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Computing Primary Decompositions

We follow [3] to outline an algorithm to compute the dimension of an ideal and sketch an algorithm for
the radical ideal, taken from [4]. In this lecture we wrap up our discussion on primary decompositions.

1 Dimension of an Ideal

Let I be an ideal in K[x] and consider the variables x as a set. For u C x we say that u independent mod I
if I NKJu] = {0}, if I contains no nonzero polynomials with variables only in u. Then the dimension of the
ideal I is

dim(]) = max{ #u | u C x, u is independent mod I }. (1)

Geometrically, dim(7) is the largest dimension of the associated primes of I. Algebraically, dim([) is the
degree of the Hilbert polynomial of I.

To see whether dim () = 0, given a Grobner basis G for any term order > we see if for all z; € x there is a
g € G such that LTx (g) = 2% for some d > 0. For dim(I) > 0, we consider a pure lexicographical order >jex
and compute dim(I) as the size of S, the left basic set of I with respect to >jex.

The left basic set S is defined recursively as S = S, with Sy = () and
Sk U{xzr} if Sk U{xy} is strongly independent mod I with respect to >iey,

Sk+1 - . (2)
Sk otherwise.

To define the notion of strong independence, we need to refine the definition of independence. For disjoint
subsets u and v of x, consider

Klu/v]={ f € KluUv]| f #0 and LT(f) € K[u] }. (3)

If Klu/v]NI =0, then u is independent mod I with respect to v. If v = (), then the clause “with respect
to” drops to coincide with the earlier notion of independence. We say that u is strongly independent mod I
if u is independent mod I with respect to x \ u (so v is the complement of u in x).

Strong independence implies independence, but not otherwise as the following example shows. Let I =
(x9 — x1) be an ideal in K[zy,x2], 2 > x1, u = {a2}, then u is independent mod I but not strongly
independent.

Algorithm 1.1 (Left Basic Set)
Input: Grébner basis G, for I in K[x], 1 € G.
Output: S is the left basic set of I.

S =0; u:=x;
repeat
take y € u;
u:=u\{y};
t:=SU{y};
if {t2 | ae N#* } NLT-,  (G) =0 then
S :=t;
end if;
until u = (.

A maximal independent set is used to define a flattener.
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2 Computing the Radical of an Ideal

We assume that the coefficient field K is perfect. A field K is perfect if every irreducible polynomial does not
have multiple zeroes in the algebraic closure of K. Below we rephase [1, Theorem 7.36]:

Theorem 2.1 K is perfect is equivalent to: a nonconstant f € K[x] is square free < ged(f, f') = 1.

The lemma below is given in [1, Lemma 8.13].

Lemma 2.1 (Seidenberg’s Lemma) Let I be a zero dimensional ideal in K[x] and I NK[z;] = (f;), for

i=1,2,...,n. Let g; =/ fi = , the square free part of f;. Then

ged(fi, f])
VI=(I,g1,92,,9n). (4)

The Lemma gives an algorithm to compute the radical of a zero dimensional ideal, used in the algorithm
below, adapted from [4]. The contraction of an ideal J to K[x] is defined as J N K[x].

Algorithm 2.1 (Radical)
Input: I ideal in K[x].

Output: V1.
P = (1);
repeat
find g € P\ VI;
if no such g exists then
leave loop;
else
J:=1:g;
u:= maximal independent set mod J;

contract VJK(u)[x \ u] to K[x];
gf: PN (y/JK(u)[x\ u] NK[x]);
end repez;t;

VI:=P.

We say that a zero dimensional ideal I is in general position if for a lexicographical ordering on the
variables, the reduced Grobner basis brings the ideal in shape lemma representation:

I={(x1— fi(zn), 22 — fo(zn), . s Xn-1 — fa—1(@n), fu(zn)), fi€Klzn],i=1,2,...,n. (5)

To compute the primary decomposition for a zero dimensional ideal it suffices to factor the last polynomial
in K[x], as formalized in the next theorem.

Theorem 2.2 [2, Theorem 20] Let I C K[z1,x2,...,2,] be a zero dimensional ideal in general position.
Assume G is a minimal Grébner basis with respect to the lexicographical term ordering induced by x1 > xo >

v >y and f=1INK[zy,). If f = 52 fPe is the factorization of f into irreducible factors, then the
minimal primary decomposition of I is

S
I= (I, £, (6)
k=1
Via random coordinate transformations, we can always put an ideal into generic position. However, as

the authors of [2] caution, the introduction of random coefficients should be avoided because they increase
the complexity of the computations.
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3 Projections

A term order on K[u, t] eliminates u, if in(f) € K[t] implies f € K[t]. For a radical ideal, the algebraic
elimination corresponds to the geometric projection of the zero set V(I) with coordinates in (u,t) onto the
t-space.

Birational projections provide a tool to decide whether an ideal is prime. Suppose I contains an element
f which is linear in x1, so we may write f as f(z1,22,...,2n) = g(x2,...,xn)x1 + h(x2, ..., 2,). I gis a
nonzero divisor on I, then for a point p = (p1,p2) € V(I), we have py = —h(p2)/g(p2). So for any solution
in all n coordinates, there is unique corresponding point in n — 1 coordinates, and so we may decompose the
ideal first in n — 1 variables, lifting afterwards this decomposition to n variables.

Proposition 3.1 Let I be an ideal in K[x]. Suppose f = gx1 + h where x1 is not involved in g and h.
Moreover, g is a nonzero divisor modulo I. Denote the elimination ideal by I = I NK[za,...,z,]. Then

1. I = (<Il,g.131 —|—h> goo)
2. 1 is prime < I is prime
3. 1 is primary < 1y is primary

4. Any irredundant primary decomposition of I lifts to an irredundant primary decomposition of I.

Although I; has one fewer variable, it may be more complicated than I. The proof of Proposition 3.1 is
left in [5] as an exercise.

4 Putting it all together

The useful subroutines (according to [5]) to compute a primary decomposition are

saturation(/, f) returns k and (I : f*) = (I : f*°);
independentSet (/) returns a maximal independent set of I, see [2];
flattener(/,t) with t = independentSet () returns the pair h,ing(7);

equidimensionalPD(/,t, h) with h = flattener (I, t) returns the list of pairs (P, @), where @ is P-primary.

A first naive description to compute a primary decomposition is in Algorithm 4.1.

Algorithm 4.1 PDsplit

Input: an ideal I.

Output: list of primary ideals Q;: I = ﬂ Q;.
i=1
f := SplittingPolynomial(7);
if f =10 then
return [;
else
(d, I) := saturation([, f);
I =1 + (f);
return PDsplit(7;) U PDsplit(12);
end if.
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The discussion in [5] continues with methods to fight redundancy, such as given by the lemma below.
Lemma 4.1 If (I : f*) =1 and (I : g°°) = (I : g%), then
I=(1:g=)N (I +{g")): [). (7)

5 Singular and Macaulay 2

Consider a general 3-by-3 matrix. The ideal of all adjacent 2-by-2 minors has four associated primes, one of
which is embedded.

We copy the Singular instructions from [6]:

> ring R = 0,(x11,x12,x13,x21,x22,x23,x31,x32,x33) ,dp;

ideal A233 = x11%x22 - x12*x21, x12*x23 - x13*x22,
x21*%x32 - x22*x31, x22*x33 - x23*x32;

LIB "primdec.lib";

primdecGTZ (A233);

vV V - V

The equivalent Macaulay 2 commands are

il : R = QQ[x11,x12,x13,x21,x22,%x23,x31,x32,x33]

i2 : I = ideal(x11*x22 - x12*x21, x12*x23 - x13*x22,
x21%x32 - x22*x31, x22*x33 - x23*x32)

i3 : primaryDecomposition I

6 Exercises

1. The paper [2] contains many benchmark examples. Choose at least three examples at random and
compare the performance of Macaulay 2 with Singular on those examples.
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