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A graph G is defined by two sets: G = (V, E) e
V vertices or nodes,

E edges or links.

Adjacency matrix A:

Ali]li] = 0 & no edge between i and j.
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» A[i][j] > 0: edge runs fromi to |
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vertices and edges

A graph G is defined by two sets: G = (V,E)
V vertices or nodes,
E edges or links.

Adjacency matrix A:

Ali]li] = 0 & no edge between i and j.

Directed graphs:
» A[i][j] > 0: edge runs fromi to |
» AJi][j] < 0: edge runs fromj to i
|A[i][j]| could be the length of the edge between i and j.

Undirected graphs: A is boolean symmetric matrix.
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[0, O, 1],

(1, 1, 0I])
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>>> from nunpy inport *
>>> A = randomrandint (0, 2,(3,3)) vertices and ecges
>>> A
array([[1, O, O],
[0, O, 17,
[1, 1, 0]])

>>> A transpose()

array([[1, O, 1],
[0, O, 1],
[0, 1, 01])



Generating Adjacency Matrices

>>> from nunpy inport *
>>> A = randomrandint (0, 2, (3, 3))
>>> A
array([[1, 0, O],

[0, O, 1],

[1, 1, 0]])
>>> A transpose()
array([[1, O, 1],

[0, O, 1],

[0, 1, 0O]])
>>> B = A + A transpose()
>>> B
array([[2, 0, 1],

[0, O, 2],

[1, 2, 0]])
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Generating Adjacency Matrices

>>> from nunpy inport *
>>> A = random randint (0, 2, (3, 3))

>>> A

array([[1, 0, 0],
[0, O, 1],
[1, 1, 0]])

>>> A transpose()

array([[1, O,
[0,
[0,

Oy
11

1],
1],
0]1)

>>> B = A + A transpose()

>>> B

array([[ 2,
[0,
[1,

>>> B % 2

array([[0,
[0,
[1,

Oy
0,
2

oo

1],
2],
0]1)

1],
0],
0]1)

MCS 275 L-40

23 April 2008

vertices and edges



Working with Graphs MCS 275 L-40

23 April 2008

adjacency matrices define

Graphs raphs

adjacency matrices define graphs



LOOking at Graphs MCS 275 L-40

wing of a grapl

23 April 2008




Adjacency Matrices define Graphs HEBTE 4

23 April 2008

adjacency matrices define

$ python drawgraph. py o
G ve #vertices : 10



Adjacency Matrices define Graphs HEB LA

23 April 2008

adjacency matrices define

$ python drawgraph. py o
G ve #vertices : 10

[[011010011 1]
[100010010 1]
[100101011 1]
[001001010 1]
[110000110 1]
[001100001 0]
[000010010 1]
[111110100 1]
[101001000 1]
[1111101110]]
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To visualize a graph with modest #nodes:
1. prompt user for number of nodes,
2. generate a random adjacency matrix,
3. draw vertices and edges on canvas.

components of the GUI

A GUI with one widget: a canvas.
Drawing the graph:

1. nodes are labeled ovals,

2. distribute nodes evenly on a circle,



A GUI to dlsplay Graphs MCS 275 L-40
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To visualize a graph with modest #nodes:
1. prompt user for number of nodes,
2. generate a random adjacency matrix,
3. draw vertices and edges on canvas.

components of the GUI

A GUI with one widget: a canvas.
Drawing the graph:
1. nodes are labeled ovals,
2. distribute nodes evenly on a circle,
3. draw a line for every edge.
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fromnunpy inport *
i mport math
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code for drawing graphs
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Prompts the user for the nunber of vertices
and generates a random adj acency nmatri x.
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from Tki nter inport *
from nunpy inport *
i mport math

d Ef " Ir;r?I n( ) : code for drawing graphs
Prompts the user for the nunber of vertices
and generates a random adj acency nmatri x.

n = input(’ Gve #vertices : )
B = randomrandint (0, 2, (n,n))
A = (B + B.transpose()) %2

print A
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from Tki nter inport *
from nunpy inport *
i mport math

def main():

code for drawing graphs

Prompts the user for the nunber of vertices
and generates a random adj acency nmatri x.

n = input(’ Gve #vertices : )
B = randomrandint (0, 2, (n,n))
A = (B + B.transpose()) %2
print A

top = Tk()

show = DrawGr aph(top, n, A)
show. Draw()

t op. mai nl oop()



MCS 275 L-40

Constructor of class Dr awG aph

23 April 2008
cl ass DrawG aph():
QU to draw a graph on canvas.
def __I nl t__( Sel f ) V\dW, n, A) : code for drawing graphs

nnn

Canvas for a graph of n vertices.
The adj acency matrix is in A

nnn
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cl ass DrawG aph():
QU to draw a graph on canvas.
def __I nl t__( Sel f ) V\dW, n, A) : code for drawing graphs

nnn

Canvas for a graph of n vertices.
The adj acency matrix is in A
wdw. titl e(’ drawi ng of a graph’)
self.d = 400

self.nv = n

self.Ae = A
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Constructor of class Dr awG aph

23 April 2008
cl ass DrawG aph():
QU to draw a graph on canvas.
def __I nl t__( Sel f ) V\dW, n, A) : code for drawing graphs

nnn

Canvas for a graph of n vertices.
The adj acency matrix is in A

nnn

wdw. titl e(’ drawi ng of a graph’)

self.d = 400
self.nv = n
self.Ae = A

sel f.c = Canvas(wdw, wi dt h=sel f. d,\
hei ght =sel f.d, bg =" white’)
sel f.c.grid(row=0, col um=0)



Drawing a Graph

def Draw(sel f):

nnn

Draws the graph defined by the

adj acency matrix on n vertices.

nnn
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Drawing a Graph

def Draw(sel f):

nnn

Draws the graph defined by the

adj acency matrix on n vertices.

nnn

n = self.nv
for i in range(0,n):
sel f.Drawertex(i)
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def Draw(sel f):
Draws the graph defined by the e T
adj acency matrix on n vertices.
n = self.nv
for i in range(0,n):
sel f.Drawertex(i)
for j in range(0,n):
if self.Ae[i,j] == 1:
sel f. Drawkdge(i,j)
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def Drawertex(self,i):

Draws the i-th vertex on canvas.

mimn
code for drawing graphs

n = self.nv

cx = self.d/2

cy = self.d/2

radius = 0.43*self.d
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def Drawertex(self,i):

Draws the i-th vertex on canvas.

mimn
code for drawing graphs

n = self.nv

cx = self.d/2

cy = self.d/2

radius = 0.43*self.d

vX = cx + radius*math. cos(2*i *mat h. pi/n)
vy = cy + radius*math. sin(2*i *mat h. pi/n)



Drawi ng Vertices MCS 275 L-40
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def Drawertex(self,i):

Draws the i-th vertex on canvas.

mimn
code for drawing graphs

n = self.nv

cx = self.d/2

cy = self.d/2

radius = 0.43*self.d

vX = cx + radius*math. cos(2*i *mat h. pi/n)

vy = cy + radius*math. sin(2*i *mat h. pi/n)

sel f.c.create_oval (vx-10, vy-10, vx+10, vy+10,\
w dt h=1, outline="black ,fill=white)

v = str(i)

sel f.c.create_text(vx,vy,text=v)
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def Drawkdge(self,i,j):

Draws the edge between vertices i and j.
n = self.nv

cx = self.d/2

cy = self.d/2

radius = 0.4*self.d
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def Drawkdge(self,i,j):

Draws the edge between vertices i and j.
n = self.nv

cx = self.d/2

cy = self.d/2

radius = 0.4*self.d

ax = cx + radius*math. cos(2*i *mat h. pi / n)
ay = cy + radius*math. sin(2*i *mat h. pi /n)



Drawing Edges

def Drawkdge(self,i,j):

Draws the edge between vertices i and j.

n = self.nv

cx = self.d/2

cy = self.d/2
radius = 0.4*self.d

ax = cx + radi us*nath.
ay = cy + radius*math.
bx = cx + radi us*mat h.
by = cy + radi us*mat h.

self.c.create_line(ax,

cos(2*i *mat h. pi / n)
sin(2*i *mat h. pi / n)
cos(2*j *mat h. pi / n)
sin(2*j) *mat h. pi / n)
ay, bx, by, w dt h=2)
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code for drawing graphs
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that have v as one of the end points.

which vertices are best
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that have v as one of the end points.

which vertices are best

The higher the degree of avertex, o
the better the vertex is connected.
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Find out which vertices are best connected.

The degree of a vertex v counts #edges
that have v as one of the end points.

which vertices are best

The higher the degree of avertex, o
the better the vertex is connected.

Computing the degree of a vertex i,
given the adjacency matrix of the graph:

» compute the sum of the elements on row i, or
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The Degree of a Vertex
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Find out which vertices are best connected.

The degree of a vertex v counts #edges
that have v as one of the end points.

which vertices are best

The higher the degree of avertex, o
the better the vertex is connected.

Computing the degree of a vertex i,

given the adjacency matrix of the graph:
» compute the sum of the elements on row i, or
» compute the sum of the elements on column i.
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>>> from nunpy inport *

>>> A = randomrandint(0, 2, (10, 10))

which vertices are best
cccccc ted
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Computing the Degree of a Vertex
>>> from nunpy i nport *

>>> A = randomrandint(0, 2, (10, 10))

>>> A

nnected

which vertices ai

Tododddooo
ddodddHd 0 d0O
THdooddHdo0od
OCHdodo0o0Oddd

CoddHdoOOddO

[ [ T SR [y S iy S Ry S ST S [y Sy S—

in range(0, 10)]

101] for i

>>> [ A

o, 1, 1, 1, o, 0, 1, 1, O]

[0,
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Computing the Degree of a Vertex
>>> from nunpy i nport *

>>> A = randomrandint(0, 2, (10, 10))

>>> A

nnected

which vertices ai

Tododddooo
ddodddHd 0 d0O
THdooddHdo0od
OCHdodo0o0Oddd

CoddHdoOOddO

[ [ T SR [y S iy S Ry S ST S [y Sy S—

1[1] for i in range(0, 10)]
1, 1, 1, 0, O, 1, 1, 0]

>>> sum(_)

5

>>> [ A
0,

[0,
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Computing all Degrees

>>> from nunpy inport *

>>> A = randomrandint(0, 2, (10, 10))

>>> A

nnected

which vertices ai

coo-dHdoodoo
Tododddooo
ddodddd 0 d0
THdooddd 0o
OcHdo-Hdo0o0OoddAd
CodHdHoOoOddAO

[ [ T SR [y SR [y Ny S By SN S [y S [y S
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>>> from nunpy inport *
>>> A = randomrandint (0, 2, (10, 10))
>>> A
array([[1 o0, 0, 1, 1, 1, 0, 0, 0, 0],
[1, 0, 1, 1, 1, 0, O, O, 1, 1],
[ 1,°0,0,°0. 1,00, 0. 4,
[0, 1, 1, O, 1, O, 1, 1, O, O], % =
[0, 1, 0, 1, 1, 1, 1, 0, 0O, O],
[0, O, O, 1, 1, 1, O, 1, 1, O],
[0, 0, O, 1, 1, 1, O, O, O, O],
[1, 1, 1, 0, O, O, 1, 1, 1, O],
[0, 1, 1, 0, 1, 0, O, O, 1, 1],
[1, 0, 1, 1, O, O, O, 1, O, 0]]

>>> [sum([A[i][j] for i in range(0, 10)]
) for j in range(0, 10)]
[5, 5, 5 6, 7, 5 3, 4, 4, 3]



All Vertices with same Degree

more list comprehensions...

>>d =[5, 5 5 6, 7, 5 3, 4, 4,
>>> d. i ndex(5)
0

We want all indices for which entry in d is 5.
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All Vertices with same Degree

. . 23 April 2008
more list comprehensions...

>>d =[5, 5 5, 6, 7, 5 3, 4, 4, 3]
>>> d. i ndex(5)
0

We want all indices for which entry in d is 5.

which vertices are best
cccccc ted

>>> L = [(i,d[i]) for i in range(O,len(d))]
>>> L

[(0, 5), (1, 5, (2, 5), (3, 6), (4, 7),
(5, 5), (6, 3), (7, 4, (8 4), (9, 3)]



MCS 275 L-40

All Vertices with same Degree

. . 23 April 2008
more list comprehensions...

>>d =[5, 5 5, 6, 7, 5 3, 4, 4, 3]
>>> d. i ndex(5)
0

We want all indices for which entry in d is 5.

which vertices are best
cccccc ted

>>> L = [(i,d[i]) for i in range(O,len(d))]
>>> L

[(0, 5), (1, 5., (2, 5, (3, 6), (4, 7),
(5, 5, (6, 3), (7, 4, (8, 4), (9, 3)]
>>> F = filter(lanbda (x,y): y==5, L)

>>> F

[(0, 5), (1, 5), (2, 5), (5, 5)]
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All Vertices with same Degree
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more list comprehensions...

>>d =[5, 5 5, 6, 7, 5 3, 4, 4, 3]
>>> d. i ndex(5)
0

We want all indices for which entry in d is 5.

which vertices are best
cccccc ted

>>> L = [(i,d[i]) for i in range(O,len(d))]
>>> L

[(0, 5), (1, 5., (2, 5, (3, 6), (4, 7),
(5, 5), (6, 3), (7, 4, (8 4), (9, 3)]
>>> F = filter(lanbda (x,y): y==5, L)

>>> F

[(0, 5), (1, 5), (2, 5), (5, 5)]

>>> [ x for (x,y) in F]

[0, 1, 2, 5]



Best Connected Vertices

$ python searchgraph. py
G ve #vertices :

[[O
[1
[1
[0
[1
[1
[0
[1
[1
[0

[ecNeoNeoloNoll JlelNoelNoll
P OPRFrRPPFPOOOOO
POPFRPORFRPRPFPOOO
POPFRPRFPOORFROLPR
OrRrFrPPFPOOFr OO

1

0

1

1

OPrRrPrO0OORFrRrPFPOFr,r OO

OFRPO0OO0ORRPRRLRRLROPR
P OFRPPFPPFPOOOO

10

=
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Best Connected Vertices
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$ python searchgraph. py

G ve #vertices :

[[O
[1
[1
[0
[1
[1
[0
[1
[1
[0

best connected vertices :

[ecNeoNeoloNoll JlelNoelNoll

1

P OPRFrRPPFPOOOOO
OFrOFrRrPFrPOOOo
OFrRPrPFPOOPFr OB

OrRrFrPPFPOOFr OO

=
=

0

1

W th degree

1

6

OPrRrPrO0OORFrRrPFPOFr,r OO

o
=

POORRRERRLROLR
OFRrFRPPFPOOOO

10

=

which vertices are best

1] cccccc ted

0] ]
[0, 4, 7]



A Python Function

to compute best connected vertices

def MaxDegrees(A):
The degree of a vertex v counts #edges
that have v as an end point.
Returns a tuple: first element is a |ist
whose degree equal s the second el enent.

MCS 275 L-40

23 April 2008

which vertices are best
connected
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to compute best connected vertices
def MaxDegrees(A):
The degree of a vertex v counts #edges
that have v as an end point.
Returns a tuple: first element is a |ist carching Grapl
whose degree equal s the second el enent. == =
n =1en(A
d =[sum([Ali][j] for i in range(0,n)]) \

for j in range(0,n)]



A Python Function Hes e

to compute best connected vertices 23 April 2008
def MaxDegrees(A):

The degree of a vertex v counts #edges

that have v as an end point.

Returns a tuple: first element is alist

whose degree equal s the second el enent. ==

n =1en(A

d =[sum([Ali][j] for i in range(0,n)]) \

for j in range(0,n)]
m = max(d)
L=1J(i,d[i]) for i in range(0,len(d))]



A Python Function Hes e

to compute best connected vertices 23 April 2008
def MaxDegrees(A):

The degree of a vertex v counts #edges

that have v as an end point.

Returns a tuple: first element is alist

whose degree equal s the second el enent. ==

n =1en(A

d =[sum([Ali][j] for i in range(0,n)]) \

for j in range(0,n)]

m = max(d)

L=1J(i,d[i]) for i in range(0,len(d))]

F=filter(lanbda (x,y): y == m L)



A Python Function HesEEEe

to compute best connected vertices 23 April 2008
def MaxDegrees(A):

The degree of a vertex v counts #edges

that have v as an end point.

Returns a tuple: first element is a |ist - i

whose degree equal s the second el enent. o

n =1en(A

d =[sum([Ali][j] for i in range(0,n)]) \

for j in range(0,n)]

m = max(d)

L=1[(i,d[i]) for i in range(0,len(d))]

F=filter(lanbda (x,y): y == m L)

rr =[] x for (x,y) in F]

return (r,m



Working with Graphs

Searching Graphs

find a path between two vertices
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find a path between two

vertices



Finding a Path

$ pyt hon sear chgraph. py

G ve #vertices

[[0
[0
[1
[1
[1
[0
[1
[0
[0
[1

best connected vertices

OQOOPFrPOO0OO0OO0OO0OO0OO0o

o
o

1

el NeoNoNol e Ne]

1

PRPORRORO
POOROR OO
RPORRPRORRLROO

1

1

wi th degree

0

6

corORrROOOOR

OCORrRFRORRERLRO

0

10

[cNeoNoNeol i HeNeNe]

0

1]
0]
0]
0]
1]
1]
0]
0]
0]
0] ]
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find a path between two
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Finding a Path

$ pyt hon sear chgraph. py
G ve #vertices

[[0
[0
[1
[1
[1
[0
[1
[0
[0
[1

best connected vertices

OQOOPFrPOO0OO0OO0OO0OO0OO0o

o
o

1

el NeoNoNol e Ne]

1

PRPORRORO
POOROR OO
RPORRPRORRLROO

1

1

wi th degree

finding a path
give start vertex
give target vertex :

0

6

corORrROOOOR

OCORrRFRORRERLRO

0

10

[cNeoNoNeol i HeNeNe]

0

1]
0]
0]
0]
1]
1]
0]
0]
0]
0]

]

0

8
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Finding a Path

$ pyt hon sear chgraph. py
G ve #vertices

[[0
[0
[1
[1
[1
[0
[1
[0
[0
[1

best connected vertices

OQOOPFrPOO0OO0OO0OO0OO0OO0o

o
o

1

el NeoNoNol e Ne]

1

PRPORRORO
POOROR OO
RPORRPRORRLROO

1

1

wi th degree

finding a path
give start vertex
give target vertex :

path :

[0, 2, 3, 8]

0

6

corORrROOOOR

OCORrRFRORRERLRO

0

10

[cNeoNoNeol i HeNeNe]

0

1]
0]
0]
0]
1]
1]
0]
0]
0]
0]

]

0

8
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find a path between two
vertices

[3]
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to find a path between two vertices o

To find a path between vertices i and |,
using at most d intermediate vertices...

find a path between two
vertices



A backtracking Solution MCS 275 L-40
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to find a path between two vertices o

To find a path between vertices i and |,
using at most d intermediate vertices...

Let A be the adjacency matrix.
Recursive function:
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To find a path between vertices i and |,
using at most d intermediate vertices...

Let A be the adjacency matrix.
Recursive function:

1. base case: check if A[i][j]] == 1, s
2. if d > 0: enumerate intermediate vertices.

Restrictions on intermediate vertices:
1. there must be an edge from current vertex,
2. intermediate vertex not visited earlier.

Main data structure: list of visited vertices.
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def FindPath(A/i,j,d, P):
Searches for a path between vertices i
and j in a graph with adjacency matrix A,
using at nost d internediary nodes.
P contains the list of visited nodes.
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the Function FindPath()

def FindPath(A/i,j,d, P):
Searches for a path between vertices i
and j in a graph with adjacency matrix A,
using at nost d internediary nodes.
P contains the list of visited nodes.

it ALT[]] ==
return P + [j]
el se:
if d> 0:
for k in range(0,len(A)):
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the Function FindPath()

def FindPath(A/i,j,d, P):
Searches for a path between vertices i
and j in a graph with adjacency matrix A,
using at nost d internediary nodes.
P contains the list of visited nodes.

it ALT[]] ==
return P + []]
el se:
if d> O0:
for k in range(0,len(A)):
if Ali]J[k] == 1 and not k in P:
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def FindPath(A/i,j,d, P):
Searches for a path between vertices i
and j in a graph with adjacency matrix A,
using at nost d internediary nodes.
P contains the list of visited nodes.

it ALT[]] ==
return P + []]
el se:
if d> O0:
for k in range(0,len(A)):
if Ali]J[k] == 1 and not k in P:
KP = FindPath(A k,j,d-1,P + [K])
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def FindPath(A/i,j,d, P):
Searches for a path between vertices i
and j in a graph with adjacency matrix A,
using at nost d internediary nodes.
P contains the list of visited nodes.

it ALT[]] ==
return P + []]
el se:
if d> 0:
for k in range(0,len(A)):
if Ali]J[k] == 1 and not k in P:
KP = FindPath(A k,j,d-1,P + [K])
if KP[len(KP)-1] ==j: return KP
return P
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Graphs lead to an interesting class of matrices.
Searching through graps often requires backtracking.
Assignments:

1. Change dr awgr aph. py so that after prompting the
user for the number of vertices, the program should
either generate a random matrix, or allow the user to
enter a specific matrix. nd  utn betoen o

2. Extend the dr awgr aph. py with an entry field and a
draw button. Each time the draw button is pressed a
new random graph is generated for the number of
vertices equal to the value in the entry field.

3. Modify Fi ndPat h() so that it shows the trace of all
function calls.

4. Extend Fi ndPat h() so that it enumerate all paths
between two vertices.
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Last Homework Collection

23 April 2008
Homework collected this Friday 25 April at 11AM:
» assignments 1, and 4 of Lecture 38,
» assignment 1 of Lecture 39, e

» assignments 1 and 3 of Lecture 40.



