Numerical Decomp osition of the
Intersection of Algebraic Varieties

Jan Verschelde

Departmen t of Math, Stat & CS
Univ ersity of lllinois at Chicago
Chicago, IL 60607-7045, USA

jan@math.uic.edu www.math.uic.edu/~j an
Joint with Andrew J. Sommese (U of Notre Dame)
sommese@nd.edu  www.nd.edu/~sommese
and Charles W. Wampler (General Motors R & D)

charles.w.wampler@gmc om

Dagstuhl Seminar 04061, 1-6 February 2004

%



a k~ WO D =

\Outline of Talk '

Motiv ation and Problem Statemert
Describing the Intersection of Varieties
Decomposing the Diagonal

Diagonal Homotopies

. Computational Experimernts

%



Intersecting a Sphere with a Cylinder I

Problem: describe the curve of intersection.
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Problems with Previous Homotopies I

naive combination of two possiblyidentical systemsis not suzcient!
For example: nd A\ B,

where A is line x, = 0, solution of f (X1;X2) = X1X2 = 0,

and B isline x1j X2 = 0, solution of g(x1;X2) = X1(X1i X2) = 0.

Problem: A\ B = (0;0) doesnoigoccur as an irreducible

. S f(X1;X2) = X1X2 = 0
solution componert of
g(X1;X2) = X1(X1 i X2) = O
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Representing Positiv e Dimensional Solutions I

Let f (x) = 0, x 2 C3, de ne a surfaceS, a curve C, and a point P.

Choosing random hyperplanes,we cut the solution set of f (x) = O:

cut with 3 line Yo plane Yo space
< — n n
aix =
b ax=h % 0=o0
dA>X = bz
# # #
to nd surface S curve C point P
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‘A Cascade of Polynomial Systems I

f1(X) + C1121 + C1222 =
fo(X) + Cu1z1 + C22p =
f3(X)+ Cg12Z1 + C3222 =

Li(X)+ 21 =

o O O O O

Lo(X) + 2p =

LitaiXxj by
Lo:arX i b
Z1.Z» . slack variables

fo(X) + Co1zp +

f3(X) + C3121 +

Ci2Z2 =
CooZo =

C32Z2 =

Li(X)+ 21 =

8
% fe(X)+ Cruzy +
!

#
f1(X) + c11
f2(X) + Co1

fa(X) + Caz

W AW QO

Zo =

Z]_:O
Z]_:O
Z]_:O

Z]_:O

o O O O O
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A Cascade of Homotopies I

Denote § as an embedding of f (x) = 0 with 1 random hyperplanes
and i slak variablesz = (z1;25;:::;7).

solution paths de ned by
0 1

Hi(x;z;t) = tB(x;2)+ (1] t) @ 51062 0
Z

starting at t = 1 with all solutions with z; 6 O
reach at t = O all isolated solutions of ; 1(X;z) = O.
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\ Withess Sets I

A witness point is a solution of a polynomial systemwhich lies

on a set of generichyperplanes.

2 The number of generichyperplanesusedto isolate a point from

a solution componernt

equalsthe | dimension

of the solution componert.

2 The number of witness points on one componert cut out by the

sameset of generichyperplanes

equalsthe | degree

of the solution componernt.

A witness set for a k-dimensional solution componert consistsof
k random hyperplanesand the set of isolated solutions
comprising the intersection of the componernt with those

hyperplanes.
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Problem Statemen't I

Input: two irreducible componernts A and B, given by
polynomial systemsf, and fg (possibly identical),
rgndom hyperplanesL, and Lg, and8the solutions to

S fa(x)=0 S fg(x)=0
La(x)=0 - Le(x)=0
#La = dim(A) = a and #Lg = dim(B) = b
f ®;®;: . ®ega J f 1, 20000 degB O
FIegA ge?zericpoint? FIegB ge?zericpoint?
a witnesssetfor A a witnesssetfor B

Output: witness setsfor all pure dimensionalcomponers of A\ B.
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Solving Systems restricted to an Algebraic Set'

Considerf (x;y) = Oover X £ Y, Y = parameter space.

Wanted: Solutionsto f (x;y") = 0O, for somey” 2 Y.

1. Choosea generaly®2 Y (y°6 y?).
D=#fxjf(x;y9) = 0gismaximal for all y°2 Y.

2. Construct a curve B %2 Y connectingy®to y®.

3. Constructamapc:[0;1]£E ;! B,j=f°2Cjj°j=1q,
sothat c(0;;j) = y® and c(1;j) = y°

4. Choose® 2 j at random and track D solution paths de ned by
the homotopy f (x;c(t; °)) = 0, starting at t = 1 at the

solutions of f (x;y9 = 0 and ending at t = 0 at the desired
solutions of f (x;y") = O.
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Abstract Embeddings of Polynomial Systems

X 1s reducedpure N -dimensional algebraic set B
(abstract means: no equations speci ed for X)

f Is system of restrictions of polynomials to X

2 3
f(x)+ Alz 5 Y = (Ag; A1 AL);Ag 2 CNEL:

E(f:x;z;Y)= 4
Zi Agi AiX A2 CNEM-A, 2 CNEN.

Strati cation: Yp Y2Y; Y2 ¢¢¢L2 Yy, last N j i1 rows of Y; are zero.

Cascadeof enbeddings: E(f ) Is restricted to Y;,

Ev(f)= E(f) and Eo(f)=f:

11
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A Generalized Cascade of Homotopies I

For random °; 2 C, j°ij = 1, the homotopy H;(x;z;t; Y;°)
0] 1

i l(f )(X;Z;Yii 1) A = 0
Z

=% tE(f)x;z;Y)+ (1 1)@ 5

de nes paths starting at t = 1 at the solutions of E (f ),
ending at t = O at the solutions of ; 1(f).

Theorem:

are regular, and stay reqgular for all t > 0.

2. Ast! O, the solutions of Hj(x;z;t;Y;°;) = 0, contain all
witness setson the (i | 1)-dimensional componerts of f i 1(0).

12
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‘A Numerical Embedding I

Let X be an N-dimensional solution componert of g(x) = 0,

Randomize g to have as many equations as co-dimensionof X :
G(x) = R(g(x);mj N)=mg(x); = 2cmiNEn

where @ Is a random matrix. 5 3

G(x)

E (f )(X;2)

In the cascadeof homotopies, replaceE (f) by 4

S,

13
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Decomp osing the Diagonal I

Given two irreducible componerts A and B in CX,
considertheir product X := A £ B % CKk*k,

Then A\ B 2 X\ ¢ where¢ isthe diagonal of C*** de ned by

2 3
Ui V1=
Uoj Vo= 0
Hu;Vv) = _ on X:
Ui V=0

Notice: + plays role of f Iin the abstract embedding.

14
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‘Input Data for Diagonal Homotopies I

Let A 2 C¥ be an irreducible componert of f } 1(0), dimA = a; and

B 2 CX be an irreducible componert of f1 1(0), dmB = b.
Assuminga, bandB 6uA, thendim(A\ B) - bj 1.

Randomize: Fa(u) := R(fa;kj a) and FB(V% 1= R(fséki b).

Fa(u
A £ B is a solution componert of F (u;v) = 4 AlU) 5 _ 0.
Fg (V)
Let f®y;®;:::; ®uega g satisfy Fa(u) = 0 and La(u) = 0; and
f 1, 27001 degsQsatisfy Fg(v) = Oand Lg(v) = O,

where LA (u) = O is a system of a generalhyperplanes;and
Lg (v) = 0 is a system of b generalhyperplanes.

15
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‘Diagonal Homotopies, when a+ b< kI

Randomizethe diagonal D (u;Vv) := R(X(u;v);a+ b).

2 3
F(u;v)

B(U;V;z1p) = § R(D(uU;v);zi;:::;zp;a+ b Z=
Z1pi R(L;u;v;b

2 2 3 3
F(u;v)

. & La(u) . . _
The homotopy f t + (1 t) B(u;v;z1p) 2=0

Ls (V)
Z1:p
starts the cascadeat t = 1, at the degA £ degB solutions,

16
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‘Diagonal Homotopies, when a+ b, kI

AsA\ B6 ;) dm(A\ B), a+ bj k, the cascadestarts at

2 3
F(u;v)

R(1;u;v;a+ bj k)

Za+bj k+1): bi R(LuU;viki a)

where Z(a+ b k+1): b = (Za+ by k+1 ';Zb)T 3
F(u;v)
] La(u) . . _
Useqt + (1| t)Eb(U,V,Z(a+ bi k+1): b) =0
Lg (V)

Z(a+Dbj k+1): b
as beforeto start the cascadeat t = 1.
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Application: Adding a Leg to a Moving Platform I

A special caseof a Stewart-Gough platform, proposedin

M. Grits and J. Du®y: Metho d and apparatus for controlling geometrically
simple parallel mec hanisms with distinctiv. e connections. US Patent
5,179,525, 1993.

was analyzedin
M.L. Husty and A. Karger: Self-motions of Grixzs-Du®y typ e parallel

manipulators. In Proc. 2000 IEEE Int. Conf. Robotics and Automation
(CDR OM), 2000.
Formulation of the kinematic equations using Study coordinates

has one irreducible curve of degree28 (plus irrelevant lines).

Intersecting this motion curve with quadratic hypersurfaceis
equivalent to adding sewenth leg to the platform, reducing the
motion of the platform to a number of xed postures.

18

%



‘Running the Cascade'

2 k = 8: #v ariables = #equations of original system
2 a= 7. dimension of hypersurface,degA = 2

2 b= 1. dimension of motion curve, degB = 28

2 2k + b= 17: #v ariablesin the cascade

2 degA £ degB = 56: #solution paths

20.3 seconds(0.3 minutes) CPU time for 40 intersection points,
16 of the 56 solution paths diverged.

Comparedto the direct approadr: 108.5seconds(1.8 minutes)
CPU time, for 124 of the 164 solution paths diverged.

doneon 2.4 Ghz Linux macdhine
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work done;:

Conclusions and Future Work'

2 generalizecascadeto intersect varieties

2 Implementation of diagonal homotopy runs

INn progress:

2 avoid doubling of #v ariables

2 equation-by-equation solver
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