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@ Geometric Resolution
representing a finite set of solutions
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Given a set V of d distinct solutions in n-space, their
number equal to D when counted with multiplicities.

representing a finite
of solutions.

A geometric resolution of V consists of
o naches @ alinear form £(x) = Ug + UgXy + UaXp + - -+ + UnXn,
® polynomials q1, p1, P2, - -.,Pn € Q[T] such that
@ forallzj,z €V, j #k: ((zj) # (z),
D

@ q(T) =[] —uz)),

i=1
© forj=1,2,...,n: deg(pj)) <D —1and

V = {(pa(r),p2(r), ..., pn(r)) [r €C:q(r) =0 }.

We speak of the geometric resolution of V associated to /.

£ works as in the rational univariate representation.
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representing a finite
set of solutions

an example

Consider

X2+ (X2 —1)2-1=0
X2 — %, = 0.

f(x1,x2) = {

4 solutions, counted with multiplicity, (0, 0) is double.
We see that x; separates the zeroes, but that x, does not.

For ¢ = x4, the geometric resolution of V = f~1(0) is
(x) =x1,0(T) = TXT = 1)(T +1),ps(T) =T, p2(T) = T%.

The geometric interpretation of this solution corresponds to
looking at the algebraic curves defined by f; and f,,
intersected with the line x; = T.
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representing a finite
set of solutions

using resultants

Consider f; =xZ + (xp —1)2—1=0,forx; =T

and then the computation of q(T ) is done with a resultant,
eliminating x, from f1 (T, X2) and fo(T, x).

In Maple:

>resultant (T2 + (x-1)"2 - 1, T*"2 - X, X);
returns — T2 + T4 =TT — 1)(T + 1).

Then p; and p, follow from x; = T and X12 — X, =0.

According to the Kronecker philosophy of solving we
compute with roots modulo q(T) and replace T4 by T?2.
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Kronecker Representation

The Kronecker representation (or Kronecker
parametrization) of a finite set V of solutions has the form

%x1 = p1(T)

q(T)=0 g—?xzzpz(T)

g—ﬁxn = pn(T)

where q, p1, P2, - - ., Pn are polynomials of degree bounded
by D = #V.
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@ A Problem in Computer Vision
camera motion from point matches
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camera motion from
point matches

Computer Vision

The problem is to compute the displacement of a camera
between two positions in a static environment.

Consider a point A viewed by two camera positions giving
images a and a’ in their respective coordinate frames
(x,y,z) and (x’,y’,z’), via a rotation R and translation t.

The condition that the images come from the same point
seen from two different camera positions is equivalent to the
coplanarity of the vectors a, t, and Ra; + t, expressed by

al (tx (Ral+t))=al(txRa))=0, fori=1,2,...,5

where x denotes the cross product.
For 5 points, the number of solutions is finite and equals 10.
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a quaternion formulation

Using a quaternion formulation, we get a system of 5
equations in 6 unknowns, two 3-vectors gq and d:

1-d'qg = 0
(afq)(dTaf) +afa + (a x q)Ta
+(ai xq)T(dxa)+a(dxa) = 0,i=12,...,5

This system is bilinear in g and d and has a 2-homogeneous
Bézout bound of 20. All solutions can be real.
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® The Newton-Hensel Method
lifting a solution
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the Hensel Lemma

Lemma (Hensel)
Consider fy,fp, ..., fh, € Q[t,X], t = (t1,t2, ..., tm),
X = (X1, X2, ...,X%n) and Js is the Jacobian matrix of
f = (f1,f2,...,fn) with respect to x.
Given (7,z) € C™ x C" such that f(,z) = 0 and
det(J¢(7,z)) # 0.
Then there is a unique n-tuple of formal power series
S € (C[[t — 7]])" such that
® S(r)=2zand
® f(t,S)=0.
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inverting power series

To invert a power series f € C[[t]],
we can use the following identity:

(e}

= 1—(i—f) =2 (-1

k=0
truncating the infinite series at some order d.

If we are computing a polynomial of degree d, once we have
d terms of the expansion, the truncation is without error.
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the Newton-Hensel operator

The proof of the lemma uses the Newton-Hensel operator:
N (x) = x = [3r ()] f(x).

By the assumption det(J¢ (7, z)) # 0O, the matrix J;(t,X) is

invertibleatx =z fort = 7.

If we set S(O) = z, then the Newton-Hensel operator defines
via Sk+1) = N;(S®)) a sequence of power series.

The sequence converges quadratically in the sense that

if the error term in SK) is O((t — 7)P)

then the error term in S&+1) is O((t — 7)2P).
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2 2 2

sprsanng a e X4+ -1)-1+t°=0

o) = | X =0

where for t = 0 we have the solution (x; = 1,x; = 1).

f o= [x[1]72+(x[2]-1)"2-1+t72, x[1]"2-x[2] +t]:
J = Matrix([seq([seq(diff(f[i],x[j]),j=1..2)],
computing wit i=1..2)]):
power series Ji nv :: JA(_ 1);

SNf := Vector([x[1],x[2]]) - Jinv.Vector(f):
newton := (a,b) -> subs(x[1]=a,x[2]=b, sNf):
Geemd o X[0] 1= [1,1]:
veese for k from1l to 4 do
X[k] := newton(X[ k-1][1], X[ k-1]1[2]);
s[k] := [series(X k][1],t=0,8),series(XKk][2],
t=0, 8)];

end do:
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s@® —

guadratic convergence

= [17 1]

o1
1-t2 1+t —t2
gttt

1—t2+2t3—12—3t4—|—22t5—

14t—2t2 14— 12t4 ... ]

14+t—2t2 443 — 11t4 + ... |

16

161

1-t2+2t3 - %7#‘ + 1665 — 10346 4 10017 + O(t8),

t8 +307t" + O(t®),
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@ Straight-Line Programs (slp)
expressing complexity in term of slps
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expressing
complexity in term of

Straight-Line Programs

We encode polynomials as straight-line as follows.

For n indeterminates X1, Xo, . .., X, with values in Q and

R € N, a sequence s = (Q1,0y, - . ., (r) IS a straight-line
program (slp for short) if each qx, fork =1,2,...,R
satisfies the following two conditions:

® ac € QU{ X1,X2,...,Xn }, OrF
® ki, ky <k and x € {+,—,-, =} dk = Qk, * Uk, -

We say that s is a division-free slp if
Ok = Ok, + Ok, = Ok, € Q '\ {0}
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r d and reverse

cost measures

The length of a slp indicates the cost to evaluate the
polynomial it encodes. Polynomials with few monomials with
nonzero coefficient have a short length, but not all short
slp’s are sparse. Consider for example (x + y)0%4.

Expressing the complexity of problems in symbolic
computation in terms of the straight-line programs is useful.

Consider for example the determinant of a matrix.
Expanding an n-by-n matrix of indeterminates results in a
polynomial with n! monomials. With Gaussian elimination
we evaluate a determinant with O(n?) operations.
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@ Straight-Line Programs (slp)

forward and reverse modes
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the example of Speelpenning

f(X1,X2,...,X10) = X1 X X2 X X3 X X4 X X5 X Xg X X7 X Xg X Xg X X10-

It takes 9 multiplications to evaluate f. Suppose we want to
evaluate its gradient Vf = (aa—)fl, 88—;2, ..., %-). The symbolic
computation of the gradient leads to expression swell:

83—;1:x2><x3><x4><x5><x6><x7><x8><x9><x10

aa—)fz:xl><x3><x4><x5><x6><x7><x8><x9><x10

of

ax—lo:XlXXZXX3XX4XX5XX6XX7XX8XX9

Not only is the expression swell too expensive for memory;,
but using these expressions to evaluate the gradient is not
the most efficient way to compute the gradient.
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algorithmic differentiation

The code to evaluate both the function x; x Xp x -+ X Xy
and its gradient is below:

Vo =1

fori from 1 to n do
Vi := Vj_1 X X

Y *=Vn

w, =1

for i from n downto 1 do
Zi ‘= W X Vj_1
Wi_1 1= W X X

The value of the function is returned in y and the
components of the gradient are in the final values of z; for i
from 1 to n.

The cost to evaluate both the function and its gradient is 3n.



MCS 563 L-14

14 Feb 2011

epresenting a finite
set of solutions

camera motion from

oint matches

expressing
complexity in term of
sip:

forward and reverse
modes

tracing the evaluation

To verify whether the code above indeed computes what is
needed, we trace the evaluation for n = 3, recording for
each step the values of all variables in a table:

[i]vo vi v V3 y |
1

1 1 X1

21 1 X1 X1X

3 1 X1 X1X2  X1X2X3
1 X1 X1X2  X1XoX3  X1X2X3

[P ws w, wy Wo Z3 Z Z1
1

3|1 x3 X1 X2

2 1 X3 X3X2 X1 X2 X1X3

1 1 X3 X3X2  X3X2X1 X1 X2 X1X3  X3X2
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modes

Summary + Exercises

Newton’s method on power series is a symbolic method to
produce approximate results.

Exercises:

® Apply Newton’s method to h(t,x) =t?> +x2—-1=0to
compute a power series x(t), starting with x(0) = 1,
using Maple or Sage. Do three steps and verify the
guadratic convergence. Compare the result with the
Taylor series of v/1 —t2 aboutt = 0.

® As in the previous exercise, consider
h(t,x) = t? + x2 — 1 = 0. Instead of the conceptual
execution of Newton’s method, work directly with power
series, fixing the order to O(t®), using Maple or Sage.
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© For the system

2 2 2
Xf+(xg—1)*—1+t°=0
e f(x1,%2,t) = ¢ 71

point matches (17 27) { Xf—XZ—FtZO

to make the computation of the power series solution
more efficient, do the following:

@ Instead of working with the symbolic inverse of the
Jacobian matrix, describe the algorithm via solving a
linear system to compute the update to the series
;;)Zwam and reverse SOI Utl on.
modes ® Work out the more efficient version of the algorithm
using Maple and Sage. Verify that it produces the same
results.




