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MCS 320 Project Two : Taylor Series and Derivatives
due Friday 19 July 2024, at 2pm.

Computing symbolic derivatives may lead to expression swell, when many higher order derivatives are

required. The k-th coefficient of a Taylor series expansion of a function f(x) at x = a equals
f (k)(a)

k!
which allows to recover the k-th derivative of f(x) at x = a.

In this project, we use SageMath to explore the connection between derivatives, Taylor series, and the
avoidance of expression swell via the application of Newton’s method. The project description is derived
from a Jupyter notebook with SageMath kernel. The best way to start the project is to download and
executed the notebook.

0. Taylor Series and Derivatives

The output of taylor(cos(x), x, 0, 10) is identical to

sum([diff(cos(x), x, k).subs(x=0)/factorial(k)*x^k for k in range(11)])

which shows the first 10 terms of the Taylor series expansion of cos(x) at x = 0.

1. Expression Swell

The straighforward way to symbolically compute a Taylor series expansion would thus be first compute
all symbolic derivatives and then to evaluate all symbolic derivatives at the same point. This can lead to
expression swell, as we explore in the first assignment.

Assignment One. Consider

f(x) =

√
x + 1

x− 1
.

1. Compute the first 15 derivatives of f(x).
Describe your observations about the size of the 15-th derivative.

2. Evaluate the 15-derivative at x = 0 and compare with the coefficient of t15 in the Taylor expansion
of f(x) at x = 0. Demonstrate the recovery of f (15)(0) from that coefficient.

2. Newton’s Method

To compute the Taylor series of
√

1 + t, we consider the equation

z2 − (1 + t) = 0

where t is the variable in a power series ring with rational coefficients, of precision 16, so the truncation
error is O(t16), declared as t in SageMath as

R.<t> = PowerSeriesRing(QQ, default_prec=16)

P.<z> = R[]

where the second command above declares z as z, as the variable in a polynomial where the coefficients
are power series of O(t16) with rational coefficients.
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Then we can apply Newton’s method on the above equation

equ = z^2 - (1+t)

newton_step = z - equ/diff(equ, z)

by repeated evaluation of the expression newton step starting at the series 1 + t as follows:

sL = [1 + t]

for i in range(3):

sL.append(newton_step(sL[-1]))

Because Newton’s method converges quadratically, three steps suffice.

Assignment Two. Consider again f(x) from assignment one.

1. Apply Newton’s method to compute all first 15 derivatives at x = 0 via the Taylor series.

Verify the correctness by comparing to the output of taylor.

2. How many steps are needed. Describe the convergence.

3. Convergence Radius

Truncated Taylor series can be applied to approximate functions. We may expect the Taylor series of a
function f(x) about x = 0 to be accurate for small values of the parameter t. Taylor series are input
to methods to construct rational approximations, also called Padé approximants, which are often much
more accurate for larger values of the parameter t.

Assignment Three. Consider once more f(x) from assignment one.

1. Use the computed Taylor series to construct Padé approximants with denominators and numerators
of increasing degrees.

Compare the accurate of the Padé approximant evaluated at t = 1/2 to the value of f(1/2),
for increasing degrees.

2. Use the computed Taylor series to construct Padé approximants with a linear denominator and a
numerator of increasing degree.

What do you observe about the root of the denominator of the Padé approximants?
Compare the root with the expression for f(x).

4. The Deadline is Friday 19 July, at 2pm.

Upload your answer to gradescope at the latest on Friday 19 July, before 2pm.

The solution consists of one single notebook, organized according to the assignments. Mark the start
of each solution to an assignment using a heading in a cell. Your notebook should run from top to bottom
as a program without errors. Apply proper formatting in your notebook so it reads like a technical report
if you would print it. Document the execution cells with complete sentences, properly formatted in
markdown cells.

You may (not must) work in pairs for this project. A pair consists of two, not three or more. If you
decide to work in a pair, then you must send me an email with the name of your partner and with the
email address of your partner in the copy of the email, before 2pm on Monday 15 July. If working in a
pair, then only one Jupyter notebook should be submitted.

If you have questions, concerns, or difficulties, feel free to contact me for help.
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