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Schubert Varieties

A Schubert variety is defined by an n-dimensional flag F:
F =[fifo---fn] € CV" (fy) C (fy,fo) € - C {fy, o, .. fn)
and a k-dimensional bracket w € NK, 1 < wq < wp < --- < wy < n:
Q.(F) = { X € CVK | dim(X N (fy,... ) =i,i=12.. K }

For example: for F € C°*®, Q)5 4 ¢(F) contains

1 0 0 ] dm(X N (fy,f2)) =1
Xo1 1 0 dlm(X N (fl,fz,fg,f4>) =2
X — X31 Xz2 1 dlm(X N (fl,f27f37f4,f5,f6>) =3
T a1 Xa2 Xaz
0 Xsp Xs3 expressed via conditions on minors —
| 0 0 Xe3 | system of 13 polynomials in 9 variables



Schubert Problems

A triple intersection [2 4 6]° = [2 4 6][2 4 6][2 4 6] means

Qa6(1) N2 46(M)NQp 4 6(F)

where | . the identity matrix represents the standard flag,
M : amatrix represents the moving flag,
F . another matrix represents the fixed flag.

The Littlewood-Richardson rule computes the number of solutions:

[246]° = ([246][246])[24 6]
= ([234]+2[135]+[126])[24 6]
— [234][246]+2[135][246]+[126][24 6]
= 0+42[123]+0

— there are 2 isolated 3-planes in Qp, 4 6)(1) N Q2 4 61(M) N Q2 4 6)(F)-
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a Geometric Littlewood-Richardson Rule

William Fulton: Young Tableau. With Applications to Representation
Theory and Geometry. Cambridge University Press, 1997.

The first geometric proof and interpretation was given by
Ravi Vakil: a geometric Littlewood-Richardson rule. Ann of Math, 2006.

A combinatorial checker game for the Littlewood-Richardson
coefficients implies that we can
@ count (enumerate) the solutions to Schubert problems,
@ compute these solutions via explicit deformations.
— Littlewood-Richardson homotopies
Motivation: experimental study of reality conjectures
htt p: //ww. mat h. t amu. edu/ ~secant/ phpfil es/ nonitor. php

1048- 14- 298 Zach Teitler: Experimentation at the Frontiers of Reality
in Schubert Calculus.
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Homotopies for Enumerative Geometry
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Degenerating the moving Flag

Given | . the identity matrix represents the standard flag,
M : amatrix represents the moving flag,
F : another matrix represents the fixed flag,

we consider a triple intersection for some bracket w:

general problem:  Q,(1) N Q,(M) N Qu(F)
H degeneration H generalization
degenerate problem: Q,(1) N Q) N Qu.(F)

The degeneration M — | allows to satisfy the intersection condition
by solving some linear systems.

Littlewood-Richardson homotopies generalize | to M
via invertible transformations involving a parameter t.
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Generalizing the moving Flag

first three moves for n = 4, random ~;; € C
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Generalizing the moving Flag

last three moves for n = 4, random ~;; € C
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Encoding the Moves
bubblesortonnn—-1.-- 21

Y11
Y21
V31

(el ool

O OO

oo o

O, OO

—

[]
4321

3421

O oOor

Y11
Y21

V31
1

Jan Verschelde (UIC) Littlewood-Richardson Homotopies

0 00 v1 100
V0. 1 0 f 722 0 10
71 0 1 71 0 0 1
1 00/ |1 000
721 1 0] [ y11 21 Mz 1
Y2 0 1| fy2 722 1 0
1 00 v 1 0 0
o oo0o] |1 0 0 0
] [ ] ] (]
D — e — EH  Heb
O O O O
1432 1342 1243 1234
AMS Spring 2009 Meeting 9/15



Specialization in P3
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Littlewood-Richardson Homotopies

Degeneration of general flag from M to | in ( 2 > moves.

Three flag intersection condition Q,,(1) N Q2,(M) N Q,(F) is at the
special position for M = | reduced to the equations imposed on

XeQ,(F): P(X)=0.
Generalizing the moving flag M leads to homotopies of the form
P(M(t)X)=0, te]0,1].

The solution k-plane X is represented in this moving basis M(t)
in suitable local coordinates, via a localization pattern.
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Localization Patterns
For X € Qp2 4 )(F):

X1 0 O | = [e1,€2,€e3,€4,€s5,€e6]
1 0 0
X — 0 x3 O for any X;1,Xs2, and Xs3 :
| 0 1 0 dm(X N{ey,ez)) =1
0 0 Xs3 dlm(X N (el,ez,eg,e4>) =2
| 0 0 1 dm(X N (e, ey, e3,€4,€5,€6)) =3

Localization patterns are encoded by white checkers:

° * * *x *k x % 1

e|O 1 * % * *x 10

° * * % x 100

[ 1¥e} 1 * % 1000

° * *1 0000
[ J¥e} 1 100000
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a line meeting 2 lines and a fixed point in P3
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Checker Games

resolving [2 4][2 4][2 4][2 4]
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An Implementation in PHCpack

Source code and executables for PHCpack v2.3.44 are available
athttp://ww. mat h. ui c. edu/ ~j an/ downl oad. ht ni

phc - e option #4 allows to resolve intersection conditions,

e.g. in C°: [6810]7 = 720[1 2 3],
in C11: [7 9 11]8 = 35981 2 3],
in C12 : [9 11 12)[8 11 12]13 = 860574[1 2 3], etc...

Coming soon: actual solutions to these Schubert problems.
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