MCS 320 Introduction to Symbolic Computation Spring 2003

4. Algebraic and Complex Numbers

The polynomial equation z2 + 1 = 0 has no real solutions. We introduce the imaginary unit I = /=1
as solution to this equation. Consequently, the polynomial 22 + 1 factors as 22 + 1 = (x — I)(z + I).
Extending the field R of real numbers with the imaginary unit gives rise to the field C of complex numbers,
asC={a+0bl]a,beR }. We will see in this lecture how to extend this mechanism to any field and how to
compute in Maple with algebraic numbers. Field extensions are very important in coding and cryptography.

4.1 Algebraic Numbers

We already encountered “modulo arithmetic”. For example,

> 24 mod 7; # compute remainder of 24 after division by 7
> -3 mod 7;

If we compute modulo 7, then we calculate in the finite field Z7 = {0,1,2,3,4,5,6}. This set is a finite subset
of the integer numbers. Unlike the integer numbers, every element of Z; has a multiplicative inverse, whence
the name “field”. As example, we construct the multiplication table for Z7. This table lists the results of all
possible products of elements in Zr.

> printf("*x : 01 2345 6\n");
> for i from O to 6 do

for j from O to 6 do
allj := i*j mod 7;

printf("%d : %d %d %d %d %d %d %d\n",i,a0,al,a2,a3,a4,ab,a6);

>

>

> od;
>

> od;

Except for row 0 and column 0, you see that every row and column contains exactly one “1”. This means
that in Z7 every element has a unique multiplicative inverse (unlike in Z). For example,

> 1/2 mod 7;
> 2%4 mod 7;

We have seen the “Factor” command (observe the capital F!) to factor polynomials over finite fields:
>p :=x"2 + 3%x + 5;
> Factor(p) mod 7;

> Irreduc(p) mod 7;

We say that polynomial p is érreducible over Zz: it cannot be factored modulo 7.
Notice that p is reducible over Zs:

> Factor(p) mod 3;

It is easy to see that 1 is a root of p if we calculate modulo 3.
Returning to Z7, we can declare a formal root of p.

> alias(alpha = RootOf(p));
> y := subs(x=alpha,p); # substitute x by alpha in p

Since Maple does not simplify automatically, we have to ask it explicitly to verify that alpha is a root of p.

> evala(y); # evaluate in algebraic number field
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Algebraic numbers are numbers of the form a + ba, where alpha is a root of an irreducible polynomial over
the field containing a and b. Observe that o simplifies to a linear expression in a:

> evala(alpha”2) mod 7;

In our example we have Zz(a) = { a + ba | a,b € Z7 }. We can compute with algebraic numbers as we
compute with ordinary numbers:

>mnl := 2 + alpha: n2 := 3 + 2*xalpha: m := nl*n2;
> Expand(m) mod 7;

Every algebraic number in a field extension has a multiplicative inverse:

> invnl := Expand(1/nl) mod 7;
> invnl*nl = evala(invnl*nl) mod 7;

We have extended the finite field Z; to the algebraic number field Z7(«). To compute in Z7(«) we use the

command evala.

4.2 Complex Numbers
Complex numbers are a special kind of algebraic numbers.
> 172;

The letter I is Maple’s notation for the imaginary unit. The above calculation shows that I is a root of 22 +1.
In Maple we have extended the field of rational numbers with the root of 22 + 1. For complex numbers,
Maple offers some built-in functions :

>z = 3 + 9%I;
> Re(2); Im(z); # real and imaginary part
> abs(z); argument(z); # modulus and argument

Every complex number has a polar representation :
> pz := abs(z)*exp(I*argument(z));

For general algebraic numbers we used evala a lot. For complex numbers, we have the evalc (evaluate
complex) command:

> sin(z); # does not evaluate
> evalc(sin(z)); # evaluate symbolically over complex field

Be aware that complex functions are multivalued.

> sqrt(x~2);
> simplify () ;

Maple knows that it would be wrong to simplify sqrt(z?) to z, because it depends on the sign of the
number. For example :

>a := (-1+I)"2; b := (1-I)"2;
> sqrt(a); sqrt(b);

So there is still something to be careful about ...
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4.3 Assignments

1.

Use Maple to show that the polynomial p := 2* + 3z + 4 is irreducible over Zs = {0,1,2,3,4}. Declare
a to be a root of p and express o' as a polynomial in « of degree < 4.

An irreducible polynomial in a finite field Z,[z] is called “primitive”. Use the command Nextprime
to find all primitive polynomials of degree 2 with coefficients in Zs.

The complex number z in polar representation is given by the radius (absolute value) r = 3 and angle
(argument) 6 = 7/3. Use Maple to find the exact (no floating-point) value of z in the form a + bI.

Take the complex number z = 1+ and let Maple compute 4/1/z and 1/+/z. Are the results symbolically
the same? Are the results numerically the same? Give reasons for your answers, illustrated with the
appropriate Maple instructions.
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