
                           

objects: real el lipt ic Lef schetz Þbr at ions

aim: classiÞcat ion (up t o equivar iant di f f.)

t ool: necklace diagrams



   (A) Lef schetz Þbr at ions

              Òcomplex morse fu nct ionsÓ

around cr it ical p oints p l ooks like : 

                           

C2 ! C
(z1, z2) ! z2

1 + z2
2

(p : X 4 ! B 2)



(B) r eal str uctu re
    Òsmooth v ersion of c omplex conjugat ionÓ

  . or ientat ion preser ving involut ion
  .dimension of Þx ed point se t (i f n ot empty) =2   

.or ientat ion r eversing involut ion         
(X, c): r eal manifold, Fix(c): r eal par t

(C) real Lef schetz Þbr at ions 

  

(D) el lipt ic: regular Þbe r 

                           

cX : X 4 ! X 4

cB : B 2 ! B 2



(E) some propert ies

1)cr it ical sets a re invar iant u nder the 
act ion of r eal str uctu res.

2)over r eal p oints of B , Þbers inher it r eal 
str uctu re fr om the r eal str uctu re of X.

3)monodromy decomposes int o product of 
tw o real str uctu res.

                           



(F) main theo rem
                          1-1                       
* RELFs over sphere   <-------->      necklace diag.
                                                                             u p t o symmetr y 

. have only r eal cr it ical values                             . monodromy=id

. admit a r eal sect ion                                                     

                         1-1          REFINED 
* RELFs over sphere   <-------->     necklace diag.
                                                                            u p t o symmetr y 
   .  have only r eal cr it ical values                         . monodromy=id
                                                                            

(Moishezon & Li vnŽ, 1977)
                   1-1

*ELFs over sphere<---->  # of cr it ical values=12n
                             E(1)=
                                      
                                      E( n)= E(n-1)# E(1)

                           

CP 2#9 øCP 2



(G) necklace diagrams
        Òfr om 4 t o 2Ó

look at the r eal l ocus: 
(assume f or the mo ment tha t the re exists a r eal sect ion)

                           



(H)monodromy of n ecklace 
diagrams

 

                           

c : T2 ! T2 " c! : H1(T2, Z) ! H1(T2, Z)

H c
± = { a : c! (a) = ± a}



                           

PSL(2, Z) = { x, y : x2 = y3 = id}

P!" < P> "! = xyxyx

P!" < P> #! = xy2

P!" < P> #! = y2x
P!" < P> "! = yxy



                           


