MCS 471 Formula Sheet for Final Exam Fall 2005

MCS 471: Formula Sheet for Final Exam

Tk —Tk—1

1. Secant: Thk+1 = Tk — mf(l’k), k= 1,27 N

~ CE](€1+\/5)/2

Convergence of Secant: Fj1 , for some constant C' and Ey = T — Too.

2. Newton: zp11 = Tg — f,(&i)), k=0,1,...

Convergence to regular root: Eyyq ~ CE,%, for some constant C and Ey = T — Too-

Convergence to root of multiplicity m: Ey11 ~ %Ek, Fr, =21 — Too-

modified Newton zpy; =z —m ]{;((:;’;)), k=0,1,..., for f(x) = (z —r)™h(x), h(r) #0.

3. Aitken: zp, — —@heim)® p g q

Thiz—2pi1tan
4. Golden Section: 1 = ca+ (1 — ¢)b, 22 = (1 — ¢)a + ¢b, with ¢ = %‘/5 ~ 0.6180.
5. norms for x € R™:
n n 1/2
— . LY . — 2
||X||1—;|Iz| [Ix[[oo = max |z [[x[]2 = <;%>

6. norms for A € R™"*™:

m
||A||1—max2|aw| 1Al = i 3" fa)
= =
1/2
n m
Al = [ e 41l = max [|4x]
=1 j=1

7. condition number cond(A) = [|A]|||[A7Y]| for Ax = b, r = b — Ax:

[l 1 [Ix — x| 1y el
o — < < AJIA™
[bI[ [JA[[|A=1] [1[] |[b]]
lx—x[| _ 1 14— Al
< AMNA™ N =7
Xl 14|
8. Newton for f1(x) =0, fa(x) =0, ..., fu(x) =0
d 0 d
o ag SR - f1(x)
Ofs  Ofs .. Of fQ(X)
6%1 8# 63,5” Ax = — ) , xFHD = x®) L Ax k=0,1,...
0fs  Ofu ... Ofa :
BN D s I fn(x)
9. L int lati : li = 7‘7, = ll i
agrange interpolation: [;(x) 71:[0 P p(z) ; (x)f

#i

University of Illinois at Chicago, Department of Mathematics, Statistics and Computer Science page 1



MCS 471 Formula Sheet for Final Exam

Fall 2005

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

(" —j)pi.j—1 — (" —@)pit1.4

Neville interpolation: p;. ; =
$i—>$j

Divided differences: fo.. j; = Jo.iz1i=Jfo.j-ni

Tj—Tq

p(x) = fo+ for(z — x0) + forz(z — zo)(x — x1) + -+ + forz. m(z —20)(z —21) - - (T — Tp—1)-

Interpolation error: E(x) = f((::l))(,g) (x —xo)(x —21) - (T — xp).

Chebyshev polynomials: T}, (x) = cos(n arccos(x))
To(z) =1, Ti(zx)==z, Tpyi(z)=22T,(x)—Th-1(z), n>0.

Interpolating splines: h;Sit1+2(hi—1+h:)Si+hi—1Si—1 = 6(f[xi, xip1] — flrio1, 24)), i = i1+ Ay,

g((E) = gl(x)7x S [xiuxi-‘rl]a gi(‘ri) = fiu 1= Oa 17 e, — 17 gn—l(xn) = fn7
gi(z) = a;(z — ;)3 + bi(x — ;)% + ci(x — x;) + d;,
Si = gi(x), a; = S”ﬁlhjsia bi = 8i/2, c; = fﬂll—ﬂ‘ — (28 + Sip1) !, di = fi.

Taylor: f(z+h) = f(x) + hf'(z) + h2 L5 4 p3 L5 1 o),
Maclaurin: f(0+ h) = £(0) + hf’(0) + h2 L5404 p3L5©O 4 o(p1),

If(x)=f(x), Df(x)=9%L, D=2, Ef(x)=f(x+h), E"\f(x)=f(z—h).

Af(z)=f(zx+h)— f(z), A=E—1 Vf(z)=f(z)— flx—h),V=1-E"L
5f(x)=f(x+h)— f(x—h),§ =E—E~L

D=1

Richardson extrapolation (0 < r < 1):

Af(x, h) _ %Af(:c) Af(x, h,rh, ... ,r"h) _ Af(z,h,rh,... .y YR r"—Af(x,rh,r3h,...,r"h)

A? 5 _ At | A° _ 1 v: v vt v
E(A—T+?—T+?—"') D—E(V+T+?+T+T+'“)

rn—1

6f(a;, h) _ %M(ﬂf) 6f(x,h,rh, o ,r"h) _ Sf(z,hyrh,..or™ R)r2 =5 f (x,rh,r2h,.. T h)

r2n_1q
b
b

Trapezoidal rule: / f(z)dx = M(b —a),

h n—1
composite Trapezoidal rule: T'(h) = §(f(a) +f()+h Z fla+kh), h=12

k=1

Romberg integration: T'[i][j] = T[ﬂU—lngj—jl[i—lﬂj—”, T[i)j0] = T (&).

Euler-Maclaurin summation formula, for g € C*™*2[0, N1

1 1 N
390)+9(1) -+ 9(N = 1)+ 5aV) = [ g(t)i

m

(20)! (2m + 2)!

=1

B Baom
+Z 21 (9(2171)(]\,)_9(2171)(0))_’_ 2m+4-2 Ng(2m+2)(06), a € [0,N],

where By, are the Bernoulli numbers, defined as By, = By(0). The Bernoulli polynomials By (t) satisfy

By, (t) = (k + 1)Bg(t), with Bagy1(0) = 0, Bagy1(1) = 0, for all & > 0.
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21. Fourier series: F(t) = % + Z ay cos(mkt) + by sin(mkt) = Z cpe ™

k=1 k=—0o0

+1 +1 +1
ay = f(t) cos(2mkt)dt, k >0, ap= f@®dt, by = f @) sin(rwkt)dt
1 1 1

Cl = %(ak - ibk), C_f = %(ak + ibk).

22. Euler’s method: yn41 = yn + hf (2, yn) to solve Z—‘Z = f(z,y(x))
and the modified Euler’s method: y,11 = yn + % (f(@n,yn) + f(@ns1, Ynt1))-

dy

23. A third-order Runge-Kutta formula to solve 2% = f(xz,y(x)):

ki = hf(zn yn)
ke = hf(zn+ $h,yn + 3k1)
ks = hf(zn+ 3hyn + 2k2)
Ynt1 = Yn+ g (2k1 + 3kg + 4k3)
24. A fourth-order Runge-Kutta formula to solve Z—‘Z = f(z,y(x)):
kv = hf(zn,yn)
ky = hf(xn+ 3h,yn + $k1)
ks = hf(zn+ ih,yn + $k2)
ks = hf(zg+h,yn + k3)
Yni1 = Yn+ 5 (ki + 2k + 2ks + ky)

25. Some Adams-Bashforth formulas to solve 3—‘;’ = f(z,y(x)):

Yn+1
Yn+1
Yn+1
Yn+1

Yn+1

Yn + 5h (= frn-1+3fn)

Yn + 155 (5fn—2 = 16 fn_1 + 23f,)

Yn + ogh (9fn—3 + 37 fn2 — 59 fn_1 + 55f5)

Yn + 35h (251 frmg — 1274 fp 3 + 2616 fr,_o — 2774 f,_1 + 1901f,,)

Yn + g1 (475 frs + 2877 fr_g — 7298 fro_3 + 9982 fr,_o — 7923 f,_1 + 4277 f)

26. Some Adams-Moulton formulas to solve Z—‘Z = f(z,y(z)):

Yn+1
Yn+1
Yn+1
Yn+1

Yn+1

= Yn+ 5 (fa+t fos1)

= Yn+ 150 (—fa1+8fn+5fni1)

= Yn+ 310 (fa2 = 5fn-1+19fn +9fnt1)

= Yn+ =5h (—19fn_3106fr_2 — 264 f,_1 + 646 f,, + 251 f,11)

= Yn+ 1 h (27 fn—a — 173 fr—3482fr_o — T98 fp—1 + 1427 f, + 475 fri1)

27. A central-difference approximation: f(x;) = LEdh=2/@)t/@i=h) | op2), b > 0.

h2
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