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Sieve of Eratosthenes

Input/Output speci�cation:
input : a natural number n

output : all prime numbers � n

Running factorization in primes for all numbers � n
is too expensive.

Sieve of Eratosthenes:

1 Boolean table isprime[i] records prime numbers: if
i is prime, then isprime[i] == True , otherwise
isprime[i] == False .

2 All multiplies of prime numbers are not prime:
for all isprime[i] : isprime[i * k] = False .
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All Primes less than 10

T = True, F = False

i 2 3 4 5 6 7 8 9 10
0 T T T T T T T T T
2 T T F T F T F T F
3 T T F T F T F F F

Initially, all entries in the table are True .

The algorithm uses a double loop:

1 the �rst loop runs for i from 2 to n;

2 the second loop runs only if i is prime,
setting to False all multiples of i.

Be more ef�cient, �rst loop: while (i < n/i) .
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Arrays in numpy

What are arrays?

Arrays are

� sequences of �xed length;

� �lled with objects of the same type.

Compared to lists (variable length, heterogeneous), arrays
are more memory ef�cient, faster access.

Download numpy and scipy from www.scipy.org .

We get an environment similar to MATLAB.
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Creating Arrays from Lists

In a Python session:

>>> from numpy import *
>>> L = range(2,7)
>>> a = array(L)
>>> print a
[2 3 4 5 6]

Same as arange(2,7) .

Selecting:

>>> a[1:3]
array([3,4])
>>> a.shape
(5,)
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Type of Entries

Python session continued...

>>> zeros(5,int)
array([0, 0, 0, 0, 0])

>>> zeros(4,bool)
array([False, False, False, False], dtype=bool)

>>> ones(4,bool)
array([ True, True, True, True], dtype=bool)

3-dimensional matrices:

>>> zeros((4,4,4),float)
>>> random.rand(4,4,4)
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The Function PrimeSieve

from numpy import *

def PrimeSieve(n):
"returns all primes less than n"
isprime = ones(n+1,bool)
i = 2
while(i < n/i):

if isprime[i]:
for j in range(i,n/i+1):

isprime[i * j] = False
i = i+1

L = []
for i in range(2,n+1):

if isprime[i]: L.append(i)
return L
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Matrices from Functions

A 5-by-5 matrix whose (i; j)-th element is i + j:

>>> fromfunction(lambda x,y: x+y,(5,5))
array([[ 0., 1., 2., 3., 4.],

[ 1., 2., 3., 4., 5.],
[ 2., 3., 4., 5., 6.],
[ 3., 4., 5., 6., 7.],
[ 4., 5., 6., 7., 8.]])

Instead of

def f(x,y):
return x+y

we use lambda to de�ne we can write

f = lambda x,y: x+y
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Paraboloids
an equation

The simplest mathematical description of a paraboloid

z = x2 + y2

(0; 0; 0) is the minimum; plotted (with Maple) as
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A Sampled Paraboloid

>>> p = lambda x,y: (x-5) ** 2 + (y-5) ** 2
>>> B = fromfunction(p,(10,10))
>>> print B
[[ 50. 41. 34. 29. 26. 25. 26. 29. 34. 41.]

[ 41. 32. 25. 20. 17. 16. 17. 20. 25. 32.]
[ 34. 25. 18. 13. 10. 9. 10. 13. 18. 25.]
[ 29. 20. 13. 8. 5. 4. 5. 8. 13. 20.]
[ 26. 17. 10. 5. 2. 1. 2. 5. 10. 17.]
[ 25. 16. 9. 4. 1. 0. 1. 4. 9. 16.]
[ 26. 17. 10. 5. 2. 1. 2. 5. 10. 17.]
[ 29. 20. 13. 8. 5. 4. 5. 8. 13. 20.]
[ 34. 25. 18. 13. 10. 9. 10. 13. 18. 25.]
[ 41. 32. 25. 20. 17. 16. 17. 20. 25. 32.]]

>>> B[5,5]
0.0
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Finding the Minimum in a Matrix

input : a matrix A
output : (i,j) : A[i,j] is the minimum

Algorithm:

1 initialize current minimum with A[0,0] , and
initialize its position to (0,0)

2 go over all rows i and columns j of A

3 if A[i,j] is less than current minimum,
assign A[i,j] to the current minimum,
assign (i,j) to its position
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The Function findmin

def findmin(A):
"returns coordinates of the miminum"
row = 0
col = 0
val = A[row,col]
for i in range(0,A.shape[0]):

for j in range(0,A.shape[1]):
if(A[i,j] < val):

row = i
col = j
val = A[row,col]

return (row,col)
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The Main Script
to test �ndmin

from numpy import *

def findmin(A):
....

s = lambda x,y: (x-5) ** 2+(y-5) ** 2
A = fromfunction(s,(10,10))
print 'looking for a minimum in '
print A
(i,j) = findmin(A)
print 'minimum value %f occurs at (%d,%d)' \

% (A[i,j],i,j)
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Running the Test
script findmin.py

At the command prompt $:

$ python findmin.py
looking for a minimum in
[[ 50. 41. 34. 29. 26. 25. 26. 29. 34. 41.]

[ 41. 32. 25. 20. 17. 16. 17. 20. 25. 32.]
[ 34. 25. 18. 13. 10. 9. 10. 13. 18. 25.]
[ 29. 20. 13. 8. 5. 4. 5. 8. 13. 20.]
[ 26. 17. 10. 5. 2. 1. 2. 5. 10. 17.]
[ 25. 16. 9. 4. 1. 0. 1. 4. 9. 16.]
[ 26. 17. 10. 5. 2. 1. 2. 5. 10. 17.]
[ 29. 20. 13. 8. 5. 4. 5. 8. 13. 20.]
[ 34. 25. 18. 13. 10. 9. 10. 13. 18. 25.]
[ 41. 32. 25. 20. 17. 16. 17. 20. 25. 32.]]

minimum value 0.000000 occurs at (5,5)
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Saddles
an equation

The simplest mathematical description of a saddle is

z = x2 � y2

(0; 0; 0) is a saddle point; plotted (with Maple) as
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>>> from numpy import *
>>> s = lambda x,y: (x-5) ** 2-(y-5) ** 2
>>> A = fromfunction(s,(10,10))
>>> print A
[[ 0. 9. 16. 21. 24. 25. 24. 21. 16. 9.]

[ -9. 0. 7. 12. 15. 16. 15. 12. 7. 0.]
[-16. -7. 0. 5. 8. 9. 8. 5. 0. -7.]
[-21. -12. -5. 0. 3. 4. 3. 0. -5. -12.]
[-24. -15. -8. -3. 0. 1. 0. -3. -8. -15.]
[-25. -16. -9. -4. -1. 0. -1. -4. -9. -16.]
[-24. -15. -8. -3. 0. 1. 0. -3. -8. -15.]
[-21. -12. -5. 0. 3. 4. 3. 0. -5. -12.]
[-16. -7. 0. 5. 8. 9. 8. 5. 0. -7.]
[ -9. 0. 7. 12. 15. 16. 15. 12. 7. 0.]]

>>> A[5,5]
0.0
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Arrays and Matrices

1 Sieve of Eratosthenes
counting primes
arrays in numpy

2 Matrices
de�ned from functions
�nding the minimum
�nding saddle points

3 Scienti�c Computing
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Finding Saddle Points

A saddle point in a matrix A is

1 maximal in its row; and

2 minimal in its column.

Problem (input/output speci�cation):
input : a matrix A
output : list of (i,j) of saddles A[i,j]

Algorithm:

1 for all rows i , let A[i,maxcol] be maximal

2 check in column maxcol whether
A[i,maxcol] <= A[k,maxcol] , for all k != i
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Trace Execution of Algorithm

[[ 0. 9. 16. 21. 24. 25. 24. 21. 16. 9.]
[ -9. 0. 7. 12. 15. 16. 15. 12. 7. 0.]
[-16. -7. 0. 5. 8. 9. 8. 5. 0. -7.]
[-21. -12. -5. 0. 3. 4. 3. 0. -5. -12.]
[-24. -15. -8. -3. 0. 1. 0. -3. -8. -15.]
[-25. -16. -9. -4. -1. 0. -1. -4. -9. -16.]
[-24. -15. -8. -3. 0. 1. 0. -3. -8. -15.]
[-21. -12. -5. 0. 3. 4. 3. 0. -5. -12.]
[-16. -7. 0. 5. 8. 9. 8. 5. 0. -7.]
[ -9. 0. 7. 12. 15. 16. 15. 12. 7. 0.]]

max 25.0 in row 0, column 5 smaller value in row 1
max 16.0 in row 1, column 5 smaller value in row 2
max 9.0 in row 2, column 5 smaller value in row 3
max 4.0 in row 3, column 5 smaller value in row 4
max 1.0 in row 4, column 5 smaller value in row 5
max 0.0 in row 5, column 5 saddle at (5,5)
max 1.0 in row 6, column 5 smaller value in row 5
max 4.0 in row 7, column 5 smaller value in row 4
max 9.0 in row 8, column 5 smaller value in row 3
max 16.0 in row 9, column 5 smaller value in row 2
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max 1.0 in row 4, column 5 smaller value in row 5
max 0.0 in row 5, column 5 saddle at (5,5)
max 1.0 in row 6, column 5 smaller value in row 5
max 4.0 in row 7, column 5 smaller value in row 4
max 9.0 in row 8, column 5 smaller value in row 3
max 16.0 in row 9, column 5 smaller value in row 2



MCS 275 L-3

15 Jan 2010

Sieve of
Eratosthenes
counting primes

arrays in numpy

Matrices
de�ned from
functions

�nding the minimum

�nding saddle points

Scienti�c
Computing

Trace Execution of Algorithm

[[ 0. 9. 16. 21. 24. 25. 24. 21. 16. 9.]
[ -9. 0. 7. 12. 15. 16. 15. 12. 7. 0.]
[-16. -7. 0. 5. 8. 9. 8. 5. 0. -7.]
[-21. -12. -5. 0. 3. 4. 3. 0. -5. -12.]
[-24. -15. -8. -3. 0. 1. 0. -3. -8. -15.]
[-25. -16. -9. -4. -1. 0. -1. -4. -9. -16.]
[-24. -15. -8. -3. 0. 1. 0. -3. -8. -15.]
[-21. -12. -5. 0. 3. 4. 3. 0. -5. -12.]
[-16. -7. 0. 5. 8. 9. 8. 5. 0. -7.]
[ -9. 0. 7. 12. 15. 16. 15. 12. 7. 0.]]

max 25.0 in row 0, column 5 smaller value in row 1
max 16.0 in row 1, column 5 smaller value in row 2
max 9.0 in row 2, column 5 smaller value in row 3
max 4.0 in row 3, column 5 smaller value in row 4
max 1.0 in row 4, column 5 smaller value in row 5
max 0.0 in row 5, column 5 saddle at (5,5)
max 1.0 in row 6, column 5 smaller value in row 5
max 4.0 in row 7, column 5 smaller value in row 4
max 9.0 in row 8, column 5 smaller value in row 3
max 16.0 in row 9, column 5 smaller value in row 2
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The Function saddle.py

def saddle(A):
"""
returns coordinates of saddles in A
maximum in rows, minimum in columns
"""
S = []
for i in range(0,A.shape[0]):

max = A[i,0]; maxcol = 0;
for j in range(1,A.shape[1]):

if(A[i,j] > max):
max = A[i,j]; maxcol = j

is_saddle = True
for k in range(0,A.shape[0]):

if(k != i):
if(A[k,maxcol] < max):

is_saddle = False; break
if is_saddle:

S.append((i,maxcol))
return S
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Linear Algebra
Help on package numpy.linalg shows

Linear Algebra Basics:

norm --- Vector or matrix norm
inv --- Inverse of a square matrix
solve --- Solve a linear system of equations
det --- Determinant of a square matrix
lstsq --- Solve linear least-squares problem
pinv --- Pseudo-inverse (Moore-Penrose) using

>>> info(linalg.solve)

Solve a random 2-by-2 linear system:
>>> A = random.rand(2,2)
>>> b = random.rand(2,1)
>>> x = linalg.solve(A,b)
>>> dot(A,x) - b
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Exercises

1 Give a Python function swap to reverse the order of the
elements in an array. After calling swap
on A = [2 9 8 3] , we have A = [3 8 9 2] .
Do not create a new array inside swap.

2 Write a Python function Duplicates whose input is an
array A and output is a list of elements that occur at
least twice in A.

3 A plateau in an array is the longest sequence of the
same elements that occur in the array.
Write a Python function that returns the start and begin
index of a plateau in a given array.

4 Extend the findmin to �nd the smallest value in a
3-dimensional matrix. Think of a elements in the matrix
as temperature measurements.
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Summary and Assignments

numpy and scipy extend Python
into a software environment for scienti�c computing

Homework collected on Friday 22 January (in class):
exercise 4 of Lecture 1;
exercises 1 and 4 of Lecture 2;
exercises 1 and 3 of Lecture 3.

Every correct answer to an exercise is worth 2 points to
make up for a quiz.
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