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Multihomogeneous Homotopies

We first see how to embed a polynomial system in a multiprojective space and show how this is useful to
an application in game theory. The construction of multihomogeneous homotopies leads to a multiprojective
version of Bézout’s theorem. We extend multihomogenization to general linear-product structures.

1 Multiprojective Space

Consider a 2-by-2 eigenvalue problem Ax = Ax viewed as a polynomial system:

Ary —a11xy — apr2 =0
f()\,x) = )\1[,’2 — 211 — A2 = 0 (1)
co + c1x1 + caxe = 0.

The coefficients in the last equation are random (complex) numbers, used to ensure the eigenvectors are
uniquely determined and the system has two isolated solutions for general choices of the matrix A.

While we know that any n-dimensional eigenvalue problem has in general n eigenvalues and corresponding
eigenvectors, viewed as a polynomial system of n quadratic equations, the product of the degrees equals 2™ —
the bound given by Bézout’s theorem — and a homotopy based on this product will track 2™ solution paths,
with only n of them to converge.

We may correct this problem if we embed the system in a multiprojective space, separating the eigenvalues
from the coordinates of the eigenvector. In particular, in the system (1), we replace A by A1/\g and z1 by
21/ 70, T2 by za/z0. After clearing denominators, we then find

A1z1 — a11Xoz1 — 12022 = 0
f(([)\o : /\1], [Z() A 2:2])) = )\122 — agl)\ozl — agg)\ozg = 0 (2)
cozo + 121 + 229 = 0.

The coordinates of the system ([Ag : A1],[20 : 21 : 22]) € P! x P? are equivalence classes, but now we can scale
the coordinates of the eigenvalues independently of the coordinates of the eigenvector. As with projective
space, at least one coordinate must be nonzero.

Solutions in P' x P? at infinity are characterized by either A\g = 0 or zg = 0. We will verify that the
system (2) has no solutions at infinity, by examination of the two possibilities. First, if A\ = 0, then both
z1 and z2 must be zero as well (because A1 # 0). But if z; and zo are both zero, then by the last equation,
zp must be zero as well, which cannot be. Second, if zy = 0, observe that then we have a system which is
homogeneous in z; and z, which means that any multiple of a solution for (21, 22) will also be a solution.
As we just verified that A\g # 0, we may as well take A\g = 1 and consider then the system

A1zl —a1121 —aijeze =0
f(([]. . )\1], [0 L Z1 22])) = )\122 — A92121 — A922Z29 = 0 (3)
c121 + caz9 = 0.

Using the last equation, we may eliminate zs, replacing zo by —ci1/caz1 (c2 is random and thus nonzero),
which leads to ( Je)
A1z1 — (a11 + aizer/ea)z1 =0

1:X),[0: 2 = 4

Ul 1 [ 1)) { —Aic1/caz1 — (az121 + agaci/c2)z = 0. )

After dividing out z; from both equations, we arrive at two equations with only \; left as variable. Since the
coefficients ¢; and ¢y were chosen at random, the system (4) can have no solutions.

In many practical applications, the variables have a meaning and occur often in groups, so that a multi-

projective embedding is often quite natural. As the number of solutions at infinity decrease, we arrive at a
sharper bound on the number of isolated solutions and we can then also construct more efficient homotopies.
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2 Nash Equilibria

The application we consider comes from economics, in particular the theory of games. We follow [8], see
also [1] and [7].

A small example of a non-cooperative game consists of three players, we call them a, b, and ¢, which can
each choose from two different strategies. For each choice of strategy there is a certain payoff. The data for
the game is then given by three payoff 2-by-2-by-2 matrices A, B, and C. Let 1 and x5, with =1 + 2 =1
indicate the allocation of choices for a strategy made by player a. Similarly, for players b and ¢ we have the
respective variables (y1,y2) and (21, 22), each with y1 +y2 = 1 and 21 + 22 = 1. The values for these variables
could be real numbers in [0, 1], for example: the percentage of money to allocate to a particular stock; or in a
discrete problem setting, e.g.: for fishermen deciding whether to go out and fishing or stay home, the values
of a variable could be the probability that a choice for an action is taken.

Then the payoffs «, 3, and ~ for players a, b, and ¢ are respectively computed as

2 2 2 2 2 2 2 2 2
o= ZZZAijkwiijm B = ZZZBijkxiyjzkv and v = ZZZCijkwiijk- (5)
i=1 j=1 k=1 =1 j=1 k=1 =1 j=1 k=1

=1 j=1k= =1 j=1k=

A vector (x1,x2,y1,Y2, 21, 22) is called a Nash equilibrium if no player can increase its payoff by changing
its strategy while the other two players keep their strategies fixed. This means that for all (u1,us), with
u1 + us = 1 we have that at the equilibrium

2 2 2 2 2 2 2 2 2
o> ZZZ ijk Wil 2k, ﬂ>ZZZA”kx UjZ, and 7>222Amkxzyjuk (6)

i=1 j=1 k=1 i=1 j=1 k=1 i=1 j=1 k=1

Because the expressions at the right hand side of each > is linear in the (u1,u2), it suffices that the equalities
be satisfied for all (u,us) € {(1,0),(0,1)}, which reduces the inequalities to

2 2 2 2
a> Z Z Aijryjze  and Z Z 2jkYj %k, (7)
j=1 k=1

j=1k=1

respectively corresponding to (u1,us) = (1,0) and (u1,us2) = (0,1).
2 2 2 2
Using a = a1 ZZAleyjzk + 29 ZZAQJkyJZk, 1+ 22 =1and x1 > 0, 22 > 0, we obtain
j=1k=1 j=1k=1

2 2 5 o
1 a—ZZAljkijk = I a_ZZAijyjzk —0. 8)

j=1k=1 j=1k=1

Similar expressions hold for (y1,y2) and (21, 22). To reduce the number of variables, we eliminate zo = 1 —x1,
y2 = 1 —y1, and 29 = 1 — z1, and via subtractions we also eliminate «, [, and v to obtain a polynomial
system of three equations in 1, y1, and 2.

A Nash equilibrium is totally mixed if all six probabilities are strictly positive. All totally mixed Nash
equilibria can be computed by solving a polynomial system, which — this is the actually the whole point of this
example — has a natural multihomogeneous structure, namely, we divide the variables into {{z1}, {vz1}, {z1}}

It turns out that the corresponding Bézout bound for this type of application is sharp and there are games
which have as many equilibria as this bound; see [3], [4], and [5]. The computation of Nash equilibria with
Gambit is described in [9].

Jan Verschelde UIC, Dept of Math, Stat & CS Lecture 7, page 2



MCS 563 Spring 2011 Analytic Symbolic Computation Wednesday 26 January

3 Linear-Product Start Systems

For a particular partition of the set of unknowns, we capture the structure of the polynomial by a table of
degrees with respect to each set of variables. When considering the degree of a polynomial with respect to a
set of variables, those variables not in the set are considered as constant.

For the eigenvalue problem, we have the natural partition {{\}, {x}} and we record the degrees of the
equations as follows:

fi ¢+ A1 —anri —apr2 =0
f()\,X) = f2 . )\332 — 2171 — A2 = 0 (9)
JERRE co+cir1 +corp =0

All polynomial systems with the same multihomogeneous structure as f(A,x) = 0 will have the same degree
table as at the of (9). If we want to solve f(A,x) = 0 by homotopies, we look for a system with the same
structure that is easier to solve. For this problem, we use systems whose equations are products of linear
equations. The variables in each equation correspond to one set of variables. We take as many factors with
variables of one set as its corresponding degree.

eq. : A | b'q eq. A | b'q

1 11 o g1 ¢ oot oA | o+ Buzt + Baxe (10)
fao 1|1 g2 ¢ o0+ 1A | Poo + Ba1x1 + Booxo

fs o+ 0]1 gs 1 B30 + B3171 + B32T2

All coeflicients for the linear equations are randomly chosen. Multiplying the equations at the right of (10)
defines a linear-product start system g(\, x) = 0 and gives rise to the following homotopy:

(a1p + @11 A)(Bio + Brizr + Praz2) AT — a1171 — G1272
h(A,x,t) = (1 —t) | (20 + a21A)(B20 + far1x1 + Paoze) | +t | Azo —agiz1 —axzs | =0. (11)
B30 + B3171 + P2 Co + C121 + C2T2

Just as the system f(),x) = 0 has no solution at infinity when viewed in the multiprojective space P* x P",
also the start system h(\,x,0) = g(A,x) = 0 has in this same multiprojective space no solutions at infinity.

As we solve a linear-product start system, we choose from every equation exactly one factor and for every
set of variables we choose exactly as many factors as the number of elements in the set. Formally, we may
execute on the degree table the same moves as when we are solving the linear-product start system. The
formal root count for this example is

B gy = L) X L) X L) + 1) X Lifx X L0 = 2- (12)

The subscripts with each number indicate the coordinates of the degree in the table.

In general, for any partition Z of the set of unknowns, we compute the degrees of the polynomials in the
system f(x) = 0 with respect to every set of variables in Z and record these degrees in a table. This table
defines then a linear-product start system g(x) = 0 with the same multihomogeneous structure as f(x) = 0.
Formally, we may compute the number By before we solve g(x) = 0.

The number By is called a multihomogenous Bézout bound. The computation of Bz from the degree
table resemble the same computations as when one computes a determinant, only without sign alternations.
Therefore, By is also a permanent of the degree table.

Although in many applications the variables already naturally occur in groups, finding the best partition
Z (i.e.: leading to the lowest Bz) is a hard computational problem. For a modest number of variables, a
program could enumerate all possible partitions.

Jan Verschelde UIC, Dept of Math, Stat & CS Lecture 7, page 3



MCS 563 Spring 2011 Analytic Symbolic Computation Wednesday 26 January

4 Bézout’s Theorem in Multiprojective Space
Calling Bz a Bézout bound is justified by the following theorem.

Theorem 4.1 (multihomogeneous theorem of Bézout) Let Z be any partition of the set of unknowns
x of the system f(x) = 0 and let Bz be its corresponding Bézout bound. Then the number of isolated solutions
of f(x) =0 in C" is bounded by By.

When using a linear-product start system in a homotopy, the geometric interpretation of the homotopy
is that we deform the every polynomial in the system into a product of hyperplanes. By the proper choice of
the multiprojective space, no solution is lost to infinity. The regularity of the solution paths is again proven
by the application of the main theorem of elimination theory.

For more on multihomogeneous homotopies, we refer to [7].

5 Row Expansion for Permanents

For our application, we need a more generalized definition of the permanent. The set of variables x =
(z1,22,...,2,) is partitioned into m sets. The ith set has k; variables. Below we sketch a recursive algorithm
to compute the permanent.

Algorithm 5.1 Row Expansion for Computing the Permanent

Input: A € N**™ k = (k1, ko, ..., km), k1 +ka+ -+ km =n;
1 controls level of recursion, call with ¢ = 1.
Output: per(A4,k) permanent of A with respect to k.

s:=0; k' :=k;
for j from 1 to m do
if l]zé iokilridlc?ij # 0 then
jT N )
if ¢ = n then
§ 1= S+ a5
else
s:=s+a;; x per(A, k', i+ 1);
end if;
K i= K+ 1;
end if;
end for;
return s.

The recursion level i selects one a;; and because A has n rows, the maximal depth of recursion of this
algorithm is n. The row number j corresponds to the group of variables. The algorithm tries all combinations
of choices. Although computing the permanent has an exponential complexity — for a square n-by-n matrix
all n! permutations may contribute — the algorithm above takes into account the zeroes and will make far
fewer combinations for sparse matrices.
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6 Symmetric Polynomial Systems

Many polynomial systems arising in practical applications have an obvious permutation symmetry. For such
systems, it suffices to compute only the generators of the solution set.

To describe symmetry mathematically, we commonly use groups, where each element of the group cor-
responds to a matrix. As we restrict ourselves to permutation symmetry, we use permutation matrices in
N™*"_ Formally, a matrix representation of a finite group is given by

V:G-N"":eV()=1, (13)

such that the action of an element e € G on a vector x is calculated as the matrix-vector product Vx.

Let f(x) = 0 be a polynomial system and G a finite group. The solution set f~1(0) is invariant under G
if Ve € G and Vz € f~1(0): V.z € f~1(0).

The set { Vez | e € G } is called the orbit generated by z. When the solution set is invariant under actions
of a group G, it suffices to compute one solution per orbit.

Let V and W be matrix representations of permutation groups. The system f(x) = 0 is (G,V,W)-
symmetric if there holds:

Vee G: W.f(x)=f(Vex), VxeC". (14)

We also say that f has a (G, V, W)-symmetric structure. We call symmetric systems with V' = W equivariant.

As #G may be as large as n! for the full permutation group, it suffices to verify the symmetry for the
generators of the group G.

The (G, V, W) description may seem cumbersome, but it is necessary, as systems may have G-invariant
solution sets, with different (G, V, W)-symmetric structures, as illustrated by the following example. Consider
the following polynomial systems f4 and fp:

2 —-1=0 r3-2=0
fax)=4¢ 23—-1=0 and fp(x)=¢ 23-2=0 (15)
r3-1=0 r3—-2=0.

Let S3 denote the group of all permutations of a set of 3 elements. The generators of S5 are represented by
the matrices

01 0 00 1
Vi=|1 00| and Va=|0 1 0 |. (16)
00 1 100

Both systems have an Ss-invariant solution set. Denote WlfA for WlfA fa(x) = fa(Vix) and Wlf 5 for
WIJPBFB(X) = fp(Vix), then

Wit = (17)

o = O
OO =

0
0 and W/» =
1

OO =

0
0
1

S = O

Because (Vi, Wi*) # (Wi, WlfB), the systems f4 and fg do not have the same (Ss3, V, W)-symmetric structure.

If f(x) = 0 and g(x) = 0 share the same (G, V, W)-symmetric structure, then all systems in the homotopy
h(x,t) = v(1 — t)g(x) + tf(x) = 0, for v € C and ¢ € [0,1] are also (G, V,W)-symmetric. Then, to solve
f(x) =0, we must track only one path per orbit.
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7 Neural Networks

Our application of today comes from [6], studying the asymptotic behavior of an n-dimensional Lotka-Volterra
system that models the dynamics of an adaptive cellular network.

The model consists of n interconnected cells. Each cell is characterized by a positive continuous function
X;(t) representing the activity level of cell ¢ at time ¢. The rate of change of activity level at the ith cell is
described by Lotka-Volterra equations:

AX;(t)
ot

= Xi(t) |[1—eXi(t) + ) 0 Ai;()X;(8)| . i=1,2,....n, (18)
j=1

where the connection matrix A = (J;;) is defined as

0 if i =7, orif cell j is not connected to cell i,
0ij = 1 if cell j has an excitatory connection to cell i, (19)
—1 if cell j has an inhibitory connection to cell .

The weight of the connection from cell j to cell 4 is given by the function A;;(¢). The functions A;;(t) are
defined by n? autonomous ordinary differential equations:

0A;;(t)
T]t = [Xi(t) X;(t) — Ai; ()] /T, (20)
for some positive parameter T
An interior critical point of the system (18) is any positive vector x = (x1, z2,. .., x,) satisfying
1—cxi+ Y dyma =0, i=1,2,....n (21)
j=1

To find all asymptotically stable critical points of the system, it is important to solve the polynomial sys-
tem (21).

For certain specific choices of the connection matrix A, the solutions to (21) can all be found analytically,
but for an arbitrary connection matrix, there is no known method for finding the solutions in closed form.
The paper [6] contains theorems on the number of interior critical points, depending on values for A and
choices for the parameter c.

For n =3 and d;; =0, §;; = 1, for i # j, we obtain the following system:

1—cry+ 723 + 1122 =0
1 — cxg + 223 + 223 =0 (22)

1—cx3 +J)3$% +x3m§ =0

We see that the solution set does not change under all permutations of the three variables. The symmetry
group of 6 permutations is generated by two elements represented by the matrices V4 and Vs in (16).

As this application generates polynomial systems for any n, typically, the number of solutions will increase
exponentially in n. Exploitation of symmetry will reduce the complexity of this problem.
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8 Linear-Product Start Systems

We encountered linear-product start systems in homotopies which respect the multihomogeneous structure
of a polynomial system. Recall that such start systems are based on a partition of the set of unknowns. To
exploit the symmetry, it is often necessary to take different partitions for different equations. To increase the
flexibility even more, we work with set structures.

A set structure is a sequence of arrays of subsets of the set of unknowns. We say that an array of subsets
S supports the polynomial p € C[x] if for each monomial x* which occurs in p with a nonzero coefficient
there at least aj subsets in S that contain zy, for k =1,2,... n.

For example, consider the following polynomial system:

{ wfeytaf+m+1=0 < {{z1}, {w1, 22}, {22}} )

fx) = (23)

w3z + 2t + 22 +1=0 {{z2}, {x2, 21}, {21}}

is a supporting set structure for f. Note how x%xg = z1r179 is distributed among the sets. This observation
leads to an algorithm to construct supporting set structures for polynomials, distributing the variables in
each monomial among the sets. For symmetric polynomial systems, it may suffice to create a supporting set
structure for one polynomial, and then apply the group actions to generate the whole set structure. The
resulting set structure will then share the same symmetry as the given polynomial system.

A set structure defines the structure of a linear-product start system. Every set leads to a linear equation,
only those variables in the set appear with nonzero coefficient in the linear equation. For example:

< Hzih, {w1, w2}, {22} } ) s g(x)= { (c1121 + c12)(c13x1 + craza + c15)(c1622 + c17) =0 (24)

{{z2}, {x2, 21}, {21}} (c212 + c22)(C23%2 + Co41 + Co5)(c2601 + c27) = 0

The coefficients c;; € C are chosen at random.

Solving the system g(x) = 0 can be formalized in the calculation of a Bézout number Bg, based directly
on the supporting set structure .S:
Bs = +

+ + 1

1 1 1
{z1 Ha2} {1 Hzo, 21} {@1, 2o {22} {z1, 22 H{w2, 21}
+ 1 + 1 + 1
{z1, 22 {21} {z2H{z2, 21} {z2}{z1}

The sets underneath the formula (25) indicate the sets associated with the linear systems in g(x) = 0 that
lead to a solution for all random choices of the coefficients. Compared to the total degree, the gain of using
Bg = 7 looks insignificant, except that we may exploit the symmetry more easily. Consider the following
choice of the coefficients of g(x) = 0:

(25)
= 7.

g(x) = { (c11 + c2)(eswy + cama + ¢5)(ce2 + c7) (26)

=0
(c12 + c2)(eswa + camy + ¢5)(cex1 + ¢7) = 0.

Setting x5 = x1 collapses the system into one single cubic equation. Computing these fixed points may be
done directly on f(z1,21) = 0, so we avoid tracking three paths. Observe the other symmetries:

1T + C2 o C3T1 + C4T2 + C5 CeTo + C7 o C3T1 + €42 + C5 (27)
C3T2 + C4T1 + C5 C1T2 + C2 C3T2 + C4T1 + C5 CceT1 + C7

which reduces the remaining four paths to two.
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9 Solving Linear-Product Systems

Formally, we could still define the number of solutions of a linear-product system via a generalized permanent,
but the formal evaluation tends to have a combinatorial complexity. Instead we calculate the generalized
Bézout bound via the solution of a generic linear-product system, as is done in [11].

Algorithm 9.1 Solving a linear-product system
Input: S = (S1,52,...,5), n sets of subsets of x, S; = (Si1, Sia, ..., Si4,), S supports g;

d;
9= (9192, > 9n), 9i = [ [ Pis(%), hij = cijo+ D cijun, cijo, cije € C\ {0}
j=1

T, €S54
Output: g~1(0), the solutions of g(x) = 0.

Let Solve(g, 4, A, b) be a recursive function
where ¢ controls the depth of the recursion (initial call: i = 1),
and work space A € C™*", b € C™¥1,
Definition of Solve:
if ¢ > n then
971(0) ;=g 1 (0) U A~ 'b;
else
forj from 1 to d; do
update A and b with the coefficients of h;j;
if Rank(A) =4 then
g 1(0) := g~ 1(0)U Solve(g,i + 1, A, b);
end if;
end for;
end if;
return g—1(0).

The coefficient matrix A is stored in upper triangulated form so the cost of the rank computations is
shared between various solutions.

10 A Generalized Bézout Theorem

The regularity of a homotopy which uses a linear-product start system provides a constructive proof (see
e.g. [10] or [7]) for the following theorem:

Theorem 10.1 Let S be a supporting set structure for the system f(x) = 0. Let Bs be the number of
solutions of a linear-product system g(x) = 0 supported by S. Then the number of solutions in C"™ of
f(x) =0 is bounded by Bg.

One can prove this theorem again with a homotopy, showing that by a generic choice of the coefficients
of g, all solution paths will be regular and isolated. The multiprojective space to compactify C" is more
complicated to describe.

In the light of this theorem, we may interpret the homotopy h(x,t) = (1 — t)g(x) + tf(x) = 0, with
t € [0,1] as a symbolic deformation of the system f. As we let t go from 1 to 0, the polynomials in the system
deform into products of hyperplanes.
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11 The Cost of Polynomial Evaluations

Below is computation with Maple 12:

[> p := product(c[i,0] + sum(c[i,jl*x[j],j=1..7),i=1..3):
[> codegen[cost] (p);
23 multiplications + 21 additions + 45 subscripts
[> q := expand(p):
[> codegen[cost]l(q);
511 additions + 2368 multiplications + 2719 subscripts
[> h := convert(q,horner, [seq(x[i],i=1..7)]):
[> codegenl[cost] (h);
511 additions + 1143 multiplications + 1655 subscripts
[> dp1l := diff(p,x[1]):
[> codegen[cost] (dpl);
44 additions + 48 multiplications + 93 subscripts
[> dql := diff(q,x[1]):
[> codegen[cost] (dp2) ;
168 additions + 653 multiplications + 781 subscripts

Above we defined a cubic polynomial as a product of three linear factors in seven variables. The evalu-
ation cost of this product is directly proportional to the degree times the dimension. After expanding this
polynomial, we obtain 512 terms. In addition to this more than tenfold increase in the space complexity,
evaluating this polynomial costs more than one hundred times more. Although the conversion to a nested
Horner scheme cuts this high cost almost in half, it still remains more than fifty times higher than the original
cost. This effect is amplified if we expand also the derivatives in the calculation of the Jacobian as needed
for Newton’s method.

Three factors influence the cost of tracking solutions paths: (1) the number of corrector steps; (2) the
cost of solving a linear system; and (3) the cost of evaluating the polynomials. Even already with a modest
number of variables, the cost to evaluate polynomials could be the dominating factor.

Linear-product polynomials are more general cases of monomial products. The expression swell arising

from the symbolic execution of the product rule for derivatives motivated the reverse mode of algorithmic
differentiation [2].
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12

10.

Exercises

. Embed the system (1) in ordinary projective space and compute the two solutions at infinity.

For the 2-homogeneous 2-dimensional eigenvalue problem (2) there are no solutions at infinity. Show
that the same holds for a 2-homogeneous 3-dimensional eigenvalue problem. Can you generalize the
arguments to an n-dimensional eigenvalue problem?

The generalized eigenvalue problem considers SAx = aBx, for matrices A, B and corresponding pairs
(a, B) of generalized eigenvalues. Given two matrices A and B, we look for all pairs («, ) for which a
nonzero X satisfies Ax = aBx. Compute a multihomogeneous Bézout bound for this problem. Is this
bound sharp?

. Write a MATLAB (or Octave) function to compute the permanent of a matrix. You may also of course

use Maple or Sage. The input to this function consists of an n-by-m matrix (with m < n) and a vector
k of m positive integers k = (k1, ko, ..., k), with k1 + ko + -+ + k;, = n. The number k; is the
cardinality of the ith set of variables.

Use a computer algebra system to generate a polynomial system to compute all Nash equilibria for
three players with each two strategies. Use the following data for the payoff matrices:

111 112 121 122 211 212 221 222
A= 0 6 11 1 6 4 6 8
B= 12 7 6 8 1 12 8 1
c= 11 11 3 3 0 14 2 7

(28)

Compute the 3-homogeneous Bézout bound and solve the system, using phc, available for download at
http://www.math.uic.edu/~jan/download.html.

Describe the symmetric structure of the system (22) in detail, listing the matrices V' and W for the
generators of the group.

For the system (23), compute a 2-homogeneous Bézout number Bz, for the partition Z = {{z1}, {z2}}.

Compute a supporting set structure for the system (22) and a corresponding linear-product start system.
Count the number of solutions and compare this number to the total degree of the system.

For the system (22), create a linear-product start system g(x) = 0 that respects the same permutation
symmetry as in (22). Solve g(x) = 0 to compute the number of solution orbits. Taking into account
the fixed points, how many solution paths need to be tracked when a symmetric homotopy is used?

Describe how to modify Algorithm 9.1 for symmetric linear-product systems. When a representation
of a symmetry group is given on input, the algorithm computes only the generators of the solution set.
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