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Outline of the Talk

• What is Numerical Schubert Calculus?

numerical analysis to solve problems in enumerative geometry

• Software Demonstration

• Pieri Homotopies compute solutions to intersection problems

joint with Birk Huber

parallel implementation with Yusong Wang

• towards Littlewood-Richardson homotopies

with Frank Sottile and Ravi Vakil
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Numerical Schubert Calculus

Wh y?

• Numerical Algebraic Geometry: development of tools in

numerical analysis to solve problems in algebraic geometry.

• Provide software to compute (larger) demonstration examples,

e.g.: checking instances of Shapiro-Shapiro conjectures.

• Pieri homotopies solve the output pole placement problem in

the control of linear systems.
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Numerical Homotopy Algorithms

to solv e polynomial systems

Solve f(x) = 0

lo cally: Newton’s method

x(k+1) = x (k) −
f(x (k))

f0(x (k))
, k = 0, 1, . . .

converges quadratically to a regular solution.

globally: the homotopy

h(x , t) = (1− t)g(x) + tf(x) = 0,

defines a deformation from a start system g(x) = 0 to f ,
as t goes from 0 to 1. The paths x(t) are computed with
predictor-corrector methods.
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Conservation of Number Principle

With general complex coefficients we are sure to avoid singularities

during the continuation phase.

To solve a specific real instance, we use a cheater’s homotopy to go

from the generic complex to the specific real instance.

Singularities can only occur at the end of the continuation.

The num ber of isolated solutions remains the same,

except perhaps at the end.

T.Y. Li, T. Sauer, and J.A. Yorke. The cheater’s homotopy: an efficient

procedure for solving systems of polynomial equations. SIAM J.

Numer. Anal. 26(5):1241–1251, 1989.

A.P. Morgan and A.J. Sommese. Coefficient-parameter polynomial

continuation. Appl. Math. Comput., 29(2):123–160, 1989. Errata: Appl.

Math. Comput. 51:207(1992).
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Pole Placement by Output Feedback

in linear systems control

Control of an m-input p-output machine by static feedback:

u ∈ Rm
- x ∈ Rn -y ∈ Rp

¾u = Fy

6







ẋ = Ax +Bu

y = Cx

ẋ = (A+BFC)x

Problem: Given (A,B,C) and n eigenvalues, find feedback law F .
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Equations and Geometry

The feedback laws F , for given (A,B,C) and eigenvalues λi ,

i = 1, 2, . . . , n must satisfy

det(λi In − (A+BFC)) = 0, i = 1, 2, . . . , n.

or equivalently (using linear algebra):

det





Ip C(λi In − A)¡ 1B

F Im



 = 0, i = 1, 2, . . . , n.

We look for p-planes that intersect n given m-planes nontrivially.

R.W. Brockett and C.I. Byrnes. Multivariate Nyquist criteria, root

loci, and pole placement: a geometric viewpoint. IEEE Trans.

Automat. Control, 26:271–284, 1981.
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Software PHCpack

PHC = Polynomial Homotopy Continuation

• Version 1.0 archived as Algorithm 795 by ACM TOMS, 1999.

• Offers implementations of SAGBI and Pieri homotopies to

solve problems in enumerative geometry.

• Parallel implementations of the Pieri homotopies developed

jointly with Yusong Wang.

J. Verschelde and Y. Wang: Computing feedback Laws for linear

systems with a parallel Pieri homotopy. In Proceedings of HPSEC,

pages 222–229, IEEE Computer Society, 2004.

• Current version (in source and executable form) available at

http://www.math.u ic. edu/~ ja n/d ownlo ad.ht ml.
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Pieri Homotopies

Hypersurface Pieri Conditions

Input: mp m-planes in Cm +p, L1, L2, . . . , Lmp .

Output: p-planes X : X ∩ Li 6= {0}, i = 1, 2, . . . ,mp.

m = 2, p = 2 :

localization

pattern for X : X =















1 0

? 1

? ?

0 ?















? 6= 0, det([X|Li ]) = 0,

i = 1, 2, 3, 4.

Four general lines Li will determine X uniquely.

We represent X by [3 4]:

the row indices of the bottommost nonzero entries.
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Pieri Homotopies

Lines Meeting Four Lines in Space

Two red lines meet four given blue lines in three space.
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Pieri Homotopies

Localization Patterns and Special Planes

Let {e1, e2, e2, e4} be the natural standard basis for C4.

If L1 = span(e1, e2) and L2 = span(e3, e4), then take X as spanned

by points on L1 and L2.

X =















1 0

? 0

0 1

0 ?















S[2 4] =















1 0

0 0

0 1

0 0















= span(e1, e3) special

plane

det([X|S[2 4]]) = 0 ⇔ x12 = 0 or x24 = 0
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Pieri Homotopies

Localization Posets and Root Counts
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Pieri Homotopies

Pieri Homotopies

Two stages to resolve mp intersection conditions:

1. For general inputs Li , at stage n:

h(X, t) =







det ( X | Li ) = 0, i = 1, 2, . . . , n− 1

det ( X | (1− t)SX + tLn ) = 0

is a Pieri homotopy which moves the nth intersection condition

from the special SX to the general Ln .

2. For specific inputs Ki , i = 1, 2, . . . ,mp:

h(X, t) =







det ( X | (1− t)Li + tKi ) = 0,

i = 1, 2, . . . ,mp

is a cheater’s homotopy, for t from 0 to 1.

page 5 of B



Pieri Homotopies

General Intersection Conditions

Input: n general (m+ 1− ki )-planes in Cm +p, L1, L2, . . . , Ln ;

k1 + k2 + · · ·+ kn = mp.

Output: p-planes X : X ∩ Li 6= {0}, i = 1, 2, . . . , n.

Bottom pivots for p = 2, m = 4, ki = 2, i = 1, 2, 3, 4:
� � � � �
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Pieri Homotopies

Quantum Schubert Calculus

Input: n = mp+ q(m+ p) general m-planes in Cm +p, L1, L2, . . . , Ln ,

sampled at n interpolation points, s1, s2, . . . sn .

Output: maps X(s) of degree q producing p-planes:

X(si ) ∩ Li 6= {0}, i = 1, 2, . . . , n.

For X(s) to meet Ln at sn , we use the Pieri homotopy:

h(X(s, t), s, t) =



























det ( X(s, t) | (1− t)SX + tLn ) = 0

(s− 1)(1− t) + (s− sn )t = 0

det ( X(si , ti ) | Li ) = 0

i = 1, 2, . . . , n− 1

t ∈ [0, 1].

As t goes from 0 to 1, the interpolation point goes from (1, 0) to

(sn , 1), from ∞ to sn .
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towards L-R Homotopies

General Schubert Conditions

Input: k general matrices, F1, F2, . . . , Fk ∈ Cn £ n ;

k brackets ai = [ai 1 ai 2 · · · aip ], ai 1 < ai 2 < · · · < aip , i = 1; 2; : : : ; k .

Output: all p-planes X: Rank([ X | F1:aij
]) = p+ aij − 1,

i = 1; 2; : : : ; k and j = 1; 2; : : : ; p.

Example:

in C6 : Ω[2 4 6](F1) ∩ Ω[2 4 6](F2) ∩ Ω[2 4 6](F3) = 2[1 2 3].

A general 3-plane X in C6:

X =





1 ? ? ? 0 0
0 1 ? ? ? 0
0 0 1 ? ? ?





Ω[2 4 6](F ) is described by

13 determinantal equations on X
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towards L-R Homotopies

A Geometric Littlewood-Richardson Rule

follo wing Ravi Vakil

We resolve

in C6 : Ω[2 4 6](F1) ∩ Ω[2 4 6](F2) ∩ Ω[2 4 6](F3)

formally as

[2 4 6][2 4 6][2 4 6]

= (1[2 3 5] + 2[1 3 5] + 1[1 2 6]) [2 4 6] = 2[1 2 3]

via the repeated application of Ravi’s checker game:

1. resolving one intersection condition occurs in a poset of

n(n− 1)/2 levels (bubble sort on 1 2 · · · n);

2. for k conditions we have a poset of posets, of k − 1 levels.
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towards L-R Homotopies

1 1 2 3 4 5 6 1([2 4 6],[2 4 6])

2 1 2 3 4 6 5 1([2 4 6],[2 4 6])

3 1 2 3 5 6 4 1([2 4 6],[2 4 6]) + 1([2 6 4],[1 4 6])

4 1 2 3 6 5 4 1([2 4 5],[2 4 6]) + 1([2 6 4],[1 4 6])

5 1 2 4 6 5 3 1([2 4 5],[2 4 6]) + 1([2 6 3],[1 4 6])

6 1 2 5 6 4 3 1([2 5 4],[2 4 6]) + 1([2 6 3],[1 4 6])

7 1 2 6 5 4 3 1([2 5 4],[2 3 6]) + 1([2 6 3],[1 4 6])

8 1 3 6 5 4 2 1([2 5 4],[2 3 6]) + 1([4 5 2],[1 3 6]) + 1([3 6 2],[1 4 6])

9 1 4 6 5 3 2 1([2 5 3],[2 3 6]) + 1([4 5 2],[1 3 6]) + 1([3 6 2],[1 4 6]) + 1([6 3 2],[1 2 6])

10 1 5 6 4 3 2 1([2 4 3],[2 3 6]) + 1([5 4 2],[1 3 6]) + 1([3 6 2],[1 4 6]) + 1([6 3 2],[1 2 6])

11 1 6 5 4 3 2 1([2 4 3],[2 3 6]) + 1([5 4 2],[1 3 6]) + 1([3 5 2],[1 4 6]) + 1([6 3 2],[1 2 6])

12 2 6 5 4 3 1 1([2 4 3],[2 3 6]) + 1([5 4 1],[1 3 6]) + 1([3 5 1],[1 4 6]) + 1([6 3 1],[1 2 6])

13 3 6 5 4 2 1 1([3 4 2],[2 3 6]) + 1([5 4 1],[1 3 6]) + 1([3 5 1],[1 4 6]) + 1([6 2 1],[1 2 6])

14 4 6 5 3 2 1 1([4 3 2],[2 3 6]) + 2([5 3 1],[1 3 6]) + 1([6 2 1],[1 2 6])

15 5 6 4 3 2 1 1([4 3 2],[2 3 4]) + 2([5 3 1],[1 3 6]) + 1([6 2 1],[1 2 6])

16 6 5 4 3 2 1 1([4 3 2],[2 3 4]) + 2([5 3 1],[1 3 5]) + 1([6 2 1],[1 2 6])

page 3 of C



towards L-R Homotopies

Towards Littlewood-Richardson Homotopies

• A checker game defines the undegeneration of one moving flag

with respect to a fixed flag.

• After each undegeneration, a cheater’s homotopy is applied to

move a flag to a given flag.

work in progress ...
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