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1. INTRODUCTION

Let f(z) be a holomorphic function of n-variables z1, .. ., z, such that
f(0) = 0.

J. Milnor proved f/|f]: S2" 1\ K. — S' is a locally trivial fibration
for any positive & with € < gy where K. = f~1(0) N 52"~ ([12]).

Our situation: links coming from a pair of real-valued real analytic
functions

V= {g(X’Y) - h(X7Y) - 07 Ka =Vn Ss
fx,y) = g(x,y) +ih(x,y) : R" — C

When f/|f|: 52" '\ K. — S! to be a fibration?

The difficulty is that for an arbitrary choice of g, h, it is usually not
a fibration. A breakthrough is given by the work of Ruas, Seade and
Verjovsky [20]. After this work, many examples of pairs {g, h} which
give real Milnor fibrations have been investigated. However in most
papers, certain restricted types of functions are mainly considered (|5,
6, 22, 19, 11, 18, 3]).

We consider a complex valued analytic function f expanded in a con-
vergent power series of variables z = (21,...,2,) and 2 = (Z1, ..., Z,)

f(z,z) = Z Cyp 2°Z"
v

where z¥ = z{* - - - 2/ for v = (v1,...,v,) (respectively z# = z{"* - ..zt
for = (p1, ..., tn)) as usual. Here z; is the complex conjugate of z;.
We call f(z,z) a mixed analytic function (or a mixed polynomial, if
f(z,z) is a polynomial) of z1, ..., z,. We are interested in the topology
of the hypersurface V = {z € C"| f(z,2z) = 0}, which we call a mixed
hypersurface.

This approach is equivalent to the original one.
1
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z=x+iy with z; =z; +1y; j =1,...,n, x = (21,...,2,) and

y = (ylv"'7yn)7
g=Rf,h=8f

f(z,2) — f(x,y) = g(x,y) +ih(x,y),
Conversely, for a given real analytic variety W = {g(x,y) = h(x,y)
0} which is defined by two real-valued analytic functions g, h, we can
consider W as a mixed hypersurface by introducing a mixed function

f(z,z) = 0 where

Z+2Z 7Z—1%Z . Z+Z Z—1Z

Z,7) = h .
flo.2) = ("2 I i P
The advantage of our view point is that we can use rich techniques of

complex hypersurface singularities.
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2. NEWTON BOUNDARY AND NON-DEGENERACY OF MIXED
FUNCTIONS

2.1. Polar weighted homogeneous polynomials.

2.1.1. Radial degree and polar degree. Let M = z"z* be a mixed mono-
mial where v = (v1,...,vp), p= (p1, .-, i) and let P ="(py,...,p,)
be a weight vector. We define the radial degree of M, rdegp, M and the
polar degree of M, pdegp M with respect to P by

n n
rdegp M =Y pi(v;+p), pdegp M = pi(v; — ;).
J=1 Jj=1
2.1.2. Weighted homogeneous polynomials. 1.Recall that a complex poly-
nomial h(z) is called a weighted homogeneous polynomial with weights
P ="py,...,pn) if p1,...,p, are integers and there exists a positive
integer d so that

fPrzy, .. tPz,) =t f(z), t € C.

The integer d is called the degree of f with respect to the weight vector
P.

II. A mixed polynomial f(z,z) = Zle c;z"zt is called a radially
weighted homogeneous polynomial if there exist integers q1,...,q, >0
and d,. > 0 such that it satisfies the equality:

fA% 2y, 2, 117, 1 5,) =t f(z,2), tER”.

Def. A polynomial f(z,z) is called a polar weighted homogeneous
polynomial if there exists a weight vector (p1,...,p,) and a non-zero
integer d, such that

FOPLzy, o APz APz NPeE) = A f(2,Z), A€ C*, || =1
where ged(py, ..., p,) = 1. This is equivalent to
pdeg pz"z' =d, i=1,..., ¢

Here the weight p; can be zero or a negative integer. The weight vector
(p1,-..,pn) is called the polar weights and d,, is called the polar degree
respectively. This notion was first introduced by Ruas-Seade-Verjovsky
[20] and Cisneros-Molina [4].

Recall that the radial weights and polar weights defineR*-action and
Sl-action on C" respectively by
toz=(t"z,...,t%"z,), toz=(t"%,...,t"%,), teR*
Aoz = (Nlz,...,\P"z,), loz=MAoz, IeS'cC

In other words, this is an R* x S! action on C".
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Lemma 1. Let f(z,z) be a radially weighted homogeneous polynomial,
V={z¢e€C"|f(z,z) =0} and V* =V NC™. Assume that V \ {O}
(respectively V*) is smooth and codimgV = 2. If the radial weight
vector is strictly positive, namely q; > 0 for any 7 = 1,...,n, the
sphere S, intersects transversely with V' \ {O} (resp. with V* ) for any
r > 0.

2.2. Newton boundary of a mixed function. A mixed analytic
function

f(z.2) =) c,,2'2", f(O) =0,V = f}(0)

We call the variety V = f71(0) the mixed hypersurface.

The radial Newton polygon I'y (f;2,z) (at the origin) of a mixed func-
tion f(z,z) is defined by the convex hull of

't (f;2,z: convex hull of U (v + p) + R
cv,u#0

r ( f) — a(;mn,pa ct I " ( f)

For a given positive integer vector P = (pi,...,pn), We associate a
linear function £p on T'(f) defined by (p(v) = > 7, pjv; for v € T(f)
and let A(P, f) = A(P) be the face where ¢p takes its minimal value.

We denote the minimal value of £p by d(P; f) or simply d(P). Note
that

d(P; f) = min {rdegp z"2" | c,,, # 0}.
For a positive weight P, we define the face function fp(z,z) by
fr(z,z) = Z Cuu 22"
v+peA(P)
fp is a radially weighted homogeneous polynomial !!.
Example 2. Consider a mixed function [ := 27z} + 2723 + 25%,. The
Newton boundary T'(f;z,z) has two faces Ay, Ay which have weight

vectors P := %(2,3) and @ := (1,1) respectively. The corresponding
invariants are

fr(z,2) = )2} + 2125, d(P; f) = 10
fo(2,2) = 2725 + 237, d(Q; f) = 4.
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Ficure 1. I'(f)

Definition 3. Let P be a strictly positive weight vector. We say that
f(z,2) is non-degenerate for P, if the fiber f5'(0) N C** contains no
critical point of the mapping fp : C** — C. In particular, f5'(0)NC*™"
is a smooth real codimension 2 manifold or an empty set. We say that
f(z,z) is strongly non-degenerate for P if the mapping fp : C** — C
has no critical points. If dim A(P) > 1, we further assume that fp :
C™ — C is surjective onto C.

A mixed function f(z, z) is called non-degenerate (respectively strongly
non-degenerate) if f is non-degenerate (resp. strongly non-degenerate)
for any strictly positive weight vector P.

Consider the function f(z,z) = 2121 + - + 2,Z,. Then V = f71(0)
is a single point {O}. By the above definition, f is a non-degenerate
mixed function.

To avoid such an unpleasant situation, we say that a mixed function
g(z,z) is a true non-degenerate function if it satisfies further the non-
emptiness condition:

(NE) : For any P € N** with dim A(P,g) > 1, the fiber g5'(0) N
C*™ is non-empty.

Example 4. I. Consider the mixed function [ := 27z} + 2725 + 2372,
which we have considered in Example 2. Then f is strongly non-
degenerate for each of the weight vectors P =*(2,3), Q =(1,1).

II. Consider a mixed function

,(](Z; Z) =221+t 250 - (ZT‘—O—IZT‘—O—I + -+ ZTI/ZTL)? I<r<n-1.
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Then V = ¢g~1(0) is a smooth real codimension one variety and thus it
is degenerate for P =*(1,1,...,1).

ITI. Consider a mixed function
f(z,2) =2} +aznz + 7z, acC.
Then f is non-degenerate if and only if a # +2.
IV. non-degenerate but not strongly non-degenerate mixed function
f(z,2) =1/42> - 1/4Z + 212 — (1 +1) (21 + 2) (51 + 22)

For a complex valued mixed function f(z,z), we use the notation
([17]):
df(z,z) = (2L,..., 2y eCr, df(z,z)=(2L,...,2L)eC

8_21’ ) E 8_51’ ) E
We use freely the following convenient criterion for a given point to be
a critical point

Proposition 5. (Proposition 1, [17]) The following two conditions are
equivalent. Let w € C".

(1) w is a critical point of f : C" — C.

(2) There exists a complex number o with || = 1 such that df (w, w) =

adf(w,w).

Let J be a subset of {1,...,n} and consider the J-conjugation map
ty: C* — C" defined by:

: R
Lyt (21, 20) = (W, .o wy), W) {zj el

Let f(z,z) be a mixed function.

f(z,2) is J-conjugate holomorphic <= f o1 ;(z):holomorphic func-
tion.

Let M = z"z" be a mixed monomial and let g(z,z) = M - f(z,z)
where f(z,z) is a J-conjugate weighted homogeneous polynomial. We
say ¢(z,z) is a pseudo J-conjugate weighted homogeneous polynomial
if pdegp g # 0 where P’ = ;P is the polar weight vector of f(z,Zz).
Note that g o ¢;(z) need not to be holomorphic. Further, if J = 0,
we say that g is a pseudo weighted homogeneous polynomial. Then g
takes the form M f(z) where f a weighted homogeneous polynomial
and M is a mixed monomial.

Example 6. Let f(z,z) = 27 +---+22_,+2z3. Then f is a J-conjugate
weighted homogeneous polynomial of the weight type (3,...,3,2;6)
with J = {n}.
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Definition 7. Let f(z,z) be a mixed function. We say that f is a
Newton pseudo conjugate weighted homogeneous polynomial if for any
P € NT* | there exists a subset J(P) C {1,...,n} such that the face
function fp(z,z) is a J(P)-pseudo conjugate weighted homogeneous
polynomial.

Example 8. I. Let f(z,z) = 2} + 2125 + 20"z5 with m > 2. Then
the Newton boundary has two faces and the corresponding weights are
P =(2,3) and Q = (m,2). The face functions are

fP(Z72) - Z%(Z% + 2%)? fQ(Z7Z) = 23(2% + Z;n)

and f is a Newton pseudo conjugate weighted homogeneous polynomial
if m # 2. Note that for m = 2, the polar degree of fg(z,2z) is 0.
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3. ISOLATEDNESS OF THE SINGULARITIES
Let f(z,2) =3, c,u2z’2". O € f71(0). Put V = f~1(0) C C™

3.1. Mixed singular points. We say that w € V is a mixed singular
point if w is a critical point of the mapping f : C* — C. We say that V'
is mixed non-singular if it has no mixed singular points. If V' is mixed
non-singular, V' is smooth variety of real codimension two.

Note that a singular point of V' (as a point of a real algebraic variety)
is a mixed singular point of V' but the converse is not necessarily true.

3.2. Non-vanishing coordinate subspaces. Forasubset J C {1,2,...

we consider the subspace C’ and the restriction f/ := f|cs. Consider

the set
NV(f)={Ic{1,....n}|f £0}.
We call NV(f) the set of non-vanishing coordinate subspaces for f.
Put
vi= |J vnct
IeNV(f)

Theorem 9. Assume that f(z,z) is a true non-degenerate mized func-
tion. Then there exists a positive number ro such that the following
properties are satisfied.

(1) (Isolatedness of the singularity) The mized hypersurface V*NB,,
is mized non-singular. In particular, codimgV* = 2.

(2) (Transversality) The sphere S, with 0 < r < rq intersects V*
transversely.

We say that f is k-convenient if J € NV(f) for any J C {1,...,n}
with |J| = n—k. We say that f is convenient if f is (n—1)-convenient.
Note that V¥ = V\{O} if f is convenient. For a given ¢ with 0 < ¢ < n,
we put W(¢) = {z € C"||I(z)| < ¢} where I(z) = {i|z; = 0}. Thus
W(n —1)=C*. If f is {-convenient, V N W ({) C V*.

Corollary 10. Assume that f(z,z) is a convenient true non-degenerate
mized polynomial. Then V = f~1(0) has an isolated mized singularity
at the origin.

Remark 11. The assumption “true” is to make sure that V* = f~1(0)N
C* is non-empty.
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4. RESOLUTION OF THE SINGULARITIES

We consider a mixed analytic function f(z, z) and the corresponding
mixed hypersurface V' = f~1(0). We assume that O € V is an isolated
mixed singularity, unless otherwise stated.

If fis complex analytic, a “resolution of f” is usually understood as a
proper holomorphic mapping ¢ : X — C" so that

(i) £ := ¢ 1(0) is a union of smooth (complex analytic) divisors
which intersect transversely and ¢ : X — E — C" — {O} is biholomor-
phic,

(ii) the divisor (¢*f) is a union of smooth divisors intersecting trans-
versely and we can write (¢*f) = VUE where V is the strict transform
of V' (= the closure of o~ 1(V —{0})),

(iii) for any point P € Ef NV with I = {i1,...,i,}, there exists
an analytic coordinate chart (uq,...,u,) so that the pull-back of f
is written as U x uj" - u;n” where U is a unit in a neighborhood of
P, E, ={u =0} (k=1,...,s —1) and V = {u, = 0}. Here
E; = ﬂEief \ Uj¢[Ej.

For a mixed hypersurface, a resolution of this type does not exist
in general. The main reason is that there is no complex structure in
the tangent space of V. Nevertheless we will show that a suitable toric
modification partially resolves such singularities.

4.1. Toric modification and resolution of complex analytic sin-
gularities. For the reader’s convenience, we recall some basic facts
about the toric modifications at the origin. We use the notations and
the terminologies of [14, 15, 16] and §2.2.

4.1.1. Toric modification. Let A = (a;;) € GL(n,Z) with det A = +1.
We call such a matrix a unimodular matriz. We associate to A a
birational morphism

1/)14 . (C*n N (C*n
which is defined by

1/)A(Z) = (Ztlzl,l .. 'Z?.Ll’n, . "Z?n,l . 'Zgn’n)‘

If the coefficients of A are non-negative, 14 can be defined on C". Note
that ¥4 is a group homomorphism of the algebraic group C** and we
have

Ut =tha1, aoihp = ap.
Suppose that ¥* is a regular fan. Let S be the set of n-dimensional
cones and let V1 be the set of strictly positive vertices. For simplicity,
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we assume that the vertices of ¥* are the union of { £y, ..., E, } and V7.
For each o € &, we consider a copy of a complex Euclidean space C?
with coordinates u, = (us1, - . ., Usn) and the morphism 7, : C? — C"
defined by 7,(u,) = ¥,(u,). Taking the disjoint sum I1,csC¥, we glue
together I1,csC” under the following equivalence relation:

u, ~u, if -1, is well-defined at u, and ¢,-1,(u,) = u,.

We denote the quotient space I1,cs5C?/ ~ by Xs«. Then Xy« is a com-
plex manifold of dimension n and the morphisms 7, : C} — C", 0 € §
are compatible with the identification and thus they define a birational
proper holomorphic mapping

T Xy — C".

The restriction 7 to X \ 7 *(0) is a biholomorphic onto C*\ {O}. We
call T : Xy« — C™ the toric modification associated with the regular fan
¥* [14, 16]. The irreducible exceptional divisors correspond bijectively
to the vertices P € V* and we denote it by E(P). Then 771(0) =
UPeV+ E(P)

The easiest non-trivial case is when YVt = {P =*(1,...,1)}. In this
case, Xy+ is nothing but the ordinary blowing-up at the origin of C".
Example

S O RRORSO
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E;, R o p

2120
21:()

E(R) ‘ 2 =0

FIGURE 2. Blowing up of a cusp

4.1.2. Dual Newton diagram and admuissible toric modifications. Let
f(z,2) = %, , ¢,u2"2" be a germ of mixed function in n variables
21, .., 2. We introduce an equivalence relation in Ny by

P~Q, PQeN < A(P;[f) =A@ ))

The set of equivalence classes gives an open polyhedral cone subdivision
of Ni and we denote it as '*(f;z) and we call it the dual Newton
diagram. Let X* be a regular fan which is a regular simplicial cone
subdivision of I'*(f). If ¥* is a regular simplicial cone subdivision of
I'*(f), the toric modification 7 : Xy+ — C" is called admissible for
f(z,z). The basic fact for non-degenerate holomorphic functions is:

Theorem 12. ( [14, 15, 16]) Assume that f(z) be a non-degenerate
convenient analytic function with an isolated singularity at the origin.
Let 7 : Xs» — C™ be an admissible toric modification. Then it is a
good resolution of the mapping f : C* — C at the origin.

4.2. Blowing up examples. We consider some examples.
Example 13. A. Let

Ci = {(21,2) € C*| 2] — 25 = 0}}

Vi ={(21,22) € C*| fi(z,2) = 7} — 25 = 0}

Vo ={(21,2) € C*| fo(2,2) = 2121 — 25 = 0}
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(1 is a union of two smooth complex line, V; is a union of two smooth
real planes, z; £ 2o = 0 and V4 is an irreducible variety. Consider

/7F1ZX1—>C2

where 7T, : X; — C? is the toric modification associated with the
regular fan generated by vertices

- (- () (.- ()

Geometrically, 7y is an ordinary blowing up. Note that for the complex
curve C1, the two components are separated by a single blowing up 7;.
We will see what happens to the two other mixed curves V7, V5. In the
toric coordinate C2 with o = Cone(P E;) and the toric coordinates

(u1,us), the strict transform Vl, VQ of V1, V4 are defined in the torus
C? as

Ci N C? = {(uy,uz) € C2|uf — uju; = ui(1 —u3) = 0}

Vin C7? = {(u1,uz) € C7? |} — ufuj = 0},

VanC2 = {(uy,ug) € C2 | uy (G — ugu?) = 0}

The first expression shows that 61 is already smooth and separated
into two pieces. Unlike the case of holomorphic functions, we observe
that

{(ur,up) € C2 | i —ufud = 0} 2 Vi, {(ur,up) € C2| iy —ugud = 0} 2 V4

as E(P) = {u; = 0} ¢ V;,i = 1,2. In both cases, we see that the
I-sphere |us| = 1 appears as their intersection with the exceptional
divisor E(P).

Thus Z+ N L_ is the 1-sphere |ug| = 1 and the ordinary blowing up
does not separate the two smooth components.

For ‘//\'2, we will see later that it has two link components. See §6 for
the definition of the link components. This illustrates the complexity
of the limit set of the tangent lines in the mixed varieties.
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B. We consider an ordinary cusp (complex analytic)
Cy = {z — 2 =0}
Vs = {2 — 2{z = 0}

with the same Newton boundary and an admissible toric blowing up
7+ Xy — C? which is associated with the regular simplicial fan:

e fror- () - ()1 () 2

Let (uy,uz) be the toric coordinate of C2 with 0 = (Q, R) = 21

3 2)
Then the pull back of the defining polynomials are defined in this co-
ordinate chart as

CoNC2 = {(ug, up) € C2 | ubud(uy — 1) = 0}
‘73 N (ij = {(u1,us) € (Cz2 | ufug(u%ug — ﬂ%fﬂ) = 0}.

Observe that 52 is smooth and transverse to the exceptional divisor
E(Q) = {uy = 0}. The strict transform V; is defined by u2 u2 — 2 tiy =
0 in C2. We see again that for 173, a sphere |uy| = 1 appears as the
intersection with the exceptional divisor. We observe that V3N E (Q) =

{(0, ug)[us| = 1}.

The above examples show that the toric modification does not resolve
the singularities of non-degenerate mixed hypersurfaces.

To get a good resolution of a mixed hypersurface singularity, we need
to compose a toric modification with a normal real blowing up or a
normal polar modification which we introduce below.

4.3. Normal real blowing up and normal polar blowing up of
C. Consider the complex plane with two coordinate systems z = x+1iy
and z = rexp(if#). We can consider the following two modifications.

(D
iz : C\ {O} = C x RP*

defined by z = 2 + iy — (z,[z : y]) and let RC be the closure of
the image of tg. This is called the real blowing up. RC is a real
two dimensional manifold which has two coordinate charts (U, (Z,1))
and (Ui, (s,7)). These coordinates are defined by & = z,t = y/x and
J = y,s = x/y. The canonical projection wg : RC — C is given as
wr(T,t) = Z(1 +it) and wg(s,§) = §(s +14). Note that wy'(0) = RP!
and wg : RC \ {O} x RP! — C\ {0} is diffeomorphism.
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(IT) Consider the polar embedding
1, 1 C\ {0} = R" x §!

which is defined by ¢,(rexp(6i)) = (r,exp(fi)). Here Rt = {z €
Rjz > 0}. Let PC = R* x S' and w, : PC — C be the projection
defined by w,(r, exp(# 1)) = rexp(fi). We can see easily that w,'(0) =
{0} x ST and w, : PC\ {0} x S* — C\ {O} is a diffeomorphism. Note
that PC is a manifold with boundary.

4.3.1. Canonical factorization. There exists a canonical mapping ¢ :
PX — RC which is defined by

(Z,t) = (rcosf,tanf), 6+ +2

(r,exp(01)) = { (5,9) = (cotf,rsinf), 0#0,7

It is obvious that ¢ gives the commutative diagram

PC L RC
[ o
¢ = C

Note that the restriction of ¢ over the exceptional sets is a 2 : 1 map:
Y {0} x St — {0} x RP!, exp(0i) — [cos(d) : sin(f)]

4.4. Resolution of a mixed function. Let f(z,z) be a mixed func-
tion and let V' = f7!(0) and we assume that V has an isolated mixed
singularity at the origin.

Let Y be a real analytic manifold of dimension 2n and let & : Y — C”
be a proper real analytic mapping. We say that & : ¥ — C" is a
resolution of a real type (respectively a resolution of a polar type) of
the mixed function f if
(1) Let E = ®'(0) and let E = E; U---U E, be the irreducible
components. Each E; is a real codimension one smooth subva-
riety.
(2) Y is areal analytic manifold of dimension 2n. For a resolution of
a real type, Y has no boundary while for a resolution of a polar
type Y is a real analytic manifold with boundary and 0Y = F.
(3) The restriction ® : Y — E — C"\ {O} is a real analytic diffeo-
morphism.
(4) Let V be the strict transform of V' (=the closure of ®~1(V \
{O})). Then V is a smooth manifold of real codimension 2 in
an open neighborhood of E.
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(5) For I = {ir,....i,}, put Ej := Mie1 B \ Ujg Ej. For P €
E7 NV, there exists a local real analytic coordinate system
(U, (uy, ..., us,)) centered at P such that

Q" f(u) = u™ - uf™ (ugp1 + i ug2)

so that U N By, = {u; = 0} for j = 1,...,t and Uunv =
{41 + iugo = 0}. In the case of a resolution of a polar type,
we assume also that Y N U = {u; >0,...,u; > 0}.

For example, assume that ¢ = 1 for simplicity. Then the condition (5)
says the following. If we are considering a resolution of a real type,

U=R*or B, B;, = {u; =0}, ®*f(u) = u" (ug +ius),
if we are considering a resolution of polar type,

U= R2n N {Ul Z O}, Ei1 = {Ul = 0}, @*f(u) = u’lm (Ug +ZU3)

4.4.1. Normal real blowing up. Let X be a complex manifold of di-
mension n with a finite number of smooth complex divisors Ei, ..., Ey
such that the union of divisors £/ = Ule E; has at most normal cross-
ing singularities. Then we can consider the composite of real mod-
ifications for the normal complex 1-dimensional subspaces along the
divisor Fy,..., E,. Put it as wg : RX — X and we call it the normal
real blowing up along E. It is immediate from the definition that

(1) RX is a differentiable manifold and wg : RX \wg'(E) = Y\ E
is a diffeomorphism.

(2) Inverse image ﬁj = wg'(E;) of E; is a real codimension 1
variety which is fibered over E} with a fiber S1. Here B is
the normal real blowing up of E; along Ui# E; N E;. Putting
Ef = Nier B\ U, By, Ef == wi'(E}) is fibered over Ej with
fiber (S1)* where k = |I|.

Take a point P € Ef and choose a local coordinate (W, (uy,...,uy,))
By = {u; = 0}. Then wg'(W) is isomorphic to (RC) x C"~! covered
by 2 coordinates W, = U, x C"™™ where ; = 0 or 1. For example,
W has the coordinates (as a real analytic manifold) (sq, 71, ug, ..., Uy)
so that the projection to the coordinate chart u € W is given by

uy = G1(s1 +1)

4.4.2. Normal polar blowing up. We can also consider the composite of
the polar blowing ups along exceptional divisors, which we denote as
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wp : PX — X. In the same coordinate chart (W,u), u = (uq,...,uy,)

as in the previous discussion, w, ' (W) is written as

W (W) = (RT x 8Y) x C*!

p
with coordinates (rq,exp(i6;),us,...,u,) and the projection is given
by

(r1,exp(i6h), ug, ..., uy) — (ug,...,uy),

uy = ryexp(if)

Note that PX is a manifold with boundary and w,*(E}) is the bound-
ary component which is given by {r; = 0}.

4.5. A resolution of a real type and a resolution of a polar type.
Assume that f(z,z) = ), ¢,,2"2" is a non-degenerate convenient

mixed function and consider the mixed hypersurface V = f~1(0).

Step 1. Let I'(f) be the Newton boundary and let I'*(f) be the dual
Newton diagram. Take a regular simplicial cone subdivision in the
sense of [16] and let @ : X — C" be the associated toric modification.
Let V" be the set of strictly positive vertices of £* and let E(P),P e
VT be the exceptional divisors. Put E = [ J pep E(P).

Step2. Then we take the normal real blowing-ups wg : RX — X along

the exceptional divisors of E. Then we consider the composite
d:=Towg: RXZ5LXTHC", € T(wr(€)).

Put E(P) := wy'(E(P)) with P € V*.

Theorem 14. & := T o wy : RX 5 X -TCn gwes a good resolution

of a real type of [ at the origin and the exceptional divisors are E(P)

for P € V. The multiplicity of E(P) of the function ®* f along E(P)

is d(P; f).

Let f(z,2) = g(x,y)+ih(x,y) be the decomposition of f into the real
and the imaginary part. Then the above assertion for the multiplicity
is equivalent to: the mutiplicities of ®*g, ®*h along E(P) are the same
and equal to d(P; f).

We can also use the normal polar blowing-up w, : PX — X along
E(P), P € V' and the composite &, : PX — C". Put E(P) :=
o 1 (E(P)), Pe V™.

p
Theorem 15. Under the same assumption as in Theorem 14, ®
PX — X gives a good resolution of a polar type of f(z,z) where ®, is
the composite R

D, : PX X LCn
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The multiplicity of E(P) of the function ®f along E(P) is d(P; f).
There is a canonical factorization n : PX — RX so that w, = wg on
and ¢, = P on.

Example 16. We consider two modifications:
%1IX1—>(C2, %QIXQHCZ

where 7, : X; — C? is the toric modification associated with the regular
fan X% (j = 1,2) which are defined by the vertices as follows.

(- () =) - ()
= (= () o= o= ()1}

1. Let V) = f(z,2) = z} — 22 = 0. This is a union of two smooth
real planes 2, + z; = 0. In the toric coordinate chart C2 with o =
Cone(P, Ey), the strict transform V; of V; is defined in C*? by

. =2 2.2

We have seen that Vi N E(P) = {u; = 0| |us| = 1}. Now take the nor-

A

mal real blowing up along E(P), wg : RX — X. The strict transform
is defined in (C2). as

Vi = {(@tu) €2 x C| (1= ity = (1+it,)u3 = 0}
= {(ij1, 51,u2) € R? x C| (51— 0)* — (51 + i)} = 0}

Note these equations give two smooth components L., ¢ = +1 which
are disjoint:

{(F1,t1,u2) € R2X C|(1—ity) £ (1+ity)uy =0}

This expression shows that the strict transform is embedded in the
cylinder |us| = 1. Let us see this in a normal polar modification w, :
PX — X. Now PX is locally diffeomorphic to the product of S x
R* x C and the strict transform is now defined in a simple equation

V, = {(r1,exp(0i),us) |ug = Fexp(—2601)}

and it has two link components.
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<«— — —

FIGURE 3. Polar modification and Half Real lines

This shows that the strict transform is a product (it does not depend
on ;) and for a fixed ry, they are parallel torus knots in St x S =
St x {|ug| = 1}. Observe that the direction of twisting is opposite in
the first and the second S'’s with respect to the canonical orientation
of St.

2. Let us consider another mixed curve:
Vo :{z2 — 25 =0}
Equivalently V5 is defined by
{(z1, 51,22, 90) € R 2] + 47 = 25 — 3, 2212 = 0},
This can be defined as
Vo = {(x1, 41,22, 42) € R |y = 0, 25 = a7 + y7}.

This curve is real analytically (or real algebraically) irreducible at the
origin (see [2] for the definition) but we can see that V5 \ {O} has
two connected components zo = |2z1] and 25 = —|z;|. Thus for the
geometrical study of real analytic varieties, especially for the study
of real analytic curves, it is better to see the connected components
of f71(0) \ {O}. We apply the same toric modification 7; and we
consider its strict transform on the toric chart Cone(P, Ey) where we
use the same notation as in Example 16.

V. . 2 _
Vot g — uyuy = 0.

Again we see that Vo N E(P) = {(0,us) | |us| = 1}. Take the normal
real blowing up along E(P). The strict transform is defined in (C2).
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as
Vo ={(d1,t1,us) €RZXC|(1—ity)— (1+it))ud =0}
= {(gl,Sl,UQ) c RZ X (C| (81 — ’L) — (81 +Z>U% = 0}
which is non-singular. They have two real analytic components:
{(Zf'l,tl,UQ)ERQXC|U2:‘:(1—it1)/\/1+t%:O} or
{(ﬂl,sl,UQ) €R2 X C‘Ugi(sl —Z>/\/8%+1:O}

Note that /1 + ¢} is a real analytic function, although /% + 3% is
not an analytic function at O. The above expression says that V5 is a

product
{(tl,U2)| 1+t%U2ﬂ:(1—Zt1):O}XR

where the second factor is the line with coordinate ;. Using the reso-
lution of a polar type, V5 is simply written as
Vo = {(r1,61,u3) € RY x S) x C|ug & exp(— 6, 4) = 0}.

Again we observe that it is a product of torus knots and R,
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5. MILNOR FIBRATION

In this section, we study the Milnor fibration, assuming that f(z, z) is
a strongly non-degenerate convenient mixed function. We have seen in
Theorem 9 that there exists a positive number ro such that V' = f~1(0)
is mixed non-singular except at the origin in the ball Bfg‘ and the sphere
S2n=1 intersects transversely with V for any 0 < r < ry. The following
is a key assertion for which we need the strong non-degeneracy.
Lemma 17. Assume that f(z,2z) is a strongly non-degenerate conve-
nient mized function. For any fixed positive number ri with v < rg,
there exists positive numbers 6y < ry such that for any n # 0, |n| < o
and r with vy < r < ro, (a) the fiber V,, := f~'(n) has no mized
singularity inside the ball B2 and (b) the intersection V,;, N S~ is
transverse and smooth.

FIGURE 4. Second Milnor fibering

5.1. Milnor fibration, the second description. Put
D(do)" ={n € C|0 < |n| < do}, S5, =0D(d)" ={n € C|nl=do}
E(r,80)" = f1(D(6)*) N B>, 0E(r, )" = fﬁl(Sgo) N B>,

By Lemma 17 and the theorem of Ehresman ([24]), we obtain the
following description of the Milnor fibration of the second type ([8]).
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Theorem 18. (The second description of the Milnor fibration) Assume
that f(z,z) is a convenient, strongly non-degenerate mized function.
Take positive numbers ro, 1 and &g such that r < ro and dg <K r1 as in
Lemma 17. Then

E(r.0)" = D)’

* f 1

OE(r,00)* — Sj,

are locally trivial fibrations and the topological isomorphism class does

not depend on the choice of 6g and r.

5.2. Milnor fibration, the first description. We consider now the
original Milnor fibration on the sphere, which is defined as follows:

P STINK, = Sz o(2) = [(2,2)/|f(2,2)|

where K, =V N S2—1
For a mixed function g(z, z), we use two complex “gradient vectors”

defined by

dg dg - dg dg
— .., = dg=(==,...,==).
821, 7azn)7 g (821’ 78271)

Take a smooth path z(t), —1 <t < 1 with z(0) = w € C"\ V and put
v =%(0) € TwC". Then we have

dg = (

~ R (Z {g—i<w,w>%<0> T §—§j<w, w>%<o>} /5(w, w>)

w,Ww)) + R(v,idlog f(w, W))
w,W)) + R(v, —idlog f(w,w))
= §R(V,i (C“ng - JlOg f)(W, W))

Namely we have

25 (R( 1og £ (a(0),2(1))) g = R(v, § (@08 ] — dlog f)(w, )

Thus by the same argument as in Milnor [12], we get

Lemma 19. A point z € S2*~' \ K, is a critical point of ¢ if and
only if the two complex vectors i (dlog f(z,z) — dlog f(z,z)) and z are
linearly dependent over R.

The key assertion is the following.
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Lemma 20. Assume that f(z,z) is a strongly non-degenerate mized
function. Then there exists a positive number ro such that the two com-
plex vectors i (dlog f(z,%) — dlog f(z,%)) and z € S, \ K, are linearly
independent over R for any r with 0 < r < rq.

Observation 21. Let w € f~(n), n # 0 be a smooth point. Then the
tangent space Tw f~1(n) is the real subspace of C" whose vectors are
orthogonal in R®" to the two vectors

i (dlog f — dlog f)(w,w), (dlog f + dlog f)(w,w).

Now we are ready to prove the existence of the Milnor fibration of
the first description.

Theorem 22. (Milnor fibration, the first description) Let f(z,z) be

a strongly non-degenerate convenient mized function. There exists a
positive number ry such that

p=f/f1:STINK, — S
1s a locally trivial fibration for any r with 0 < r < ry.

5.3. Equivalence of two Milnor fibrations. Take positive numbers
r, 6o with dy < r as in Theorem 18. We compare the two fibrations

fOE(r,d0) — S5, p: S\ K, — St

and we will show that they are isomorphic. However the proof is much
more complicated compared with the case of holomorphic functions.
The reason is that we have to take care of the two vectors

i (dlog f — dlog f), dlog f 4 dlog f

which are not perpendicular. (In the holomorphic case, the proof is easy
as the two vectors reduce to the perpendicular vectors i dlog f, dlog f.)
Consider a smooth curve z(t), —1 <t < 1, with z(0) = w € B\ V

and v = dZd—Et)(O). Put v = (vy,...,v,). First from (1) and (?7), we

observe that

log f(z(1), (1)) o= Z < | alogf(m #) +5; dlog f (W7W)>

(% V.
J J =
dt = 8Zj 8zj

= R(v, (dlog f + dlog f)(w,w)) + i R(v, i (dlog f — dlog f)(w,W)).
Define two vectors on C" — V:
vi(z,2) = dlog f(z,2) + dlog f(z,2)
vo(z,%) =i (dlog f(z,2) — dlog f(z, %))
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The above equality is translated as

(1) log f(z(t),7(t))
dt
Now we are ready to prove the isomorphism theorem:

lico = R(v, vi(w, W)) + i R(v, va(w, W)).

Theorem 23. Under the same assumption as in Theorem 22, the two
fibrations

fOE(r,d) — S5, p: S\ K, — St
are topologically isomorphic.

5.4. Polar weighted homogeneous polynomial and its Milnor
fibration. Consider a mixed polynomial f(z,z) which is a radially
weighted homogeneous polynomial of type (¢i, ..., qn;d,) and a polar
weighted homogeneous polynomial of type (pi,...,pn;d,). Put V =
f71(0) as before. Then

f:C"\V —=C*

is a locally trivial fibration [17]. We call it the global fibration. On the
other hand, the Milnor fibration of the first type:

o:=f/lfl: S\ K, — S', K,.=f0)nSs,
always exists for any r > 0 and the isomorphism class does not depend
on the choice of r. This can be shown easily, using the polar action.
We simply use the polar action to show the local triviality:

Vo @) x (O —m0+7)— 0o ((0—7,0+m))

(2,0 +n) = (z1exp(ipin/dy), . .., znexp(ip,n/dy,))
Now we have the following assertion which is a generalization of the
same assertion for weighted homogeneous polynomials.

Theorem 24. Let f(z,z) be a polar weighted polynomial as above. We
assume that the radial weight vector *(qi,...,q,) is strictly positive.
Then the two fibrations

Fof(S5) = S5 =/ S - K — S,
are isomorphic for any r > 0 and § > 0.

The following is an important criterion for the connectivity of the
Milnor fiber of a polar weighted mixed polynomial.

Proposition 25. Let f(z,z) be a polar weighted mized polynomial of
n variables z = (21,...,2,). We assume that f~1(0) has at least one
mized smooth point. Then the fiber F := f~1(1) C C" is connected.
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6. CURVES DEFINED BY MIXED FUNCTIONS

In this section, we focus our study to mixed plane curves (n = 2).

6.1. Holomorphic plane curves. Assume that C' is a germ of a com-
plex analytic curve defined by a convenient non-degenerate holomor-
phic function f(z1,22) and let A;, 7 = 1,...,r be the 1-dimensional
faces and My, My, ..., M,_1, M, be the vertices of I'(f) such that A; =
M;_1M; and My, M, are on the coordinate axes. Then each face func-
tion fa; can be factorized as

Vj

fay (21, 2) = ¢ 27 25 [ [ (2 + g 287), ged(pyq) = 1
=1

where a1, ..., a;,, are mutually distinct.

FIGURE 5. irreducible components

Then any toric modification with respect to a regular simplicial cone
subdivision ¥* of the dual Newton diagram I'*(f) gives a good res-
olution of f : (C*,0) — (C,0). Let P; be the weight vector of the

face A;. Each vertex P of ¥* gives an exceptional divisor E(P) and
the strict transform C intersects with E(P) if and only if P = P; for
some j = 1,...,r. In the case P = P}, E(PJ) NC is v; point which
corresponds to irreducible components associated with fa . The ver-
tices My,...,M,_; do not contribute to the irreducible components.
The number of irreducible components of (C,0) is given by > "', v;.
Note that 1+ >"7_ ; is the number of integral points on I'(f) ([16]).
The situation for mixed polynomials is more complicated as we will see
later.
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6.2. Mixed curves. Now we consider curves defined by a mixed func-
tion with the same Newton boundary as in the previous subsection.
Let f(z,z) be a non-degenerate convenient mixed function with two
variables z = (21, 29) and let C' = f~1(0). Let

o YL XL
(Y =RX,w=wg or PX and w = w,) be the resolution map, described

in Theorem 14 and Theorem 15. Let E(P) = w™Y(E(P)) for a vertex
P of ¥*.

6.2.1. Simple vertices. A vertex M = (a,b) € I'(f) is called simple
if fy contains only a single monomial 2' 25" 792 22 such that a =
aj + az, b = by + by. Otherwise we say M is a multiple vertex of T'(f).

Example 26. Let

f(z,2) =2} +tz] 2 + 25
Then I'( f) has one face with edge vertices M; = (3,0) and M, = (0, 2).
f(z,z) is a radially weighted homogeneous polynomial of type (2, 3;6).
The vertex M, is a multiple vertex as fu, (z,2z) = 2} + t 237.

Lemma 27. Suppose M = (n,0) and let fy(z1,21) = Y5 ¢j A7,
Consider the factorization fu(z1,21) = ¢ [[[(21—a; 21). Then V* :=
{z1 € C*| fu(z1,21) = 0} is empty if and only if |aj| # 1 for any
j=1...,n.

Note that far(21,21) is non-degenerate if and only if V* = (). For

an inside vertex M; (namely, M, is not on the axis), the criterion for
non-degeneracy of the function fy,(z,2) is not so simple.

Example 28. Consider
C .= {Z < (CZ ‘ fM(Z,Z) = tleg + 2122 + 212’2}.
We assert that

Assertion 29. f;,'(0) C C*2 is non-empty if and only if [t| < 2. fu
is non-degenerate if and only if |t| > 2 or 0 < |t| < 2.

6.2.2. Link components. Let f(z,z) be a mixed function with two vari-
ables z = (z1,29) and let C = f~1(0). The link components at the
origin are the components of S? N C for a sufficiently small e. We are
interested in finding out how to compute the number of the link com-
ponents of C' at the origin. Let us denote this number by lkn(C, O) and
we call lkn(C| O) the link component number. Let us denote the num-
ber of components which are not the coordinate axes z; = 0 or zo =0
by lkn*(C,0). In the case of f being a holomorphic function, lkn(C, O)
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is equal to the number of irreducible components of (C, O), which is a
combinatorial invariant, provided f is Newton non-degenerate, as we
have seen in the previous section §6.1. However for a generic mixed
function, lkn(C, O) might be strictly greater than the number of irre-
ducible components (see Example 16 for example).

Theorem 30. Assume that f(z,z) is a convenient non-degenerate
mized polynomial of two variables z = (21,22) and let C = f~1(0).
Let F be the set of 1-faces of I'(f). Assume that the vertices of T'(f)
are simple. Then the number of the link components Ikn(C, O) is given
be the formula:

Ikn(C,0) = > Tkn*(f3'(0),0).

AeF

Now our interest is finding out how we can compute Ikn*(f5'(0), O).
In general, it is not so easy to compute this number but there is a class
for which the link number is easily computed.

6.2.3. Good Newton polar boundary. We say that fa(z,z) is a good
polar weighted polynomial if dim A = 1 and fa(z, z) factors as

k
(2) fa(z,2) = c2™ 2™ [ (525 — N\a" 2 )™

j=1
with a # o/, b # b and ged(a,d’,b,0') = 1. Note that in this case,
p1(b— V) = pa(a — ') and non-zero. We say that f(z,z) has a good
Newton polar boundary if for every face A of I'(f), fa(z,2) is a good
polar weighted polynomial.

Lemma 31. Assume that fa(z,z) is a good polar weighted polyno-
mial and assume that a factorization of fa(z,z) is given as (2). Then
fa(z,z) is non-degenerate if and only if p; = -+ = g = 1.

6.2.4. Good binomial polar weighted polynomial. A polynomial
f(2,2) = 252 — Az
witha # da/, b # b, A # 0 and ged(a, o', b, ') = 1 s called an irreducible
binomial polar weighted homogeneous polynomial. It is irreducible as
a mixed polynomial. By Lemma 31, this is a basic polar weighted
polynomial for our purpose. Then the associated Laurent polynomial
in the sense of [17] is
g(z1,22) =22 = A2t er=b =V, o =a—d.

Let C' = {f =0} and C" = {g = 0}. Note that ¢y, ¢y # 0 by the polar
weightedness.
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Lemma 32. We have the equality:
kn*(C, 0) = ged(er, e2) = §(C7)
where §(C") is the number if irreducible components of C'.

Corollary 33. Let fa(z,z) be a good polar weighted polynomial which
1s factored as
k
fa(m7) = cza [[ (425 — A ")
j=1
with ged(a,ad’,b,b') = 1,a # a', b # bV as in Lemma 31 and let C =
fAH0). Then lkn*(C) = kged(a —a’,b— V).

6.2.5. FExample of a radially weighted homogeneous polynomial with a
non-simple vertexr. The link number for a radially weighted homoge-
neous polynomial with a non-simple vertex is more complicated, as is
seen by the next example. Consider the radially weighted homogeneous
polynomial
f(z,2) =2} +cz 2 — 25
and put C' = f7(0). Then I'(f) consists of a single face with vertices
(3,0), (0,3). It is easy to see that f is non-degenerate if and only if
lc| # 1. The vertex (3,0) is not simple.
For |¢| < 1, we have

2 =20 (14 cexp(—40i)7%, j=0,1,2

where w = exp(27i/3), 21 = rexp(#i) and lkn(C,O) = 3. The func-
tion (1 + c exp(—401))'/3 is a well-defined single-valued function of
¢, z1 with |¢| < 1 so that it takes value 1 for ¢ = 0. Considering the
family f(z,2,t) = 27+ ct 2122 — 25 for 0 < t < 1, we see that this curve
is topologically the same as 25 + 23 = 0.

Assume that |¢[ > 1. Then (1 4 cexp(—461i))'/? is not a single
valued function as a function of 0 < 6 < 27. However we have a better
expression. Put z; = rexp(f1) and ¢ = sexp(ni).

A\ 1/3
z2:sl/3rwjexp(i?) (1—1—%) ,1=1,2,3
where 0 < 6 < 27. Note that f71(0) \ {O} is a 3-sheeted covering
over {z; # 0} and three points over § = 0 are cyclically permuted
by the monodromy 6 : 0 — 27. Thus this expression shows that
lkn(C,0) = 1. It is also easy to see that this knot is topologically the
same with 21|21 — 25 = 0. Thus we observe that the topology of a

mixed singularities is not a combinatorial invariant of I'(f).
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7. RESOLUTION OF A POLAR TYPE AND THE ZETA FUNCTION

In this section, we will study the relation between a resolution of
a polar type and the Milnor fibration of the second type. We expect
a similar formula like the formula of A’Campo ([1]) or the formula of
Varchenko [23]. We will restrict ourselves to the case of mixed curves.
7.1. Polar weighted case. Let f(z,z) be a mixed polynomial of n
variables z1,...,2, and let (qi,...,¢qn;d,) and (p1,...,pn;d,) be the
radial and polar weight types. We assume that d, > 0.

f:C"— fH0) - C*

is a fibration. Put F* = f~!(s)NC* for s € C*. Then the monodromy
map h : F7 — F} is given by the polar action as
o

h(z1, ..oy 2n) = (2102 oL 2P, w = exp(%)
P
Put F* = F} and let x(F*) be the Euler characteristic of F*. Then
the monodromy has the period d, and the set of the fixed points of
R/ . F* — F* is empty if j # 0 modulo d,, where i/ = ho---0oh
(j-times). Thus using the formula of the zeta function for a periodic
mapping ([12]), we get

Lemma 34. Under the above assumption, the zeta-function of h :
F* — F* 1s given as

C(t)=(1— tdp)fx(F*)/dp.

The zeta function of the global fibration f : C"\ f~!(0) — C* can
be obtained by patching the data for each torus stratum.

Let us do this for curves (n = 2). Let f(z) be a non-degenerate
polar weighted homogeneous polynomial of type (p1,p2; d,). The signs
of p1, p2 are chosen so that d, > 0. Suppose that the two edge vertices
of T'(f) are simple. Assume that the two end monomials are

A2, AE
with g + 11 < pf +v) and pe 4+ vo > iy + v,

Let = f1(1)cC?* F,, = FnN{z=0}and F,, = FN{z =0}

Note that

le = {(2170) ’ Zflliyl — 1}7 F’Z2 — {(072:2) ‘ Zél«Q*l/Q — 1}
The monodromy map is defined by

-
hiF = F (a1,2) = (2w, 20™), 0= oxp(70)
P



NON-DEGENERATE MIXED FUNCTIONS AND THEIR MILNOR FIBRATION 29

Note that pi(u) — v}) = pa(pe — o) = d,,. Therefore the fixed points
set Fix(h’/) of h? is non-empty only for j = |} — v, |pa — 12|, or d,
and their multiples. Thus using the calculation through exp ((¢) as in
[12], we get

Lemma 35. Let f(z,z) be a polar weighted convenient polynomial as

above. Let Zi/l 2;’1, 242 Z5% be the end monomials and let d, be the po-
lar degree. Then the Euler-Poincaré characteristic x(F') and the zeta
function of the monodromy h : F — F are given as

X(F) = x(F*) + |p) — V1| 4 [p2 — 1], p =1 = x(F)
]_ _tdp *X(F*Vdp

((t) = LT

(1—15‘/1 1|) (1—15\112 V2|)

7.1.1. Simplicial polar weighted polynomial. Let

m

f(z,z) = Z c;zMz".

j=1

The associated Laurent polynomial g(z) is defined by

m

g(z) = Z c;zh

j=1

Recall that f(z,z) is called simplicial polar weighted homogeneous if
m = n and the two matrices have a non-zero determinant [17]:

p11 +rvir .. fin + Vg M1 —Vir oo Hip — Vin
M = : : , N= : :

Hn1 + Vp1 - Hnn + Vnn Hnl — Vn1 ... Hnn — Vnn
where 11, = (g1, .., pjn) and v; = (Vj1,..., V), J = 1,...,n respec-

tively. If f is a simplicial polar weighted homogeneous polynomial, we
have shown that the two fibrations defined by f(z,z) and g(w):

fiC*n\ffl(O)—)C*, g:(c*n\g—l(o)_)(c*

are equivalent ([17]). Thus the topology of the Milnor fibration is
determined by the mixed face A where A is the unique face of I'(f).
In particular, the zeta function of h : F* — [F* is given as ((t) =
(1 — td)(=1"4/do where d = | det(N)| ([17]). On the other hand, if f is
not simplicial, the topology is not even a combinatorial invariant of A
(86.2.5). Therefore there does not exist any direct connection with the
topology of the associated Laurent polynomial g(z). However here is a
useful lemma.
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Lemma 36. Suppose that f;(z,z), 0 <t <1 is a family of convenient,
non-degenerate polar weighted homogeneous polynomials with the same
radial and the polar weights, and assume that T'(f;) is constant. Then
the Milnor fibration f; : C*\ f7'(0) — C* and its restriction C*™ \
£ 1(0)) — C* are homotopically equivalent to fo : C*\ f3*(0) — C*
and fo : C™\ f31(0) — C* respectively.

Example 37. Consider the family of polar weighted mixed polynomi-
als in two variables:

fi(z,2) = 2222+ 225 +t22 5, t€C

and let C; = f;'(0). The radial and polar weight types are (1,1;3)
and (1, 1;1) respectively. Thus the critical points of f; : C* — C are
the solutions of

—42’1 21+ 21?21 Z9 = —2« Z%
(3) la] =1, 22972y = (25 + 1 23)
—22%21 +z§22—|—tzf22 = 0.

By further calculation, we can see that

/ Ul 1 \\‘ U 2
/ )

%

7? 2 -1 U 1

\\ . ‘:‘
\\\ - y4

FIGURE 6. Degeneration locus =

kn(Cy) =1, x(F)=1,x(F")=-1, tel

kn(Cy) =3, x(F) = —-1,x(F*) = -3, teU,.
7.2. Zeta function of non-degenerate mixed curves. Let f(z,2)
be a convenient non-degenerate mixed polynomial and let Aq,... A,

be the faces of I'(f). Let Q; = (g1, ¢j2) be the weight vector of A; for
J=1,...,s. Assume that each face function fa, is also polar weighted
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and the inside monomials corresponding to the vertices M; = A; N
Aji1, j=1,...,5—1are polar admissible. Let (a;+2b1,0), (0, az+2bs)
be the vertices of I'(f) on the coordinate axes which come from the
monomials 2{* |2 | and 252 |2,|%2 respectively. We call a1, as the polar
sections of I'(f) on the respective coordinate axes zo = 0 and z; = 0.
Let fa,(z,2) be the face function of A; and assume that (p;1, pi2; m;) is
the polar weight type of fa,(z,2z). Let F} = {z € C*?| fa,(2,2) = 1}.
Then we have the following.

Theorem 38. Assume that f(z,z) is a non-degenerate convenient
mized polynomial such that its face functions fa,(z,2),j = 1,...,s
are polar weighted polynomials. Then the FEuler-Poincaré characteris-
tic of the Milnor fiber F' of f and the zeta function of the monodromy
h:F — F are given as follows.

X(F) =Y X(F}) + |ar] + |as]
=1

L= e
C(ﬂ o (11_ t|a1|) (1 _ t|a2|)

where ay, ay are the respective polar sections and m; is the polar degree
of the face function fa,(z,2z), j=1,...,s as above (m; > 0).

7.2.1. Resolution of a polar type and the Milnor fibration. Let us con-
sider an admissible toric modification 7 : X — C? with respect to
the regular fan ¥* with vertices {Py, Pi,..., Pri1} and we assume
that Q; = P,,,j = 1,...,s and Py = E; = '(1,0) and Py, =
Es = *(0,1). Then we take the polar modification w, : PX — X
along E(P,),...,E(P,). Put ®, : PX — C2 be the composite with
7 : X — C?. Consider the second Milnor fibration

fo®,: @, (E(r,6)*) — D(6)*
on the resolution space PX. Take P; for 1 < j < {. There are two
toric coordinate charts of X which contain the vertex P;:
01 = Cone(P;_1,P;) gives the coordinate chart (Uj_y, (wj_1,vj_1))
0; = Cone(P;,Pj;1) gives the coordinate chart (Uj, (uj, vj)).

Put M = (P;, Pjy1) " Y(Pj_1, P;). Tt takes the form:

(1
M_(_l 0).

Then the two coordinate systems are connected by the relation

= . =L
(4) wj = ui Ui, U= U
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Put P; = !(¢;,d;), j = 1,...,0. The inverse image U, := w, '(Uj) has
the polar coordinates (r;,0;,s;,n;) which corresponds to (u;,v;) with
uj = r;exp(i6;) and v; = s;exp(in;). The relation (4) says that

(5) s; =15, n; = —0;-1.

We do not take a normal polar modification along the two non-compact
divisors ug = 0 and v, = 0. Thus the coordinates of U, and U, are
(w0, So,m0) and (ry, Oy, ve) respectively. Recall that the exceptional di-
visor E(Pj) is defined by r; = 0 in (7j and by s;_; = 0 in (N]j_l for
1 < j < /. Note that ug = 0 in Uy corresponds bijectively to the axis
2 = 0 in the base space C? and

1 ¢ c
(P, 1) = (O 11) ,dy =1, 2 = upvy', 22 = vp.

Similarly on (7@, vy = 0 corresponds to zo = 0 and

_ _ 4 _
21 = Up, 29 = U, Vg, Cp = 1.

. T P
Ey ™ gj
0j-1
i1
@) .
Ey

FiGURE 7. Regular fan ¥*

7.3. Decomposition of the fiber. Recall that

E(r,0)" ={(z1,22) |0 < |f(21, 22, 21, 22)| <6, ||(21, 22)|| <71}
6(z) == /|a1 2+ |22, B, =¢"(B)
Fs ={(z1,22) | f(21, 29,21, 22) = 0, (21, 22) € B} : Milnor fiber.
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We denote the pull-back of a function 4 on C2 to PX by h for simplicity.
On PX, we consider the subsets

Wi(r,p) = {X = (rj,0;,5;,m) € Uj| 1/p > 5; > p}
Tj-1(p) = {(rj-1,0,-1,8j-1,m5-1) € Uj_1|rj-1 < p, 5521 < p}
WTi(p) = {(rj,05,55,m;) € Us|s; = p, j < p}
TW;(p) = {(rj-1.0;-1,5-1,mj-1) € Uj_1|1j-1 = p, 551 < p}
and
To(p) == {(uo, s0,Mm0) € [70‘ [uol < p, s0 < p}
Wo(r, p) := {(uo, s0.m0) € [70 | QE(UO,SO,UO) <, |uo|l = p, s0 > p}
Ty(p) := {(re. 00, v¢) € Ug|re < p, [vg| < p}
We(r, p) = {(re. 00, v0) € Us. | 7¢ = p, |vel = p, &(re, 0, v¢) < 1}

{rj-1=0} Ti-1(p) {s; =0}

_______

: Wj(rv p) :
{sj-1 =0} U{r; =0}

F1GURE 8. Decomposition of PX

Note that

QZ(UO, S0, o) = So\/l + |u0|23(2)cl_2 = 59 + 0(50)

g(m, 9@, Ug) =Ty 1 + "Ue’?”?dl_2 =Ty + 0(7’@)

Here o(sg) implies o(sg)/so — 0 when sy — 0. Put
o1 ¢

A(r,p) = JWi(r,p) U Ti(0)-
=0 =0
Put E(r,0)* = N (E(r,0)*) with 6 < r and A(r,p,6)* = A(r, p) N
f_l(Dg‘) with § < 7, p. It is easy to see that A(r,p,d)* = E(r, J)* as
long as p < r and § < p, r. We see that the choice of p does not
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give any effect on A(r, p,d)*, as long as 6 < p < r. Thus we can use

A(r, p,d)* as the total space of the Milnor fibration: f: A(r, p,0)* —
D}. We decompose A(r, p,0)* into monodromy invariant subspaces as
follows.

A(’l”7 P 6)* N Wj(ra p)a A(Tv Ps 5)* N E(p)
A(r, p,0)" NTW;(p), A(r,p,0)" " WT;(p), j=0,...,°L

7.3.1. Transversality. Assume that A(P;) = Ay N Ay = {M;} and
that M; comes from the monomial z{'* |z 2001 2802 | 25|%82 . By the defi-
nition we can write
£y, 0555m5) = 15 557 exp((auwn ¢; + o d;)0; 1)
d(P))
x exp((au1 ¢jp1 + a2 dja)n; i) + O( ( +1)

Thus it is easy to see that f *1(5), |€] = 0 intersects transversely with

WT;(p)if § is sufficiently small and 6 < r, p. Similarly f_l (€) intersects
transversely with T'W;(p) under the same assumptions.
Fix such r, 4, p. Under the above decomposition of A(r, p,d)*, the Mil-

nor fiber Fy := f~'(8) N B decomposes into the following strata:
Fgﬂ%(’f',p), F5mT'J(p)7 F5ﬂWT'3(p)7 F5ﬂTWJ(p)7]:O77€

By the above transversality, we see that (after choosing a suitable vec-
tor field to define the characteristic diffeomorphisms) Fs N W;(r, p),
Fs N T;(p), Fs N TW;(p) and Fs N WTj(p) are invariant by the mon-
odromy h : Fs — F5. Now the proof of Theorem 38 follows from the
following observations.
(1) The zeta functions of h restricted on Fs N Ty(p) are trivial for
1<j<l—1.
(2) The zeta functions of h restricted on Fj N W;(r, p) with j #
V1,...,Us are trivial.
(3) The zeta functions of h restricted on Fy N WT;(p) and Fy N
TW;(p) are trivial.

(4) The zeta functions of h on Fy NTy(p) and Fy NTy(p) are respec-
tively given by
1 1
(1 — tla2l)” (1 — tlaal)’

(5) (Face contribution) The zeta function of h : Fs N W, (p) is
(1 — ™) XED/M5 where P = fA_jl(l) NC** and m; is the polar
degree of fa;.
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7.4. Topology of a polar weighted polynomial and Kouchnirenko
type formula. Let (p1,p2;ma) be the polar weight type. Let Fa =
fx'(1) be the fiber of the global fibration, FX = Fa N C*? and let
Ka = fA'(0) N S3. Note that Fj is diffeomorphic to the fiber of the
Milnor fibration We consider the Wang sequence of the Milnor fibra-
tion:

0 — Hy(S? — Ka) — Hy(Fa)""S'Hy(Fp) — Hi(S* — Kp) — Z — 0.

Put i = lkn"(f1'(0)). Let ua and p/y be the multiplicities of the
factor (t — 1) in P;(t) and ((t) respectively. Then
pa =pa+1, ppy = —x(FA)/ma —2+(A).
On the other hand by the Alexander duality, we have the isomorphism:
Hy(S® — Ka) = HY(S®, Kp) = HY(K ).
As the monodromy map h, is periodic, we have
ra +e(A) —1=dim Ker {h, —id : H{(FA) — Hi(FA)} = pa.
Thus we obtain

Lemma 39. The Fuler-Poincaré characteristic and the link component
number satisfy the following equality:

ra = —x(Fa)/ma.

Usually it is easier to compute r} and we can compute x(Fx) by
Lemma 39. Now we can state our Kouchnirenko type formula:

Theorem 40. Let f(z,z) be a non-degenerate convenient mized poly-
nomial as in Theorem 38. Let Ay,... Ay be faces of T'(f) and we
assume that fa,(z,2) is a polar weighted homogeneous polynomial with
polar degree m;. Let r; = lkn*(fgjl(O)) for 5 = 1,...,s. Then the
Milnor number u(F) = by (F) is given by the formula:

u(F) = Z’r'j m; — |lai| — |as| + 1.

j=1

Here my is the polar degree of fa, and we assume that m; > 0. a1, as
are the polar sections of T'(f) on the respective coordinate azes.

As a special case, the following is a formula for a good polar weighted
mixed polynomial (see §6.2.3 for the definition) which corresponds to
the Orlik-Milnor formula [13] for a weighted homogeneous isolated sin-
gularity.
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Corollary 41. Assume that f(z,z) is a good polar weighted polynomial
which 1s factored as

(6) f(2,2) = cITj_ (25 | = Nz [z0]?), ¢ #0
with a # 0, b # 0. Let r = ged(|al, |b]). The polar weight is given by
P = '(pie1, paga) where py = |a|/r, p2 = [b]/r, 1 = b/|b],e2 = a/|al
and the polar degree d, is given as d, = |a| |b] k/r, Tkn(f~(0)) = rk
and
p=lal|b|&* =k (Ja| + [b]) + 1 = (k|a| — 1) (k [b] = 1) and
1— tdp rk
)=
(1 — tlal)(1 — )
Conjecture.
1. Is the Milnor fiber F' of a non-degenerate mixed function (n — 1)-
dimensional CW complex?
2. Is F (n — 2)-connected?
For detail, See “M. Oka: Non-degenerate mixed functions”, to ap-
pear in Kodai J. Math.
http://www.ma.kagu.tus.ac.jp/ oka
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