exists 0 < 61 < 52; independent of
the path vy, such that hz (Dx(wo,d1)) C Dx(w', e1) where w’ = m;, (v(1)).
Thus, G% 1is equicontinuous as a family of local group actions.

Recall that a foliated space 9 is minimal if each leaf L C 90 is dense.
The following is an immediate consequence of the definitions.

Lemma 5.4. The foliated space 9 is minimal if and only if O(w) is
dense in T, for allw € T,.

The following result is, at first glance, very surprising. It has been
previously shown for flows [1] and R™-actions [20]. The proof of it is
given in detail in [22, §4.1], and fundamentally uses the conclusions of
Proposition 5.3.

Theorem 5.5. [22] If 9 is an equicontinuous matchbox manifold, then
M is minimal.

It is well-known that an equicontinuous action of a countable group
I" on a Cantor set K admits a finite [-invariant decomposition of K into
clopen subsets with arbitrarily small diameter. In [22, section 6] the
corresponding result for equicontinuous pseudogroup actions is shown.

Theorem 5.6. [22] Let M is an equicontinuous matchbor manifold, and
wo € T. a basepoint. Then there exists a descending chain of clopen
subsets
C‘/ZJrl CWC ...Vocf*

such that for all £ > 0, wy € V; and diamx(V;) < 55/25.

Moreover, each V; is Gr-invariant in the following sense: if v is a
path with initial point «v(0) € Vi, then the holonomy map h., satisfies
Vi C Dom(hy), and if hy(Ve) N Ve # 0, then hy(Vy) = V4. O

It follows that the collection {h~(Ve)|~(0) € Vi} of subsets of the
transverse space T, forms a finite clopen partition, and these sets are
permuted by the action of the holonomy pseudogroup.

If the action of the pseudogroup Gr is expansive, then the domains
of arbitrary compositions of generators for its holonomy typically do not
admit uniform estimates as in Proposition 5.3. However, the compactness
of M implies there is a uniform estimate on the size of the domain of a
holonomy map formed from a bounded number of compositions used to
define it. Recall that the path length in the dx metric of the piecewise
Cl-curve v(t) is denoted by [|7]|.

Proposition 5.7. For each ¢ > 0 and r > 0, there exists 0 < §(e,r) < €
so that for any piecewise smooth leafwise path ~: [0,1] — 9 with ||y] <
r, then there exists an admissible sequence T = (ig,i1,...,1q) such that
(Z,w) covers v with:
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(1) wo =m;,(7(0)) € D(hz) and Dx(wo,d(e,r)) C D(hz);
(2) hz(Dx(wo,d(e,7))) C Dx(w',€) where w' = m;_(y(b)).

Proof. By the arguments of section 4, there exists an admissible sequence
T = (i, i1, - -,ia) With w € D(hz) and a < 1+ ||v||/ef; < 1+47/¢f; where
€/, > 0 is defined by (3.7).

We estimate the size of the domain D(hz). For each 0 < £ < «, we have
v([s¢, se+1]) C Dx(ap, 6{;) where z;, = v(s¢). Moreover, for the associated
admissible sequence Z, = (ig, %1, .- ,%q), we have that for all 0 < ¢ <1,
Bgy(’}/(t), %Gu) C Uiz-

The proof will be by downward induction. Let w;, = m;,(zs) and
set Zp = (ig,i1,...,4¢) with corresponding holonomy map hz,. Then
hz,(wo) = we. Let hy = hy,, 5, so that hyo hz, = hz,, .

For every admissible pair (,j) the holonomy homeomorphism h;; is
uniformly continuous as it has compact domain. Since there is only a
finite number of distinct non-empty intersections U; N Uj, for every € > 0
there exists a 0 < 6. < e such that for every admissible pair (4,7) if
w,w’ € D(h;;) and dx(w,w’) < ¢ then dx (hj;(w), hj(w")) <e.

Recall €/, > 0 as defined by (3.6). Given € > 0, set €, = min{e/, /2, €}.
Now proceed by downward induction. For 0 < ¢ < « assume that ¢,
has been defined. Then denote d; = J., and e,_; = &, as defined using
equicontinuity as above.

By the choice of the covering of the admissible sequence Z, we have
Dx(we,€/;) € D(he) and so Dx(wy,8¢) C D(hs), and by the choice of
we have Dx(wg,d¢) C D(hgo hpy10---0h,). Then d(e,r) = d; satisfies
the required conditions. ([l

6. FOLIATED MICROBUNDLES AND REEB STRUCTURE
THEOREM

The strategy of our construction of the transverse foliation H begins
with the choice of a compact, path-connected region K C L of a leaf L,
such that the holonomy along closed paths in K is trivial. In this section,
we discuss how this assumption implies there is a “thickening” of K to a
foliated neighborhood of K in 9. In later sections, we establish that for
such a thickening, if it is sufficiently “thin”, then there exists a transverse
Cantor foliation defined on it.

The existence of a foliated open neighborhood of a compact subset K
follows from the analog of the Reeb Stability Theorem, which is one of
the fundamental results of foliation theory for smooth manifolds [18, 19,
60, 69]. The most general version of these ideas is formulated in terms of
the “foliated microbundle” associated to the holonomy covering of a leaf
in a foliated space. (See Milnor [52] for a discussion of the concept of
foliated microbundles for manifolds). This general formulation admits a
generalization to matchbox manifolds, as described below.
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6.1. Non-trivial holonomy. Recall that we assume there is a fixed reg-
ular covering U for M, as in Proposition 3.6 which we can assume to be
finite. Assume there is given a fixed transversal base-point wy € int(%7)
and let Lo be the leaf through ¢ = 74 (wo) € Uy. Let hr gy : m1(Lo, x0) —
I'° denote the transverse holonomy representation, where (4.9) defines
the group I'Z" of homotopy classes of closed paths based at x.

Since the map hr 5, is a homomorphism, its kernel Gy C 71 (Ly,, x0) is
a normal subgroup, and we let I1: Lo — Lo denote the normal (holonomy)
covering associated to Gy. The leafwise Riemannian metric dz on Lg lifts
to a Riemannian metric dz on EO such that II is a local isometry.

Choose Zo € Ly such that 7(Zy) = zo. By definition, given any closed
path 7: [0,1] — Lo with basepoint 7o = ¥(0) = F(1), the image of ¥
in Lo has trivial germinal holonomy as a leafwise path in 9t. Then the
transverse holonomy map defined by a path 7 in Zo starting at Tg is
determined by the endpoint (1).

We next select a collection of points in EO which are sufficiently dense,
so that homotopy classes of paths between the points capture all of the
holonomy defined by the leaf L.

Definition 6.1. Let (X, dx) be a complete separable metric space. Given
0 < e; < ey, asubset M C X is a (e, e2)-net, or Delaunay set, if:

(1) M is ej-separated: for all y # 2z € M, e; < dx(y, 2);
(2) M is eg-dense: for all x € X, there exists some z € M such that
dx(z,z) < es.

Next, we construct a (eg,es)-net in the given leaf Ly in accordance
with the constants defined in section 3. Recall that €/, defined by (3.7)
was chosen so that every leafwise disk of radius eljj is contained in a
metric ball of M of radius /4. That is, for all y € M, Dr(y,€f,) C
Don(y, eu/4). Let es = €/, /4, then choose My C Lo an (e1,ez)-net for
Ly for some 0 < e; < es. We can assume without loss of generality that
xo € Mp. Condition (6.1.2) implies that the collection of leafwise open

disks {Br(2,€//2) | 2 € My} is an open covering of L.

6.2. Delaunay sets and covers of 9. For each z € My, choose an
index 1 <, <w so that Bon(z,€y) C U;,. Without loss of generality, we
can assume that Bon (o, €) C Up. Then note that for all 2’ € Dx(z,€])),
we have 2’ € Don(z, €4/4) so the triangle inequality implies that

(61) D]:(Z/,GZ];) C Dm(ZI,EM/4) C ng(Z,Ez,{/Q) C Bgﬁ(z,q,{) C Uz’z~

Lemma 6.2. If the leaf Lo is dense, then the collection {U;_ | z € My}
is a covering of MM with Lebesgue number €4 /2.
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Proof. Lety € M, then Ly is dense so there exists y' € Lo with dop(y,y') <
eu/4. Let z € Moy with dx(y',z) < ex = ¢/, /4. Then y' € Dop(z,/4)
by (3.7), hence y € Bon(z,€e/2) C U;, by (6.1).
Next, we show that €,/2 is a Lebesgue number for this covering. Let
" € Bon(y, eu/2) then the above implies that y” € Bon(z,€y) C U;. by
the choice of i, above. Thus, B (y, e4/2) C U,,. O

6.3. Foliated microbundle. We construct the foliated microbundle
associated to the choices made above. Choose Zy € Mvo with II(zy) =
x9 € My, and let Mvo = II"1(M,) which is a (ey, es)-net for ZO for the
Riemannian metric lifted from Ly. The points of Mvo are denoted by Z,
where Z is a lift of z € M. The idea is to associate to each Zz, a disjoint
copy of the foliation chart U;, then form the union for all z € Mvo with
appropriate identifications.

For each Z € My, set Uz = U;. x {Z}. For (z,%) € Us define I1: Uz —
U;, by I(z,2) = .

The leafwise plaques for Us are defined by Pz(7) = P;_ () x {Z} for
7= (2,2) € Us

In the case where & € P;_(z), then 73~(~) is identified with the plaque
of Ly containing Z, so the collection {P5(2) | Z € Mo} are open sets in
Lo. In fact, as D; (z ;) C P (%) for each 7 € M, this is an open

covering of Lo. One thinks of the plaques 73~(~) as “convex tiles”, and

the collection {Pz(2) | Z € Mo} as a “tiling” of Ly. The interiors of the
plaques need not be disjoint, so this is not a proper tiling in the usual
sense (for example see [6, 13], or [19, §11.3.C]).

Definition 6.3. The foliated microbundle over EO is the space

(6.2) MW= J U / ~

ze./,\\/l/o
where § € Uz and § € Uy are identified if TI(7) = IL(7') and Pz(2) N
P (%) # 0. The connected components of Mg are the leaves of a foliation
denoted by F.

Informally, the space ‘:ﬁo is simply the union of copies of all flow boxes
associated as above to the points z € Mvo and identified in the obvious
way to obtain an “open normal neighborhood” of ZO.

For each z € /Wo, the composition Pz = @;, oIl l7~ = [-1,1]" x T3
defines a coordinate chart on ‘ﬂo, making it into a foliated space with
foliation denoted by F. Let 7z: Us — T5 be the normal coordinate, and
Xs: Uz — [~1,1]" be the leafwise coordinate.
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The foliated microbundle ‘ﬁo provides a uniform setting for the
holonomy maps of paths in the leaf LO Introduce the transversals to
F which are the lifts of the transversals to F, where for each z € Mo,
let Tz = T,;. x {Z}. Given Z € My, subset V C Tz and £ € [—1,1]",
obtain a local section for F by

(6:3)  Tee:V = Uz, Trelw) = @5 (6 w) = (9 (€ w), 2).

Note that while the core leaf LO of the foliated microbundle 9”(0 is a
regular covering of the leaf Ly C 9, the pI‘O_]eCthH of other leaves L of F
may not be coverings, as the leaves of F may “escape” from the flow boxes
defining ‘fto. If the groupoid G% has equicontinuous dynamics, then with
a suitable choice of transversals, the leaves of F in ‘)N’to are all coverings of
leaves of F in 9. We show this, but require a technical aside.

A path 7:[0,1] — Lo is said to be nice, if there exists a partition
a =8y <81 <-+ < 8y = bsuch that for each 0 < ¢ < «, the restriction
i [se, Sev1] — EO is a geodesic segment between points z; = Y(s¢), Zp+1 =
?(854.1) € Mo with d]:(zg, 554_1) < 615 Then j: = (EO; .. Ea) is an
admissible sequence for F, and Z = (iz,, .. ., iz, ) is an adm1ss1ble sequence
for F. The sequence 7 defines the holonomy maps h for ]-" and 7 defines
the holonomy map hz for F. Clearly, hI is just the lift of hz, and hz is the
holonomy map for the leafwise path v = Il o 4 constructed in section 4.
As before, we note that h depends only on the endpoints of Z. For
z € Mo let h denote the holonomy along some nice path 75 from g
to z, considered as a transformation of the space ‘S which is the disjoint
union of the local transversals 3. Let hz denote the holonomy along the
path Yz = IIo ﬁg.

6.4. Equicontinuous matchbox manifolds and Thomas tubes. If
I is an equicontinuous matchbox manifold, then for any € > 0, let V; C
%1 be a clopen set with wg € V; and diamzx (V;) < € given by Theorem 5.6.

For h, € G% with V; C D(hy), set V,” = h, (V). Then either V' =V}
or V;) NVy = 0, and the set {V," | Vo € D(h,) , v € G5} is a clopen
partition of ‘SE*V

For Z € M, there is a nice path s from Zzj to Z which defines a
holonomy map denoted by hz = h... Then for Z € M, define

(64)  Vez=hz(V) CTie, Vor = ha(Vi) = Vi x {7} C T5 .
The union of the sets Vp 7 is the saturation of V; under the action of the

pseudogroup G5, and hence it forms a clopen partition of T.. Introduce
the local coordinate chart saturations of these sets:

(6.5) W=7 (Vi) C Ui, Wz =W x {2} C Upz -
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Then ilyg is the union of the plaques in U;. through the points of Voz.

Definition 6.4. The Thomas tube associated with V; is the subset of the
microbundle 9y,

(6.6) NV = |J We c M.
zeMo

This construction generalizes that used by Thomas for equicontinuous
flows in [70], hence the name.

The image II(N(V;)) C M is the saturation by F of the clopen set V7,
hence II(M(V;)) = M. Note that each leaf L of F in 9(V;) has no holo-
nomy and is properly embedded by construction, though the projection
L in M of L is recurrent, as F is minimal by Theorem 5.5.

In terms of shape theory, the above shows that an equicontinuous
matchbox manifold admits a shape approximation of diameter less than
¢ which is the image of the foliated space (V).

6.5. Reeb neighborhoods of compact sets. For the general case,
where G% is not assumed to be equicontinuous, we require a modifica-
tion of the above construction.

Let Lo C 2 be a leaf, and K C Ly a proper base with zy € K, as
in Definition 1.2. Then by assumption, K is a union of closed plaques in
the foliation charts {U; | 1 < i < v} and there exists K C Lo which is
a connected compact subset of the holonomy covering II: Lo — Ly, such
that K = II(K). Choose a basepoint Zg € KN M, with zy = I1(Zp). Note
that K N ./\/lo is finite.

Suppose we are given a clopen neighborhood zy € V,, C ¥, then for
each Z € Mvo there is a well-defined holonomy map hz = h,. where vz
is a path in K from % to Z. As above, if V., C D(hz) then we define
Vz = hz (V).

For the general case, there is no expectation that the sets {Vz | Z € Kn
M@} have any special relationship to each other. Instead, we formulate
a condition ensuring they are defined and disjoint.

Definition 6.5. A clopen nelghborhood zo € VZ0 C T, is K-admissible
if V,, € D(hz) for each z € K N MO, and K-disjoint if, in addition,
V=NV, =0 for all 2 #zEKﬁMO.

For a K-admissible clopen set with 2y € V,, C T, we can define the
Reeb neighborhood of K,

(6.7) NK,V.,) = |J #='%) c N

z
ze f{ﬂ//\\/{o



192 ALEX CLARK, STEVEN HURDER, AND OLGA LUKINA

It v,, is also K -disjoint then we define a Reeb neighborhood of K in 9,
6.8) NK,V,) = II (sﬁ(f(, VZO)) - | o {%;1(175)} c .

ZeKnMo
Note that each leaf of the restricted foliation F |‘)~?(I~( , V) is a properly
embedded compact subset, and the holonomy h5 along any closed loop 7

contained in ‘YI(IN(, Vo) is trivial. If V, is IN(—disjoint, then the same holds
for each path component of M(K,V,,).

7. TRANSVERSE CANTOR FOLIATIONS

For a smooth foliation F of a compact manifold M, a foliation H on
M is transverse to F if the leaves of F and H have complementary di-
mensions, and are everywhere transverse as submanifolds of M. If F is
a smooth foliation of codimension-one, then the normal distribution to
the tangent bundle of F is always integrable, and the foliation # this
distribution defines is obviously transverse to /. When F has codimen-
sion greater than one, then the integrability of the normal distribution is
not guaranteed, and the existence of a transverse foliation # is a strong
assumption. For example, if F is a foliation constructed to be trans-
verse to the fibers of a fibration 7: M — B, then the fibers of 7 define a
transverse foliation H.

A Cantor foliation H on a matchbox manifold 9 is a “foliation” whose
“leaves” are Cantor sets. This notion is problematic, as there is no inherent
way to speak of the “regularity” of the leaves, analogous to the case of
smooth foliations where the leaves are defined as integral manifolds for
a distribution. It is, in fact, preferable to think of the leaves of such a
foliation as defining an equivalence relation =4, on 9, where two points
x,y € M satisfy x =4 y if and only if they belong to the same leaf of H.

For example, in the case of the attractors for Axiom A diffeomorphisms
of a compact manifold M studied by Williams |74, 75], the closed attractor
Q of such a map f: M — M has a local product structure satisfying the
conditions to be a matchbox manifold. The differential Df: TM — TM
is assumed to restrict to a hyperbolic map on an open neighborhood
Q C U C M, where the leaves of F in {2 are unstable manifolds of the
map, and the intersections of the stable leaves for D f|TU with Q are
Cantor sets, and define the transverse Cantor foliation .

The works by Putnam [57, 58] study the Smale spaces introduced by
Ruelle [62], and the thesis of Wieler [72, 73] studies a generalization of
these ideas to spaces which are matchbox manifolds. They define the
“leaves” of a Cantor foliation H dynamically, as the stable or unstable
manifolds for a “locally hyperbolic” action. Again, the regularity of H is
derived from the dynamical properties of the map f and their assumptions
on the local properties of this map.
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For the general case of matchbox manifolds, there is no dynamical sys-
tem associated to a locally hyperbolic map of the space available to define
‘H. Rather, the approach we take begins with the regularity inherent in a
covering of M by coordinate charts for F.

7.1. Cantor foliations. Recall that we assume there is a fixed regular
covering {U; | 1 <14 < v} of 9 by foliation charts, as in Proposition 3.6,
with charts ¢;: U; — [~1,1]" x T; where T; C X is a clopen subset.
Moreover, there exists a foliated extension @ : UZ — (—2,2)" x T; where
U; C (71 C M is an open neighborhood of U; and &;|U; = ;.

On each chart U; there is a Cantor foliation H,; = 7—[|ﬁi whose leaves
are the closed sets ;' ({¢} x T;) for € € [~1,1]". The problem is that
for U;NU; # 0 for 1 <i+# j < v, the two foliations H; and H; need not
agree. The natural question is then, do there exist small perturbations
H; of the foliations H; on coordinate charts so that H; = #; on all non-
empty overlaps? If the leaves of F are defined by the action of R™ on 9,
then this existence question can be formulated as a problem of solving a
cocycle equation over the covering of 9t with values in R™.

In the more general case of matchbox manifolds, the problem of ex-
istence of H can be considered as asking for a solution of a “non-linear
cocycle equation”. This is what we give in the later sections of this paper,
essentially by showing that for sufficiently small domains, there is a suffi-
ciently good linear approximation to the problem, and this can be solved
by an explicit recursive procedure. Motivated by these considerations,
we next define a transverse Cantor foliation H to F as a perturbation
of the solutions H; in coordinate charts, so that they define a globally
defined “foliation” or equivalence relation. The definition is actually given
for a closed subset B C 9N, as our recursive procedure will construct the
solution over an increasing sequence of such subspaces.

For a clopen set V C T; set 4} = 7, }(V) c U; and uv = PN (V) C
U;.

Definition 7.1. Let 9 be a matchbox manifold, and 8 C 9t a closed
subset. An equivalence relation ~4 on B is said to define a transverse
Cantor foliation H of 9B if for each x € B, the class H, = {y€ B | y =4 x}
is a Cantor set. Moreover, we require that there exists a covering of 9
by foliation charts as above, such that for each x € 9B, there exists:

(1) 1 <iy <vwithzeU,;

(2) a clopen subset V,, C ¥, with w, = m;_(z) € Vy;

(3) a homeomorphism into ®,.: [-1,1]" x V, — [A]ZT such that

D, (& wy) = &7 (& wy) for £ € [—1,1]";
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(4) for €€ [-1,1]" and z= 1 (&, w,) € B, the image @, ({} xV,) =
H. N~
The sets H,. are the leaves of the “foliation” H.

Condition 7.1.1 specifies a coordinate chart covering a neighborhood
of x € B, while Condition 7.1.2 specifies the transverse projection of the
leaf H,. Condition 7.1.3 states that the reparametrization map ®, agrees
with the coordinate chart @;, on the horizontal slice though x. Then
Condition 7.1.4 is the main assertion, that the image of V, under @,
equals the leaf H, in the chart ilV

Note that the i images of the maps @, are allowed to take values in the
open neighborhood Uzz of U;, as the “leaf” H, may not have constant
horizontal coordinate A;, so that for a leafwise boundary point z € B N
ﬁim, the equivalence class H, need not be contained in Uii.

The functions ®, are the adjustments to the local vertical foliations H,;,_
so that the perturbed leaves are coordinate independent, hence are well
defined on 9. In this sense, they can be viewed as solutions of the non-
linear cocycle problem mentioned above. The maps ®, are not required
to be leafwise smooth, and in fact, our solutions will be piecewise-linear
maps when restricted to leaves.

7.2. Cantor foliations and microbundles. The definition of trans-
verse Cantor foliation applies equally to foliated microbundles introduced
in section 6. Given a leaf Ly C 91 with holonomy covering II: EO — Lo,
an (e1, ea)-net My for Ly, and the lifted net Mvo on fo, form the foliated
microbundle ‘ilo

Let K C Lo be a proper base. Choose a basepoint zp € K N Mo,
with lift zp € KN Lo Let V,, C %y be a K-admissible clopen sub-
set so that M(K,V.,) C Mo is defined by (6.7). Assume that there is
a transverse Cantor foliation for a closed subset 9B with ‘ft(K Vi) C
B C NMy. Condition 7.1.2 is satisfied by the collection of translates
{Vz|Z € KN My}, and we obtain:

Lemma 7.2. The set B is a bi-foliated neighborhood of K in the foli-
ated microbundle ‘ﬁg for which there exists a bi-foliated homeomorphism
: B K x Vi - O

Proof Given 7 € K and § Yy € H the leaf Lg intersects the transversal
Hz, = V., in a unique point wy. Set (7)) = (%, wy) € K x V.. O

Definition 7.3. A transverse Cantor foliation H for a compact subset
B C ‘ﬁo is sald to be holonomy equivariant if it defines a transverse
Cantor foliation H on the image 6 = H(%) C M.
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If the restriction 1I: EB — 9N is injective, then this is always the case.
For example if V,, is K- disjoint then any transverse Cantor foliation H
on Ll(K V) will be holonomy equivariant. On the other hand, if V,, is
K-admissible but not K- disjoint, then H is holonomy equivariant if the
images of the equivalence classes H(Hy) in 901 agree on the overlap of any
two coordinate charts on il(f( VZO). This condition will be satisfied, for
example, if the equivalence classes Hz for 7 € K are defined in terms of
a transverse Cantor foliation 7 on the image II(U(K, Vs, )) C M.

Definition 7.4. A pair {K, Vo } is a complete model for M, if V, is
K-admissible, and the map I1: M(K, V., ) — 9N is surjective.

For example, we have:

Lemma 7.5. Let 9 be an equicontinuous matchbox manifold. Then there
exists {K,V,,} which is a complete model for 9.

Proof. Given € > 0, choose a Gr-invariant clopen iubset wo € Vp C %,
as in Definition 6.4 with associated Thomas tube (V). As previously
remarked, II(M(V;)) = 9 so is a complete model. O

The basic observation is that if {K V.ot is a complete model for I,
and H is a holonomy equivariant transverse Cantor foliation for B =
N(K,V.,), then H defines a transverse Cantor foliation on 9.

8. VORONOI TESSELLATIONS

The concept of a Voronoi cell decomposition (or tessellation) of
Euclidean space is extraordinarily useful for applications of geometry to a
variety of problems, and is very well-studied (for example, see [55, Intro-
duction]). Associated to every tiling of R™ is a Voronoi tesselation, and
conversely a tesselation yields a tiling. In the next sections, we develop
the basic concepts of Voronoi tessellations and Delaunay triangulations
in a form applicable to metric spaces derived from the leaves of matchbox
manifolds.

Assume there is a fixed regular covering {¢;: U; — [-1,1]" x T; | 1 <
i < v} of M by foliation charts, where each T; C X is a clopen subset, as
in Proposition 3.6.

Let L C 2 be a leaf with induced leafwise Riemannian metric dy,. Let
X C L be a closed connected set which is a union of plaques. The typical
examples we consider are for X = L, or for X a compact subset of L
which contains a proper base K in its interior.

Recall that Ax > 0 is the leafwise constant defined in Lemma 3.5, such
that for all z € L, the closed disk Dr(x, Ax) C L is strongly convex.



196 ALEX CLARK, STEVEN HURDER, AND OLGA LUKINA

Let Nx be a given (dy,ds)-net for X. The value of the density con-
stant do will be fixed later, with d2 < €/, /5 < €/, /4 = e2 and depending
on estimates derived from the geometry of the leaves and the metric dis-
tortion of the transverse holonomy maps. Associated to the net Ny is
the Voronoi tessellation, which is a partition of the space into compact
star-like regions, called cells.

8.1. Voronoi cells. Introduce the “leafwise nearest—neighbor distance”
function, where for y € L,

(8.1) kx(y) =1inf {dr(z,y) | z € Nx}.
Note that kx(y) = 0 if and only if y € Nx.

Definition 8.1. For x € Nx, define its Dirichlet region, or Voronos cell,
in L by
(8.2) Cr(z)={y € L|dp(z,y) =rx(y)}

That is, for z € Nx the Voronoi cell Cr,(x) consists of the points y € L
which are closer to z in the leafwise metric than to any other point of

Nx. Thus, for each y € L there exists some z € Nx with y € Cp(x). In
particular, for Cx (x) = Cr(z) N X, then the collection of closed subsets

(8.3) {Cx(z) |z € Nx}
forms a closed covering of X. Define the Voronoi decomposition of X,
(8.4) X = J cx@).

reENx

Introduce the subset of Nx consisting of net points whose Voronoi cells
lie in X,

(8.5) Ny ={zeNx |CL(z) C X}.

We develop some of the properties of the cells Cr,(x) for z € Nx and N%.
In particular, Lemma 8.5 below and the assumptions that X is a union
of plaques and that do < e implies N'§ is not empty.

Lemma 8.2. For each x € N,
(8.6) Dy(z,d1/2) C Cr(z) C Dyp(z,ds).
In particular, Cr(z) has diameter at most 2ds. O

The upper bound estimate in (8.6) need not hold if Cr(x) ¢ X, for
then the set Ny is not dz-dense in all of L. However, we always have:

Lemma 8.3. For z € Nx, Cx(x) C Dr(z,ds). ]

A set Y C L is star-like with respect to x € Y if for all y € Y, each
geodesic ray from x to y is contained in Y.
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Lemma 8.4. For eachx € Nx, the setY = Cr(x)NDy(z, \r) is star-like
with respect to x. In particular, for all x € N3 the set Cp(x) is star-like
with respect to x. O

The strong convexity of disks Dy, (z, Ax) also yields the following.

Lemma 8.5. If x € N'x and there exists v > da for which Bp(z,7) C X,
then x € ./V';}

Proof. Suppose that y € Cr(z) but y ¢ X. Let 0,,: [0,1] = L be a
geodesic segment with o, ,(0) = x and 0, ,(1) = y, and the length equal
to dr(z,y). Let 0 < s < 1 be the greatest value for which ¢’ = o, 4(s) €
Cx(x), then dy(z,y’) > r > dp by assumption. As y’ € X, there exists
2z € Nx with d(y/,2) < da. Then
de(y,z) < de(y,y) +do(y.2) <du(y,y’) +do
< du(y,y) +r <du(y,y) +du(y,x) = dr(y, )

which contradicts that y € Cr (). Thus, Cr(x) C X hence z € N3. O

Next, we introduce the star-neighborhoods of Voronoi cells. Given z €
Nx, introduce the vertex-sets

(8.7) Vx(z) = {yeNx|Cx(y)NCx(z)# 0}

Vi(z) = {yeVx()|y#z}
Note that Vx (z) is a finite set by the net condition on Nx, and y € V% (z)
if and only if z € Vi (y).

Definition 8.6. For z € Nx the “star-neighborhood” of the Voronoi cell
Cx(x) is the set

(8.8) Sx(r) = U Cx(y)-
yEVX (x)

Lemma 8.7. Assume that do < Az/5. For each x € Nx, Sx(z) C
Br(x,3d2) C Br(z,Ar), hence Sx(x) is contained in a strongly convex
subset of L.

Proof. Suppose that Cx(x) NCx(y) # 0. As Cx(z) has diameter at most

2dy for all z € Nx by Lemma 8.3, we obtain Sx(z) C Br(z,3ds). As

dy < Ax/5, the claim follows. O
For y € Vi (x) set

(8.9) H(z,y) = {z € D(x, A7) | d(z,2) < di(y, 2)}

Thus H(x,y) contains the set of points in the closed disk Dy, (z, Ax) which
are closer to x than to y.
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Clearly, each H(z,y) is closed, and the strong convexity of Dy (z, Ar)
implies that for x € N%,

(8.10) Colw)= (] Hlzy).

yeVx (@)
Conversely, Cr,(x) N Cr(y) # @ implies that the intersection
(8.11) L(z,y) = H(z,y) N H(y,z) # 0.

For example, if L is isometric to Euclidean space R?, then H(x,y) is the
intersection of the disk D (x, \r) with the half-plane in R? consisting
of the points which are closer to = than to y. Thus, L(z,y) is a line
segment. In the more general case, where L is a complete Riemannian
manifold, then the local picture of L(z,y) is similar to the Euclidean
case, as seen below. However, unless L has a global convexity property, L
may have focal points and the global structure of L(z,y) is not so easily
described. Thus, we restrict consideration to convex neighborhoods.

Lemma 8.8. For x € Nx and y € Vi(z), L(z,y) N Dr(z,\r) is a
codimension-one closed submanifold.

Proof. We have z,y € Dy(xz,\r) by Lemma 8.7. As the metric dj, is
strongly convex when restricted to D (z,Ar), the functions f,(z) =
dr(z,2)? and f,(2) = dr(y,z)? are both regular on Dy (z, Ax), which
implies that L(x,y) N Dy (z, Ar) is a codimension-one submanifold. O

Now restrict attention to x € N5 so that Cr(z) C X. Let Vi (z) C
V% (z) be the subset corresponding to the codimension-one faces of the
boundary of Cr,(z). That is, y € V¥ () if and only if 8,Cx(z) = Cr(x) N
L(z,y) has non-trivial interior as a subset of the submanifold L(z,y).
Then the topological boundary dCx () is the finite union

(8.12) ax(x)= |J o,Cx().
yeVL ()

We summarize the results of this section.

Proposition 8.9. Let Nx be an (dy,ds)-net in X, such that da < Ag/5.
Then there exists a subset Ny C Nx and a collection of closed sets
{Cx(y) |y € Nx) satisfying:

(1) Cx(z) C X for each x € Nx;

(2) Cx(x) C Dr(x,ds) for each x € Nx;

(3) int(Cx(z)) Nint(Cx(y)) = O for each pair v #y € Nx;

(4) The collection {Cx (y) | y € Nx} is a closed covering of X.
In addition, for x € N5 we have:

(5) Cx(x) =Cr(x);
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(6) Dr(z,d1/2) C Cx(x);

(7) Cx(z) is star-like with respect to x;

(8) OCx(x) is a union of codimension-one submanifolds with bound-
ary.

The collection {Cx(y) | y € Nx} is called the Voronoi tessellation of
X associated to N.

9. DELAUNAY SIMPLICIAL COMPLEX

We next introduce the Delaunay simplicial complexr obtained from a
(dy,ds)-net Nx for X C L, using the “circumscribed sphere” characteri-
zation of the simplices. Recall that dy < ¢/, /5 < €/, /4 = ea.

Let 0 < r < Ax. Then the leafwise sphere of radius r centered at z is

Sp(z,r)={y e L |dy(z,y) =r} = Dr(z,7) — Br(z,7).
If Br(z,7)NNx =0 for x € X, then r < dy by the definition of ds.

9.1. Definition of a simplicial complex. The Delaunay complex
A(Nx) of L derived from the net Ny is defined by specifying the subsets
of Nx which form the vertices of the simplices in A(Nx). For k > 0,
denote by A%®)(Nx) the collection of k-simplices, defined as follows:

Definition 9.1. For each zp € Nx, A(z9) = {20} is a 0-simplex in
A (Ny).

For kK > 0, a (k + 1)-tuple {zg,...,2x} C Nx forms a k-simplex
A(zo,...,2,) € AR (Nx) if there exists € L and 0 < r < dy such
that Br(xz,7)NNx =0, and {20, ..., 2k} C Sp(z,7)NNx. Then Sg(z,r)
is called the circumscribed sphere of the simplex {zg,..., 2k}

If A(zg,...,2) € A (Ny), then every subset of (¢ + 1)-points,

{z’i07"‘7zie} - {ZO,...,Zk}

yields an f-simplex A(z;,, . .., 2;,) € A® (N), as the circumscribed sphere
condition holds for all subsets. In particular, we have well-defined face
and boundary operators defined on A(Nx).

9.2. Realization of a Delaunay simplex. If the manifold L is
Euclidean, then given a k-simplex A(zp,...,2) € A% (Ny), the con-
vex hull of the vertices defines a geometric k-simplex in L, which is its
geometric realization. For a non-Euclidean manifold, this elementary and
intuitive approach need not work, as the convex span of a k-simplex need
not be a k-dimensional subset if the leaves have curvature. Rather, one
must choose a procedure for “filling in” the geometric simplex spanned by
a set of vertices, in order to obtain a geometric realization.
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For a 1-simplex A(zg,z1), there is a canonical “filling in” using the
geodesic between z; and zg, which is unique due to the strong convex-
ity of Br(z0,Ax). For higher-dimensional simplices, we use an inductive
procedure to fill in the faces using the geodesic cone from each successive
vertex.

Define the standard k-simplex A* in R**! by the barycentric coordi-
nate approach,

AF — {(to,--,te) | te >0, to+ -+t =1}.

The vertices of A* are the coordinate vectors & = (0,...,1,...,0) where
the unique non-zero entry is in the (¢ 4+ 1)-coordinate position.

Lemma 9.2. Let A(z, ..., z;) € AR (Nx) be given, so that {2, ...,z } C
Br(z0, \r). Then there exists a diffeomorphism oy: AF — L such that
or(€r) = ze, and the maps {o; | 0 < i < k} are natural with respect to the
face operators.

Proof. The map oy, is defined by induction on the dimensions of the faces
of A*. Set Uk(gg) = 2.

Given a string I = ig < 43 < --- < 1, with 0 < ip and ¢, < k, define
the I-face 9;AF to be the subset consisting of points where the only non-
zero entries are in the coordinates appearing in the string. For v > 0, let
I' =iy <i, <--- < 1i,_1. By induction, we may assume that the map
oy Op A¥ — L has been defined.

Note that each point 7 € 9;A* can be written 7 = (1 — s) - ¥ + 5 - &,
where ' € 0pAF and 0 < s < 1. The point 2’ = 0 (¢) € L is defined by
the inductive hypothesis, and so there exists a unique geodesic segment
7:[0,1] = Br(20,Ar) such that 7(0) = 2’ and 7(1) = z;,. Then set
01 (¥) = 7(s). The resulting map defined on A* satisfies the conclusions
of Lemma 9.2. O

Definition 9.3. Let A(zo,...,z2;) € A®)(Nx), then the geometric real-
1zation is the set

(9.1) |A(zo, -, )] :Uk(Ak)

Lemma 9.4. For all 0 < ¢ < k, we have |A(zo,...,2zk)| C Br(ze, AF).

Proof. Let # € L and 0 < r < dg such that {zg,...,2x} C Sp(2,7) N Nx.
Thus, dr(ze,2ze0) < 2dg for all 0 < ¢ < k, and so the set of vertices
{z0,...,2k} C D(z¢,2d2) C Br(ze,Ar). As Bp(z¢, AF) is strongly con-
vex, the geodesic segment between any two vertices of A(z,...,zx) is
also contained in B (z¢, A\r). Then proceed inductively, following the
construction of o in the proof of Lemma 9.2, and it follows that the
image of the map oy, is also contained in By (z¢, Ar). O
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Remark 9.5. As was already mentioned, if the manifold L is not flat,
the map o} may depend on the ordering of the set of vertices {zo, ..., 2%}
for k > 1, except on the edges of a simplex A*. Indeed, the ordering
of vertices in the string I = iy < i3 < --+ < i, defines a choice of
geodesic spray from the vertex with the largest index i, to the vertices
i¢ with £ < v. As the points of 03(9;AF) are obtained by flowing along
geodesic curves, a different ordering of vertices defines a different choice of
spanning geodesic rays. In cases when L is a surface, this simply results in
different parametrizations of the set |A(zo, 21, 22)|, as the boundary is 1-
dimensional and so well-defined. If L is not flat and has dimension n > 2,
the image of a point ¥ € AF need not be the same under the maps defined
by these choices. In our applications, there will be given a “local ordering”
of the points in Ax, which defines an ordering of the set of vertices of
a given simplex, so that the geometric realization |A(zo, ..., 2x)| is thus
well-defined.

The Voronoi cell decomposition and Delaunay triangulation of L are
closely related. For Euclidean space, one says that A(Ny) is dual to the
Voronoi tessellation. For the general case of a Riemannian manifold with
bounded geometry, we have the following results.

Proposition 9.6. For zg € N%, let {z1,..., 2} C Vi (20). Then
(92) L(Zo, Zl)ﬂ' . 'ﬂL(Zo, Zk)ﬂCL(ZQ) 75 =N A(Zo, ey Zk) S A(k) (Nx)

Proof. Recall that for z € N, Cr(z) C Dr(z,Ax). Recall also that
for z € N¥ and y € V% (z2), L(z,y) N Dr(z,Ar) is a smooth submani-
fold formed by the intersecting boundaries of the Voronoi cells Cr,(z) and
Cr(y), and V% (2) C V% (z) is the subset corresponding to the codimension-
one faces of the boundary of Cx(z).

Let © € L(zg,21) N+ N L(20, 2,) NCL(z0) and set r = dr(x, z0). Then
dr(z,z;) = dp(x,2z0) = r for each 1 < i < k, and thus {zg,...,2x} C
Sr(z,7). Aseach z; € Vi (20), we have d[, (20, 2;) < 2d3 and hence 7 < ds.
By the definition of the Voronoi cells, By (z,r) N Nx = 0. Suppose not,
then there exists y € Br(z,7) NNx with dr(y,z) <7 =dr(z;,z) for 0 <
i <k,and so z & Cr(2) C X. This implies A(zo,...,2) € AR (Nx).

Conversely, for {z1,...,2,} C Vi(20) with {z0,...,2x} C Sp(x,7),
then z is equidistant from each point z; and so x € L(zp,z;) for all
1 <4 < k. Moreover, for all 0 < i <k, z € Cr(z) as Bp(z,7r) NNx =10
implies there is no z € Nx with dp(z,2) < dp(z, z).

Thus, L(z9,21) NN L(z0, z) N Cr(z) # 0. O

A point x € OCr(zp) is called extremal if the distance function
y +— dr(z0,y) has a local maximum on Cr(zp) at y = x. Let
20 € N3, so that Cx(20) = Cr(z0). For z; € Vi (20), the boundary
component 0,,Cr(z0) = Cr(z9) N L(z0,%) has codimension one.
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Thus, for zp € N, a point x € ICr(zp) is extremal exactly when there is
{21, ., 20} C Vk(20) with

x=w(z0,...,2n) = L(z0,21) N+ N L(z0,2n) NCrL(20),

and w(zo,...,2n) is the center of a circumscribed sphere containing
{z0,...,2n} with radius
r(20,.--,2n) = dr(ze,w(z0,...,2n)) , 0 <L <mn.

Now introduce the simplicial cone of zp € N
(9.3)

Cal2) = {18Go, .20l | Ao, 21, 20) € AP W)} € Bz, A7),
Proposition 9.7. For all z € N3, Cp(z) C Ca(2).

Proof. Let {x1,...,2} C 0Cr(z) denote the set of extremal points for
the distance function dp(z,y).

For each 1 < i < k, let A(z,2%,...,2.) € A™(Nx) denote the n-
simplex defined by the center z;, so that {zi,...,20} C Vi(2). The
claim is that the intersection |A(z,z2%,...,2%)] N CL(z) is a topological
ball with “center” x;, and the union of all these boundary regions for
1 <4 <kisa closed covering of 9Cr(z). Thus,

k

i=1

Each vertex z} corresponds to a face of 9Cx(z) as in (8.12) and an
associated hyperplane, denoted by

DiCx(2) =Cr(2) N L(z,2}).

The geodesic segment from z to 2z} intersects the face 9;Cx(z) in an
interior point, denoted by Z;. This geodesic segment is a boundary
1-simplex of each n-simplex that intersects this face. These n-simplices
correspond to the extreme points for the distance function dp(z,y) re-
stricted to 9iCx (z), which we denote by {x;,,...,x; }. Each such point
x;; then corresponds to an n-simplex, which contains both points {z, z@}
as vertices by Proposition 9.6. Thus, the face 8§C x (2) is partitioned into
closed regions corresponding to its intersection with the n-simplices deter-
mined by the extreme points x;, for 1 < j < m. Thus, each face (%CX(Z)
is contained in the union of the realizations of the simplices satisfying
Az, 21,. .., 2n) € A™(Nx). The inclusion C(x) C Ca(z) follows. O
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9.3. Regular Delaunay simplicial complex. The simplicial complex
A(Nx) may have non-trivial (n + 1)-simplices, where some collection of
(n + 1)-hyperplanes satisfy

L(Zo,zl) n---N L(Z(),Zn+1) N D]—'(ZO7>\]-') #* 0.

This is a degenerate condition, as typically every collection of (n + 1)-
hyperplanes in Dy, (29, A\x) should have empty intersection. This moti-
vates the following definition.

Definition 9.8. The simplicial complex A(Ny) is regular if AT+ (Ny) =
(). We say that the net Nx is regular if A(Nx) is regular.

Note that regularity of the net A'x, and hence the complex A(Nx), is
an open condition. Much of the technical work in later sections is to give
conditions on a regular net Ny such that for a net N%, sufficiently close
to Nx, the Delaunay simplicial complex A(N%,) is also regular.

10. FOLIATED VORONOI STRUCTURE

The goal of this section is to develop the notion of a nice stable transver-
sal X as in Definition 10.7.

The constructions above for the net Nx for X C L is first extended to
amnet in K C L C o, then the key idea is to introduce a parametrized set
of vertices in an open neighborhood of K in 9%y. Such an extension gives
rise to a collection of transversals to F, for which we impose regularity
conditions with respect to the construction of the Voronoi cells and the
Delaunay triangulation.

We assume a leaf Ly C 9 is given, with basepoint zp € Lo and
holonomy covering Lg. As before, assume that dy < €/;/5 < €/, /4 = ea,
that Mg is an (eq, e2)-net for Ly, and for each z € My there is an index
1 <4, <vsothat Don(z,€ey) C U;..

Let Mvo = 171 (M) be the lifted (e;,ez)-net for EO. The points of
Mvo are denoted by z, where z is a lift of z € My, and x( € Mvo is the
lift of the basepoint x¢ € Lyg.

Let ‘ﬁo be the foliated microbundle associated to the net MO For each
zZ € /\/lo, Us = =U,, x {Z} is the corresponding foliation chart for 9%y. The
Riemannian metrlc on leaves in ‘)’to is induced by the local covering maps
to leaves in 9.

For z € /\/lo and § = (,2) € Uz, let P=(7) = Py (z) x {Z} denote the
plaque of Us containing 7. Note that by choice, Dz (z, &) C Px(2) for

each 7 € My, and as M is eo-dense, the collection {Pg(”) | Z € Np} is
an open covering of Lg.
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Let K C EO be a connected compact subset which is a union of plaques,
such that the composition ¢q: KcC Zo — Lo C 9 is injective with image
K. Assume there is given a (dy, d2)-net Nk for K, which lifts to a (dy, da)-
net NV, x for K.

We next introduce a sequence of basic concepts used in our construc-
tions. First is the notion of transversals which are in “standard form”
with respect to the chosen foliation covering of 9.

Definition 10.1. A closed subset X C 9 is a standard transversal if
X = X U---UX, is a disjoint union, where for each 1 < ¢ < p, there exists
a foliation chart ¢;,, clopen subset X, C ¥;, and basepoint v, € (—1,1)"
such that X, = <pi_£1 (ve, Xo).

Definition 10.2. A closed subset X C ‘)N’to is a standard transversal if
X = Xl U---u Xp is a disjoint union, where for each 1 < ¢ < p, there
exists 2y € ./\/lo so that for the foliation chart @3, : UZZ — [-1,1]" x T3,
there is a clopen subset X, C T3, and basepoint v, € (—1,1)" such that
.5(‘/[ = @—;{1 (U[,X@).

Note that this definition just ensures that the sets )?g have a standard
form in local coordinates, but does not assert that the sets form a complete
transversal for ‘ﬁo. We consider next the standard transversals which are
“holonomy invariant” in 9.

Definition 10.3. A standard transversal with X = X; U --- U /’?p C
9~’IO is Gr-invariant if for each 1 < ¢ < p, there exists a leafwise path
Fe: [0,1] = Lo with 3,(0) = %, and 7,(1) = % such that X; C D(hs,)
and X@ = h%(Xl).

Recall that the induced foliation F on gto is without germinal holo-
nomy, so this notion is independent of the chosen paths 7y, as long as
the domain conditions are satisfied. The next conditions are concerned
with the extensions of the notions of sections 8 and 9. Recall that if
x,y € M and are not on the same leaf, then dr(z,y) = oo, and similarly

for 53‘/ ﬂe mo.

Definition 10.4. Let R C ‘ﬁo be a given closed subset, and suppose that
X C R is a standard transversal, defined as above. Then X is (d1,d2)-
uniform on R if there exists 0 < di < dy < /\f/5 such that for each

i # 7 € X we have dx(Z,y) > dy, and for each §j € R there exists 7 € X
with d=(Z,7) < ds.

The (dl, dy)—uniform assumption implies that Xisa complete transver-
sal for 9‘{ as every point lies within leafwise distance ds of a point of X.
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Now assume there is given a (d1, d2)-uniform transversal X for R. The
nearest—neighbor distance function k;, extends to a leafwise function,

(10.1) k2(7) = inf {df(m) G 2?} .

Then we extend the definition of the Voronoi cells to holonomy coverings
by setting, for y € X,

(10.2) Coi(7) = {ze R|dz(,7) = Kf(z)} .

In other words, C5(7) is the Voronoi cell in Lz NR defined by the net
X(x) = X NR, which consists of § € Lz N R which are closer to # in the
leafwise metric dz than to any other point of X. By the definition of the
(dy, ds)-uniform transversal X for R, each § € R belongs to at least one
such cell.

The leafwise Voronoi cells C5 (%) can be organized into Voronoi cylin-
ders using the decomposition X=X U---U fp. For 1 < ¢ < p define the
Voronoi cylinder by

(10.3) et = |J cq@.
TEX,
We obtain the Voronoi decomposition R = Qé«% u.---u 6; associated to X.
The notion of the star-neighborhood of a Voronoi cell, given in Defini-
tion 8.6, extends immediately to the Voronoi cells in each leaf. First, for
7 € X introduce the vertez-set

(10.4) V5(@) = {J € N'| C5(7) N C5(F) # 0}

The star-neighborhood of the Voronoi cell Cg(7) is the set Sg(z) =
U C5(y). Then for each 1 < ¢ < p, define the star-neighborhood

TEVx(T)

of the cylinder 6% by

(10.5) et =] Sx@.

Lemma 8.7 shows that for a point x € N, the star-neighborhood Sk (x) C
Br.(x,3ds) so that d2 < Az/5 implies Sk (z) is contained in some coordi-
nate chart U, for z € M. For the star-neighborhood G% of the cylinder
@g}, the conclusion that it is contained in some foliation chart for 9t is not
a priori satisfied, and this condition is imposed as one of our assumptions.
It will later be checked that it is satisfied for the transversals constructed.
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Definition 10.5. Let R C ‘ﬁo be a given closed subset, and suppose that
X = X1 U---u X is a uniform standard transversal. Then we say that X
is centered 1f for each 1 < ¢ < p there is a coordinate chart U,, for vy = iz
for some T € Mg such that 657{ cU,.

A standard transversal X' for R is said to be nice if it is (dy, dg)-uniform,
invariant and centered.

Next, define the leafwise simplicial complex Ax(X) associated to a
nice transversal X for . The method of circumscribed spheres adapts
immediately, as follows.

Definition 10.6. Let X’ be a nice transversal for . The collection of
points {Zp,...,2x} C X defines a k-simplex A(Zo,...,2k) € Ap(X ) if
there exists z € Ego and r < dg such that

(10.6) (Zo,.. 3} CSz(Zr)NX . Bz(Zr)nX =0.

Again, note that dz(7,y) = oo if 7 and y lie on distinct leaves, so
A(Zo,...,%) € Ax(X) implies that {Zp,...,%} C L,,. Consequently,
A(Z, ..., 2k) can also be considered as a k-simplex for xn EZO, so that
Ax(X) consists of a union of snnphces contained in the leaves of F. The
key question is then, given A(Zp,...,%) € Ax(X), is it contained in a
transverse family of simplices? We make this property precise, as it is
fundamental. N

Let 1 < jo,...,jr < p be indices such that z, € X, for 0 < ¢ < k.
In particular, zy € ')?jo C U;;, and thus Zp € ﬁiio (Zo). As X is centered,
we can assume zy € 7)% (z0) for 1 < ¢ < k and X, C Uiz‘o‘

For £ # 1/, X}, are X}, are disjoint by the (di,dz)-net hypothesis.

Let z5 € &j,. Let Pi; (zp) denote the plaque of U;; ~containing z;.
For each 1 < £ < n, let z; = X;, N P;; (&) be the unique point of X;,
contained in the plaque defined by z. Observe that the points 2z, depend
continuously on z(, € X, .

Definition 10.7. Let X’ be a nice transversal for M. Then X is stable
if for each k-simplex A(Zp,...,zx) € Ar(X) and z; € Xj,, we have
Az, ..., 2,) € Ap(X).

At first inspection, stability of simplices for a Delaunay triangulation
associated to a X seems to be intuitively clear, and in fact this is basically
correct for dimension n < 2 as the (dy, d2)-net hypothesis implies stability
for planar tessellations. The difficulty is that for n > 2, as the transverse
coordinate zj, € X}, varies, “small variations” of the spacings of the net
points of X ﬂfgé may result in an abrupt change in the Delaunay simplicial
structure, if some face of a Voronoi cell has too small of a diameter relative
to the size of the variation. Consequently, the existence of a nice stable
transversal for n > 2 requires the delicate estimates in its construction in
later sections.
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11. CONSTRUCTIONS OF TRANSVERSE CANTOR FOLIATIONS

In this section, we show how the existence of a nice stable transversal
is used to construct a transverse Cantor foliation H on a given set ‘B and
consequently a product structure on an open neighborhood.

For x € M, assume there is given a connected compact subset K, C L,
such that there is K - LI such that ¢, : K C Lm — L, C M is
injective with image K,. That is, K, is a proper base as in Deﬁmtlon 1.2
We introduce below an extension K - K and choose a K -admissible
transversal V,, containing x so that ‘JfI(Kx7 V) is well-defined. Here is the
main result:

Theorem 11.1. For 0 < d; < d2 < Ax/5, assume there is given a nice

stable (dy, do)—uniform transversal X for ‘R(IAQ, V). Then there exists a
foliated homeomorphism into,

(11.1) ©: K, x V, = N(K,,Vy)

such that the images ® ({A} X Vg ) fory € K, define a continuous family
of Cantor transversals for FIN(K,,V,) extending the transversal X.

Thus, the assumption there is a nice stable transversal for Ko -
Sﬁ(ng,V) implies there is a transverse Cantor foliation H defined on
some open neighborhood of K, in ‘)‘((I?gc7 V). The proof of Theorem 11.1
occupies the rest of this section. N

We first introduce a sequence of modifications of the set K, first to
expand the set, then translate it to a leaf Ly without holonomy, resulting
in the set Ko C Lo Without loss of generality, we may assume that
r € K., and then let T € K be the lift of x, which is unique as Km
injects into 2.

Let U;, be the foliation chart with Bog(x,€ey) C U, , and set w, =
i, (x) € T;,. Since M is minimal, T, is a Cantor set, and thus w, is not
an isolated point.

Given complete separable metric space (X, dx), a proper subset Y C X
and € > 0, introduce the notion of the e-penumbra of Y in X,

(11.2) Penx(Y,e) ={z € X | dx(z,Y) < €}.

That is, Penx (Y, €) is the closed subset of X consisting of all points within
distance € of Y. We apply this construction for e = Ar to K, C X =
L,. Then by definition, for every point y € K, we have D]:(y,)\]:)

Pen]:(Km, Ar). Let K, be the plaque saturation of Penz(K,, Ar) in L,.
Then we have that

(113 K, = {735(5) |Zel,, ﬁg(ampenf<z?m,Af)¢@}.
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Let ﬁKAdenote the diameter of the set IA{I in Em It follows that I?f C
D%(7, Ri).

Recall from Proposition 5.7 that given e > 0, there exists 0< (e, }A%K) <
€ so that for any clopen neighborhood V,, with diameter at most (e, EK)
in %;_, the set V, is I?x-admissible, as defined by Definition 6.8. The
choice of € > 0 and the clopen neighborhood V,, will be specified in later
sections, based on the radius R x and estimates derived from the leafwise
Riemannian geometry. For now, we assume they are given.

The germinal holonomy of the leaf L, is given by the isotropy sub-
group I'Z" defined in (4.9), which is represented by the elements of the
pseudogroup G7 which fix w,. Then for the clopen neighborhood w, €
Ve C %;,, Theorem 4.6 implies there exists wy € V, such that the leaf
Ly corresponding to wg is without holonomy. If L, is without holonomy,
then we may take wg = w,. Let II: EO — Lo be the holonomy cover,
which is a diffeomorphism.

Form the Reeb neighborhood gt([?m, V) C gto as in Definition 6.5. Let
IA(O be the connected compact subset of the holonomy cover Eo obtained
by takmg the union of the plaques in LO which are contained in S'I(K s Va)s
SO KO is a “translation” of K to the leaf Lo Note that V is also [?0-
admissible by Lemma 4.2 and that 9(Ky, V) = N(K,, V).

The assumption of Theorem 11.1 is that there is a nice stable (dy, ds)—
uniform transversal X = /\?1 u---u /’Fp for I?o - m(f(gc, V). That is, we
have a product structure for ‘ﬁ(l?o, V) defined on the net X N Ky and
this must be extended to all of N(Ko, V).

Let A(Zo, . .., %) € Ar(X) be given, with Z,€ X;,. Then {Z, ..., %} C
17,-0 SO we have £ # ¢ implies that iy # ip. Without loss of generality, we
may re-index the vertices so that £ < ¢’ implies i; < 75. The indexing of
the sets /'Fg yields an ordering of the vertices of A(Z,...,2;). This is the
“local ordering” referred to in Remark 9.5.

The transversal X defines the leaves of the Cantor foliation H through
each vertex {Zp,...,Zr}. We next show how to extend this finite collec-
tion of leaves to a foliation through the faces and interior of the simplex
A(Zoy ...y 28)-

For each Z, € X;, and 1 < ¢ < k, let Zp = P;,(3,) N X;,. The stable

hypothesis then implies that Az, ..., 7,) € Ap(X ~) By Lemma 9.2, for
each z{, € X, there exists a geodes1c filling map o,z : A — Py, (3h) C
Zg[/) assoc1ated to A(Zy, ..., 2;,) which is natural Wlth respect to the face

maps. We thus obtain a continuous map

(114) i AF x X = R (0,2) = 0z, (0) , ZHEX,,

7e AF.
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For each @ € A¥ and %)),%] € 9?1'0 define oy, z (V) ~ oy, zy (V). The equiv-
alence class of oy z,(¥) defines a Cantor transversal through the point,
which is a leaf of ﬁ

The foliation H is defined by the equivalence classes of points in the
interiors of the geometric realizations of the simplices in Az(X). On
the faces of adjacent simplices, the local orderings are compatible, so the
geodesic filling maps agree, and thus so does the equivalence relation =.

We underline some points of this construction. First, foreach 1 < /¢ <p
and 7,2’ € X, then Z ~ Z’. That is, each transversal X, is a leaf of the
foliation 7. B

Second, for each 1-simplex A(Zp, 21) € Ax(X) the equivalence relation
~ identifies points with the same barycentric coordinate on the unique
geodesic ray joining z] to z{, where A(Z],z}) is the transverse transport
of the given 1-simplex. Thus, & is independent of the ordering when
restricted to the 1-skeleton of the leafwise triangulation A f(.)c'~ ). If Fisan
orientable foliation by 1-dimensional leaves, that is, it is defined by a flow,
then we are done, and the equivalence relation ~ depends canonically on
the choice of the uniform transversal X', but is independent of its ordering.

If the leaves of F have dimension n > 1, then the “spanning geodesic
procedure” in the proof of Lemma 9.2 may well depend upon the or-
dering of the vertices in each simplex. However, the “local ordering” of
the vertices in simplices is determined by the choice of the transversal
X =X U---UA, Thus = is well-defined, assuming the choice of the
transversal X with its ordering.

Finally, we must show the map (11.1) is well defined. For this, we show
that K, is contained in the domain of the equivalence relation ~.

For each y € X, with leaf Ly containing it, the intersection Ny = XNLy
is a (dy, dy)-net for N(K,, V) ﬂzg by Definition 10.4. Define the function
k# as in (10.1) and the Voronoi cell, as in (10.2),

F
Cly) ={zeLyldr(zy) =rz(2)}

Let ./\75 C J\Z; be the subset of points for which C(j) C M(K,,V,), and

./\70 = )?m EO with ./\N/-dk C./\70.

Let Ca () be the simplicial cone of § € X in the complex Ax(X) as
defined leafwise by (9.3). Then the stability assumption on X implies the
simplicial complex A(J\?g) is stable, and we define

B

(11.5) = U U a®

Zi EJ\70* 276/’?,
Then the equivalence relation & is defined on B by definition, so 8 admits
a Cantor foliation H. The proof of Theorem 11.1 then follows from:
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Lemma 11.2. INQ C ‘B.

Proof. By Definition 10.4 and the construction of m(f(z,vm), for each
y € K, there exists 2 € A} such that dz(y,z) < d2. We may assume in
addition that Z is a closest point in X, so that § € C(Z). Note that

Dx(J,A5) C Penz(K,,\5) C K,

and dy < Ax/5 implies that Dz(%,4d2) C Dz(3,4\5/5) C K, as well.
In particular, Dz(z,4d2) C K, so for each §' € V5(Z) as defined in
(10.4), we have D %(y',2d2) C K,. This implies 7 € /\N/'g by the extension
of Lemma 8.5. Consequently, the star-neighborhood, as defined in (10.5)
for R = ‘ﬁ(f(gg, V.), satisfies 6%(%’) C Bg, (z,3d2) C K.
By Proposition 9.7, for Z € N we have C(Z) C Ca(Z), where Ca(?) is

the simplicial cone of Z in the complex Ax(X) as defined by (9.3). Thus,
(11.6) gel(z)cCa(z)C*B

which completes the proof of Lemma 11.2 and so also Theorem 11.1. [

12. DELAUNAY SIMPLICES IN EUCLIDEAN GEOMETRY

The construction of a Delaunay triangulation from a point-set in R™
using the Voronoi tessellation it defines is well-known, and a fundamental
tool in computational geometry [55]. The application of this method in
the case of complete Riemannian manifolds is less well developed, except
for hyperbolic space and some other variants of the standard Euclidean
metric. See [25] and [47] for discussions of some of the aspects of adapting
the Euclidean methods to a non-Euclidean framework.

Our construction of a nice stable transversal uses the construction of
Voronoi tessellations of the leaves to obtain stable Delaunay triangula-
tions, and for this we require detailed estimates on the properties of the
construction, especially with respect to a transverse parameter. In the
next few sections, we develop the estimates required. The techniques are
almost all based on methods of “clementary” linear algebra [43], but the
applications to our situation are more specialized. For example, given
a collection of vectors {go,...,%,} in R” which admit a circumscribed
sphere with center w(go,...,¥,) and radius r(%o,...,Jn), we derive a
stability criterion, conditions for which a small displacement {Z, ..., Z,}
of {Yo, ..., Un} still uniquely defines a circumscribed sphere.

12.1. Preliminaries. Let R"™ have the standard Euclidean metric dg»
and associated norm || - ||. To fix notation, we consider £ € R™ as a
column vector, and let T @ i = #* - ¢ denote the “dot-product” of two
vectors, where ¥ denotes the matrix transpose of 7, and #* - i denotes
the matrix product.
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Given a collection of n vectors, {d1,...,d,} C R™, let A denote the
n X n matrix with these vectors as rows. Let

[Al = max{[|A-Z] [ZeR", [[Z] =1}

be the operator norm for A. If A is a diagonal matrix with entries
{A1,...,An}, then the norm is calculated by

(12.1) A = max {|A1],..., [ ]}
and in general, the Cauchy-Schwartz inequality yields the estimate
(12.2) A2 < @ + -+ lldn)*.
Recall an elementary result of linear algebra:
Lemma 12.1. Let {§,...,¥n} C R™ and form their convex hull
A(Goy - s¥n)={to Yo+ +tn Gnlto+ - -+t,=1, t; >0}.

Fiz 0 < £ <n, and let D¢(Jo, ..., Yn) be the n X n-matriz whose rows are
the transposes of the vectors y; — vy for i # €. Then

(12.3) | det De(Go, -« -, Tn)| = n! - VOL(A(Goy .-, Tn))-

Now assume we are given a collection {¢, ..., 7, } C R™ which admit
a circumscribed sphere with center w(go, . . ., ¥») and radius 7(go, . . ., ¥n)-
The point w(%o, - - ., ¥n) is characterized as being equidistant from all of
the points ¢;, and thus it lies on each perpendicular bisector hyperplane
L(y;,9;) equidistant between the two points.

To derive the equations for the center and radius, we use the vec-
tor ¥, as a “base point”, though clearly the solutions do not depend on
which vertex is chosen. For each 1 < k < n, set Uy = (Yo—1 — Un)-
Then ||ug|| < 27(go,---,Yn) as all vectors ¢; are contained in a set with
diameter 27(%o,...,%,). Let U denote the n x n matrix whose rows are
the transposes of the vectors @. Let |U| = | det U| denote the absolute
value of the determinant of U. Then |U| = n!- Vol(A(%,-..,¥n)) by
Lemma 12.1.

The hyperplanes L(¢x—1, %), for 1 < k < n, are defined by the equa-
tions

L(Wk—1,9n) = A{Z€R" | (Yuo1—Un)® (¥ — (Yu—1 +¥n)/2) =0}
= {fERn|ﬁkOf=1/2-ﬁkOﬂk+ﬁkOgn}

{47 1o €=1/2- |},

(12.4)
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where £ = & — ¢, represents the coordinates for L(,¥,) with g, trans-
lated to the origin. The center &(%o, ..., ¥,) € R™ is given by the inter-
section of these hyperplanes, so is the solution of the system of equations

(12.5)

1 5 1 -
U¢ = 53U s0 @@ Gn) = 5 {U- XU+,
where X(U) = (||@1]|%,. . ., ||@n||?)! is the column vector with entries || 2.

12.2. Effective estimates. Now suppose there exists constants 0 < e; <
ez and €,§ > 0 such that

(1) e1 < ||gi — ;|| for all 0 <@ # j <,
(2) e1/2 <r(Yo,-..,¥Un) < ez and hence ||7; — ;|| < 2ea,
(3) U] = 4.
Assume also that there are given vectors {2, ..., 2Z,} C R™ such that
(4) | — 7| <eforall 0 <i<mn.

We determine values of the constants ¢,§ > 0 such that the points

{20, ..., Zn} admit a unique circumscribed sphere with center w(Z2j, . .., Z,)
and radius r(Zp, ..., 2,), and obtain estimates for
lw(Zos .-y 2n) — w(o,---,¥n)ll and |7(Z0,...,2n) — (Yo, - - Gn)l-

Let V denote the n x n matrix whose rows are the transposes of the
vectors T = Zy_1 — 2, for 1 <€ < n, and set X(V) = (||71]|%, ..., ||7.]]?)".
Assuming that V! exists, then for ( = & — Z,, the solution of the matrix
equations

1 - s . 1 4 = R

(126) V¢ = 5-X(V) , G 5a) = 5 {V 1.A(V)}+zn
is the center for a circumscribed sphere containing the points {2, ..., Z, }.
Our next goal is to obtain an effective estimate on [|&(Zp, ..., 2,) —

(Yo, - - -, Yn)| as given by (12.16) below. Using (12.5) and (12.6), this will
be based upon obtaining effective estimates for the matrix norms ||[U~1|
and |[V71|. Let W=V —UsoV=U+W, and set Q= WU L.

Lemma 12.2. For |Q| < 1/2, V™! ezists and [V < 2|UY. O

Next, the triangle inequality and our given data yield the following
estimates, where e3 = es + ¢,

(12.7) [0k — dikll < 21— Goall + |20 — Gull < 2¢,

(12.8) er— 2 ikl = 110e — G|l < [Tkl

<
< k]l + 1O — k]| < 2e2 + 26 = 2e3,
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then by assumption 12.2.2 and (12.8) we have
(12.9) [I1l1* = lla@*| = |( — tix) ® (5 + tx)]
<k — axl - (195] + [|3x]]) < 4e(ez + es)
so that (12.2) and (12.8) imply
(12.10) W] = [V -]
< VIt =@l + - ([0, — @al? < 26V

The Hadamard determinantal inequality yields an estimate for ||A~

HI-

Lemma 12.3. Let A be an n X n-matrix whose determinant has absolute
value |A| > 0, and such that each column of A has norm at most C.
Then

(12.11) AT < n-C™1/|AL

Proof. For an invertible n x n-matrix C, let 0 < |0,,(C)| < --- < |o1(C)|
denote the singular values of C, ordered by their norms. Recall that
IC|? = [IC* - C|| = |o1(C)[*.

Let adj(A) denote the adjoint of A. Since A=! = ﬁ -adj(A) it
follows that the singular values of adj(A) are all the (n — 1) products of
the n singular values of A. Hence the largest singular value for adj(A) is
o1(adj(A)) = 01(A) - 0n_1(A).

Each entry of adj(A) is an (n — 1) minor of A, and thus its absolute
value is less or equal to C"~! by the Hadamard determinantal inequality.
Now if B = [b;;] € R™*" is such that the absolute value of each entry
is bounded above by a > 0, then ||B|| < na, since each L?-norm of the
column of B is bounded by a4/n and we apply (12.2).

Thus |o1(adj(A))| = |o01(A)...0n_1(A)] < n-C" 1 and the claim
(12.11) follows. O

Corollary 12.4. Let {i1,..., 4y} C R™ satisfy ||tx| < 2eq for 1 <k <
n, and |U| > §. Then

(12.12) U7 < n(2e0)" 1 /|U| < - (2e2)" 1 /6.

The estimates (12.10) and (12.12) yield
(12.13) Q] =W - U < [W||- U < e-2"n*?(e2)" /5.
Then Lemma 12.2 and Corollary 12.4 imply:

Corollary 12.5. Assume that e < §/2"T1n3/2(ey)" 1, then |Q| < 1/2
and so V™1 exists. Moreover, we have |[V 7| < n-2"(ex)"1/6.
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We now return to the task of estimating ||J(Zo, ..., Zn) =& (Yo, - - - Un) |

which will follow from an estimate of the remaining terms in equations
(12.5) and (12.6). Note that by (12.8) and (12.9),

(12.14) XV)| < Qe)Vai 5 IX(V) = XU)| < 4eles +es)v.
Using (12.5) and (12.6) and the Taylor expansion of (I+Q) ™1, calculate

(12.15) 2 ||&(Z0, - - -, Zn) — & (%o, - - -, ¥
< 20z =l

+ U (%) = SO+ IXV)I- IRl - i}

For £ < §/2"1n3/2(e3)"~ 1, then ||Q]|| < 1/2 by Corollary 12.5, and
so [|Ql/(1 = [|QJ) < 1 and thus V1 exists. We use the more accurate
estimate || Q| < £2"n3/2(e)"~" /8 from (12.13) which, combined with the
previous estimates ||, — 2| < &, (12.12) and (12.14), then

2 G20, Z0) — Doy -+ Tu)ll <26+ {n- (2e2)""1/5}
{4e(en + ex)v/m + (2e3) - 22 - 2"n(e2)" 1 /5} .
Then using that e3 = ez + & > ez we have
(12.16) |&(Z0,- -, Zn) — B(Fos - .-, 7
< e {1t ()6 + 200 27 (e3)?" /6%

Note that the ratios (e3)™/d and (e3)?"/d? are “dimensionless”, so the
estimate (12.16) is scale invariant, in that the expression in brackets on
the right hand side is unchanged by scalar multiplication on R".

12.3. Robustness of simplices. We next give an estimate for §, the
constant in (12.16) which is a lower bound on |U], or equivalently on the
volume of the simplex A(%p, ..., Jn). Since the edges of the simplex have
lengths bounded by 2es, this condition guarantees that the vertex ¢ in
a simplex is not too close to a k — 1-dimensional subspace defined by
{%o,.--,Yk—1}, and so ensures that a small perturbation of vertices does
not drastically change the geometry of the simplicial complex.

Definition 12.6. Let p > 0 and 1 < m < n. A collection of vectors
{0, -, Ym}t C R™ is said to be p-robust if for each 0 < k < m, the
distance from the point 441 to the affine subspace spanned by the vertices
{%o, ..., Jx} is at least p.

The significance of this definition is seen from an elementary estima-
tion, whose proof follows by induction and standard Euclidean geome-
try. Let P(4o,...,Jn) denote the parallelepiped with edges @; — ¥ for
1 <4 < n, and note that its volume is equal to n!- Vol(A(%o, ..., Jn))-
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Lemma 12.7. Let {4o,...,%n} C R™ be a p-robust collection. Then
P(4o, - -, 5n) has volume at least p"~1 - |7y — o] O

This estimate can be improved when the vertices are lattice points on
a circumscribed sphere:

Lemma 12.8. For 0 < e; < eq, there exists Va(ey,e2) > 0 such that
gwen {fo, ..., o} CR™, and 0 < r < ey satisfying:

(1) ex < g — Gl for0<j#k <n,

(2) |Gkl =7 for all 0 <k <mn,

(3) {os---,Un} is p-robust.

Then P(§o, 41, - ., Jn) has volume at least Va(eq,es) - p"~2.

Proof. First, note that the vectors {fo, 71, %2} C R™ cannot be collinear,
as they lie on a sphere of radius r < ey. Also, the vectors o1 = 41 — 4o
and Ja = §» — Jo have lengths greater than e; by (12.8.1), and thus define
a non-degenerate parallelogram P (%o, 71, %2). The minimum for the area
over all such parallelograms must be positive, as these conditions define
a compact set of such, all of which have positive area. Let Va(eq,e2) > 0
denote this minimum.

Next, the vector y3 lies at distance at least p from the plane spanned
by {yo, 71, Y2} by the p-robust assumption. As g lies on this plane, &3 =
73 — Yo must also lie distance at least p from it. Thus, P(%o, 71,2, 73)
with edges by {&1, 72, 05} has 3-volume bounded below by Vi (e, e3) - p.

Continuing by induction, one has that the parallelepiped
P(%o, %1, --,Ur) with edges {71,...,0%} has k-volume bounded below
by Va(er,eq) - pF~2 forall 2 < k < n. O

Lemma 12.8 hints at a fundamental difference between the study of
Delaunay triangulations in dimension 2, and the theory for dimensions
greater than two. The volume estimate for simplices in dimension two
admits a uniform lower positive bound depending only on the constants
0 < e1 < ey. For higher dimensions, there is an additional restriction
required to obtain an estimate, the robustness of the vertices, or some
equivalent version of this condition. For example, if bounds are given
on the interior angles of the simplex, then this observation is surely well
known.

We combine the above results to obtain the final form (12.17) of the
desired estimate:

Proposition 12.9. Let {jo,...,yn} C R™ be p > 0 robust, and admit
a circumscribed sphere with center w(Yo, - . ., Yn) and radius r(Go, ..., Yn)-
Given 0 < e1 < ey, set 6 = Va(ey,ez) - p" =2, and let € > 0. Suppose that,
in addition, we have:
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(1) er < ||gi = g;ll  forall0<i+#j<n,
(2) 81/2 Sr(go?"'agn) < €2,

(3) e < 6/2n+1n3/2(e2)n—1

Va(ei,eg) - p"2
>~ 2n+1n3/2(62 n—1"
Let {Zy,...,Z,} C R™ satisfy

4) lg: =zl <e forall0<i<n,

then {Zo, ..., 2.} has a circumscribed sphere with center w(Zy, ..., 2Zn) S0
that for e3 =es +¢ ,
(12.17)

1B(Z0, -+, Zn) — B(For - - Gl <€-{1 + 022" (e3)" /6 + 207 27" (63)2”/52}.

13. CIRCUMSCRIBED SPHERES VIA INEQUALITIES

We develop an alternative approach to deriving the equations of a
circumscribed sphere for a given collection of points {Zp,...,2,}. The
method assumes that a system of inequalities is given, which defines an
“approximate solution”, and that there is a perturbation to an actual
solution as described in the last section. This approach is advantageous
when considering perturbations of a given triangulation, and we develop
some key estimates which are used in later sections.

13.1. Approximating centers of circumscribed spheres. Given vec-

tors {2p,...,2,} C R™, let V denote the n x n matrix whose rows are
the transposes of the vectors vy = Zx_1 — 2z, for 1 < £ < n, and set
AV) = (J|[01))%, .., [|1U.]1?)t. Assuming that V is invertible, the first re-

sult gives an estimate on the distance between an approximate center for
the points and the actual center.

Proposition 13.1. Suppose that we are given vectors {Zy, ..., 2, C R™,
w € R™ and constants 0 < Cy < r and Cy > 0 such that r — C7; <
|2 —w| <r+C1 for all0 < k <n, and |V7Y|| < Cy. Then {Z,..., 20}

has a circumscribed sphere with center w(Zy, ..., Zn) such that
(13.1) lw—w(Zo,..., 20| <2vn-rC;Cs.
Proof. The center w(Zp,...,2,) lies in the common intersection of the
hyperplanes
LGionZ) = (FER™|(Goor— 2o (7 — (oo + 50)/2) = 0}
= {C+7Z. |t el=1/2 5]}
where ( = & — Z,,. Thus, the solution &J(2p,. .., 2,) of the matrix equa-

tion (12.6) is the center for a circumscribed sphere containing the points
{Z0,...,2Zn}. We estimate ||w —w(Z0, ..., 2Zn)].
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As r — C1 > 0, the vector w satisfies the inequalities
(13.2) (r—C1)? < ||Zk —wl|]® < (r+C)2.

Make the change of variables v}, = 21 — 2, and ( = w — Z, and subtract
the inequalities (13.2) for k = n+ 1 from those for 1 < k < n. Using that
Upgl = Zn — 2 = 0, and expanding and canceling terms then yields

—47’C1 < (’l_)'k — C) o ('D'k — C) — (17n+1 — C) o (Un+1 — C) < 47’C1
—4rCy < Uk.ﬁk—2ﬁk.g < 4rCh.

Conditions of Proposition (13.1) and the above implies that ( = w — 2,
is a solution of the matrix inequality

1-
(13.3) V(= 3X(V) € B0,2vn - rCh),
and using the equation (12.6) we obtain that w’ = w — w(Zp,...,2,) is a
solution of the matrix inequality
(13.4) V-w' e B(0,2v/n-rCy).

We are given that ||[V~!|| < Cy hence we obtain the estimate (13.1). O

13.2. Stability of Delaunay triangulations. Stability of the Delaunay
triangulation associated to a net N C R™ under perturbation of A is
equivalent to the stability of the circumscribed spheres for the vertices
of a simplex. The following result shows the existence of circumscribed
spheres based on estimates which are almost “stable under sufficiently
small” perturbation.

Proposition 13.2. Let {2y, ..., Z,} C R™ be p-robust, for p > 0. Assume
there are constants 0 < e; < eg and 0 < C7 < r < ey, and that there exists
w € R™ such that

(1) e1 < ||z — Zj|| <2e2  forall0<i##j<mn,
2)r—Ci<||Zk—w||<r+Cy foral0<k<n.

Then {Zy,...,2Zn} has a circumscribed sphere with center w(Zo,...,2y,)
and
(13.5) lw =@ (Z, ., Za)|| < Cr-n®2(2e5)" " /p" "

Proof. Lemma 12.7 implies that the volume of P(Z,..., Z,) is bounded
below by e1p" !, and hence |V| > e1p" 1. Thus by Corollary 12.4,

(13.6) V7 < n(2e2)" 7 /IV] < - (2e2)" 7 feap™ ™
Then (13.5) follows from (13.1) and the hypotheses r < e;. O
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Propositions 12.9 and 13.2 show the importance of the robustness con-
dition in Definition 12.6 for estimating the stability of solutions for the
equations (12.5). Our next result shows that a small perturbation of a
robust simplex is also robust.

Proposition 13.3. Let 1 < m <mn, and assume that {¥o,...,Jm} C R™
is p-robust. Let {Zy,...,Zn} C R™ be also given, along with the constants
0<er <eyand0<e <ey/4 such that

(1) er <||gi — ¥5| < 2eq for all0 < i # j <m,

(2) 1 — 7| < e forall0 <i<m.
Then {20, ..., Zm} 18 pm-robust, for pm = pm(p, €, e1,e2) as defined below.
Moreover, p.,(p,e,e1,es) is monotone increasing in es and p, and mono-
tone decreasing in e; and €, and is scale-invariant. That is, for s > 0,
Pm(s p,s-e,8-€1,8 €3) =8 pm(p,e,e1,e2).
Proof. Set ] = e; —2¢, e}, = e3 + ¢ and eq = 4(ez + e1). Then for all
0<i#j<m,

e1/2 <€) < ||z — Zj|| < 2ef < eq.

For each 0 < k < m, let Span(go, ..., ¥r) C R™ denote the affine subspace
spanned by the vectors, and let & € Span(g,...,Jx—1) be the point
closest to gx. Then p < ||g — &l < [|7k — Foll < 2e2.

Similarly, let Span(Z2p, ..., Zx—1) C R™ denote the affine subspace span-
ned by the vectors, and (; € Span(Zp,...,Z2Zk—1) be the point closest to
Z,. Then |2, — Gell < |12k — 25| < 2€5 for j <k —1.

The triangle inequality yields a lower bound

d]R"” (2k,Span(ZOa .. '7516—1)) = ”’gk - Ck“
> gk =&l — 112k = Urll — e — Ckll
(13.7) > p— ¢ — [|& — Gl

We develop an upper bound estimate for || — (x|l

For the case k = 1, note that Span(Zy) = {Zo} is just the single point,
so &1 = 1o and (3 = Zp, and ||¢1 — &1]] = ||Z0 — Fol] < &, so in terms of the
estimate (13.7) we have dgm (Z1,Span(zy)) > p — 2e. Set §; = 2, then
p1 = p — e - 1. This completes the proof of Proposition 13.3 for m = 1.

When m > 1 and 2 < k < m, an upper bound estimate on || — (x|
requires more delicate arguments.

We are given that 7, Z; € Dgrn (§k, 2e2 + €) for each 0 < j < m. Since
the distance from g to & is at most that from g to gy we also have
&k € Dgn(Yk,2e2). The analogous estimate is true for dgn(Zk,(x), and
since |7 — Zk|| < & we have that ( € Dgn (¥, 2¢5). It follows that all
of the points in consideration, ¥;, 7;,&;,¢;, 1 < j < k, lie in the closed
disk Dgn (g, e4) with radius e4 = 4(es + e1). This compactness estimate
is fundamental.
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Let Spany (%o,...,9Jk—1) = Span(o,...,¥k—1) N Dgra(Yk,2¢5), the
restricted subdisk of radius 2e,. Note that we showed above that
{2707 cee ag'krfhgh e 761@} C Spank(g()a e 7@’]{)71)'

For the case k = 2, note that ||g1 —go|| > e1 and ||Z1 — 20| > €] > e1/2,
and using that the disk Dgn(%a,2¢5) has diameter at most ey, we have

(13.8)Spany (50, 41)  C  {do +t1(yi — %o) | —es/er <ty <es/en},
(13.9)Spany (2, 21) C {Zo+s1(Z1 — %) | —ea/e) < s1 <es/el}.

Lemma 13.4. Given Z € Span,(2y, 21), there exists § € Span(go, 1) so
that

(13.10) 12— 7]l <e-(1+4es/er).

Proof. Write Z € Span,(2y, 21) as Z = Zo + s1 - (21 — 20) € Spany (2o, 21).

Then for §¥ = 4o + s1 - (Y1 — Yo) € Spany(¥o,¥1) we have ||Z — ¢]| <
€ (14 4eq/e1). Thus, every point of Span,(Zp, Z1) has distance at most
€-(1+4eq/er) from a point of Span(¥o,¥1). O

Lemma 13.4 implies that ||€2—Ca|| < e-(1+4ey/e1), hence ||Zo—Co|| > po
by (13.7), where

(13.11) p2=p—c-(2+4es/e1) = p—e-da(p,e1,e2).

Note that d2(p, €1, e2) = (2+4e4/e1) depends only on the constants e; and
e, and as the ratio ey /e is scale invariant, thus ps is also scale invariant.
If m = 2 then we are done.

Next, consider the case k = 3. The estimate ps in this case is obtained
from (13.7) by subtracting from p a term which involves linear combina-
tions of ¢» with points of the line Span(%j, #1), and the closer that ¢ lies
to this line, the larger the possible error, and likewise for Spans(Zp, 21, 25).

As seen before for k = 2, the strategy is to estimate the parameters used
to describe the planar region Spans (%o, %1, ¥2) as in (13.8), and similarly
for Spans(Zp, 21, Z2) as in (13.9).

Recall that & € Span(go, 1) is the point on the line closest to g3, and
p <92 — &l < 26 <ea.

Likewise, the point (o € Span(Zp,Z;) closest to zy satisfies py <
22 — Gof| < 2€5 < eq.

Now let &, € Span(%y, 71) be the point closest to (z. Then ||yz — &||
2 — &l = p > po.

From the case k = 2, we have that ||, — (2f] < e da(p, e1,e2).

v
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The key idea is to bound the diameter of Spang (%o, 1, ¥2) using linear
combinations with (y3 — &) and parameter bounds invoking p and ps.
Span; (%o, 41, ¥2)
C A{Go +t1(gi — Go) +t2(vr — &) |
for all —ey/e; <ty <esfer,—ea/p <ty <es/p},
Spang (2o, 71, Z2)
C {z +s1(21 — ) +52(22 — ) |
for all —ey/e] < s1 <ey/e),—es/p2 < 59 < es/pa}.

As in the proof of Lemma 13.4, every point of Spang(2p, 21, Z2) thus lies
a distance at most

[ {1 + 264/61 . (1 + ].) + 264//)2 . (1 +52)}
from a point of Spans (%, ¥1, ¥2), so this estimate holds for ||&5 — (3||. Set
(13.12) 03 = 03(p,e1,e2) =2+ 4eq/e1 + (1 + 02) - 2e4/po.

Both d2 and the ratio e4/po are scale-invariant, thus d3 is scale-invariant.
Then for pg = p — e - d3 by (13.7) we have ||Z5 — (3| > ps.
Continue inductively, given py and & for 2 < k < m,

(13.13) 011 = 14+{1+2-2e4/e1x+-- -+ (1+ ) 2e4/pr},

(13.14) prt1 = p—c-0pt1-

Then we have ||Z;+1 — Ce+1]| = pr+1. Continue until £ + 1 = m, so
m—1

(13.15)  Om(p,eren) = 2+4esfer+2- ) L+ 9u)es
b2 Pk

(13.16) pm(p,e,e1,e2) =  p—c-0m(p,e1,e2)

for which dgm (Zm, Span(2o, . - ., Zm-1)) = [1Zm — Cmll = pm(p, €, €1, €2).

By the inductive definition (13.14), the values p > p; > --- > p,, are
monotone decreasing. Furthermore, by an inductive argument, for each
1 < k < m the value of p; is a monotone increasing function of e; and
p, and monotone decreasing for e, and thus each term (1 + 0y )es/px in
the sum (13.15) is also monotone increasing, hence the same holds for
pm(p,€,e1,e2). Also note that each additional term (1 + dx) - 2e4/p in
(13.13) is scale-invariant, so the sum (13.16) is scale-invariant. O

14. MICRO-LOCAL FOLIATION GEOMETRY

The construction of the Vononoi cells in the sections above uses the
distance function on R™ to derive the linear equations which define the
circumscribed spheres that define the Delaunay triangulation. The exten-
sions of these ideas to leaves of foliations requires working with the given
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Riemannian metric on the leaves, as these define the leafwise distance
functions. If the foliation F is defined by a free action of R"™, such as for
the case of a tiling space associated to a tiling, then there is a natural
FEuclidean metric on each leaf. However, when the leaves are just as-
sumed to be smooth Riemannian manifolds, then the construction of the
Delaunay triangulation associated to an arbitrary leafwise net is problem-
atic, as discussed in [47], for example.

Our approach is to introduce, given a matchbox manifold 9t with
smooth leafwise Riemannian metric, a “distance scale” which is suffi-
ciently small so that the local coordinate charts for this scale are “almost
Euclidean”, and then choose the leafwise net to be adapted to this scale.
The definition of the Delaunay simplices will then be obtained by adapt-
ing the methods of the previous sections to this almost non-Euclidean
context.

This study of local properties of a Riemannian manifold is best done in
adapted geodesic coordinates, and this requires the introduction of some
standard ideas of Riemannian geometry such as local orthonormal frames
and their Christoffel symbols. A good reference for this material is [42,
§9]. We recall the necessary material below, which leads to the choices
of constants in the next section, and the corresponding estimates in later
sections which guarantee the stability of the simplices in the leafwise
Delaunay triangulation.

For each 1 < i < v, there is given the coordinate chart ¢;: U, —
[~1,1]" x T; and for @ € U;, the plaque for the chart ¢; containing x is
denoted by P;(x). The horizontal coordinate function \;: U; — [—1,1]"
is defined by setting ¢;(z) = (A\i(z), ws) € [-1,1]" x T;. Also, recall that
Ar > 0 was chosen in Lemma 3.5 so that for all x € 9, the closed leafwise
disk Dy(x, A7) is strongly convex, and 267, < Ax/2 bounds the diameter
of the plaques in the foliation covering.

For z € U; define the transversal section, for & C T;

(14.1) 3(2,0,8) = ot (), 4)
@) = gt (Nil2),Ti) = A7 o Ai(a).

As a special case, for r > 0, define the compact “disk section”
(14.2) 3(z,i, 1) = ¢; F (Ni(@), Dy (we, ) N T,) C U,

The local coordinate charts ¢;: U, = [-1,1]" x ¥; are used to define a
local “vertical translation” between plaques, which will be fundamental in
the following. For 2’ € 3(z,14), define

(14'3) (bi(.lﬁ,l’/)l ,Pl(x) - 7)1(.’1?/) ’ 5/ = ¢($, m’)({) = 3(67 Z) n Pl<xl)



222 ALEX CLARK, STEVEN HURDER, AND OLGA LUKINA

When expressed in coordinates,
(14.4) pi 0 iz, ') 0 o (i), we) = (Ni(), war)
which is just the constant map in the first coordinate. Thus ¢;(z’,z") o

odi(x,z') = ¢i(x,2”), and the maps ¢;(x,z’) are homeomorphisms which
depend continuously on 2’ € T; in the C°-topology.

14.1. Leafwise metric distortions. The leafwise Riemannian metric
on F depends continuously on the transverse coordinate in local charts.
We use this to define distortion estimates for the metric.

First, we introduce estimates on the leafwise metric distortions of the
maps ¢;(z, z"), which compare the leafwise Riemannian distance functions
induced on differing plaques in the same chart U;. Set:

var(i,r) = max{|dr(z,y) —dr(x',y)| |

for x € U;, ' € 3(w,i,7), y € Pi(x), vy = ¢(z,2')(y)}
max{{|dz(y, 2) — dr(di(z,2")(y), ¢s(x,2")(2))|} |

for y,z € Pi(x), 2’ € 3(x,i,7)}.

(14.5)

Note that var(i,r) depends continuously on r, that var(i,0) = 0, and
var(i,r) < 267, as P;(z) is contained in a disk in L, of radius 4;;.

There is another measure of the metric distortion between plaques, this
time in terms of the variation due to differing coordinate systems. For
z € U; NU; we obtain two standard transversals 3(z,4,7) and 3(z,7,7)
in 91 through z. Define the divergence between these two transversals by

div(z,i,7,r)
= max{dz(2",y) | 2’ € 3(z,i,7),y € 3(z,4,7),Pi(z") NP;(y') #0}.

The assumption 67, < Az/4 implies that div(z,i,j,r) < Az. Note that
div(z,1,4,7) = 0 and that div(z,1,7,0) = 0. Define:

(14.6) div(z,r) = max {div(z,i,j,r) |z € U;NU;}.

The condition P;(z) N P;(y') # 0 is closed in 2’,y’, and hence div(z,r)
is an upper semi-continuous function of both z and r. In terms of the
transverse translation maps ¢;, for ¢ = div(z,r), the condition (14.6)
implies that the compositions ¢; (2, z)o¢;(z,y’) are e-close to the identity.

14.2. Adapted geodesic coordinate systems. If F is defined by an
isometric free action of R™, as in the case of tiling spaces for example,
then the leaves of F have natural isometric coordinate systems. However,
for a manifold of non-zero curvature, it is necessary to introduce geodesic
coordinates based at the points of 9. The books [15] and [28] are suitable
references.
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Let e = {é1,...,¢e,} denote the standard orthonormal basis of R™. A
point & € R™ is then written in coordinates as @ = (aq,...,a,), where
F=¢€¢-d=ai€+--+a,€,. Recall that the closed ball of radius A about
the origin in the standard metric is denoted by D()), or Dgn(A) when it
is better to emphasize that the disk is defined using the standard norm
I e

For x € M, and coordinate system ; with x € U; the basis € of R™
defines a framing €, of Tg(—1,1)" x {w} for each w € T;. For each z € Uj,
the differential of the coordinate map ; at = defines a linear isomorphism
dypi: T, F = R™, by which €, induces a framing €, for T, F. If the
curvature of leaves is non-zero, then the tangent map d,p; is typically
not an isometry, and thus the framing €, is typically not orthonormal for
the leafwise Riemannian metric.

The leafwise Riemannian metric on T'F induces on each plaque P;(w) =
@7 H((=1,1)" x {w}) of U; a family of inner products on its tangent space,
which in terms of the framing €, at x € P;(w) is denoted by the matrix
gjk(x). By Theorem 3.3, the tensor g;;(z) varies continuously in w € T;
for the C*°-topology on functions on P;(w).

Given an arbitrary orthonormal frame u = {1, ..., 4, } C T,F for the
leafwise Riemannian metric, define a linear isomorphism
(14.7) Fp:R" > T, F2R" | Fz(ar,...,an) =0-a

where we adopt the “matrix notation” 4 - @ = a1y + - -+ + anii, € T, F.
Via the coordinate isomorphism dyp;, the tangent vectors iy, form an
orthonormal set & C R™ for the inner product g;x(z), and in this sense,
u - d is precisely a matrix product. To simplify notation, we let © = m
also denote this framing, as it is clear from context whether we consider
the framing as in 7, F or in R™. Then Fj; is a linear isometry between
{R™, || - I} and {R™, || - [|a}, where || - [|z denotes the norm on T, F = R"
induced by the inner product g;;(z).

Recall that exp? : T, F — L, is the leafwise geodesic map at z. Given
an orthonormal framing @ of T, F and 0 < A < Az, the leafwise geodesic
coordinates at x are defined by

(148) 4221 Dan(N) = Dr(a, ) C Lo , 0, 1(@) = exp? (i - @),

Assume that Dg(z,A) C U;, and let T = A\;(x) € (=1,1)™ C R™. Then
we have a second coordinate system on the neighborhood Dg(z, A) of =,
which is also “adapted” to the leafwise Riemannian metric on the disk
Dxz(z, ). Define T3: R™ — R” by T3(y) =  + ¥, and compose Tz with
the framing map Fj to obtain:

(14.9)

Ut = o7 (Tro Favwy): Dan(N) = Pi(a) 0 o) = 97 G+ ).
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Then ¢!, - is the geodesic coordinate system for the flat metric on P;(x)
associated to || - ||a-

14.3. Comparison of geodesic coordinate systems. We compare the
affine geometries defined by these two sets of coordinates, ¢ - and u);ﬁ,
using the coordinate system ¢; to convert the comparison to a local prob-
lem on R" involving differential equations on R™.

Recall that D(X) = Dgn()) is the Euclidean disk centered at the origin,
T = \i(z), and Dg(7,s) denotes the closed disk of radius s about z for
the metric g.

Let D;(%,\) = ¢i(Dr(z,)\) C (—1,1)" x {w,} denote the image of
the disk in the leafwise metric. _

Let d denote the distance function on D;(Z, A) defined by the leafwise
metric dz. That is, for 7, Z € D;(Z, \),

d( v, 5) = df(@;l(gv ww)’ <Pf1(5» wI))

Let g denote the metric tensor on ﬁz(x, A) in the coordinates ;. Note
that the image under ¢; of a geodesic segment for g is a geodesic segment
for g, and as Dz (z, A) is strongly convex for A < Az, the same holds for
the region D;(Z, \) with the metric §.

Let exp; denote the geodesic map associated to g, centered at . Then

for the orthonormal basis u C T,F considered as a frame for TzR", we
set

(14.10) expz gt D(A) = Di(F,)) , expz 5(d@) = expz(u - @).

Recall that we also have a linear map T3 o Fy, which LS a linear isometzy
between {R", ||-||} and {R"™, ||-||a}, and satisfies Tz0F5(0) = ¥ = expz z(0).
Let g% = (T 0 F5)*(g) denote the metric § near # pulled back to D(\) via
the isometry T% o Fy;. Then gjﬁk(c_i) =0 for d = 0 by definition of @. The
metric g% is in Gauss normal form, and its metric tensor 95k consequently

has further special properties in a neighborhood of 0.

Definition 14.1. Let x € M and 0 < A < Ax/2. Assume that Dz (z, \) C
Pi(x), and let u be an orthonormal frame for T,F. For ¢ > 0, we say
that wgﬁ: D(\) = Dx(z,\) is e-approximately Euclidean if the following
hold (in the coordinate system ;):

(1) For all @ € D(A),
(14.11) 195 (@) = 01| < &/n®
(2) For all @ € D(\),
(14.12) d(eXD; (@), Tz 0 Fa(@)) < e-||d]
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(3) For a geodesic o: [0,1] — D (Z, \) in the d metric, with 5(0) = 7
and o(1) = g1, set 7(t) =t - (41 — Jo) + %o, then

(14.13) dGF(t),7(t)) < e-d(jo,ih) , forall 0< ¢ <1
(4) For s < A, the Riemannian volume of leafwise disks satisfies
(14.14) [Vol(D(s)) — Volg (D5 (x,s))| < e-s"

where Vol denotes the Euclidean volume and Volg is the volume
form for the metric g. More generally, given an open set U C
D(s), for s < A, we require that

(14.15) |Vol(U) — Vol (expz 5(U)) | < e 5™

Conditions (14.1.1) and (14.1.4) concern the continuity of the metric
tensor g, while conditions (14.1.2-3) concern the behavior of geodesics
for the metric g, so also require control on the first and second order
derivatives of g. The condition (14.1.3) is simply that the geodesics for
the metric g and the flat metric defined by u “stay close”. The conditions
(14.1.1-5) are closely related, but are formulated separately in the form
they will be used later.

Lemma 14.2. Assume that ¢ -: D(\) — Dz (x,\) is e-approzimately
Euclidean. Then

(14.16) |d(z,4) — | Z—§llal < e-[1Z=Fla forall § 2 € Di(EN).
Thus, conditions (14.1.1) and(14.1.2) yield, for all @ € D(\),
(14.17) | expz 4(d@) — Tz o Fa(d) la < 2e.

Proof. Condition (14.1.1) and the estimate (12.2) imply ||g” — §|la < ¢
for the matrix norm, from which (14.16) follows. Condition (14.17) then
follows, as || @ < A. O

Here is a key technical result about Gauss normal form coordinates.

Proposition 14.3. Given € > 0, there exists A > 0 such that for all
x € M with Dg(x, A\.) C U; and orthonormal frame u of T, F, the chart
Y9 —: D(Ae) = Ly is e-approzimately Euclidean.

Proof. The claim is that exp; ; is well-approximated by the affine map
T o F; for A, sufficiently small. This follows from standard facts about
the geodesic charts for smooth metrics, where we use the continuity of the
Riemannian metric and its derivatives as functions of x € 91 to obtain
uniform estimates, for all x € 91. We give a brief sketch of the proof.
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Let h = szk(f) denote the Riemannian tensor on D(A) induced from
g by the geodesic map é?(f)fﬁ. Note that geodesic coordinates have

the property that Ejk(ﬁ) = J,, the Dirac 0-function. Moreover, the
Riemannian Christoffel symbols fﬁ (&) of the metric I also vanish at the
origin.

The tensor f§ 4 (&) is C*!-continuous as a function of the metric tensor
in the C* topology, for £ > 1, so the first derivatives of ff] (&) vary con-
tinuously with the metric in the C? topology, hence its curvature tensor
R(€) varies continuously in the C2-topology as well. Thus, by choosing
A > 0 sufficiently small, we can assume the quantities ||7ij(§) —di|| and
|f§ x(&)| are arbitrarily small on the disk D(\), and moreover the norm of

the curvature tensor |R(¢)| is uniformly bounded.
Standard results of Riemannian geometry show that the second deriva-
tives of the geodesic map exp, ; at the origin are bounded by the norms

of the Christoffel symbols f?k(f), of their derivatives, and of the curva-

ture terms R(&). (For example, see [28, Chapter 5, Remark 2.11].) Thus,
given ¢’ > 0, there exists A\, .- > 0 such that exp; 5 is €’-close to its linear
approximation T3 o Fy; in the Euclidean norm on R™. This yields the
estimate (14.12) of Definition 14.1.2.

The condition (14.13) of Definition 14.1.3 follows, as the local expres-

sions of the Christoffel symbols fﬁ .. are sufficiently small on D(\) and the

quantities |f§k\ are uniformly bounded. Conditions (14.1.1) and (14.1.4-5)
follow from the continuity of the metric tensor g, as noted above.

For each € > 0, choose A\; > 0 so that the conditions of Definition 14.1
holds for all z € M, and any choice of orthonormal frame u for T, F.

There is one further subtlety, which is that the error estimates in for-
mulas (14.12) and (14.13) are in terms of the leafwise distance function
dr, while the error & above is in terms of the Euclidean norm || - || on
D(\). Introduce the constant

dr (5 (b), 92 4(@)) 15— all
b — | ’
forallz €M, @, @a#be DAr)}.

Given ¢, let ¢/ = ¢/||dx|| and choose A, for as above for the error &’.
Thus, by the compactness of 9t and the continuity of the metric in the
C?%-norm, given € > 0 there exists an A. > 0, so that for all x € 0,
for all 0 < A < A, and for all coordinate chart indices 1 < i < v with
Dz(z,A) C Pi(x), the estimates (14.12) to (14.14) of Definition 14.1 are
satisfied. |

ldF|| = max {
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Remark 14.4. If the leaves of F are isometric to Euclidean space R",
such as when F is defined by a free action of R™, then A, may be cho-
sen arbitrarily large. Otherwise, if the leaves of F have large sectional
curvatures and ¢ is small, then A; may be quite small. The points in the
leafwise nets constructed in section 17 will be small compared to A; so
if the curvature of the leaves is “very large”, then the net spacing will be
“very small”.

15. SETTING THE CONSTANTS

Our ultimate “affine approximation” results are given by Propositions
16.4 and 16.7 in the next section, which extend Proposition 14.3 above.
However, in order to state and prove these results, it is necessary to specify
the “universal scale constant” g > 0 for which these results are valid. It is
absolutely fundamental that the estimates provided by these propositions
are independent of the choices made in their applications. That is, we
must a priori define the constant €y as well as error bounds €1, €2, €3 and
€4 which are required. For this reason, in this section we prescribe these
geometric constraints, and then make our construction using these fixed
choices. This section can be skipped at first reading if desired, and then
consulted later, though the process of making these choices, and some of
their implications as pointed out below, are a key part of the construction.

15.1. Number of circumscribed spheres. The first constant to define
is a very large number, based on the combinatorics of nets in regions of
R™, which is the reason for the role of the dimension number n in the
following. It may be possible to give a much more refined value to the
constant, but for our purposes, the following suffices. Set:
10™! 10™!

“hae -0 T T e niaor —n =1y

Given a finite subset Q C Dx(&, \%) with cardinality bounded above by
10™, then C), is an upper bound for the number of distinct subsets of 2
consisting of at most (n+ 1)-distinct points. In particular, C,, is an upper
bound on the number of distinct n-simplices, defined by (n+1)-vertices in
Q. Thus, C), is an upper bound on the number of circumscribed spheres
for the set €.

(15.1) C

15.2. Geometric constants. Next, introduce four additional “geometric
constants”. The purpose of these choices is briefly indicated, and their
precise roles will be defined later. The constants are “scale-invariant”,
and are multiplied by the scale A% defined in (15.10) below.

The width of the annular regions appearing in Lemma 17.5 will be
chosen bounded above by

(15.2) g1 = 1/(C, - 1000 - 100™).
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The thickness of the rectangular regions appearing in the robustness con-
dition (17.19) will be chosen bounded above by

(15.3) g5 =1/(C,, - 2000 - 27).

The bound on the translation distance of the centers of circumscribed
spheres for a perturbed net is

(154) €3 = 61/10.

The constant e3 first appears in the statement and proof of Proposi-
tion 18.2. We repeatedly use the implication 3 < &1 /4.

The error of the affine approximation in Proposition 16.4 is bounded by
a constant €4, which determines the recursive decrease in the robustness
estimates in Propositions 13.3, 16.7 and 18.2. The value of ¢4 is defined
by a recursive process, depending on the dimension n, which we recall
from the proof of Proposition 13.3.

Proposition 13.3 gives a recursive definition for the functions
pm(p, €, e1,e9) for 1 < m < n. Asnoted there, the function p,,(p, €, €1, e2)
is monotone increasing in es; and p, and monotone decreasing in e; and
€, and satisfies

Pm(s p,s-e,8-€1,8 e3) =8 pm(p,e,e1,e2) for s > 0.

Moreover, for all 1 < m < n, p,(p,0,e1,e2) = p. For the normalized
values e; = 1, ea = 2, e4 = 4(ez + e1) = 12, and p = pg, define functions
pm(po, €) recursively by

90(10075) = Po > 51 :2a Pl(p075) :p0_2€7 62 :507 p2(p0a€) :p_50€
and for 1 <m < mn, by

m—1
146
(155)  pmlpoe) = po—c 0 » O = 50+24- 3 (1 + )
2 pi(€)

Note that each p,,(g) is a continuous function of €. Also, for fixed initial
data (pg, €), the sequence of values is monotone decreasing in m:

po = po(po,€) > p1(pos€) > p2(po,€) > -+ > pnlpo,€) > 0.

At a key stage of the induction process, we introduce the following
constants, for each 0 < k < n:

ﬁk = (18 — 2]()/3’”) c €9
pr = (18—(2k+1)/3n)-ea.
Then we have

(15.6) 18 =po > po > P1 > P >+ > Png1 > Pryq > 15e2.
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Finally, choose €4 > 0 sufficiently small so that the following 2n + 2
inequalities hold, for 1 < k <n + 1:

(15.7) Pr > pn (ks 10e4) > P + €2/100;

(15.8) Pl > PP, 10£4) > Py + 2/100.

The full set of these inequalities are used in the proofs of Propositions 18.1
and 18.2, where they are multiplied by the scale s = A%/10.

15.3. Error of transverse computations. Finally, ¢y is the “basic
error” appearing in almost every transverse translation calculation and
estimate, so is restricted by multiple conditions. The following restric-
tions are informally summarized by saying “it is intuitively clear that there
exists g¢ sufficiently small so that all of these conditions are satisfied”.

(15.9) Choose ¢y > 0 which satisfies the following conditions:

(1) g9 < 1/2000 — used in equations (17.20) and (17.21)

(2) €0 <50n(2/5)"e1 — used in equation (17.12)

(3) €0 < €2/2000 — used in equations (17.17) and (17.18) and in proof

of Proposition 18.1

(4) g9 < e3/4 — used in equations (18.3), (18.24)), (18.31)) and in
proof of Proposition 18.2

) eo < 61/2 < &1 — 2e3 — used in (1841))

) g0 < €3/2{1 4 35n3/2 . (4/15¢5)" '} — used in equation (18.21)

) €0 < €4/20 — used in Proposition 16.4

8) €0 < 0,(4)/100 for §,, defined in Lemma 16.5

Note that the function ¢, in estimate (8) above, as defined in Lemma 16.5,
is independent of all other choices, so that g is well-defined.

15.4. Leafwise constants. Recall that A, was defined in the proof of
Proposition 14.3. Introduce the fundamental “leafwise” constant:

(15.10) N = min{0i;, \r/5, Ay, 1}

which is the basic distance scale for all of our subsequent constructions,
chosen so that the leafwise balls Dr(&, A%) are “eg-approximately
Fuclidean”. For example, if the leaves of F are isometric to Euclidean
space R™, then A% = min{d{;, A\x/5,1}. Otherwise, if the leaves of F
have large sectional curvatures, then A% may be quite small.

15.5. Variations of the metric in charts. Recall the definitions of
the functions var in (14.5) and div in (14.6), and choose the “transverse”
scale constant r, > 0 so that div(z,r,) < coAx for all z € M, and also
var(i,r.) < goAy forall 1 <i <w.
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16. AFFINE DISTORTION ESTIMATES

The stability of the Delaunay triangulation associated to a net in R™
follows from delicate linear algebra estimates in sections 12 and 13. It
is thus natural that the analogs of these estimates for non-Euclidean
Riemannian geometry, as given in Propositions 16.4 and 16.7, are even
more delicate. In this section, we show how these Propositions follow
from the choices in the previous section 15.

Definition 16.1. Let {X,dx} and {Y,dy} be metric spaces, and € > 0.
A homeomorphism into ¢: X — Y is said to be an e-isometry if
(16.1)

dx(z,2") —e < dy(é(x),d(2")) < dx(z,2')+e€ forall z,2’ € X.

Lemma 16.2. For xz € M and orthonormal frame u for T, F, the geodesic
normal coordinate map 9 -: D(XN%/2) — Dx(x,\%/2) is an (goA})-
isometry from the metric || - || to the metric dr.

Proof. The Euclidean disk D(A\%/2) has diameter A%, and the claim fol-
lows from the estimate ||§% — d||a < o as in the proof of Lemma 14.2. O

Recall the disk section 3(y,4,7.) of radius r, > 0 defined by (14.2).

Lemma 16.3. Let € U; and y € Pi(z) NU; for some 1 < i,j < v.
Assume that ©’ € 3(x,i,7ry) and y' = 3(y, j,r«) N Pi(a’). Then

(16.2) dr(z,y) —2e0 Ny < dx(2',y) < dr(z,y)+ 260 A%
If either i = j or x =y, then a more strict estimate holds:
(16.3) dr(z,y) —eo Ny < dr(2',y') < dr(z,y) +eoNr.

Proof. Let y"" = 3(y,i,7.) N P;i(2"). Then dr(y',y") < g A% by the defi-
nition of the divergence (14.6) and of r,. Thus, |[dz(z’,y") —dr(2’,y')| <
€g A% by the triangle inequality.

Then by the definition of the variation (14.5) and r. we also have
ldr(z',y") — dr(z,y)| <egA%. Then (16.2) and (16.3) follow. O

16.1. Estimates for variations of affine geometries. We next derive
estimates comparing the local affine geometry of geodesic coordinates in
nearby plaques at nearby points.
For « € 9 with Dr(z,\%) C U; let y € Dx(x,A\%/2) so that
Let ' € 3(x,i,7) and set ¥’ = ¢;(x,2")(y). Choose orthonormal
frames u for T, F and v’ for T, F, with corresponding geodesic coordinates
Yy 5 and wg,ﬁ,. Consider the composition

(16.4) U, = (1/)5/717,)71 o gi(x,2") oyp] s oTe: D(NF) — R"
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<
—
(e}
=
I

(wz',ar>_1 o ¢gi(x,2") 0 wz,a(f)

(¥ o)~ o iz, ) (y) = (W) )7 () = 0.

The map \I/;’y, compares two coordinate systems about the point 4': one is
the translate of the geodesic coordinates ¢? - centered at x but restricted
to a neighborhood of y in its domain, and the other is centered at the
translated point 3’. Each coordinate system defines an “affine structure”
in a neighborhood of 3. The next result shows that ¥, , can be made
“almost the identity” by the proper choice of the framing v’, so that
these affine structures are arbitrarily close. The proof of this result is
surprisingly complex.

Proposition 16.4. There exists a choice of orthonormal frame v for
Ty F so that

(16.5) Vo = (09 5) " o di(w,a') o gf s o Te: D(N5/2) — R”
is e4\%-close to the identity, for €4 chosen to satisfy (15.7) and (15.8).

Proof. We are given v € Dx(z,\%) C U;, y € Dr(x,\%/2) so that
Dr(y,\5%/2) C Dr(x,\%), and 2’ € 3(x,i,r.) and set 3y = ¢;(z,2’)(y).
Also given are frames @ for T, F and v’ for T/ F.

The idea of the proof is simple, in that we express both geodesic coor-
dinate maps v ; and 1/15',6/ in the local coordinates (;, as in the proof of
Proposition 14.3. The key point of the proof follows from some delicate
linear algebra, used to choose the new framing ¥, and then estimating the
distortion of the geodesic coordinates for this frame.

Let ¢i(z) = (Z,ws), ¢i(y) = (y, ws) and @i (y') = (§', wy) for wg, wyr €
%;, where as before in section 14.3, T = \;(x) and § = \;(y). By defini-
tion, ¢;(z, x') is the identity map when expressed in the coordinate system
©i, so the assumption y' = ¢;(z, 2')(y) implies ' = .

We mention a point of notation established in section 14 and used
repeatedly below. The “tilde” notation, T € (—1,1)™ for example, denotes
the horizontal coordinates of a point or set; the “prime” notation denotes
a point or set in the translated plaque P;(y’); while ¥ € R™ denotes a
vector in the vector space R"™, typically obtained from the inverse of the
geodesic coordinates 9.

Set do = X%/5. The restriction ¢;(x,2"): Dr(x,\%/2) — Pi(wy)
is an ggAk-isometry by Lemma 16.3, and thus ¢;(z,2")(Dx(y,2ds)) C
Dx(y',\5%/2)). Indeed,

¢i(x,2")(Dr(y,2d2)) C Dr(y',2X%/5 + c0\%),
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and since by assumption g < 1/2000 we have
20%/5 + 260 A% < 401/10000F < A%/2.

This implies that the composition (16.5) is well-defined. Recall from sec-
tion 14.3 that we denoted

Di(@,25/2) = ¢i(Dr(@,A5/2) € (=1, 1)" x {wz},
Di(y' A%/2) = @i(Dr(y’,A\5/2)) C (=1,1)" x {wy }.

_ Recall from section 14.3 that d denotes the distance function on
D;(z,\%/2) defined by the leafwise metric dz via the coordinates ¢;,
and § denotes the induced Riemannian metric on D; (7, A%/2). The geo-
desic coordinates about a neighborhood of 7 € R™ associated to ¢ and u,
are denoted by exp; 51 D(N5/2) = D;(F, Xi/2). So for & = (¢ )L (y),
then y = expz 5(§) by definition.

Similarly, d’ denotes the distance function induced on Dy’ L A%/2),
and §’ denotes the induced metric tensor on D/(j’ ,A\%/2). The geo-
desic coordinates associated to ¢’ and v, centered at 3’ are denoted by
é?(f)g,ﬁ,: D(\%/2) — ﬁ;(ﬂ’,)\*}-/Z). Then the map ¥, from (16.5) can
be expressed by

Uy = XDgi 0 © XDz 5 0 T
and there is the diagram:
(16.6)
T, F =2 R" D D(A\%/2)

ef)\(IJ)E.GOTE = ®;
—

D;(@,A%/2) = Pi(ws)

\I/;L',y’ { = { ¢z(ma Z‘/)

~ -1
T, F = R" > D(\5/2) D' X5 /2) T Pilwy).

Set 4 =2 + 4 - £ so that T;,OFQ(ZL’) =Tz o Fz(a+¢&).

By condition (14.12) of Definition 14.1, and using that A% < A, for
all @ € D(A\%/2) we have

exXpy/ 5/
—

(16.7) d (6xp (@ + €), Ty 0 Fa(a))

d' (e5pg: 5/(@), Tyr 0 For(@)) < oM.

IN

60)\;

Set @ = 0 in the first estimate of (16.7), then by Lemma 14.2 we obtain

(168) 7l < @) +eods
= (D5 4(6), T5(0)) +20Xr < 260N
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The “obvious” next step is to replace the orthonormal framing v’ for
R™ for the norm || - ||3- with the new framing ¥ = @, and then the claim
of Proposition 16.4 would follow. However, & need not be an orthonor-
mal framing the norm || - ||z, so it is necessary to adjust the framing @
using the Gram-Schmidt orthogonalization process. This introduces ad-
ditional errors, which depend on the “distance” from « to v’ in the Lie
group GL(R™). We formulate this error as follows, using estimates de-
rived from the Gram-Schmidt orthogonalization process. This derivation
of the following result is straightforward, and we omit the proof.

Lemma 16.5. Let R™ have the standard Euclidean inner product with
norm || - ||. There exists €, > 0 and a monotone continuous function
dn: [0,€,] — [0,€,] with 6,(0) = 0, such that given 0 < € < €, set
§ = 0p(€) > 0. For any basis {f1,..., fl,} CR™, whose vectors satisfy

(1) 1=6<|Ifll <140, for1<j<n,

(2) [flefil <0, for1<i#j<n,
there exists orthonormal vectors {f1,..., fn} such that || f; — f;” <e O

Recall that € = {€1,...,€,} is the standard orthogonal basis for R".
Scale these unit vectors by a factor of dy = A% /5 so they lie in the domain
of ¥, ./, and set Z; = Fy(d2€;). Note that |2}z = da.

Recall that ¢ = (d)iﬁ)’l(y). Then ds€; + ¢ € D(T,\%/2) so that
Z; = expgz 5(d2€;+§) € D;(Z, \%/2) is well-defined. Then by Lemma 16.2,

(16.9) [d(z;,y) —dz | =1[d(2;,9) — [IZ]lal
= |d(Z,y) = |u- (d28; + &) —u-&la| < €oAF;
(16.10) | d(Z;, Zx) — V2da |
= |d(Z, %) = G- (daf) + &) — - (daéi + &) ||| < A5

Estimates (16.9) and (16.10) imply the set {(z1—9)/dz, ..., (Z,—7)/d2}
is an “almost orthonormal” collection for the metric d.

By Lemma 16.3, the map ¢;(x, z') is an eg\%-isometry, and as ¢;(z, z')
is the identity map in the coordinates ¢;, we obtain estimates correspond-
ing to (16.9) and (16.10) for the metric d’, which follow from estimate
(14.16) of Lemma 14.2:

(16.11)]d'(%,9) — do | < 22007 = |Z T llor — da| < 3eo)>
|d'(35,%k) — V2da | < 2e00% = || — 2k llor — V2da | < 3eo\k.
Define z] = e/xvp;,l’ﬁ, (Zj). Then by estimate (14.17) of Lemma 14.2, and

noting that 2z} € D;(y’, \%/2),
(1612) 1%~ Ty 0 For (2] v = |55 50()— Ty For(Z}) v < 05
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Then by (16.11) and using that the map T o Fy/ is an isometry from the

norm || - || to the norm || - ||/, we obtain for the Euclidean norm on R™,
for1<j#k<n,

(16.13) NZ] —dal < Beorh:

(16.14) 2] = 20 — V2da| < 3eo\i.

Set f; = ZJ/dq, and observe that (16.13) implies the collection {f{, e It
satisfies hypothesis (1) of Lemma 16.5 for 6 = 15¢g.
It remains to estimate |f; e fi| for 1 < j # k <n. Write fy = fi .+ fi x
where f;,k is collinear with f;’ and f; ° f;’ck = 0. Then
f5 o fil = 15 @ finl = 1511550
Note also that ||]‘:;’||2 = ||f;’ck||2 + ||f7;’k||2 hence, using (16.14), we have
1 Fewl® = (P = 1 ell?)

(16.15) V2~ 1520 < |F} — Ll = I(F} — ) — Flll < V2 + 1560,
After squaring and using the orthogonality of the vectors, we obtain
2 — 30V2e0 + 22562 < [|(f} — Ll + | fhkll® < 2 + 30v2e0 + 225¢2.

Note that f; and f;k are collinear, hence ||f;/ - f;kﬂz = ||j:]7||2 — 2Hf]7|| .
1771l + 1177 |12, Using that 2 — 100eq < 2 — 30v/2eq + 225¢2, we have

2-100c0 < (7P = 2170 7l + 1702+ 1FLl < 2+ 1008,

The identity ||7412 = (712~ .7,x/12) implies | 7o 7l = [17,]| < 1000

The collection {f7, ..., f,} satisfies the hypotheses of Lemma 16.5 for
d = 100g9. We assume that g9 < €4/20 in (15.9) so that ¢4 < g5 =
2e4 —20eq. By choice of gy in (15.9), we have 100ey < d,(€5) so we obtain
the orthonormal framing f: {ﬁ, cey f;L} of R™ satisfying || f, — f;’c|| < €.

Define U; = Fy (f;), then © = {#4,...,7,} is an orthonormal frame for
the norm || - |3+ so defines an orthonormal framing of T,/ F. Note that
F;=F; 0 F]? and calculate:

||T,7 o F{;(dgé}) - Tg/ (] F@(dgéj)||g/
[(T5 o Fa(d2€;) — Zjllor + (|2 — Tyr © F5(d2€;)llor
Ty o F(d2€;) — Zillor + |12 — Ty o Fr (daf5) 5

< | Ty 0 Fa(daé;) — Zjllor + 12 — Tyr 0 For(dof?) ||
+| Ty © Por(da f]) = Ty o For (daf;) |5
< 360)\;— + 80)\;— + 2dses = 480)\}1— + 265)\;—/5
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where we use successively Lemmas 14.2 and 16.2, the estimate (16.7), the
estimate (16.12), and Lemma 16.5. Then by the approximations (16.7)
and Lemmas 14.2 and 16.2, we have for all @ € D(2)\%/5) that

(16.16) d (eXpz 4(@ + &), XDy 5(@)) < TeoAr 4 2e5 M5 /5.
Hence by Lemma 16.2 and our choice €5 = 2¢4 — 20¢p, we obtain
(16.17) Wy (@ —all = [exXpyier 0 eXpz g 0 Te(@)|

< 880)\;: + 285)\?_—/5 < 54)\;—
completing the proof of Proposition 16.4. O

16.2. Robustness criteria. The fine control of the affine structure of
geodesic coordinates provided by Proposition 16.4 is used in establish-
ing robustness criteria for leafwise Delaunay triangulations in the next
section. In preparation, we define a “non-linear” form of the robustness
criteria in Definition 12.6 and Proposition 13.3.

Recall that Span(tp,..., ) C R™ denotes the affine span of the vec-
tors {Uo, ..., Uk}

Definition 16.6. Let p > 0 and = € U; such that Dr(z, \%) C Pi(x).
Let 1 <m <n. Aset {yo,...,ym} C Dr(x,\%/2) is p-robust if for each
1 < k < m, the following leafwise metric conditions hold:

(1) Fix an orthonormal frame u = {1, ..., u,} C T,, F with geodesic
coordinates 97
(2) for each 0 < j <k, set 7; = (¥ )~ (y));
(3) Set H(yo, .-, ykiyk) =¥y, 5 {Span(%o,...,Tk) N D(\F)}.
Then the point yiy1 lies at distance at least p from the submanifold
H(yo,- -, Yk Yr)-
We show that the robustness condition for points in Definition 16.6

implies the robustness condition Definition 12.6 holds for their vector
coordinates in geodesic normal coordinates.

Proposition 16.7. For d; = X\%/10 and dy = 2X%/10 so that
(16.18) dy < dy + 260)\;— <ep <eg<dy— 280)\?_— < dg

and 0 < po < dy, let x € M and suppose {yo,...,ym} C Dr(z,\%/2)
satisfy en < dr(y;,yx) < 2ez for 0 < j # k < m, and {yo,...,Ym} s
po-robust. Given an orthonormal frame u of T, F, set

Wy = (09 5) " (y;) € D(AF/2) for 0 < j <m.

Then {Wo, ..., Wy} C R™ is py,-robust, where p; = pg(po,eaXir, dy,d2) is
defined by (15.5) for 1 < £ < m.
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Proof. We proceed by induction. By assumption,
d]:(y()ayl) Z e] > dl —+ €0>\j’:

so by Lemma 16.2 we have ||w, — Wp|| > d1 > po — 264\ = p1.

Now assume for 1 < ¢ < m, the collection {wWy, ..., W} is pe-robust.
We show that {wp,...,Wet1} is pe1-robust.

Let U; be a coordinate chart such that Dz (z, %) C U;.

Let Tz, : R" — R"™, T3, (%) = & + Wy be translation by ;. Define

U, = (ngm)—l 09?5 0Ty, : D(2ds) — D(N\5/2)

for an orthonormal frame ¥ = ¥y of T, F as in Proposition 16.4 so that
W (Z)—Z|| < eq A%, where &4 is defined by (15.7) and (15.8). This is pos-
sible by our choice of g9 in (15.9). (In this application of Proposition 16.4,
we take y' = yp € P;(x) which is on the same plaque as x.)

For 0 < j < m, define z; = (wzzﬁ)_l(yj), and also set W, = w; — wWy.
Then W, (/) = Z;. Using that Uy is e4 A% close to the identity, we have
that each ||Z; — w/|| < esA%. Note that {@y,..., W} is pe-robust if and
only if the collection {uj,...,w,} is ps-robust.

By the definition that {yo,...,ym} is po-robust, the point y,1 lies at
distance at least pg from the submanifold wgzﬁ(Span(Zo, ..., Z)). So by
Lemma 16.2, the vector Z41 lies at distance at least pg — g A% > pe from
the linear span Span(Zp,...,Z2;). Thus, we also have that the collection
{Z0, .., Ze11} 18 pe-robust.

It is given that e; < dr(y;,yx) < ez for 0 < j # k < m, so by
Lemma 16.2 we have

dy < e — 260/\;: < ||27J — 5k|| < 2e9 + 280)\;— < 2dy

for all 0 < j # k < m. We can thus apply Proposition 13.3 for € = 4\
to the collection {Zy,...,Zr+1} to conclude that Span(w, ..., wWer1) is
pet1-robust. ]

17. NICE STABLE TRANSVERSALS

Let 99 be a minimal matchbox manifold, and = € 99t. Assume there is
given a connected compact subset K, C L, such that there is IN(I C ZI
such that ¢4 : f(m C EI — L, C M isinjective with image K,. That is, K,
is a proper base as in Definition 1.2. As in the proof of Theorem 11.1, we
can assume that L, is a leaf without holonomy. Let I/(\'m be the extension of
K, as defined by (11.3). We show there exists a clopen set V,, C T, which
is IA(x—admissible so that ‘)‘((I?I7 V.;) is well-defined, and there exists a nice
stable transversal X for ‘)?(IA(I, V.). The existence of this transversal,
combined with Theorem 11.1, then yields the proof of Theorem 1.3.
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The strategy for the construction of X is straightforward. The proce-
dure is inductive, in that we assume that a collection of transversals are
given but not necessarily complete, and which satisfy a set of regularity
conditions, and then prove that it is possible to extend the collection by
adding another transversal so the regularity conditions are again satis-
fied. This process must terminate, as I/(\'z is compact, and we then have
constructed a nice stable (dq, d2)-uniform transversal for the Reeb neigh-
borhood ‘)NQ(IA(T, V). The difficulty with this approach, is that the “stable
condition” must be satisfied at each stage of the process. That is, each
partial collection of transversals for ‘ﬁ(f?m, V) must satisfy appropriate
net and general position conditions when intersected with the set K z As
the leaf L, is dense in 91, the choice of each successive additional transver-
sal 3(&, d¢,, Vy) will induce additional net points in K, which must be
in general position and stable with respect to the previous choices. En-
suring that these partial stability conditions are satisfied requires delicate
restraints on the successive choices, and the procedure for making these
choices utilizes the constants and estimates introduced in the previous
sections. The proof that the resulting transversal is nice and stable will
be given in section 18.

17.1. Basic notations. We first establish some simplified notations to
be used in the construction. As noted above, we can assume that we are
given a point zo € M contained in a leaf Ly C M without holonomy,
so the holonomy covering map II: Ly — Lo is a diffeomorphism. Let
M, be an (e1,ez)-net for Lo as in section 6, where es = ¢/, /4. Also,
let MVO ="M, C ZO, with z = TI(Z) € Mg for z € /\70. There is
given the covering of 9 by coordinate charts {U;. | z € My}, as in the
proof of Lemma 6.2, where 1 < i, < v, and such that Bon(z,ey) C U;_.
Correspondingly, for each z € .//\/lvo, there is a foliation chart Uz = U, x{z}
for gto.

Let Ko C Lg be a compact connected subset which is a union of the
plaques in Ly. Without loss of generality, assume there is a subset M{, C
M so that Ko = U {P;_(2) | z € M)}. Set Ko = II"}(K;) and M} =
n*(Mp) c Lo. Of course, Lg is without holonomy, so II: Lo — Lo is
a diffeomorphism, so this is just notational semantics. The distinction
becomes important when considering the Reeb neighborhood of Zo.

Let Ry denote the diameter of K in the leafwise metric, so for any
x € Ky we have Ky C Dx(x,Ro). Fix a basepoint zg € M{. Without
loss of generality, we may assume that i,, = 1, and let wy € ¥; be the
projection of zg to the transverse space for U;. For z € My, let h, denote
the holonomy along a nice path « from zy to z, which is well defined as
Ly is without holonomy.
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Recall that the constant 65 is the “leafwise Lebesgue number” defined
in equation (3.7), so that for all y € M, Dx(y,€/;) C Don(y, €y /2). The
constants €, €1, €2, €3, €4, and A% are as chosen in section 15. Also, 7,
was determined by the choice of A% in section 15.5.

For R) = Ry + &/, let 6] = 6(r./2, R}) be the constant defined in
Proposition 5.7. Then we have, for all z € My,

(17.1)  Dx(wo,6] ) € D(h.), ho(Dx(wo, 8] ) € Da(hs(wo), 74/2).

Let Vo C Dx(wo,d] ) be a clopen subset with wy € Vp. It follows from
(17.1) that Vy is Kp-admissible, so we can form the Reeb neighborhood
9~’I(I~(0,V0) C 9. Note that even though the map Ly — Ly C Mis a
diffeomorphism, the same is not necessarily true for the map ‘)N?(I?O, Vo) —
M. For this reason, we make our constructions in the space ‘:ﬁo. Notations
involving the “tilde” indicate that the construction is considered in gto as
opposed to 9.

For z € M{, set V., = h,(Vp) C T;. and w, = h,(wg). Then by the
definition of the function &(e,r) and the choice of Vo C Dx(wo,d] ), we
have by (17.1) that V, C Bx(w,,r./2) C T;,. Hence, for any w € V, we
have V, C Bx(w,r,). This implies that the various estimates introduced
in sections 14 and 15 for the transverse leafwise metric distortions will be
satisfied for plaques in M(Ky, Vp).

Introduce the plaque-saturated compact sets,

(17.2) W =r'V)cU, , W=u/x{ZclU.cN

so that M(Ko, Vp) is the union of i~l¥ for z € M), and the transversals we
introduce are subsets. For z € 4=, define a standard sections by

(17.3)
3(1’,’Lz,‘/z):§0;1(>\12($),‘/z) CL[;/ bl 3($7i5,V2) E3(£7iZ7VZ) X {z} Cmo'
Finally, introduce a sequence of constants based on the scale A%:

dy=.10- X, df=.11-X5, df =.12- X%
dy = 20- X%, dhy=.19-N5, df=.18- X%

Note that dy = 2d; and
Ne/10=dy < d) < df <dy <dy <dy=Ny/5.

(17.4)

17.2. The induction hypotheses. The construction of a nice stable
transversal X’ proceeds by induction from a given “partial net” in Ky by
choosing points which complete it to a (d;, dz)-uniform net satisfying the
stability hypotheses. The idea is to formulate the notion of a regular par-
tial Vy-transversal for K, which satisfies somewhat stronger hypotheses
than are eventually required.
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Assume as given a set of points =, = {£1,...,&} C Ko and A, =
{z1,...,2p} C M suchthat §; € Bx(z;,€},/2). Label the indices §; = i,
for 1 < j < p where z, € M.

Set X; = 3(&,05, Vo) for 1 < j < p, and define the partial Vj-
transversal ??p =X U---UA,.

The conditions imposed on /’?p are all leafwise. For x € 9 introduce
also the intersections

(17.5) No(x)=X,NL, , N,=2X,0NL.

The first hypothesis is the separation condition dx(y,z) > d for all
y # z € Np(z). Note that dj > d; so a sufficiently small perturbation of
the net will still satisfy the d;-separation condition.

Also note that if p =1 and £ # £ € N, then £,£ € Xy implies they
are contained in distinct plaques of Lo, hence dx(&,&") > 257, > d}.

In addition, impose two additional stability conditions criteria on the
nets N (z), that they satisfy Definitions 17.1 and 17.2 below, which only
apply when p > 2.

Let A’]_-(/'?p) denote the df-bounded leafwise simplicial complex for /'?p.
By definition, a (k + 1)-tuple {yo,...,yx} C .5(;, defines a k-simplex

A(yo, ... yr) € A2(A}) if there exists w € Ly, and 0 < r < dj such
that Br(w,r) N X, =0 and {yo,...,yx} C Sr(w,r) N AX,.

Definition 17.1. /'?p is e1-regular if for all A(yo,...,yn) € A(X,), and
for all § € Np(yo) - {yoa s ayn}a then

(17.6) dr(&wo, - Yn)) = 1Mo, Yn) +E1AE.

Given a simplex A(yo, ..., yr) € A2(X,), we say that the vertices are
properly ordered if there exists 1 < ip < i3 < -+ < i < p and points
&i; € Xy C Ly, such that y; = &, NPy, (yx)-

Definition 17.2. Let p = 3e2A%/2. A regular partial Vj-transversal
X, for Ky is p-robust if for all A(zo,...,x,) € AR(N,), the collection
{zo,...,x,} is p-robust, in the sense of Definition 16.6, where we assume
the vertices {zg, ...,z } are properly ordered.

Definition 17.3. The regular partial Vj-transversal .5(;, is d-complete if

Ky C Penz(N,,d) = U Dx(z,9).
z€Np

Normalize the first section X by setting & = zg € Ky and
(17.7) Er={&hA ={a}, 01 =i, =1, X = 3(&,01, Vo).
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17.3. The inductive construction. The proof of the next result gives
the inductive construction.

Proposition 17.4. Let /’?p for p > 1 be a regular partial Vy-transversal

which satisfies the conditions of Definitions 17.1 and 17.2. If )?p s not
diy-complete for Ky then there exists 41 € Ko so that for

e S =1{&,. ., &1y C Lo

o Api1 = {21, .., 2p, 2pt1} C My such that &; € Br(z;,¢;/2)

o 0 =i, for1<j<p+1 with zy, € M

¢ Xpi1 = 3(6p11,0p11, Vo), Apri =X U UAX, UAXp
then /'?pﬂ is dy-separated, and satisfies the conditions of Definitions 17.1
and 17.2.

Proof. Set N, = )?p N Lg. As ??p is not dj-complete, we have Ky —
Peng(N,,dy) # 0. The set Ky is a union of plaques of F which are
convex, so there exists {,,; € Ko such that

(17.8)  Br(€),1, A5/200) C Ko N {Penf(fp, ) — Pen;(??p,d’l’)} .

Then for all z € A?p we have dr({,,1,2) > df. Choose z,11 € Mg N
B;(fl’)ﬂ,e{;/Q), which is possible by the assumption that Mg is a net
which is €/ /2-dense. Set 0,11 =1i.,.,.

Adding the Vop-transversal 3(§}, 1, 0p+1, Vo) will result in a d}-separated
Vo-transversal .5(;’, 1 1. However, such .56;’) 41 need not satisfy the conditions
of Definitions 17.1 and 17.2. To ensure that these conditions also hold,
we modify the choice of £, ; to a point §,41 € Bx(§,,1,A%/200).

Consider the disk Dz(,,,1,4d2) C Br(§,11,A%) C Br(§,,1,AF), and
introduce the set

(17.9) Q& 41) = Dr(€) 41, 4d2) N .

Since the points of N,(yo) are dj-separated, and do = 2d;, the metric
conditions (14.12), (14.13) and (14.14) and a standard volume estimate
yields that the cardinality of Q(&, ;) is at most 10™.

Let QM)( pi1) C Agl)()?p) be the subset of all n-simplices whose ver-
tices are contained in (¢, ,;). The cardinality of the set Q) (§pt1) 1s
thus bounded above by the constant C,, defined in (15.1).

For A(yo, ..., yn) € Q™ (&) ) recall that w(yo, . . ., Yn) € DF (&)1, 4d2)
is the center of the circumscribed sphere for its vertices, so {yo,...,yn} C
Sr(W(Wo,--yYn), (Yo, .-, yn)). For k> 0, form the annular region

(1710) A]‘- (y()v ca Yn; K/) = PGH]:(S].‘(W(yo, s ayn)7r(y0a s 7yn))7 KJ)'
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Lemma 17.5. Let k = 261\ then
(17.11) Volr Ar (Yo, .-, Yn; k) < 200 2" e1(A%/5)".

Proof. Let ®,, be the constant such that Volg Dgn(s) = ®,s", where
Volg denotes the volume with respect to the frame . Note that (v/2)" <
®,, < 2". By the condition (14.14) for 0 < s < A% < A, we have

|®," — Volr Dr (w(yo,---,Yn),s)| <eo-s" <ep- (AF)"
and hence
Volr Arx (Yo, Yn; K)
= [Volr Dr (w(yo,---,Yn):T(Yos -1 Yn) + K)
—Volr Dr (w(¥o,---Yn),T(¥o,- - Yn) — K)|
< @ {(r(Wo -5 yn) +R)" = (F(Wo, -5 yn) — K)"} 4 280(AF)"™
Given k = 21 \% with 20ne; < 1, and A%/10 < r < A%/5, estimate:
{r+r)" = (r—r)"} " AQ+w/r)" = (r—r/r)"}
r" - {(exp(nk/r) — exp(—nk/r)}
(A%/5)" - {(exp(20n £1) — exp(—20n £1)}
100n 1(A%/5)".

IA A CIA

Combining these estimates and condition 2 in (15.9), we obtain

(17.12) Volr Ax (yo,---,Yn,K)

O {(r(yo, - ym) +R)" = (r(yo, - yn) — K)"} 4 260(AF)"
{®,, - 100n €1 +2-5" g0} (A%/5)"

{27 100n &1 +2- 5" e }(\s/5)"

200n - 2" 1 (X5 /5)".

VAN VAN VAN VAN

The total volume of all such annular regions intersecting
Dz(&,41,A%/100) is bounded above by

Cp -200n - 2" e (N%/5)".

We also derive an estimate of the leafwise volume of the disk
D (€41, N /200):
|@n-(AF/200)" —Volr D (&, 11, A5/200)| < 0-(A%/200)" = (g0/2™)-(A%/100)"
so that

Vol Df(§;+1,)\*f/200) > &, - (A%/200)" — e - (A%/200)"
> (1/40)" - (\/5)".
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Given g1 = 1/(Cy, - 1000n - 100™) by (15.2), it follows that

1
(17.13) Cpi-2000-2" &1 - (N5/5)" < - 1/40" - (X5/5)"

Thus, we see that the total volume of all annular regions intersecting
Dr(€, 1, A5/200) is less than 1/4 of its volume. Therefore, if we choose

p
p+1 € Br(§,11,\¥/200) C Ko

which lies outside of the union of these annular regions, then for all
Alyo, - yn) € AP (N,

(1714) df(§p+17w(y07"‘vyn)) > T(yOa"'7yn)+251>\jT~

Note that this estimate on Ly is stronger than (17.6), and it will be shown
in Lemma 17.6 that (17.6) holds for all « € 9.

It remains to modify the choice of &,,1 so that the robustness condition
Definition 16.6 is also satisfied. The strategy is to again use volume
estimates, in this case for the sets of points for which the robustness
condition fails, then chose &,11 in the complement.

For 1 < k < n, let {yo,...,yx} C Q(&,11) be a collection of distinct
points with yi, € &;, where 1 <ig < --- <ip <p. Letu = {dy,..., 4} C
Ty, F be an orthonormal frame, and introduce the corresponding geodesic
coordinates

(17.15) z/JZkﬁ: D(\%) = Dx(yg, \%) C Lg.

Define if; = (7 )~ *(y;) for 0 < j <k + 1. Note that 7 = 0.
Let Span(%y,...,¥x) C R"™ be the linear submanifold through
the origin of dimension k which they span. Define a submanifold of

D]:(g;)-‘,—la )‘}/200)7

(17.16) H(yo,- -, Yk; &py1)
— kaﬁ {Span(gj’o, o ,:ljk) n D(de)} N D]—'(g‘;ﬂrlv )‘j’:/QOO)

which has diameter at most A% /100, and thus has (n—1)-volume bounded
above by (A\%/100)"~"'. Form the 2eoX%-thickening of H(yo, .., yk; &)1 1),

(17.17) S(Yo, - -+ Yr; &y, 26207%)
= Penz(H(Yo, .- Yk &pi1), 2620%) N Dx(§,, 11, A5/200).

Then by the estimate (14.15) and g < €9, its volume is estimated by
(17.18) 4(ea\%) - (N%/100)" ! + £0(A%/100)"™ < 5(ea k) - (A/100)™ L.
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The total number of such submanifolds H(yo, - . ., yx; &,11) in Dr(§),,1,4do)

is bounded above by the constant C,, from (15.1), hence the total volume
of all such sets which intersect Dx (1, A\%/200) is thus estimated by

(17.19) C, - 5(e2A%) - ()\;__/100)11—1

Cp - (5X%) - (\%/100)»~1 1
— — . 1 4 n . * n
C,, - 2000 - 2» 4 /40" (A%/5)

where we use the definition of €5 in (15.3).

Thus, the total volume of all such slabs intersecting Dz (&, ;, A%/200)
is less than 1/4 of its volume, so we may choose £,11 € Bx (&, 1, A\%/200)
which is disjoint from the union of all annular and slab regions introduced
above. This completes the choice of the new point 1.

We now must check that all of the required hypotheses for a nice stable
Vo-transversal are satisfied. First, we note that /'?pﬂ is d-separated. Set
Np+1(l‘) = Xp+1 N Lr and Np+1 = Xp+1 n Lo.

Lemma 17.6. For ally # z € )?,,.H we have dr(y,z) > 114 - X% > dj.

Proof. If y, z lie on distinct leaves, there is nothing to show. Assume
y # z € Npyi(z). Then by definition, there exists &;,&; € )?p+1 for
1 <14,j5 <p+1suchthat y € 3(&,0;, Vo) N L, and z € 3(§;,0;, Vo) N L.
Without loss of generality we can assume that i > j.

If 2 & Pp,(y) then dx(y,z) > &, > A% > d{. Thus, we may assume
that z € Py, (y), so i > j.

Set y' = 3(&i, 0, Vo) NPy, (&) = & and set 2" = 3(&;,0;, Vo) NPy, (&)

Then dr(y', 2") > df — A% /200 = .115- A% by the choice of £/ satisfying
(17.8) and the choice of &;.

Apply Lemma 16.3 for the pairs {y, z} and {y/, 2’} and note that 2¢ <
1/1000 to obtain

(17.20) dr(y,2) > dr(y,2)—2e0- N5 > 115N —.001- X = .114- X5
Thus, for all z € M the net Npyq(x) is (.114 - X%)-separated. O

A simple consequence of Lemma 17.6 is that if )?p is uniformly df-
separated, then the collection of leafwise disks {Dx(&,d}/2) | & € E,}
are pairwise disjoint. As the set Ky was assumed to be compact, this
implies the cardinality of the set =, has an a priori bound. That is, we
can repeat the construction in Proposition 17.4 at most a finite number
of times, until we obtain a regular partial Vj-transversal )?p* for Ko which
is dj-complete, for some p, > 0.

Set X = X,_, set N = X N Lo and for z € 9M, let NV (z) = X N L.



244 ALEX CLARK, STEVEN HURDER, AND OLGA LUKINA

Proposition 17.7. The set N'(x) is a (d}, db)-net in M(Ky, Vo) N L.

Proof. The set N'(x) is d}-separated by Lemma 17.6.

We must show that N (x) is dj-dense in M(Ky, Vp). For y € N(Ko, Vo)
we show there exists z € N (y) such that dz(y,z) < .181- X% < d5.

Let y € (Ko, Vo). Then by the constructions in section 17, there
exists z € M, for which y = P;_(y) N 3(y, i, Vo). Choose ¢ € U N Ky
and set y' =P;_(¢) N 3(y, iz, Vo) € Ko.

We are given that Ky C Penz(N,dY), so there exists & € N such that
dr(y',§) <dj = 18- A%

By definition of N, there exists §; € = for some 1 < j < p, such that
€ = Py, (€) N 3(¢5.0:, Vh).

Let z = Py, (y) N 3(&;, 6, Vo) € N(y), and apply Lemma 16.3 for the
pairs {y, z} and {y’, £} to obtain

(17.21)  dr(y,2z) < dr(y',€) + 250 N < dj +.001 - N = 181 - X%
Thus X is .181 - A%-dense in M(Ky, Vo). O

18. STABILITY OF PARAMETRIZED DELAUNAY TRIANGULATIONS

The transversal X is a (df, d5)-net for 91(Ky, Vo) by Proposition 17.7.
Moreover, for each of the finite set of points in =, = {&1,...,&,.} C Lo,

the collection of n-simplices Q") (&) C A(]?)(é? ) contained in the disk
Dx(&,4ds) satisfy the regularity and robustness conditions of Defini-
tions 17.1 and 17.2. It remains to show that these conditions are satisfied
for any « € 9t and all n-simplices lying in Dx(x,4ds). The constants of
section 15 were chosen so that this will be true, although the proofs of
this assertion are rather involved. This will yield the transverse stability
of the leafwise Delaunay triangulations Ax(N(z)).

At first inspection, the stability of simplices in Ax(N(z)) for z € X
appears to be “intuitively clear”, as the lengths of the edges change con-
tinuously with x. In fact, this is basically correct for dimension n < 2.
The difficulty is that for n > 2, as x varies, the “small variations” of the
points of N'(x) may result in an abrupt change in the Delaunay simplicial
structure, if any face of a Voronoi cell has too small of a diameter rela-
tive to the size of the variation. In the literature for Voronoi tessellations
of R™, this difficulty appears to be formulated as a “conditioning” crite-
ria. In our context, of a varying Riemannian metric, we show the nets
N (z) are “well-conditioned” as x varies, using Proposition 18.1 along with
Propositions 18.2 and 18.5 below.
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18.1. Robustness. We show that X satisfies Definition 17.2. It suffices
to show this robustness condition is stable, as it holds for the simplices
in Q" (&) for 1 < k < p, by construction. The proof uses an induction
procedure which invokes Proposition 16.7 repeatedly, and invokes the con-
stants defined by (15.6) and &4 as derived from the inequalities (15.7) and
(15.8). For 1 < ¢ < n, recall the definitions of py and p} from (15.7),
(15.8), and set py = peA%/10 and p), = pA%/10.

Proposition 18.1. Let p = 3e2\%/2. Then for each A(xo,...,z,) €
A’]_-(é?pﬂ), such that the vertices {xy,...,x,} are properly ordered, then
the collection {xq,...,2,} is p-robust.

Proof. We proceed via induction on 1 < m < n. We g\ecall some notation.
Let (yo, ..., Yn) C Lo such that A(yo, ..., yn) € A2(X,11). By permuting
the order of the vertices, we can assume that the vertices {zy,...,z,} are
properly ordered. That is, there exists 1 < i <111 < --- <1, <p+1and
points §;, € §p+1 C Lo such that y, = &j, NPy, (yn). For notational
convenience, set P, (z) = Pe, (z).

The subtlety of the proof lies in the fact that the robust condition
in Definition 16.6 is with respect to the geodesic coordinates about the
last vertex in the collection of properly ordered points, but the inductive
hypotheses are in terms of the geodesic coordinates about each successive
vertex, not just the last one. The change of coordinates from one vertex
to another introduces an error in the robust condition. Consequently, at
each stage of the induction, the robust constants p; decrease to account
for this error. This fact is behind the arcane definition in formula (15.6).

The first step of the induction, m = 1, is trivial. Note that py =
18e¢9A%-/10. Then given {zg,z1} C P1(&;,) as above, with , € &;, and
io # 11 then dr(x1,x9) > dj by Lemma 17.6. Hence

dll > 262)\*]: > po > p1

and so {zg,x1} is pi-robust.

Now assume that 1 < m < n. We make an inductive hypothesis which
is uniform for all simplices. That is, for fixed m < n, assume that for
all A(yo,...,yn) € A’]_-(z'?erl)7 then for all subsets of points {zg,...,Zm}
defined for x,, € X}, as above, the set {zg,..., %y} iS pm-robust. We then
show that each transverse translate {zg,...,Zm+1} of {yo,.. ., Yms1} is
Pm-+1-TObust.

Consider first the case zpm41 = &,y € X, py, and set zp = A5, N
Prn(&ipyy) for 0 < j < n. By the inductive hypothesis, the set {2, ...,z }
is pm-robust. We verify the conditions of Definition 16.6 for the vertex,
Zm+1. The point &, ., was chosen so that it lies outside of all 2e\%-
neighborhoods as defined in (17.17) of the images under the exponential
map of affine subspaces spanned by local collections of at most n+1 points.
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It follows, in particular, that the distance from &;, ., to the submanifold
H(zo,...,%m;%m) in Definition 16.6.3 is at least 2eoA% > p,,. Thus,
{20, -y 2Zm+1} is also py,-robust.

Note that d} < dr(z;,2;) for 0 < j # k < n by Lemma 17.6.
We are given A(yo,...,yn) € A’]_-()?pH) which implies that the vertices
{%0,-.-,yn} admit a circumscribed sphere, which must have radius at
most .181- A% by Proposition 17.7. Thus, dr(y;, yx) < .362-\%. The map
Gy, .= 15 a0 egNp-isometry by Lemma 16.3, so dr(z;, z) < .362- X +eo-
A% < .380- A% = 2d5. It follows that the set of points {zo, ..., 2, } satisfy
the hypotheses of Proposition 16.7 for e; = d}, ea = db, and p = py,.

For simplicity, set ( = 2,11, and choose an orthonormal frame @ of
T¢F. Then for 0 < j < m, let 2; = (wgﬁ)_l(zj) for the geodesic coordi-
nates ¢ 5: D(\%) — Dx((,A%). Then the collection {Z,...,Zn11} C
R™ is p’ -robust by Proposition 16.7, the choice of g4 in (15.7) and (15.8).

The robustness for the set {2, . . ., Zim 41} is used to show {xq, ..., Tm+1}
is robust. Set ¢’ = x,,41, then by Proposition 16.4, there exists an
orthonormal framing ¥ of T F so that the composition

Ve = (Wl 5) " 0dil¢,¢) oyl zoTe: D(NF/2) - R = Tp F

is e4A%-close to the identity. Set w; = (@bg,’ﬁ)’l(xk) = W, (%), then
[0 — 25| < eaX.

The set {1, ..., Wy,t1} satisfies the hypotheses of Proposition 13.3 for
e1 =di, e3 = do, € = e4\ and p = p,. Therefore, {w1,... , W41} is
(Pm+1 + £2X\%/1000)-robust.

Finally, by Lemma 16.2 the geodesic map wg,ﬁ is an egAz-isometry,
hence the distance from x,,4+1 to the submanifold H(xg,...,ZTn;Tm) in
Definition 16.6.3 is at least pp,+1 + €2A% /1000 — 0 A% > Py

This completes the inductive step. It remains to note that p, >
3e2A%/2 by definition (15.6). O

18.2. Circumscribed spheres. The next step towards showing that X’
is regular and stable is to show that the circumscribed sphere condition
is stable.

Let A(yo,...,yn) € A2(X). By permuting the order of the vertices,

we can assume that there exists 1 < iy < i1 < -+ < i, < ps and points
&i, € Ep, C Lo such that yp = &5, NPy, (yn)-
For z, € X;, C Ll;:on let Pp(x,) = Py, (7,) denote the plaque con-
taining z,, in the chart ¢; . Then set zp = X;, N Py(xy,) for 0 < k < n.
We show the existence of a circumscribed sphere for the set {zo,...,z,},
and that A(zo,...,z,) € AR(X).
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Proposition 18.2. Forz, € X;, with (zo,...,z,) defined as above, there
exists r(xo, ..., x,) and w(xg,...,xy) € Pyp(xy) such that

(18.1)  {wo,..-,xzn} C Sr(w(mo,.--,2n),7(T0,...,2n)) N N(zy,).
Moreover, the center satisfies, for 3 defined by (15.4),
(18.2) dr(w(Toy -y Tn), W (Yo, Yn)) < E3\%/2

where W' (Yo, .- Yn) = Gi, Yn, Tn)(W(Yo, - .-, Yn)) is the translate of the
center of the circumscribed sphere for A(yo,...,Yyn) € Agf})(.)c'), In par-
ticular, this implies

(18.3) [7(x0, -y Zn) — (Yo, - Un) | < E3AF/2 4 2600 < 3\

Proof. By rearranging the order of the vertices if necessary, we may
assume that there are indices ig < i1 < -+ < i, < p, and points
&ip € Ep, C Lo such that yi = &, N Pp(y,) for 0 <k <mn.

Let w = w(yo, - -, Yn) € Pn(yn) denote the center of the circumscribed
sphere for {yo,...,yn}, and let r(yo,...,yn) denote its radius. Then
di/2 < r(yo,--,yn) < db as N(y,) is dy-dense and d)-separated. Note
that this implies {yo, ..., Yn,w} C D(Yn, A%/5).

By Proposition 18.1, the set {zo,...,z,} C Pn(x,) is pp-robust.

Let ¢;, (Yn, Tn): Pn(yn) = Pn(zn) be the transverse transport map for
the chart ;. Let W' (Yo, ..., Yn) = @i, (Yn, Tn)(w) denote the translation
of w(yo, .-, Yn) to Pn(xn).

For 0 < j < n, we have the radius equalities dr(y;,w) = 7(Y0, .- -, Yn),
hence by Lemma 16.3,

(18.4)
(Y0 -+ > Yn) —2600F < dF(zj,0 (Yo, -5 Yn)) < (Y055 Yn) + 280N F

Indeed, note that z, is the transverse transport of y, for the coordinate
system ¢;,, while w'(yo,...,¥yn) is the transport of w(yo,...,yn) for the
coordinate system ¢, and i¢ # i,. Thus, we must use (16.2) in place of
the sharper estimate (16.3). Similarly, for 0 < j # k < n, we have

(18.5) dy < drp(zj,xr) < 2dy 4 2e0\% < 2ds.

It follows that we also have {zo,...,Zn, W' (Y0,...,Yn)} C D(xpn, A%/5).

The first step is to construct a circumscribed sphere for the linearized
problem in the tangent space T, JF, with center &(y,...,¥,), and then
modify the construction to obtain a circumscribed sphere with center
w(zo, ..., %n) € Py(xzy,) for the leafwise metric.

Choose & € Py (x,) so that {xo,...,Zn,w (Yo,..-,yn)} C Br(&, 2ds).
Let w = {dy, ..., Uy} C T¢F be an orthonormal frame, with corresponding
geodesic coordinates 7,/12’,a about &.
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Set v, = (Y 5) " (zx) for 0 < k < m, then {T,..., 0} CR™is pj44-
robust by Proposition 16.7.

Now set @' (Yo, - -, Yn) = (1/)217)_1(w’(y0, .++»Yn)). Then by Lemma 16.2
and (18.4) we have
(18.6)
(Yo, - ¥n) = 3e0Xr < [T =& (Yo, yn)ll < T(Yos- - Yn) + 3e0AF

while Lemma 16.2 and (18.5) implies, for 0 < j # k < mn,
(187) dy < dll — EQ)\*]: < ||’l7j — 'Jk” < d/2 + 360)\;: < ds.

We can thus apply Proposition 13.2 for ey = dy, es = do = 2ds,
p = Pny1 > 3e2M%/2 and C1 = 3g9\’: to conclude that there exists a
circumscribed sphere S(w(@, ..., ¥,), (Yo, ..., U,)) C D(X%) such that

lw(@o, -y 0n) — & (Yo, Yn)|l

< 3e- {n3/2(2d2)”*1/(352x;/2)n*1} N
(18.8) < 3eo- {n3/2 : (4/1532)"—1} N

That is, the vector w(Ty, ..., T,) is a solution of the linearized problem
of finding the center of a circumscribed sphere, and (18.8) estimates the
Euclidean distance to the translated center.

The task now is to convert this approximate answer to a solution for the
leafwise metric. As before, let d denote the distance function on D(\%)
induced from dr by 1&?7@: D(A\%/2) — L¢. Then by Lemma 16.2,

(18.9) d(@,b) —||d@—b|| <eo Ny , forall @be D(\5/2).

Introduce the equidistant submanifolds for the metric cz

(18.10) H(T;,5) = {2 € DONH/2) | dZ. ) = d(2, 50}

and the “thickened” equidistant sets for the leafwise metric, for € > 0,

(18.11)  H(T;, Tkse) = {Z € D(N5/2) | —e < d(Z,7;) — d(Z,7x) < €},
(18.12) B(To, ..., Tp;€) = H(To, Un; €) N - NV H(Tr1, Tns €).

Then (18.4) implies the translation &' (yo, ..., yn) € B(To, - . ., Un; deoNk),
so this set is not empty. The key idea is to obtain a bound for its diameter,
from which the proof of Proposition 18.2 follows. To this end, define the
set of approximate solutions of the linearized problem by

(18.13) B(¥p,. .., Un;€)
= {(Fe DOF2) | —e<|Z-Tjll =7 =Tl <€, 0<j<n}
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Note that for all € > 0, the exact solution satisfies

w(Toy ..., Upn) € BTy, ..., Un;€).
Lemma 18.3. B(%,...,0,;€) C BTy, ..., Tn; €+ 460X F).
Proof. Using (18.9) for Z € D(A%/2), we have that

(18.14) I(1Z = U1l = 17— Txl])| — 2600
< |d(z,7)) — d(Z,T)
< (17 =Gl = 17— k)] + 220X
and the claim follows. O

Thus, we now have
&' (Yo, -y Yn) € B(Vo, ..., Un;de0N) C B(Ty, . .., Un; 820\ ).
Lemma 18.4. Let Z € B(Ty,...,Un;850)\%), then
(18.15) |17 — w(@o,....Tn)| < 3220 {n3/2 : (4/1552)”*1} AL

Proof. Using the notation of Propositions 13.1 and 13.2, with ¥; in place
of Zj and Zin place of w, and ey = dy, e3 = dy = 2d1, p = p, 1 > 3e2X5/2

and C7 = 8ggA’%, then 5 = Z— w(t,...,V,) is a solution of the matrix
inequality
(18.16) V-( e B(0,2yn - dy - 85 \5).

Then by (13.6), we have the estimate ||V~ || <n-(2ds)"/d1 (3e22%/2)" !
which yields (18.15) by a calculation,

12 = w(@o, ..., 0|
< {n-(2d2)" 1 d1 (3225 /2)" "} - {2v/n - da - 8o\ )}
< - {32n3/2 : (4/1552)”*1} N

where we use that d; = A%/10 and dy = 2A%/10 to simplify. O
Lemmas 18.3 and 18.4 imply that the closed set B(7, ..., Un;4€0A%)

is bounded, and is non-empty as &' (yo,...,yn) € B(Vo, ..., Un;4e0\%).

Thus, the intersection

(18.17) W(Toy ..oy Up) = H(Uo,Un) N N H(Tpe1,Un)

C B0, ..., 0 4e0\})

is non-empty by transversality of the submanifolds # (¥}, 0, ). Moreover,
(18.15) implies that

(18.18) ||&(To, - . ., Tn)—w(To, - . .. )| 33250-{n3/2.(4/1552)"*1}-&.
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Combine this with the estimate (18.8) to obtain

(18.19) [|&(To, - .., Tn)—& (Yo, - - ., yn)|| < 3550-{n3/2 : (4/1552)"_1}-)\}.
Then set

(1820) W(I'(),...,In) = wgq’j(w(ﬁ()aaﬁn))
r(zo,...,zn) = dr(zo,w(xo,...,Zn))
so we have {xg,...,2,} C Sr(w(zo,...,Zn),7(T0,...,Tyn)) as desired.

Recall that w’(yo, ..., yn)) = wgﬁ(ﬁ’(yo, .++yYn)), then by Lemma 16.2,

dr (W(Zoy -y 2n), W (Yo, - -y Yn))
(1821) < e {1 +35n%/2 . (4/1552)”—1} N < eghy/2
where the bound by e3A%/2 follows from (15.9). Finally, the estimate
(18.3) follows from
|70y s Tn) —T(Yos- - Yn) |
| dF(2n, (o, -, n)) = dF (Yn, (Y0, -, Yn)) |
w( ) = dF(zn, ' (Yo, - - Yn)) | + 22075

< dr(zn,w(xo,y ... x,)

< ldr((@os- - 20),0 (Yo -+ Yn)) |+ 2600

< g3AF/2 4 2500 F < €3N
This completes the proof of Proposition 18.2. (|
18.3. Stability. We have shown that for A(yo,...,yn) € A%(X), then
a transverse translate {zo,...,zn} of the set {yo,...,yn} is pn > 3e2/2

robust, and admits a circumscribed sphere whose radius varies according
to the estimate (18.2). It remains to show that X is stable, that is,
A(zg,...,z,) € A%2(X). The only ingredient left to show is that the
circumscribed sphere for the set {zo, ..., z,} does not contain other points
of X in its interior.

Proposition 18.5. Let A(yg,...,yn) € A(;)(X). Assume given 1 < iy <
iy < -0 <y < peoand &, € E,, C Lo such that yp = X;, N Po, (Yn).
Then for all z, € X;,, Az, ..., x,) € AR(X).

Proof. Let w(yo,---,yn) € Pnlyn) be the center of the circumscribed
sphere of radius r(yo,...,y,). Then it is given that for all £ € N (y,) —
{40, Y} we have that dr(€,w(yo, - 4n)) > (30, - 4n).

We show that the circumscribed sphere for the set {zo,...,z,} with
center w(xo, ..., x,) and radius r(xo, ..., 2z, ), given by Proposition 18.2,
contains no points of X in its interior. That is, we must show that for all

& eN(x,) —{zo,...,xn},
(18.22) dr (& w(To, ..., xn) > 1r(T0s .-\ Tp).

n’
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Let n <m < p, be the largest m such that the condition (18.22) holds
for all A(yo,...,yn) € A%(X) with 4,, < m. If m = p, then we are done,
so assume that m < p, and we show this leads to a contradiction. So we
assume that we are given a simplex A(yo,...,y,) with 4, = m + 1, such
that there is some z,, € &;, and ¢ € N(z,) — {xo,...,2,} for which
(18.22) fails.

First, consider the case where there exists & € N(z,) — {zo,.--,%n}
such that
(18.23) dr (€ w(xg, ... xn) <r(z0,...,Tn) — 263\

Let 1 < g < p. be such that § € X, and set £ = 3(¢,6;,, Vo) N Pr(yn) €
N (yn). Then

dr (&, w(yo,---,Yn))
< dr(€,w'(Yo,.-.,yn)) + 260X by Lemma 16.2
< dr(€ w(@o, ..., my)) + 260N5 +e3X%/2 by (18.2)
< r(zo,y ..., xn) + 260N + €305 /2 — 2630 by (18.23)
< (Yo, -, Yn) — 3e3AF/2 4 260AF + (260 +€3/2)AF by (18.3)
< (Yo, Yn) + (260 —€3) A% < 7(yo,---,yn) by (15.9.4)

which contradicts the hypothesis that A(yo,...,yn) € A%L(X). Thus, we
may assume that

(18.24) 7(mg, ..., zn) — 2830\ < dr (&, w(zo, ..., 2p)) < T(T0,- .\ Tn).

Let 1 < ¢ < p, be the least such ¢ such that there exists z,, € X;,
and (18.24) holds for ¢’ € X,. Note that ¢ # iy for 0 < k < n, and
Xy = 3(&q,0i,, Vo) for some &, € E, so that &' = 3(&,,0;,, Vo) N Pr(2n).

We now use that £, was chosen inductively to avoid the annular 2eq A%-
thickening of the circumscribed sphere for each n-simplex in Q™ (N (&,)).

First, we assume that ¢ > i,,. For this subcase, we transfer the problem
to the plaque Py (&;). Set z = AX;, N Pp(&,) for 0 < k < n. Note that
that {zo,..., 2, } admits a circumscribed sphere by Proposition 18.2, with
center w(zo, ..., 2,) which satisfies

(18.25) dr(w(zos. -y 20), W (Yo, -+ Yn)) < €3X%/2

where W' (yo, .. Yn) = Gi, Yn, 2n) (W (Yo, ---,Yn)). Let r(zo,...,2,) de-
note the radius of the sphere, which by (18.3) satisfies

(18.26) r(yo,---,Yn) —€3 A% < r(z0,...,20) < 7(Yo,---,Yn) +E3 N5

We claim that A(zg,...,2,) € A’J,_-(/'E(Fl). If not, then there exists ' €
X, NPp(zn) with dr(n',w(z0, ..., 2n)) < 7(20,...,2,). This contradicts
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the minimality of the choice of ¢ above. Thus, as & was chosen to satisfy
the inequality (17.14), we have the estimate
(18.27) dr (&g, w(z0,...,2n)) > 1(20,...,%0) + 261 X5

On the other hand, x,, was chosen so that for the circumscribed sphere
with center w(zo, ..., z,) and radius r(zg,. .., z,) we have the inequality
(18.24) above.

Apply Proposition 18.2 to the cases x, € &; and also z, € Aj, to
obtain the estimates (18.3) for both. Together, they imply

(18.28) 7(zo,...,on)—2e3AF < 7(20,...,2n) < 7(To,...,Tn)+2e3AF.
Also, (18.24) and (18.28) imply

(18.29)
dr (& w(zg, ... 20)) — 2e3\% < r(z0,...,2n) — 26305 < 7(20,...,2n)
which for w'(zq, ..., Tn) = ¢i, (T, 2n)(W(T0, . .., 2,)) yields

(18.30) dr (&g, W' (T, ... xn)) < (20, 2n) + 2630\ + 20N\
and thus by (18.25) and its corresponding version for z,, yields
(18.31) dr(&y,w(z0,---s2n))

< dr(&w'(moy ... 1)) + dr(W (2o, ..oy 2n), w(20, - - -, 20))
< (r(20,.- -5 20) + (2e30F +€0A%) + (e3AF + 260AF)
< T(ZOa"'7Zn) +4€3)‘j;:

which by the choice €3 < £1/2 in (15.4) contradicts (18.27). Thus, the
case ¢ > i, is not possible.

Finally, consider the case where ¢ < i,. That is, the smallest ¢ such
that there exists z,, € &;, and (18.24) holds for some {’ € X, occurs for
q < ip. This means that in the process of constructing X', we have chosen
a point & which has distance greater than 2e;A% from all previously
circumscribed spheres for the net A,_1, but when we add the point &; the
Delaunay triangulation A’z(N; ) abruptly changes on some leaves. The
translates of &;, are contained both inside and outside of circumscribed
spheres, as the translates of {; also wander inside and outside. We show
this is impossible, due to the choice of £; and of the constants €3 and €4
which control how much the centers of circumscribed spheres “wander”
for transverse variation at most ..

Recall, we assume there is given A(yo,...,yn) € A%2(X) and z,, € &;,
such that the transverse translate {xo,...,xz,} of the set {yo,...,yn} is
Pn > 3e2/2 robust. Thus by Proposition 18.2; there is a circumscribed
sphere with center w(zo,...,z,) and radius r(zo,...,z,) which satisfy

(1832)  dr(@(®o, . 20), (Mo -1 90) < £5N5/2

(18.33) [7(xo, .y xn) — (Yo, - - Yn) | < €3AF
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where W' (Yo, ..., Yn) = i, Yn, Tn)(W (Yo, ..., Yn)) is the translate for the
center of the circumscribed sphere for the n-simplex A(yo,...,yn) €
A’Z(X). There is also given 1 < ¢ < 4, so that the translate ¢’ =
Xy N Pp(xn) € N(xy,) satisfies (18.24).
(18.34) 7(xg, ..., Tn) — 2830\ < dr (€, w(To, ..., 20)) < T(T0,- -\ Tn).
Let {zg,...,20,} = {zo,...,Tn-1,&} denote a reordering of the set so
that ), = Xy NPp(xy,) for 0 <k <mnwith 1 <ij <--- <, <p, Then
these points satisfy, for 0 < k < n,
(18.35) 7(z0,...,2n) — 2630 < dr(z),w(To, ..., 2n)) < T(T0y ..., Tn)-
The proof of Proposition 18.1 applied to the set {zj,..., ]} yields that
the collection is p,-robust, so admits a circumscribed sphere by Proposi-

tion 18.2, with center w(zy,...,«}) and radius r(xf,...,z,,). From the
proof of Proposition 18.2, we have the estimates

(18.36) dr(w(xgy, ..., xh),w(To, ..., xn)) < e3\%/2

(18.37) |7 (20, ) — (T, ..y ) | < €3Nk
Thus, combining (18.36) and (18.37), for ¢’ = x,,, we obtain
(18.38) dr(( w(xg, ..., xl)) < r(zg,...,z,) + 3e3Nx/2.

Now let ( = ¢&;, € &, . The last step is to translate the points {z(,...,z]}
to the plaque P,,(¢), to obtain points z;, = Xy NP, (¢). Then {2, ..., 2}
is p/,-robust by Proposition 18.1, and admits a circumscribed sphere with

center w(z(,...,z,) and radius r(z{, ..., z/,) by Proposition 18.2. More-
over, this center and radius satisfy

(18.39) dr(w(zly ... 2h),w' (@, ... 2h)) < ez\%/2

(18.40) [7(20s ey 2h) —1(TGy ooy 2h) | < e3N\%.

Combining (18.38), (18.39) and (18.40), we obtain

d7 (¢, w(20, -, 2n)) < dF(C,w' (20, ., an)) + dF (W' (20, .. . 27), (20, - -, 2n))

< dr (¢, w(xh, ..., 7)) + 26007 + 3052

< (20, ..., Th) + 38305 /2 + 260\ + e3N\E/2

< (20,5 20) +E3NF + 38305 /2 + 260\ + €35 /2
(18.41) < (20, -5 20) +4E30NE + 2800

By the choice of €3 in (15.4) we have 4e5 + 29 < 2¢1, so that (18.41)
contradicts the choice of { = &; to satisfy

dr(Cw(zhy . y2h)) =120,y 20) + 261 N5

Thus, the case ¢ < 7, again leads to a contraction. This completes the
proof of Proposition 18.5. O
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Thus, we have shown that X is a nice stable transversal X for m(f{z,vz).

19. PROOFS OF THEOREM 1.1 AND THEOREM 1.3

19.1. Proof of Theorem 1.1. Let 9t be an equicontinuous matchbox
manifold. By Theorem 5.5, the dynamics of its holonomy pseudogroup is
minimal. By Theorem 5.6, given any wy € T, say with wy € ¥;,, there
exists a descending chain of clopen subsets

wOE"'C‘/e_FlC‘/eC"'VoCSiO

such that for all £ > 0, wy € V; and diamx(V;) < &/, /2°. Here, &, is
the constant of equicontinuity defined in Proposition 5.3, so that each set
Vp is in the domain of the holonomy of any path starting at xy where
xo = Tiy(wo). Thus, we can form the associated Thomas tube N(V;) as
defined by (6.6).

Choose wq corresponding to a leaf Ly without holonomy in 9, let
Lo — Lo be the holonomy cover, Wthh is a dlffeomorphlsm and lift
wp to a basepoint wy € LO Then let Mo be the net in LO defined in
section 6, with wg € Mvo. For z € Mg there is a holonomy transport map
hz defined by choosing a path from wg to z, and we define the holonomy
transport of V, by V¥ = hz 12(Ve) as defined by (6.4). Then the collection
of clopen sets {Vf | z € MO}, which covers the transverse space T, is
actually a finite set. Thus, for each £ there exists a compact connected
subset Kg C Lo so that Vj is K- admissible, and the Reeb neighborhood,
N(Ky, VE) as defined by (6.7), maps onto 9.

Let r, > 0 be defined by (14.2). Apply Theorem 5.3 for ¢ = r,, to
conclude that for ¢y sufficiently large, all holonomy translates V;O of the
set Vi, have diameter less than r,. We can then apply the methods of
section 17 to construct a complete regular Vj,-transversal for Ky,. Then
by Theorem 11.1, there exists a foliated homeomorphism into, ®: K to X
Vi, — M(Vi,), whose image contains the Reeb neighborhood (K, V).
This defines the transverse Cantor foliation ﬁgo on a neighborhood of
N(Ky, VL) by the methods of section 11. The transversal X c N(Va,)
is invariant, in the sense of Definition 10.3, and thus is the pull back of a
transversal in 91(V,) C 9. Thus, the transverse Cantor foliation Hy, is
IT-equivariant, and descends to a transverse Cantor foliation H,, on 9.

Note that the existence of Hg, on 9 is the result cited in [22, The-
orem 8.3]. Finally, note that [22, Proposition 8.4] shows that the quo-
tient space M = 9/H is an n-dimensional topological manifold, and
[22, Proposition 8.8] implies that the projection to the leaf space 9t —
M/H = M is a Cantor bundle. This completes the proof of Theorem 1.1.
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19.2. Proof of Theorem 1.3. Let 9t be a matchbox manifold, L, C M
the leaf through =z € 91, and E the holonomy covering of L,. We are
given a proper base K, C L, so that there is a connected compact subset
K, C L such that the composition 2% K C L — L, C M is injective
with image K,. Introduce the set K, defined by (11.3) with diameter
Ri. Let w, = 7, () be the image of x in a transversal space ¥, _.

Let r. > 0 be defined by (14.2). Apply Proposition 5.7 for € = r,/2,
to conclude that there exists 0, = 0(r./2, EK), such that if x € V, C %,
is a clopen neighborhood with V,, C Bx(w,, d.) then for any path with
initial point z and length at most R the holonomy translate hey(Vy) of
the set V, has diameter less than r,. Thus, V, is I?m—admissible, in the
sense of Definition 6.5.

Since K, is compact and the map II: K, — 9 is injective by as-
sumption, by restricting the diameter of the clopen neighborhood V,
further, we may assume that V, is K,-disjoint. In particular, the map
IT: M(K,, V) — M is injective.

Now apply the methods of section 11. Choose a basepoint wqy € V,, such
that the leaf Ly it defines is without holonomy. Introduce the translated
set Ko C Lo. Then by construction, each translate h ~(Vz) has diameter
less than 7, so we can apply the methods of section 17 to construct a
complete regular V -transversal for I?O. Then by Theorem 11.1, there
exists a foliated homeomorphism into, ®: f(o x Vp — M, whose image
contains the Reeb neighborhood M(K,,V,). Using that II: K, — 9 is
injective, we can chose a clopen sub-neighborhood = € V] C V,, such that
the restriction ®: K, x V. — 9 is injective. This defines a transverse
Cantor foliation H on a neighborhood of M(K,, V,.), which completes the
proof of Theorem 1.3.
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