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formal power series

Consider a domain D (e.g.: Z) and polynomials p(x) € D[x].

Polynomials are finite sums, formal power series are infinite
sums, denote the set of formal power series as D[[x]].

Lemma 1

The series ag + a;x + ax? + - - - has an inverse in D[[X]]
& ag has an inverse in D.

In a field, every formal power series has a normal form:
Theorem 1

Let K be any field. Every element in K[[x]] is of the form

x Mag +ax +ax?>+---), h>0.
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proof of Lemma 1

Proof. We compute the inverse of ag + ajx + asx? + - - -
denoting it as by + byx + box?2 + - .
The coefficients of the inverse must satisfy

(ap 4 ayx 4+ apx? + ---)(bg + byx + byx? +---) = 1.

Expanding the product above, we solve linear equations in
the coefficients of the inverse:

abp =1 = by =a,", because a;* exists
aghy +ajbg=0 = b; = —alboagl
aphy, +ajbs +abp =0 = by = —(asb; + azbo)agl, etc.
The computation shows =-. For <« to hold, we take
bo + bix + byx2 + - - - as the inverse of

ag + a;x + apx? + - - - and the product of the two leads to
aghg = 1, so by is the inverse of ag. O
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normal forms

Theorem 1
Let K be any field. Every element in K[[x]] is of the form

x Mag +ax +ax?>+---), h>0.

b0+b1X—|—b2X2+"'

Co+ CiX + CoX2+ -+

Let ¢y, be the smallest nonzero coefficient. As K is a field,
ch‘1 exists and by Lemma 1 ¢y, + Cpy1X + CpyoX? + - -+ has
an inverse dg + dix + dyox? + - - -, so we simplify f as

Proof. Any f € K[[x]]: f =

(bo—l—blx—|—b2X2—|—"')(d0—|—d1X—|—d2X2+"')
xM(ch + Chy1X + ChypaX2 + -+ )(do + dgx + dox2 + - -+)
ao -+ arX + apx? + - -

xh '
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order of a series

Theorem 1 justifies the definition of the order of a series.

Definition 1
For f € K[[x]], f(x) = x*(ag + O(x)) or
f(x) = apxk(1 + O(x)), k isthe order of f, denoted by O(f).

For f,g € K[[x]], we have O(fg) = O(f) + O(g) and
O(f + g) > min(O(f), O(9))-
For convenience, we take O(0) = co.

Another application of the Lemma 1 concerns factorization:

f,g € K[[x]] : fl]g < O(f) < O(g).
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Definition 2

f,g € K[[x]] are congruent modulo x™, denoted by

f =g(mod x™), if f — g isdivisible by x™, or equivalently
O(f — g) > m, or thefirst m coefficients of f and g are equal.

Theorem 2

@ The congruence modulo x™ is an equivalence relation.

@ If f; = fy(mod x™) and g; = g2(mod x™), then
fi £ 91 =f, £ g2(mod x™) and f;9; = fog2(mod x™).

® If f = g(mod x™) for arbitrarily large m, then f = g.

@ If f; and f, are polynomials, if O(g;) > 0, O(g2) > O,
and if f; = fy(mod x™), g1 = g2(mod x™), then
f1(91) = f2(g2)(mod x™).

O Iffy,fo, ... € K[[X]]: fmns1 = fm(mod x™), m=1,2,...,
then there exists a unique f € K[[x]]: f,m = f(mod x™),
m=12...
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substitution in polynomials

O Note that O(g;) > 0,0(g2) > 0 = g1(0) = 0 = g»(0).

If f1, 2, g1 and g, all agree for the first m coefficients,
then we have to prove that the results of substituting g1
into f; and g, into f, agree for the first m coefficients.
Since f; = f,(mod x™), we can write f; = f; + x™f3,
where f3 makes up for all the different coefficients.

By #2, adding and multiplying congruent series
produces congruent series, applied to f;(g;) leads to
f1(91) = f2(92) + 93'f3(92)(mod x™).

Then we compute the order

0(g2'f3(92)) = (92) +0(f3(92)) >
21 N

Thus f1(g1) = f2(g2)(mod x™).
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term after term substitution

0O f,, f,, f3, f4, ... have increasing similarities:
fo = fi(mod x), f3 = f2(mod x2), f4 = f3(mod x3), ...
Denote the coefficient with x! in f; as a;;, then:

fi = ayo+anX +apx?+ax®+ -
fo = ayo+anX +agpx? +agx3+ .-
f3 = aio+apX +agx® +agx® + -
fg = ago+anX +agpx?+ax®+- -

Selecting along the diagonal leads to

f = ago + axX + agX? + aggX> + - + ampamX™ + -

so we know f exists, we still have to prove f is unique.
Suppose g € K[[x]]: fm = g(mod x™). As =is an
equivalence relation: f = g(mod x™). Since m can be
arbitrarily large, we apply #3 to arrive at f = g.

9

O
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Theorem 3

@ For fixed g, f — f(g) is a homomorphism of K [[x]] into
itself.

@ 1ff(g) # 0, O(f(9)) = O(f)O(9).
® IfO(g) > 0, O(h) > 0: substituting h in f(g) is the same
as substituting g(h) in f.

Proof. #1 and #2 follow from the definition of substitution.

To prove #3, letk = f(g) and ¢ = g(h), let fm, gm, hm by
polynomials congruent modulo x™ to the corresponding
series f, g, and h; note that ky, = fn(gm) and 4 = gm(hm)
are polynomials.



MCS 563 L-15

16 Feb 2011

rormal forms

substitution

proof continued

As we want to substitute h in f(g), consider km(hm) and as
we want to substitute g(h) in f, consider f,(¢m).

All of these are polynomials, so km(hm) = fm(ém)-

We have: kp = k(mod x™), hy, = h(mod x™),
fm = f(mod x™), ¢y = ¢(mod x™), and also:
Km(hm) = k(h)(mod x™), fm(¢m) = f(¢)(mod x™).

Then by equivalence it follows: k(h) = f(¢)(mod x™) for
arbitrary m, so finally: k(h) = f(¢).
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substition with O(g) =1

Theorem 4
If O(g91) = 1 and f, =f1(g91), then

@ O(fz) = O(fa).
® Thereis ag,, O(g2) = 1, such that f; = f5(g2), for
every f; € K[[x]].
Proof. To show #1, apply #2 of Theorem 3.

Letgy = biXx +box?+---, by #0and gy = C1X 4+ Cox2 + -
with coefficients to be determined so that g;(g2) = X, then
f2 = f1(91), apply #3 of Theorem 3: f>(g2) = f1(91(92)) = f1.

Now the proof is reduced to finding the coefficients c; of g,.
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The condition g;(g2) = x leads to a recurrence on ¢;:

91(92) = b1g2 + 0295 +bsg3 + -
= b]_(C]_X +C2X2+C3X3~~~)
+ by(cix + C2X2 + CgX3 e )2
—— + bz(c1x +C2X2+C3X3---)3
= bycix + (biCy + boc?)x?
+ (b1c3 + 2bycico + bacd)x® + -
+ (bycn + Pn(b2, ... ,bn,C1y oy Crg) )X 4+

where Py, is a polynomial, and for the coefficient with x" to
be zero: ¢y = —b; *Pn(ba, ..., bn,C1, ..., Cn_1).
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Parametrizations

Definition 3

Let F(x) = O be the equation of an algebraic curve C in the
projective plane. Then Xy, X1, X, € K|[[t]] are the coordinates of
a parametrization of C if

@ F([xo:X1:%x2]) =0;and
@ thereisnoe € K[[t]] suchthat ex; € K, fori =1,2,3.

Definition 4

For any parametrization x;, Xo, X3 of C, leth = —min(O(x;))
and if y; = thx; € K[[t]] isthe same parametrization, then

yi(0) = a; existsand at least one g # 0. The point [ag : ;1 : ay]
isthe center of the parametrization.
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equivalence classes

Definition 5

Let Xg, X1, Xo be aparameterization and s € K[[t]], s # 0, and
O(s) > 0, theny; = x;(t) is aparametrization with the same
center. If O(s) = 1,then [Xp : X1 : Xp] and [yp : y1 : Yo] are
equivalent.

We call the class of all equivalent parametrizations the
place of a curve.

Definition 6
If x € K[[t"]] for somer > 1, thenx is reducible aswe can

simplify x by replacing t" by s.
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criterion on reducibility

Theorem 5

The parametrization (x,y) € K[[t]], withx =t", n > 0, and
y=ait" +at™ 4+, 0<ni<ny<---,a #0is
reducible < gcd(n,nq,ny,...) > 1.

Proof. < If gcd(n,ny,ng,...) =r > 1, then replace t" by s.

= If reducible, there is an s € K[[t]], with O(s) = 1 such
that x(s),y(s) € K{[[t"]], with r > 1.

Suppose s/t ¢ K[[t']], then s is of the form
s =t(bg + byt" + .- + bt +...)

and we will derive a contradiction . ..
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deriving a contradiction

Lets = t(bg + byt" + ... + byt 4. ..), where boby # 0
and furthermore: r f hy, assuming what we want to prove
were not true.

X(S) — Sn — tn(b0+b1thl+"'+bkthk—|—"')n
t"(bg + bytMt 4 .. )"

Since x(s) is reducible, x(s) € K[[t"]], so r|n and because
x(s) starts with t"bg:

X(s) — t"(bg + byt™ + - )" = nt"Mkpy b0t 4. ..

As the left of the equation above belongs to K[[t']], also the
right hand side belongs to K[[t"]] and therefore r|n + hy
which contradicts r f hy. Hence s =tz, z € K[[t"]].
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proof continued

Let us now look at y. Suppose at least one of the n1, n, ...
is not divisible by r and let ng be the first k such that r } n.

Consider y(s), substituting t in y by tz:
y(s) — (art™z™ + apt"2z" 4 ...)

= anktnk(b0_|_blthl_|_...)”k 4o
= ankbgktnk + -
As the left of the equation above belongs to K[[t']],

the right cannot belong to K[[t"]]
unless the assumption r f ny is wrong.
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normal form

Theorem 6
In a suitable coordinate system, any given parametrization
is equivalent to one of the type

x =t", 0O<n
y=ait" +a)M™+..., 0<ni<ny<---.
Proof. Choose the center as the origin of the coordinate

system, then

x; = t"(bo+bgt+---),n >0, y; =t"(co+Cit+---),ny > 0.
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proof continued

We may assume by # 0, otherwise we relable, increasing n.

Lets = t(d; + dat 4 ---), d1 # 0 and consider x = x1(s),
y =Yi(s), replacing t by s in x:

x = t"(dy+dot +---)"(bg +by(dit +---)+---)
= t"(df'bo + n(ddabg + d by )t + -
+ n(d]r_]_ldibo + Pi(bl,. . ,bi7d17. .. 7di—1))ti + - )

We compute dq, dy, ..., so that x =t":
df = byt dz = —(nd*bo)~*d by,

di = —(nd] " 'bo) tPi,i =3,4,....

Then we have x =t" and (x,y) is of the required type.  [J
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fractional power series

Instead of writing the parametrizations as (t",y(t)),
we write (t,y), wherey € K[[x¥/"]].

Symbolically, we manipulate x/" along the following rules:
x1/1 — X, xm/n — (Xl/n)m, (Xl/(kn))k — Xl/n, ykm/(kn) — ym/n

Since (xX/(kM)k = x1/7 ‘we have K [[x1/"]] c K[[x*/&M)]].

Definition 7
K] = U K [[x*/"]] isthe set of fractional power series.
n=1

Forx € K[[x*")]andy € K[[x*/™]], then x,y € K[[x/(MN]]
and so are their sum, product, and quotient.
Thus, K[[x]]* is a field.
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the theorem of Puiseux

Theorem 7 (Puiseux)

If K is algebraically closed,
then K[[x]]* is algebraically closed.

Corollary

Forany f € K[[x]]*[y], thereis a z € K[[x]]*: f(z) =0,
or more explicitly:

fly) = Y ay', aeK[X]
=0

= ap H(y —-z), f(z)=0.

i=1

Constructive proof gives the Newton-Puiseux method.
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the form of a root

What does a root of f € K[[x]]*[y] look like?
z = 0 is trivial, we assume ag # 0.

A general solution has the form
y = CoixXT 4 Cpx ™2 4 eax 1B 6 #£ 0,7, = O(y),

and vy, > 0,73 > 0,.... Abbreviating y to: ¢ = c1, v = 71:
y =x7(c +y1), ya € K[[x]]* and substituting in f leads to

fly) = ag+ax?(C+y1)+ax?(c+y1)’+---
+ anx™(c 4+ y;)"
= ap+a;ex” +a,c®x? 4+ .- 4+ anc"x" + g(y1).

Asy; = CXx), O(y1) =72 > 0= 0(g) > 72 and g collects
terms of order higher than some of the ajc'x'”.
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necessary conditions

Necessary conditions for f(y) = 0 are then:

@ At least two of a;c'x'” have the same order, say j and k,
and that order is less than any other:

O(ac'x)”) = O(akcxk") < O(aic'x™), i #j,i #k
O(ay) +iv = Of(ak)+ky < O(aj)+iry.
® The coefficients of lowest order must cancel:
> acl = 0.

4
O(ar) + v = O() +]v

To visualize the conditions on ~,
we use the Newton polygon.
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12y + ayxy? + agx ty3

1/2y6 | 2,x10/3y7 4 agx

() = agx® +aix
y5 + agX

substitution

+ agx /2 %

O(a)

the theorem of

Puiseux
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slope conditions

For points Pj(i,O(a;)), the order ~ of the solution defines a
slope (v, 1). With (v, 1) we can rank the points via the inner
product: ((i,O(ai)), (v, 1)) = iv + O(a).

This slope condition gives a geometric interpretation to the
first necessary condition on the orders of the coefficients a;.

In particular, the condition on ~ is

O(ay) +jy=0(a) + kv = 7:%_?(6“‘).
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We have three slopes:

rormal forms

substitution

O(ap) — O(a 5-1
PoPoP3 7= (OQ_O(Z)Z S =2

agc® +ayc?+azc® =0

O(as) - O(as) _ ~1-(-1/2)

T 3 = 1/4
the Newton polygon a3C3 + a5c5 _ O
O(as) — O(a -1/2-1/2
PsPgPs @ v = ( 5) ( 6) _ / / — 1,

6-5 1
asc® + agc® + cgc® = 0.

There are 3 + 2 + 3 = 8 nonzero roots of the polynomials.
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Three issues still need careful consideration:
@ There are deg(f) values for c.

We look at consecutive points on the lower hull of the

Newton polygon. The conditions on the coefficients of
lowest order are polynomials with exponents as points
e on the slopes of the Newton polygon.

the Newton polygon

® Computation of other terms in the expansion.

Consider y = x"(cq + €2x2).
Eithery = ¢1x"2 and we are done,
or we substitute and look for positive slopes, as v, > 0.

® The powers ~’s have bounded denominators.
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the Newton polygon

Summary + Exercises

The theorem of Puiseux is a generalization of the
fundamental theorem of algebra. The constructive proof
with the Newton polygon leads to the Newton-Puiseux
method to develop power series solutions.

Exercises:

@ Similar to deriving polynomials, we can take derivatives
of power series. Show that the product rule for the
derivation of power series holds.

® Maple offers the procedure al gcur ves[ pui seux] to
determine the Puiseux expansion of an algebraic
function. Apply this procedure to the example used to
illustrate the Newton polygon.
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© Take one root of the f(y) = 0 in the example used to
illustrate the Newton polygon and compute the second
term in its series expansion. Draw the Newton polygon
of f(y1) after substitution of y = x7(c; + c,y,?) and
it verify there is a positive choice for ;. Is this choice
the Newton polygon uni qu e?
@ Continue the previous exercise by computing more

terms of the series expansion. Verify that the
denominators of the ~’s are bounded.




