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Outline of the Talk'

1. Homotopiesand Path Tracking
the theorem of B®zout predictor-corrector methads,
some complexity issues

2. Numerical Algebraic Geometry
extend solving to positive dimensional solution components

3. Numerical Irreducible Decomposition
decompose components into irr educible factors

4. Software and Applications
the software PHCpack, il lustrations of application elds
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‘Numerical Homotop y Contin uation Metho ds.

If we wish to solve f (x) = 0, then we construct a systemg(x) = O
whosesolutions are known. Considerthe homotopy

H(x;t) = (1 t)g(x)+ tf (x) = 0:

By continuation, we trace the paths starting at the known solutions
of g(x) = 0O to the desiredsolutions of f (x) = O, for t from O to 1.

homotop y contin uation methods are symiwlic-numeric:
homotopy methods treat polynomials as algebraic objects,
contin uation methods use polynomials as functions.

geometric interpretation.  move from generalto special,
solve special, and move solutions from special to general.
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\Pro duct Deformations I
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\The theorem of B&zout'

8
f = (f11f21 1fn) % ®1X(:|j_1 I _]_ — start
di = ded(f;) @X3? i 2= system
total degreeD : 9(x) = -
Y‘g % ®; i2C
D = d T @I =0 random

=1

Theorem: f (x) = 0 hasat most D isolated solutionsin C",

counted with multiplicities.

Sketch of Proof: V =f (f;x) 2 P(Hp) £ P(C") jf(x)=0g
§0=f(f:x) 2V j det(Dxf(x)) = 0g, § = ¥4(§89:% : V! P(Hp)
Elimination theory: § isvariety) P(Hp)i 8 is connected.
Thus h(x;t) = (1 t)g(x) + tf (x) = 0 avoids §;8t 2 [0; 1).
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Implicitly de ned curv es'

Considera homotopy hg(x(t);y(t);t) = 0,k = 1, 2.

O & 4 Q@ , @

By & on homotopy: &

Incremert {:=t+ Ct

@, @ # # " @
L= ¢ X a
x @ — . @
Solwe a  an ¢y @
( @ @ @)
X=X+ €CX
Update
y=y+QCy

Q — -1
aa aa_ 0k=1L
¢
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\Predictor-Corrector Metho ds.

loop
tker =tk + Ct

1. predict
x D = x4 ¢ x

2. correct with Newton

3. if convergence
then enlarge ¢ t
continue with k+ 1
elsereduce ¢ t

back up and restart at k

until t= 1.
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\Robustness of Contin uation Metho ds'

sure to nd all roots at the end of the paths?
2 dealing with curve jJumping:
1. x #Newton stepsto force quadratic cornvergence;

2. rerun clustered paths with samediscretization of t.

2 Robust step control by interval methods, see

R.B. Kearfott and Z. Xing: An interv al step control for contin uation
metho ds. SIAM J. Numer. Anal. 31(3): 892{914, 1994.

2 Root of multiplicit y * will appear at the end of the paths
as a cluster of 1 roots.

Use\endgames", evertually in multi-precision arithmetic.
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Complexit y Issues'

The Problem: a hierarchy of complexity classes

P : ewaluation of a systemat a point
NP : nd oneroot of a system
#P . nd all roots of a system (intr actable)

Complexit y of Homotopies: for boundson #Newton stepsin a
linear homotopy, see

L. Blum, F. Cucker, M. Shub, and S. Smale: Complexit y and Real
Computation . Springer 1998.

M. Shub and S. Smale: Complexit y of Bezout's theorem V: Polynomial
Time . Theoretical Computer Science 133(1):141{164, 1994.

On average,we can nd an approximate zeroin polynomial time.
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\ Some Literature '

E.L. Allgower and K. Georg: Numerical Con tin uation Metho ds, an
In tro duction. Springer 1990. To appear in the SIAM Classics in Applied
Mathematics Series.

E.L. Allgower and K. Georg: Numerical Path Following. In Techniques of
Scientic Computing (Part 2), edited by P.G. Ciarlet and J.L. Lions
volume 5 of Handbook of Numeric al Analysis, pages 3{203. North-Holland,
1997.

A. Morgan: Solving polynomial systems using contin uation for
engineering and scientic problems . Prentice-Hall, 1987.

T.Y. Li; Solving polynomial systems. The Mathematic al Intel ligencer
9(3):33{39, 1987.

T.Y. Li: Numerical solution of multiv ariate polynomial systems by
homotop y contin uation metho ds. Acta Numeric a 6:399{436, 1997.
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‘The software PHCpac kI

J. Versdhelde: Algorithm  795: PHCpac k: A
general-purp ose solver for polynomial systems by

homotop y contin uation. ACM Transactionson
Mathematical Software 25(2): 251-276,1999.

Available via http://www.math.u ic. edu/~ja n/d ownlo ad.ht ml.

Modes of operation:
1. As a blackbox: phc -b input output .
2. In toolbox mode (call phc with other options).

3. The library PHCpack, in Ada with C interface, usedwith MPI.
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Papers documenting the usefulness of PHCpac kI

R.S. Datta: Using Computer Algebra To Compute Nash Equilibria . To be
presented at ISSAC 2003.

C. Durand and C.M. Ho®mann: Variational Constrain ts in 3D . In Pro ceedings
of the International Conference on Shape Mo deling and Applications,
Aizu-W akamatsu, Japan, pages 90-98, IEEE Computer Society, 1999.

C. Durand and C.M. Ho®mann: A systematic framew ork for solving
geometric  constrain ts analytically . J. Symbolic Computation
30(5):493-520, 2000.

B. Haas: A Simple Coun terexample to Kouc hnirenk o's Conjecture
Beitr aege zur Algebra und Geometrie/Contributions to Algebra and Geometry
43(1):1-8, 2002.

E. Lee and C. Mavroidis: Solving the Geometric  Design Problem of Spatial
3R Rob ot Manipulators Using Polynomial Con tin uation. Journal of
Me chanic al Design, Transactions of the ASME 124(4):652-661, 2002.

E. Lee, C. Mavroidis, and J. Morman: Geometric  Design of Spatial 3R
Manipulators . Proceedings of the 2002 NSF Design, Servic e, and
Manufacturing  Grante es and Research Confer ence, San Juan, Puerto Rico,
January 7-10, 2002.
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More papers documenting the usefulness of PHCpac k.

M. Oskarsson, A. Zisserman and K. Astrom: Minimal Pro jectiv e
Reconstruction for com binations of Points and Lines in Three Views .
Electr onic Proceedings of BMV C2002 - The 13th British Machine Vision
Confer ence 2002, pages 63 - 72.

P.A. Parillo and B. Sturmfels: Minimizing Polynomial  Functions . presented at
the Workshop on Algorithmic and Quantitative  Aspects of Real Algebraic
Geometry in Mathematics and Computer Scienc e, held at DIMA CS, Rutgers
Univ ersity, Marc h 12-16, 2001.

H. Schreib er, K. Meer, and B.J. Schmitt: Dimensional syn thesis of planar
Stephenson  mec hanisms for motion generation using circlep oint searc h
and homotop y metho ds. Mechanism and Machine Theory 37(7):717-737,
2002.

F. Sottile: Real Schub ert Calculus: Polynomial systems and a conjecture
of Shapiro and Shapiro . Experimental Mathematics 9(2): 161-182, 2000.

C.W. Wampler: Isotropic coordinates, circularit y and Bezout num bers:
planar kinematics from a new persp ectiv e. Proceedings of the 1996
ASME Design Engine ering Technic al Confer ence. Irvine, CA, Aug 18{22,
1996. (CD-R OM).

F. Xie, G. Reid, and S. Vallurii A numerical metho d for the one dimensional
action functional for FBG structures . Can J. Phys. 76: 1-21, 2002.
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‘Solution sets to polynomial systems'

Polynomial in One Variable

System of Polynomials

one eqguation, one variable
solutions are points
muItipIeYroots

Factorization: (x| &)

n equations, N variables
points, lines, surfaces,: ::
setswith multiplicit y

Irreducible  Decomp osition

Numerical

Represen tation

set of points

set of withess sets

14
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‘Joint Work with A.J. Sommese and C.W. Wampler I

A.J. Sommese and JV: Numerical homotopies  to compute generic points on
p ositiv e dimensional algebraic  sets. Journal of Complexity 16(3):572{602,
2000.

A.J. Sommese, JV and C.W. Wampler: Numerical @ decomp osition of the
solution sets of polynomial systems into irreducible comp onen ts. SIAM
J. Numer. Anal. 38(6):2022{2046, 2001.

A.J. Sommese, JV and C.W. Wampler: Using mono drom y to decomp ose
solution sets of polynomial systems into irreducible comp onen ts. In
Applic ation of Algebraic Geometry to Coding Theory, Physics and
Computation , ed. by C. Cilib erto et al., pages 297{315, Klu wer AP.

A.J. Sommese, JV and C.W. Wampler: Symmetric  functions applied to
decomp osing solution sets of polynomial systems. SIAM J. Numer.
Anal. 40(6):2026{2046, 2002.

A.J. Sommese, JV and C.W. Wampler: Adv ances in polynomial con tin uation

for solving problems in kinematics. Paper DETC2002/MECH-34254, Pr oc.

ASME Design Engine ering Technic al Conf. (CDR OM), Montreal, Queb ec,
Sept. 29-Oct. 2, 2002.

A.J. Sommese, JV and C.W. Wampler: Numerical irreducible decomp osition
using PHCpac k. In Algebra, Geometry, and Softwar e Systems, edited by M.
Joswig and N. Takayama, pages 109{130, Springer-V erlag, 2003.
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An lllustrativ e Example I

8
3 (yi x3)(x2+y2+22i 1)(xj 05)= 0
foayiz)= (zi x3)(x2+y2+ 22§ 1)(yi 05)=0

(Vi x*)(zi x*)(x*+y*+ 2% 1)(zi 05)=0
Irreducible decomposition of Z = fi (0) is
L =12y Z1| Zo=1Zng| 1Z11[ Z12[ Z13| Z149[ fZ019
with 1. Z,; is the spherex?+ y2+ z%2{ 1= 0,
Z11 is the line (x = 0:5;z = 0:5%),
Z 1o is the line (x = P 0:5;y = 0:5),
Z 13 is the line (x = j P 0:5;y = 0:5),
Z 14 is the twisted cubic (yj x?>= 0;z; x3= 0),
Zo1 Is the point (x = 0:5;y = 0:5;z = 0:5).

o 0k W
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An lllustrativ e Example - the plots I

17
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\ Withess Sets I

A witness point is a solution of a polynomial systemwhich lies
on a set of generichyperplanes.

2 The number of generichyperplanesusedto isolate a point from
a solution component

equalsthe | dimension | of the solution componen.

2 The number of withess points on one componert cut out by the
sameset of generichyperplanes

equalsthe | degree | of the solution componernt.

A witness set for a k-dimensional solution componert consistsof
k random hyperplanesand a set of isolated solutions of the
system cut with those hyperplanes.

18
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‘ Mem bership Test'

Does the point z belongto a component?

Given: a point in spacez 2 CN; a systemf (x) = O;
and a withesssetW, W = (Z;L):
forallw?2Z :f(w)=0andL(w) = 0.

1. Let L, be a set of hyperplanesthrough z, and de ne
8

< f(x)=0
h(x;t) =
L.()t+ L(x)(2j t)=0

2. Trace all paths starting at w 2 Z, for t from 0 to 1.

3. The test (z;1) 2 hi 1(0)? answersthe question above.

19
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‘I\/Iem bership Test { an example I

L L,

fi1(0)

38
<

f(x)=0

h(x;t) =
L (x)t+ L(x)1i t)=0

20
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Numerical Algebraic Geometry Dictionary I

Algebraic example Numerical
Geometry in 3-space Analysis
variet y collection of points, polynomial system
algebraic curv es, and + union of witness sets, see below
algebraic surfaces for the de nition of a witness set
irreducible a single point, or polynomial system
variet y a single curv e, or + witness set

a single surface

+ probabilit y-one membership test

generic point

random point on

point in witness set; a witness point

on an an algebraic is a solution of polynomial system on the
irreducible curv e or surface variety and on a random slice whose
variet y codimension is the dimension of the variety
pure one or more points, or polynomial system
dimensional one or more curv es, or + set of withess sets of same dimension
variet y one or more surfaces + probabilit y-one membership tests
irreducible several pieces polynomial system
decomp osition of di®erent + array of sets of withess sets and
of a variety dimensions probabilit y-one membership tests

21
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Factoring Solution Comp onents'

Input: f (x) = 0 polynomial systemwith a positive dimensional
solution componern, represened by witnhess set.

coexcients of f known approximately, work with limited precision

Wanted: decomposethe component into irreducible factors,
for eadh factor, give its degreeand multiplicit .

Symbolic-Numeric issue: essetial numerical information
(such as degreeand multiplicit y of ead factor),
IS obtained much faster than the full symbolic represenation.

E. Kaltofen: Challenges of sym bolic computation: my favorite open
problems . J. Symbolic Computation 29(6): 891{919, 2000.
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\ Related W ork .

Y. Huang, W. Wu, H.J. Stetter, and L. Zhi: Pseudofactors of multiv ariate
p olynomials. In Proceedings of ISSA C 2000, ed. by C. Traverso, pages
161{168, ACM 2000.

R.M. Corless, M.W. Giesbrecht, M. van Hoeij, I.S. Kotsireas and S.M. Watt:
Towards factoring biv ariate appro ximate polynomials. In Pr oceedings of
ISSA C 2001, ed. by B. Mourrain, pages 85{92, ACM 2001.

A. Galligo and D. Rupprec ht: Semi-n umerical determination of irreducible
branc hes of a reduced space curv e. In Proceedings of ISSA C 2001, ed. by
B. Mourrain, pages 137{142, ACM 2001.

A. Galligo and D. Rupprec ht: Irreducible decomp osition of curv es. J.
Symbolic Computation 33(5):661{677, 2002.

T. Sasaki: Appro ximate multiv ariate polynomial factorization based on
zero-sum relations. In Proceedings of ISSA C 2001, ed. by B. Mourrain,
pages 284{291, ACM 2001.

R.M. Corless, A. Galligo, I|.S. Kotsireas, and S.M. Watt: A geometric-n umeric
algorithm  for absolute factorization of multiv ariate polynomials. In
Pr oceedings of ISSA C 2002, ed. by T. Mora, pages 37{45, ACM 2002.

E. Kaltofen and J. May: On appro ximate irreducibilit y of polynomials in
several variables. To appear in Proceedings of ISSA C 2003.
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The Riemann Surface of z°; w= 0:

SO
N
§ﬁ\‘

X

SRS ‘,‘1

Re(z"1/3)

R.M. Corless and D.J. Je®rey: Graphing elemen tary Riemann surfaces.
SIGSAM Bulletin 32(1):11{17, 1998.

25
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Mono dromy to Decomp ose Solution Comp onents I

Given: a systemf (x) = 0; and W = (Z;L):
forallw2 Z :f(w)=0andL(w) = 0.
Wanted: partition of Z sothat all points in a subsetof Z

lie on the sameirreducible factor.

Example: doesf (X; y)8: Xy i 1= 0 factor?

| S xyj1=0
ConsiderH (x; y; W) = | for u2 [0; 2v1.
- X+ y=4¢ek
For u= 0, we start with two real solutions. When pu> 0, the
solutions turn complex, real again at p= ¥ then complex until at
u= 2% Back at u= 2% we have again two real solutions, but their

order is permuted ) irreducible.

26
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Connecting Witness Points'

1. For two setsof hyperplanesKk and L, and arandom° 2 C
8

< f(x)=0
H(X;t KL °) =
K(X)Lj )+ L(x)t=0
We start pathsatt= Oandendatt = 1.
2. For ® 2 C, trace the paths de ned by H(x;t; K;L; ® = 0.

For 2 C, trace the paths de ned by H(x;t;L; K; )= 0.

Compare start points of rst path tracking with end points of
secondpath tracking. Points which are permuted belongto the
sameirreducible factor.

3. Repeat the loop with other hyperplanes.

27
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Linear Traces { an example I

Consider f (x; y(x)) (Vi ya(x)(yi y2())(yi ysa(x))

y3i ti(X)y? + t2(X)y i ta(x)

We are interested in the linear trace: t;(X) = c1X + Cp.

Samplethe cubic at X = Xxg and x = x;. The samplesare

f (Xo0;Y00); (Xo; Yo1); (Xo; Yo2)9 and f (X1;Y10); (X1;Y11); (X1;Y12)0.

8

< Yoo t Yo1 t+ Yo2 = C1Xp + Co — -
Solve to nd cp;Cy:

Yiot+t Y1+ Yi2 = CGiX1 + G

With t; we can predict the sum of the y's for a xed choice of x.
For example, samplesat x = Xz are f (X2;Y20); (X2;Y21); (X2; ¥22)0.

Then, t1(X2) = C1X2 + Co = Y20 + Yo1 + Yo2o.

28
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‘Linear Traces { example contin ued.

fi (0

Yoo |Y12

Usef (Xo; Yoo); (Xo; Yo1); (Xo; Yo2)g and f (X1;Y10); (X1;Y11); (X1, Y12)d
to nd the linear trace t1(X) = ¢y + ¢ X.

At f(X2;Y20); (X2;Y21); (X2;¥22)0: Co + C1X2 = Yoo + Y21 + Y227

29
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Validation of Breakup with Linear Trace'

Do we have enoughwitness points on a factor?

2 \We may not have enoughmonodromy loopsto connectall
witness points on the sameirreducible componert.

2 For a k-dimensional solution component, it suxcesto consider
a curve on the componert cut out by ki 1 random
hyperplanes. The factorization of the curve tells the
decomposition of the solution componert.

2 We have enoughwitness points on the curve if the value at the
linear trace can predict the sum of one coordinate of all points
In the set.
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Application:  Arc hitecturally  Singular Platforms I

Special Grizs-Du®y type

2 Baseand endplate are equilateral triangles.

2 Legsconnectverticesto midpoints.
&
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‘Results of Husty and Karger I

Self-motions of Grizs-Du®y typ e parallel manipulators. In Proc. 2000
IEEE Int. Conf. Robotics and Automation (CDR OM), 2000.

The special Grizs-Du®y platforms move

2 Casel: Plates not equal, legsnot equal.
{ Curve is degree20 in Euler parameters.

{ Curve is degree40 in position.

2 Case?2: Plates congruert, legsall equal.

{ Factorsaredegrees(4+ 4)+ 6+ 2= 16in Euler parameters.

{ Factors are degrees(8 + 8) + 12+ 4 = 32 in position.

Question: Can we con rm theseresults numerically?

32
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Comp onents of Grizs-Du®y Platforms I

Solution componerts by degree
Husty & Karger SVW

Euler ‘ Position | Study ‘ Position

General Case
20 | 40 | 28 | 40

Legs equal, Plates equal

6 8
4 6 8
4 8 6 8
6 12 6 12
2 4 4 4
16 32 28 40
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‘Griis-Du@y Platforms: Factorization I

CaseA: Oneirreducible componert of degree28 (general case).

CaseB: Five irreducible componers of degreesb, 6, 6, 6, and 4.

user cpu on 800Mhz

CaseA

CaseB

witness points

1m 12s480ms

monodromy breakup

Newton interpolation

335430ms
1h 19m 13s110ms

27s630ms
2m 34s 50ms

32 decimal placesusedto interpolate polynomial of degree28

linear trace

4s 750ms

4s 320ms

Linear traces replace Newton interpolation:

) time to factor indep endent of geometry!

34

%



Imation

=
<
=
(qv]

Grizs-Du®y Platforms:




Future Directions I

2 developmert of methods

systemswith parameters

irreducible decomposition over the real numbers

2 a software platform

analogueto LAPACK for polynomial systems

2 gpecializeto applications

Impact on scienceand engineering
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