Invariants of Singularities of Pairs

Lawrence Ein

1. INTRODUCTION

Let X be a smooth complex variety and Y
be a closed subscheme of X. We are inter-
ested in invariants attached to the singular-
ities of the pair (X,Y). We discuss various
methods to construct such invariants, coming
from the log-resolutions of the pairs, and the
geometry of the space of arcs. We present sev-
eral applications of these invariants to algebra,
higher dimensional birational geometry and to
singularities. The general setup is to assume
only that X is normal and Q-Gorenstein, as
in Kollar’s paper [32]. However, several of
the approaches we will discuss become par-
ticularly transparent if we assume, as we do,
the smoothness of the ambient variety.
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2. MULTIPLIER IDEALS

Multiplier ideals were first introduced by
J. Kohn for solving certain partial differential
equations. Siu and Nadel introduced them to
complex geometry. We discuss below these
ideals in the context of algebraic geometry:.

Let X be a smooth complex affine variety
and Y be a closed subscheme of X. Suppose
that the ideal of Y is generated by f1, ..., fm,
and let A be a positive real number. We define
the multiplier ideal of (X,Y") of coefficient A

as follows:

2
TJX,AY)=<¢g€ Ox | m\g| 5y 18 locally L!
(2_i=1 1 fil*)

Example 2.1.Let X = C" and let Y be

the closed subscheme of X defined by f =
aj 79
ry -+ -xy". Then

J(X, A Y)= <x1p\&1j . .:UTLLM”J),



where |a| denotes the integer part of a.

We can use a log resolution of singulari-
ties and the above example to give in gen-
eral a more geometric description of the mul-
tiplier ideals of (X,Y). By Hironaka’s The-
orem there is a log resolution of singularities
of the pair (X,Y), i.e. a proper birational
morphism

p X' — X

with the following properties. The variety X'
is smooth, 1~ 1Y) is a divisor, and the union
of 1~ 1(Y) and the exceptional locus of 1 has
simple normal crossings. The relative canon-
ical divisor K yr /X is locally defined by the
determinant of the Jacobian J(u) of pu, We
write p 1Y) = sz\il a;iBi and Ky x =
Zz’]\il k;E;. where the E; are distinct smooth

irreducible divisors in X’ such that Zi]\il E;
has only simple normal crossing singularities.



The local integrability of a function g on X
can be expressed as a local integrability condi-
tion on X' via the change of variable formula.
This reduces us to a monomial situation, sim-
ilar to that in Example 2.1. On deduces that
g€ J(X,\-Y)if and only if

ordg,g > |Aai] — ky
for every i. Equivalently, if we put [Ap=H(Y)] =
Zi | Aa; | E;, then
(1)
T (X, AY) = O xr (K xry e — [ A~ (Y)]).

Note that because of the original definition,
it follows that this expression for J (X, A-Y)
is independent of the choice of a resolution of
singularities. We note that if Ay > A9, then

If A is small enough, then Aa; < k; + 1 for
v =1,..., N. This implies that
Ol”dEz.l 2 L)‘CL’LJ — kEz"
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hence J(X,\-Y) = Ox. This leads us to

the definition of the log canonical threshold of
the pair (X,Y): this is the smallest A such
that 7(X,A-Y) # Oy, ie.

41
c=lc(X,Y) :m_in{kz—l_ }

( a;

We may regard % as a refined version of multi-
plicity. In general a singularity with a smaller
log canonical threshold tends to be more com-
plex.

The first appearance of the log canonical
threshold was in the work of Arnold, Gusein-
Zade and Varchenko (see |2] and [48]), in con-
nection with the behavior of certain integrals
over vanishing cycles.

In the last decade this invariant has enjoyed
renewed interest due to its applications to bi-
rational geometry. The following is probably
the most interesting open problem about log
canonical thresholds.
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Conjecture 2.2. (Shokurov’'s ACC Conjec-
ture) For every n, Consider the set

Th={lc(X,Y)| XdmX =n,Y C X}
where X is a log-canonical variety. Then T},
satisfies the Ascending Chain Condition: The

set T}, contains no infinite strictly increasing
sequences.

This conjecture attracted considerable in-
terest due to its implications to the Termina-
tion of Flips Conjecture (see |Bir| for a result
in this direction). For this talk, we'll only dis-
cuss about

T ={le(X,Y)| XdimX =n,Y C X}
where X is smooth variety The first uncon-
ditional results on sequences of log canoni-
cal thresholds on smooth varieties of arbitrary
dimension have been obtained deFernex and
Mustata in [dFM] using nonstandard meth-

ods from model theory, and they were subse-
quently reproved and strengthened by Kollar
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in |Kol2] using the recent spectacular results of
Birkir, Cascini, Hacon and McKernan |[BCHM]
on existence of minimal models. In particu-
lar, Kollar proves that the set of accumulation

points of T, is exactly the set T°°™.

Theorem 2.3. (de Fernex, Ein and Mustata)
T5™ satisfies the ascending chain condition.

The proot is in fact rather elementary and
does not need to use the results from [BCHM].
[ understand that Mustata will discuss the
problem in a later talk. I would leave the de-
tails to his talk.

We can consider also higher jumping num-
bers. In general, we say that A\ is a jumping

number of (X,Y), if

for all € > 0. If Aa; is not an integer, then
[ Aa;| = [(A—€)a;] for sufficiently small pos-
itive €. We see that a necessary condition for A



to be a jumping number is that Aa; is an inte-
ger for some ¢. In particular, if A is a jumping
number, then it is rational and has a bounded
denominator.

The following theorem gives a periodicity
property of the jumping numbers.

Theorem 2.4. (i) IfY = D is a hypersur-
face in X, then

J(X,A-D)-Ox(-D)=J(X,(A+1)-D).

(ii) (Ein and Lazarsfeld [16]) For every Y de-
fined by the ideal Iy, if A > dim X — 1,
then

J(X,A-D)- Iy = J(X,(A+1)-Y).

Corollary 2.5. Suppose that A > dim X —
1. Then X is a jumping number for (X,Y)
if and only if so is (A +1).

It follows from the sub-additivity theorem
of multiplier ideals (Demailly, Ein and Lazars-
feld [13] that the following result holds.
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Theorem 2.6. (Ein, Lazarsfeld, Smith and
Varolin ) Suppose c is the log-canonical thresh-
old of (X,Y). Let A > 0 be a non-negative

real number. Then there is a jumping N in
the interval (A, X + c|.

We conclude that the set of jumping num-
bers of the pair (X,Y) is a discrete subset
of @ and it is eventually periodic with period
one.

Example 2.7.1f Y is a smooth subvariety of
X of codimension e, then the set of jumping
numbers of the pair (X,Y)is {e,e+1,---}.
[n particular le(X,Y) = e.

Example 2.8. (Howald) Let X = C" and let
Y be the closed subscheme defined by a mono-
mial ideal a. If a = (ay,a9,...,an) € N,
we denote the monomial z{'---zp" by z
Consider the Newton polyhedron P, associ-
ated with a: this is the convex hull of those
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a € N" such that % € a. Using toric geome-
try Howald showed in [27] that

TJX XN Y)=(z"|a+ee X Int(Py)),

where e = (1,...,1). In particular, the log
canonical threshold ¢ of (X,Y) is character-

ized by the fact ¢ - e lies on the boundary of
Py

Example 2.9. (Howald) Let X = C" and
let Y be the closed subscheme defined by the
monomial ideal a = (z{1,...,zy"). In this
case, the boundary of the Newton polyhedron
Pq 1s
n "
{u=(ug,...,up) € RY| ;a—zzl}.

Applying Howald’s theorem , one sees that

lo(X,Y) =2, &

One reason that multiplier ideals have been
very powerful in studying questions in higher
dimensional algebraic geometry is that they



appear naturally in a Kodaira type vanishing
theorem. The following statement is the alge-
braic version of a result due to Nadel. In our
context, it can be deduced from the Kawamata-
Viehweg Vanishing Theorem (see [34]). Let
X be a smooth complex variety and Y be a
closed subscheme of X. Let u: X' — X be
a log resolution of (X,Y). Let E = u~ v

Theorem 2.10. (Nadel’s vanishing theorem )
Suppose that L s a divisor on X and X\ 1s
a positive real number. Assume that p*L —
A - E is nef and big, then for every ¢ > 0

H'(X,O0x(Kx+L)® J(X,A-Y))=0.

3. APPLICATIONS OF MULTIPLIER IDEALS

One of the most important applications of
multiplier ideals is the following theorem of

Siu (see [44] and |45]) on the deformation in-
variance of plurigenera.



Theorem 3.1. Let f : X — 1" be a smooth
projective morphism of relative dimension

n between two smooth irreducible varieties.

If we denote by X; the fiber f~1(t) for each

t €T, then for every fivxed m > 0, the di-
mension of the cohomology group H(X, (Q”Xt)®m)
s independent of t.

The techniques of extending sections of line
bundle from a divisor involved in the proof of
this theorem have been recently extended by
Hacon and McKernan to study existence of
flips. Using these results and other important
techniques introduced by Shokurov, we have
the following theorem.

Theorem 3.2. (Birkir, Cascini, Hacon and
McKernan) If X s a smooth complex pro-
jective vartety. Then the canonical ring of
X 1s finitely generated.
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Remark 3.3. 5iu independently using more
analytic techniques proved the same result for
varieties of general type.

The following extension theorem is essen-
tially due to Hacon-McKernan.

Theorem 3.4. (Hacon-McKernan, Ein-Popa)
Let (X,A) be a log-pair, with X a nor-
mal projective variety and A an effective
Q-diwvisor with |[A] = 0. Let S C X be an
irreductble normal effective Cartier divisor
such that S ¢ Supp(A), and A a big and
nef Q-divisor on X such that S € B4(A).
Let k be a positive integer and M a Cartier
dwisor such that M ~q k(Kx+S+A+A).
Assume the following:

o (X,S5+A) is a plt pair.
o M is pseudo-effective.
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e the restricted base locus B_(M) does
not contain any rreducible closed sub-
set W C X with minimal log-discrepancy
mld(pyy; X, A) < 1 which intersects S.

e the restricted base locus B_(Mg) does
not contain any rreducible closed sub-
set W C .S with minimal log-dicrepancy
mld(pyy; S, Ag) < 1.1

Then the restriction map
HY(X,0x(mM)) — H'(S,Og(mMg))

i1s surjective for all m > 1.

In a different direction, there are applica-
tions of multiplier ideals to singularities of theta
divisors on abelian varieties. Let (X, 0) be a
principally polarized abelian variety, i.e. O is
an ample divisor on an abelian variety X such
that dim H)(X, Ox(©)) = 1. The following
result is due to Ein and Lazarsfeld [17].

1By inversion of adjunction, these last two conditions can be expressed in a unified was as saying
that B_ (M) does not contain any irreducible closed subset W C X with mld(uw; X, A +.5) < 1 which
intersects S but is different from S itself.
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Theorem 3.5. Let (X, 0) be a principally
polarized abelian variety.

(i) (Kollar) (X, ©) s log-canonical.

(ii) (Ein and Lazarsfeld )If © is irreducible,
then © has at most rational singulari-
tes.

Proof. (i) Observe that (X, ©) is log-canonical
is equivalent to J(X, (1 —€)©) = Ox for all
e > 0. Suppose for contradiction that I, =
J (X, (1 —€)O) is a nontrivial ideal for some
e > 0. Observe that Z is closed subscheme
contains in the singular locus of ©. Observe
that Ky is trivial. Now Nadel’s vanishing
says that H'(I; ® Ox (0 + xg)) = 0 for i >
0 and any zg € X. Observe that x(/y ®
Ox(0)) = W(I;0x(0)) > 0, since Z C
©. It follows from the vanishing theorem that

X(]Z &) OX(@ + QSQ)) = ho(]Z &) OX(@ -+
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xg)) > 0. We conclude that
Zc () (©+z) =10

roeEX
This i1s a contradiction. []

Corollary 3.6. Let (X,0) be a principally

polarized abelian wvariety of dimension g,
with O irreducible. If

Y1(0) ={zr e X | mult,(©) > k},
then for every k > 2 we have codim(2(0), X ) >
k+ 1. In particular, © is a normal variety
and mult;(©) < g — 1 for every singular
point T on ©.

Remark 3.7. The fact that O is normal was
first conjectured by Arbarello, De Concini and
Beauville. When X is the Jacobian of a curve,
the fact that © has only rational singulari-
ties was proved by Kempf. It was Kollar who
first observed in [31] that one can use vanish-
ing theorems to study the singularities of the
theta divisor.



Multiplier ideals have been applied in sev-
eral other directions: to Fujita’s problem on
adjoint linear systems [3], to Effective Nullstel-
lensatz, to Effective Artin-Rees Theorem [20].
Building on work of Tsuji, recently Hacon and
McKernan and independently, Takayama have
used multiplier ideals to prove a very inter-
esting result on boundedness of pluricanonical
maps for varieties of general type (see |24] and
47]). We end this section with an application
to commutative algebra due to Ein, Lazarsteld

and Smith [19].

Let X be a smooth n-dimensional variety
and Y C X defined by the reduced sheaf ot
ideals a. The m™th symbolic power of a is the
sheaf al™) of functions on X that vanish with
multiplicity at least m at the generic point
of every irreducible component of Y. If Y is
smooth, then the symbolic powers of a agree
with the usual powers, but in general they are
very different.
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Theorem 3.8. If X is a smooth n-dimensional
variety and if a s a reduced sheaf of ideals,
then almn) C g™ for every m.

Multiplier ideals have been applied in sev-
eral other directions: to Fujita’s problem on
adjoint linear systems [3], to Effective Nullstel-
lensatz, to Effective Artin-Rees Theorem [20]
and to the symbolic powers of ideals. |19].

4. BOUNDS ON LOG CANONICAL
THRESHOLDS AND BIRATIONAL
RIGIDITY

In this section we compare the log canon-
ical threshold with the classical Samuel mul-
tiplicity. We give then an application of the
inequality between these two invariants to a
classical question on birational rigidity. Let
X be a smooth complex variety and x € X
a point. Denote by R the local ring of X at



19

x, and by m its maximal ideal. The follow-

ing result was proved by de Fernex, Ein and
Mustata in [10].

Theorem 4.1. Let a be an ideal in R that
defines a subscheme Y supported at x. Let
¢ be the log canonical threshold of (X,Y),
[(R/a) be the length of R/a and e(a) be
the Samuel multiplicity of R along a. If
n = dim R, then we have the following in-

equalities.
n

(1) i(R/a) 2 71
(ii) e(a) > Z . Furthermore, this is an equal-

ity if and only if the integral closure of
a is equal to mF for some k.

Example 4.2. Suppose that a = (:ccfl, T,

In this case e(a) = [ [} a; and le(a) = > 1, ;z

The mequahty in Theorem 4. 1(ii) becomes

n

ez (e
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This is equivalent to

n
1~ 1 T

_ |l > —

n Z a; | H a;’

1=1 1=1

which is just the classical inequality between
the arithmetic and the geometric mean.

Theorem 4.1 is used in [11] to study the
behavior of the log canonical threshold under
a generic projection. Using the above theo-
rems and some beautiful geometric ideas of
Pukhlikov [42], one gives in [11] a simple uni-
form proot for the following result.

Theorem 4.3. If X s a smooth hypersur-
face of degree N in CPYN, with4 < N < 12,
then X 1s birationally super-rigid. In par-
ticular, every birational automorphism of
X 15 bi-reqular.
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Remark 4.4. Consider the group Aut¢(C(X)),
the automorphism group of the field of ratio-
nal functions of X. This is naturally isomor-
phic to Birg(X), the group of birational au-
tomorphisms of X. If X is birationally super-
rigid, then Birg(X) =~ Aute(X), the auto-
morphism group of X. When X is a hyper-
surface of degree NV in PV X has no nonzero
vector fields and therefore Aute(X) is a finite
group. If C(X) is purely transcendental, then
Aute(X) will contain a subgroup isomorphic
to the general linear group G'L;,. In partic-
ular this shows that these hypersurfaces are
not rational. In a recent preprint, de Fernex
has overcame some of the technical difficulties
that we encountered in [11]. He is now able
to extend the arguments to all N > 4. When
N=4, it is a classical theorem of Iskovskikh
and Manin that X is birationally rigid [2§].
They used this to show that the function field
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of a suitable quartic threefold provides a coun-
terexample to the classical Luroth’s problem.

5. SPACES OF ARCS AND CONTACT LOCI

Let X be a smooth n-dimensional complex
variety. Given m > 0, we denote by

X = Hom( SpecC[t]/(t™ ), X)

the space of m™ order jets on X. This car-
ries a natural scheme structure. Similarly we
define the space of formal arcs on X as

Xoo = Hom( Spec C[[t]], X ).

These constructions are functorial, hence to
every morphism p: X’ — X we associate cor-
responding morphisms i, and pse. Thanks
to the work of Kontsevich, Denef, Loeser and
others on motivic integration, in recent years
these spaces have been very useful in con-
structing invariants of singular algebraic va-
rieties. For instance, the following is one of
the applications.



Definition 5.1. Suppose that X7 and X are
two smooth projective varieties. We say that
X1 1s K—equivalent to Xo, if there are proper
birational morphisms from a smooth projec-
tive variety Y , ¢; : Y — X, for ¢ = 1 and
2 with property ¢7(Kx,) ~ ¢5(Kx,) on Y,

Theorem 5.2. (Kontsevich) Suppose that

X1 18 K— equivalent to Xo. Then the Hodge
number hP1(X1) = hP9Xy) for all p and

q.
In what follows we describe some applica-

tions of these spaces to the singularities of
pairs.

Consider a divisorial valuation of the form
valp with center cx(F) in X (the center is
the image of E in X). The log discrepancy
of the pair (X, \-Y) along F is

a(E,X, A Y) =kp+1—X\- ValE(]y),
where [y is the ideal of Y in X. The idea is
to measure the singularities of the pair (X, A~



24

Y) along B using the log discrepancies along
divisors with center contained in B.

Definition 5.3. Let B C X be a nonempty
closed subset. The minimal log discrepancy ot

(X, A-Y) over B is defined by

(2)
mld(B; X, \-Y) = inf

E: X, \Y)}.
it {a(B X))

Theorem 5.4. (Ein, Mustata, and Yasuda)(Inversion
of Adjunction) Let D be a smooth divisor
on the smooth variety X and let B be a

nonempty proper closed subset of D. IfY s
a closed subscheme of X such that D €Y,
and if A € Ry, then

mld(B; X, D+ \-Y)=mld(B; D,\-Y|p).

Remark 5.5. The notion of minimal log dis-
crepancy plays an important role in the Mini-
mal Model Program. It can be defined under
weak assumptions on the singularities of X:



one requires only that X is normal and Q-
Gorenstein. Kollar and Shokurov have con-
jectured the statement of Theorem 5.4 with
the assumption that X and D are only nor-
mal and Q-Gorenstein. It is easy to see that
the inequality ”<” holds in general, and the
opposite inequality is known as Inversion of
Adjunction. Theorem 5.4 has been general-

ized in |21] to the case when both X and D
are normal locally complete intersections.

We have natural projection maps induced
by truncation X,,11 — X, Since X is
smooth, this is locally trivial in the Zariski
topology, with fiber A". We similarly have
projection maps Xoo — Xy. A subset C' of
X0 18 called a cylinder if it is the inverse im-
age of a constructible set S in some X,,. If C
is a closed cylinder that is the inverse image ot
a closed subset S C X, its codimension in
Xoo 1s equal to the codimension of S in X,,.



Consider a nonzero ideal sheat a C Oy
defining a subscheme Y C X. Given a finite
jet or an arc v on X, the order of contact of
the corresponding scheme Y — along v is de-
fined in the natural way. Pulling a back via
~ vields an ideal (¢¢) in C[t]/(™H) or C[[t]],
and one sets

ordy(a) = ordy(Y) = e.

For a fixed integer p > 0, we define the con-
tact locus

Cont?’(Y) = Cont?(a) =got {7 € Xoo | ordy(a)

Note that this is a locally closed cylinder. A
subset of X 1s called an irreducible closed
contact subvariety if it is the closure of an

irreducible component of Cont?(Y) for some
pand Y.

Suppose now that W is an arbitrary irre-
ducible closed cylinder in Xoo. We can natu-
rally associate a valuation of the function field
of X to W asfollows. If f is a nonzero rational

P
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function of X, we put
valyy (f) = ord(f) for a general v € W.

This valuation is not identically zero if and
only if W does not dominate X.

If o : X’ — X is a proper birational
morphism, with X’ smooth, and if F is an ir-
reducible divisor on X', then we define a val-
uation by

valgp(f) = the vanishing order of f oy along F.

A valuation on the function field of X is called
a divisortal valuation (with center on X) if
it is of the form m - valp for some positive
integer m and some divisor £ as above.

A key invariant associated to a divisorial
valuation v is its log discrepancy. It E is a
divisor as above, Suppose that kr is the co-
eficient of E in the relative canonical divisor
Ky /X Note that kp depends only on valg

(it does not depend on the model X’). Given
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an arbitrary divisorial valuation m - valg, we
define its log discrepancy as m(kg + 1).

Consider a divisor £ on X' as above. If
Ci(F) is the closure of fioo(Cont”(FE)), then
it is not hard to see that Ci,(F) is an irre-
ducible closed contact subvariety of X5 such
that Valcvm< E) = m-valg. The following result
of Ein, Lazarsfeld and Mustata [18] describes
in general the connection between cylinders
and divisorial valuations.

Theorem 5.6. Let X be a smooth variety.

(i) If W is an irreducible, closed cylinder
in Xoo that does not dominate X, then
the valuation valy, 1s divisorial.

(ii) For every divisorial valuation m - valg,
there 1s a unique maximal 1rreducible

closed cylinder W such that valyy =m -
valg: this is W = Cp(F).
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(iii) The map that sends m -valg to Cy,(E)
gives a bijection between divisorial val-
uations of C(X) with center on X and
the set of irreducible closed contact sub-
varieties of Xoc.

The applicability of this result to the study
of singularities is due the following description
of log discrepancy of a divisorial valuation in
terms of the codimension of a certain set of
arcs.

Theorem 5.7. Given a divisorial valuation
v = m - valg with center on X, if Cp(F)
1S its associated 1rreducible closed contact
subvariety in Xoo, then the log discrepancy

of v is equal to codim(Cp,(E), Xoo).

Combining the statements of the above the-
orems, we deduce a lower bound for the codi-
mension of an arbitrary cylinder in terms of
the discrepancy of the corresponding divisor.
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Corollary 5.8. If W 1s a closed, irreducible
cylinder in X that does not dominate X,
then codim(W, X«o) is bounded below by the
log discrepancy of valyy .

Remark 5.9. The above two theorems also
hold for singular varieties after some minor
modifications using Nash’s blow-up and Mather’s
canonical class.

As an application of Theorems 5.6 and 5.7,
one gives in [18] a simple proof of the follow-
ing result of Mustata |37| describing the log
canonical threshold in terms of the geometry
of the space of jets.

Theorem 5.10. Let X be a smooth com-
plex variety and Y be a proper closed sub-
scheme of X. Let X, and Yy, be the spaces

of m'™ order jets of X and Y, respectively.
If c=1c(X,Y), then

(i) For every m we have codim(Yy,, Xy,) >
c-(m-+1).



(ii) If m + 1 is sufficiently divisible, then
codim(Yy,, Xm) =c¢- (m+1).

The above results relating divisorial valu-
ations with the space of arcs can be used to
study more subtle invariants of singularities
of pairs. Let Y be a closed subscheme of the
smooth variety X, and let A be a positive real
number. We associate a numerical invariant
to the pair (X, A - Y) and to an arbitrary
nonempty closed subset B C X, as follows.

We end with a result that translates prop-
erties of the minimal log discrepancy over the
singular locus of a locally complete intersec-
tion variety into geometric properties of its
spaces of jets.

Theorem 5.11. Let X be a normal locally
complete intersection variety of dimension
n.

(i) X is irreducible for every m (and in
this case it is also reduced) if and only



if mld(Xging; X, 0) > 1 (this says that X
canonical singularities).

(i1) Xy, is normal for every m if and only
if mld(XSmg; X,0) > 1 (this says that X
has terminal singularities).

(ili) In general, we have codim((Xm)sing, Xm) >
mld(Xging; X, 0) for every m.

Remark 5.12. The description in (ii) above
was first proved in [38]. Note that since X is
in particular Gorenstein, it is known that X
has canonical singularities if and only if it has
rational singularities. All the statements in
the above theorem were obtained in [22| and
21] combining the description of minimal log
discrepancies in terms of spaces of arcs and
Inversion of Adjunction.

REFERENCES

1] F. Ambro, On minimal log discrepancies, Math. Res. Lett. 6 (1999), 573-580.

2] V. L. Arnold, S. M. Gusein-Zade and A. N. Varchenko, Singularities of differentiable maps I-11,
Birkhauser, 1985.

] U. Angehrn and Y.-T. Siu, Effective freeness and point separation for adjoint bundles, Invent. Math.
122 (1995), 291-308.

4] J. N. Bernstein, Analytic continuation of generalized functions with respect to a parameter, Funk.

Anal. 6 (1972), 26-40.

[
[
3
[



33

[Bir] C. Birkar, Ascending chain condition for log canonical thresholds and termination of log flips, Duke

Math. J. 136 (2007), 173-180.

[BCHM] C. Birkar, P. Cascini, C. Hacon and J. M°Kernan, Existence of minimal models for varieties of

log general type, preprint available at arXiv:math/0610203.

N. Budur and M. Saito, Multiplier ideals, V-filtration, and spectrum, J. Algebraic Geom. 14 (2005),
269-282.

N. Budur, M. Mustata and M. Saito, Roots of Bernstein-Sato polynomials for monomial ideals: a
positive characteristic approach, math. AG/0505472, to appear in Math. Res. Lett.

N. Budur, M. Mustata and M. Saito, Bernstein-Sato polynomials of arbitrary varieties, math.
AG/0408408, to appear in Compositio Math.

I. A. Cheltsov, On a smooth four-dimensional quintic Mat. Sb. 191 (2000), 139-160; translation in
Sb. Math. 191 (2000), 1399-1419

A. Corti, Singularities of linear systems and 3-fold birational geometry, in Fxplicit birational geom-
etry of 3-folds, Cambridge Univ. Press, Cambridge, 2000, 259-312.

[dFM] T. de Fernex and M. Mustata, Limits of log canonical thresholds, to appear in Ann. Sci. Ecole

[10]
[11]

[12]

Norm. Sup., preprint available at arXiv:0710.4978.

T. de Fernex, L. Ein and M. Mustata, Multiplicities and log canonical threshold, J. Alg. Geom. 13
(2004), 603-615.

T. de Fernex, L. Ein and M. Mustata, Bounds for log canonical thresholds with applications to
birational rigidity, Math. Res. Lett. 10 (2003), 219-236.

J.-P. Demailly, L? vanishing theorems for positive line bundles and adjunction theory, Lecture Notes
of the CIME Session “Transcendental methods in Algebraic Geometry”, Cetraro, Italy, July 1994,
Lecture Notes in Math.1646 (1996), 1-97.

J.-P. Demailly, L. Ein and R. Lazarsfeld, A subadditivity property for multiplier ideals, Mich. Math.
J. 48 (2000), 137-156.

J. Denef and F. Loeser, Germs of arcs on singular varieties and motivic integration, Invent. Math.
135 (1999), 201-232.

L. Ein, Multiplier ideals, vanishing theorem and applications, in Algebraic Geometry, Santa Cruz
1995, volume 62 of Proc. Symp. Pure Math. Amer. Math. Soc., 1997, 203-219.

L. Ein and R. Lazarsfeld, A geometric effective Nullstellensatz, Invent. Math. 137 (1999), 427-448.
L. Ein and R. Lazarsfeld, Singularities of theta divisors and the birational geometry of irregular
varieties, J. Amer. Math. Soc. 10 (1997), 243-258.

L. Ein, R. Lazarsfeld, M. Mustata, Contact loci in arc spaces, Compositio Math. 140 (2004) 1229-
1244.

L. Ein, R. Lazarsfeld, and K. Smith, Uniform bounds and symbolic powers on smooth varieties,
Invent. Math. 144 (2001), 241-252.

L. Ein, R. Lazarsfeld, K. Smith and D. Varolin, Jumping coefficients of multiplier ideals, Duke
Math. J. 123 (2004), 469-506.

L. Ein, M. Mustata, Inversion of adjunction for local complete intersection variety, Amer. J. Math.
126 (2004) 1355-1365.

L. Ein, M. Mustata, and T. Yasuda, Jet schemes, log discrepancies and inversion of adjunction,
Invent. Math. 153 (2003) 519-535.

C. Hacon and J. McKernan, On the existence of flips, math. AG/0507597.

C. Hacon and J. McKernan, Boundedness of pluricanonical maps of varieties of general type, math.
AG/0504327.

N. Hara and K.-i. Yoshida, A generalization of tight closure and multiplier ideals, Trans. Amer.
Math. Soc. 355 (2003), 3143-3174.

M. Hochster and C. Huneke, Tight closure, invariant theory and the Briangon-Skoda theorem, J.
Amer. Math. Soc. 3 (1990), 31-116.

J. Howald, Multiplier ideals of monomial ideals, Trans. Amer. Math. Soc. 353 (2001), 2665-2671.

V. A. Iskovskikh and Yu. I. Manin, Three-dimensional quartics and counterexamples to the Liiroth
problem, Mat. Sb. 86 (1971), 140-166; English transl., Math. Sb. 15 (1972), 141-166.



34
[29]

[30]
[31]

[32]

[33]

M. Kashiwara, Vanishing cycle sheaves and holonomic systems of differential equations, in Algebraic
Geometry (Tokyo/Kyoto, 1982), Lecture Notes in Math. 1016, Springer, Berlin, 1983, 134-142.
M. Kashiwara, B-functions and holonomic systems, Inv. Math. 38 (1976/77), 33-53.

J. Kollar, Shafarevich maps and automorphic forms, Princeton University Press, Princeton, NJ,
1995.

J. Kollar, Singularities of pairs, in Algebraic Geometry, Santa Cruz 1995, volume 62 of Proc. Symp.
Pure Math Amer. Math. Soc. 1997, 221-286.

J. Kolldr (with 14 coauthors), Flips and abundance for algebraic threefolds, Astérisque 211, 1992.

[Kol2] J. Kolldr, Which powers of holomorphic functions are integrable?, preprint available at

[34]

arXiv:0805.0756.

R. Lazarsfeld, Positivity in algebraic geometry, I- II, Ergebnisse der Mathematik und ihrer Gren-
zgebiete. 3. Folge, Vols. 48-49, Springer-Verlag, Berlin, 2004.

B. Lichtin, Poles of |f(z,w)|?® and roots of the B-function, Ark. fiir Math. 27 (1989), 283-304.

B. Malgrange, Polynéme de Bernstein-Sato et cohomologieévanescente, in Analysis and topology on
singular spaces, II, IIT (Luminy, 1981), Astérisque 101-102 (1983), 243-267.

M. Mustata, Singularities of pairs via jet schemes, J. Amer. Math. Soc. 15 (2002), 599-615.

M. Mustata, Jet schemes of locally complete intersection canonical singularities, with an appendix
by D. Eisenbud and E. Frenkel, Invent. Math. 145 (2001), 397-424.

M. Mustata, S. Takagi and K.-i. Watanabe, F-thresholds and Bernstein-Sato polynomials, in
A. Laptev (ed) European Congress of Mathematics (ECM), Stockolm, Sweden, June 27-July 2,
2004. Zirich: EMS (2005).

A.V. Pukhlikov, Birational automorphisms of a four-dimensional quintic, Invent. Math. 87 (1987),
303-329.

A. V. Pukhlikov, Birational automorphisms of Fano hypersurfaces, Invent. Math. 134 (1998), 401—
426.

A. V. Pukhlikov, Birationally rigid Fano hypersurfaces, Izvestiya: Mathematics 66 (2002), 1243—
1269.

M. Saito, B. Sturmfels and N. Takayama, Grobner deformations of hypergeometric differential
equations, Algorithms and Computation in Mathematics 6, Springer-Verlag, Berlin, 2000.

Y .-T. Siu, Invariance of plurigenera and torsion-freeness of direct image sheaves of pluricanonical
bundles, in Finite or infinite dimensional complex analysis and applications, Adv. Complex Anal.
Appl., 2, Kluwer Acad. Publ., Dordrecht, 2004, 45-83.

Y.-T. Siu, Invariance of plurigenera, Invent. Math. 134 (1998), 661-673.

S. Takagi and K.-i. Watanabe, On F-pure thresholds, J. Algebra 282 (2004), 278-297.

S. Takayama, Pluricanonical systems on algebraic varieties of general type, preprint 2005.

A. Varchenko, Asymptotic Hodge structures in the vanishing cohomology, Math. USSR, Izv. 1982,
469-512.

T. Yano, b-functions and exponents of hypersurface isolated singularities, Proc. Symp. Pure Math
40 (1983), 641-652.



