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sum of squares

Consider a real polynomial p ∈ R[x ].

If p can be written as a sum of squares, i.e.:

• if there exist r polynomials qi ∈ R[x ], i = 1, 2, . . . , r ,

• such that p = q2
1 + q2

2 + · · · + q2
r ,

then p(x) ≥ 0, for all x ∈ R.

Moreover, for any ε > 0, p + ε > 0
is positive and has no real roots.

Not every nonnegative polynomial is a sum of squares.
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positive semidefinite matrices

We make the connection between
sum of squares and positive semidefinite matrices.

The matrix A is positive semidefinite
if for all vectors x: xT Ax ≥ 0.

A symmetric positive semidefinite matrix A
can be decomposed as A = RT R,
where R is an upper triangular matrix.

This is known as the Cholesky decomposition of A.
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representing polynomials

We use matrices to represent polynomials.

Take as p for example a fourth degree polynomial,
which we may represent as

p(x) = [x2 x 1]


 a11 a12 a13

a12 a22 a23

a13 a23 a33





 x2

x
1


 = xT Ax.

If A is positive semidefinite,
then its Cholesky decomposition A = RT R gives

p(x) = xT Ax = xT RT Rx = (Rx)T (Rx) = y2
1 + y2

2 + y3
3 ,

with y = Rx.
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semidefinite programming

The positive definite cone (or PSD cone)
of all real symmetric positive semidefinite n-by-n matrices is

PSD(Rn) = { A ∈ R
n×n | AT = A and ∀x : xT Ax ≥ 0 }.

That PSD(Rn) is a cone follows from xT Ax ≥ 0.

Semidefinite programming (or SDP for short) concerns

SDP decision: given r linear functions �1, �2, . . . , �r ,
does there exists an A ∈ PSD(Rn) such that
�i(A) = 0, for i = 1, 2, . . . , r?

SDP optimization: for r + 1 linear functions �0, �1, . . . , �r ,
minimize �0(A) subject to A ∈ PSD(Rn) and
�i(A) = 0, for i = 1, 2, . . . , r .

Interior-point methods provide efficient algorithms.
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an example

For the polynomial p(x) = x 4 − x2 − 2x + 2, we consider

xT Ax = a11x4 + 2a12x3 + (2a13 + a22)x
2 + a23x + a33.

Now we want to find those A ∈ PSD(Rn) satisfying the
linear equations a11 = 1, a12 = 0, 2a13 + a22 = −1,
a23 = −1, and a33 = 2.

This SDP decision problem has a unique solution
so that p can be written as a sum of squares.
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lifting

Consider for example the set defined by 1 ≤ x 2 + y2 ≤ 2.
This is clearly not a convex set.

Can we use convex optimization to compute with this set?

� : R
2 → R

3 : (x , y) �→ (x , y , x2 + y2)

The idea is to view the set defined by 1 ≤ x 2 + y2 ≤ 2
as the projection of the convex set

{ (x , y , z) ∈ R
3 | x2 + y2 ≤ z, 1 ≤ z ≤ 4 }.

This lifting is a useful relaxation technique.
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control of nonlinear systems

Consider a nonlinear system

∂x(t)
∂t

= f (x(t)),

where f (x) is a real polynomial system in x.

To prove asymptotic stability of x = 0
as a fixed point of this nonlinear system,
we must find a Lyapunov function V (x) satisfying

for all x �= 0 : V (x) > 0 and
∂V (x(t))

∂t
=

(
∂V
∂x

)T

f (x) < 0,

for all nonzero x in a neighborhood of the origin.
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certificate for positiviy

Expressing V (x) as a sum of squares gives an explicit way
of showing its positivity.

To automate the search for a Lyapunov function,
parameters λ are introduced, so V = V (x,λ).

For z a monomial vector, we then represent V as a
quadratic form in z: V (x,λ) = zT Q(λ)z.

The parameters λ are then determined
so that Q(λ) is positive semidefinite.



MCS 563 L-30

4 Apr 2011

Nonnegative
Polynomials
positive semidefinite
matrices

Applications
control of nonlinear
systems and global
optimization

Sum of
Squares and
Radical Ideals
real radicals and a
real Nullstellensatz

Moment
Matrices
counting the number
of real solutions

global optimization

Via semidefinite programming we may find the global
minimum of a polynomial function f on R

n.

Without semidefinite programming, we could compute all
critical points of the system defined by all partial derivatives

∂f
∂xi

(x) = 0, for i = 1, 2, . . . , n.

The number of solutions of this system
grows exponentially in n.

Solving this system of partial derivatives is feasible
only for a very modest number of variables and for low
degree polynomials.
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a relaxation

Instead, we consider a relaxation of the problem:

SOS Relaxation: Find the largest λ ∈ R such that
f (x1, x2, . . . , xn) − λ is a sum of squares.

The dimension of the vector space N for which we consider
PSD(RN) is proportional to the number of monomials in f ,

i.e. it grows like
(

n + d
d

)
, where d = deg(f ).

Although also this dimension grows exponentially,
the growth is more moderate compared to the system of
partial derivatives.
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radical

The definition of radical of an ideal I is
√

I = { f ∈ R[x] | f k ∈ I for some integer k ≥ 1 }.

Hilbert’s Nullstellensatz states
√

I = I(V ) for a variety V .

In words:
the radical of an ideal is the vanishing ideal of the solutions.

Lemma 1 gives a criterion for an ideal to be radical, limiting
the powers to squares, justifying the

√
I notation.
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criterion on radical

Lemma 1
Let I be an ideal in R[x]. I is radical if and only if

for all f ∈ R[x] : f 2 ∈ I ⇒ f ∈ I. (1)

Proof. First, consider the ⇒ in the if and only if, assuming I
is radical. If I is radical, then for all integer k ≥ 1: f k ∈ I
implies f ∈ I. Take k = 2 and (1) follows.

Second, to show the ⇐ in the if and only if, assuming (1)
holds, we show that f ∈ I, if f k ∈ I, for some integer k ≥ 1.
For example, let k = 4: if f 4 ∈ I, then (f 2)2 ∈ I implies f 2 ∈ I,
using (1). Applying (1) once more results in f ∈ I. For
k = 2�, applying (1) � times yields f ∈ I. If k is not a power
of 2, we multiply f k sufficiently many times with f till we have
f 2� ∈ I.
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real radical

The real radical of an ideal I is

R
√

I =


 f ∈ R[x] | f 2k +

m∑
j=1

p2
j ∈ I for some k ≥ 1, pj ∈ R[x]


 .

Similar to Lemma 1, we have a criterion for an ideal to be
real radical in Lemma 2.
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criterion on real radical
Lemma 2
Let I be an ideal in R[x]. I is real radical if and only if

for all pj ∈ R[x] :
m∑

j=1

p2
j ∈ I ⇒ pj ∈ I. (2)

Proof. First, consider the ⇒ in the if and only if, assuming I
is real radical. If I is real radical, i.e.: I =

R
√

I, then for all

integer k ≥ 1 and pj ∈ R[x]: f 2k +
m∑

j=1

p2
j ∈ I implies f ∈ I.

Take k = 2 and (2) follows.
Second, to show the ⇐ in the if and only if, assuming (2)

holds. Let f , pj ∈ R[x]: f 2k +
m∑

j=1

p2
j ∈ I holds. By (2):

f k , pj ∈ I. As (2) implies (1), Lemma 1 leads to f ∈ I.
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Hilbert’s Nullstellensatz

For a polynomial system f (x) = 0, with f = (f1, f2, . . . , fN),
fi ∈ C[x], for i = 1, 2, . . . , N, Hilbert’s Nullstellensatz implies

f−1(0) = ∅ ⇔ 〈f 〉 = 〈1〉.

So if the system f (x) = 0 has no solutions, then there are
polynomials gi ∈ C[x], i = 1, 2, . . . , N, such that

1 = g1f1 + g2f2 + · · · + gNfN .

The polynomials gi provide a certificate
that f (x) = 0 has no solutions.
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Real Nullstellensatz

Theorem (Real Nullstellensatz)
The system of real polynomial equations and inequalities




f1(x) = 0, f2(x) = 0, . . . , fr (x) = 0
g1(x) ≥ 0, g2(x) ≥ 0, . . . , gs(x) ≥ 0
h1(x) > 0, h2(x) > 0, . . . , ht(x) > 0

has a solution for x ∈ R
n, or there exists an identity

r∑
i=1

αi fi +
∑

ν∈{0,1}s


∑

j

b2
jν


 · gν1

1 gν2
2 · · · gνs

s

+
∑

ν∈{0,1}t


∑

j

c2
jν


 · hν1

1 hν2
2 · · · hνs

t +
∑

k

d2
k +

t∏
l=1

hul
l = 0,

where uj ∈ N and ai , bjν, cjν , and dk are polynomials.
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moment matrices

We can represent a polynomial with support A as
f (x) =

∑
a∈A

caxa ∈ R[x] by its coefficient vector cA

with respect to some fixed monomial basis (xa)a∈A.

The corresponding dual basis uses differentials (∂a)a∈A.

Given a sequence y = (ya)a∈A ∈ R
m, for m = #A,

we consider a linear functional Λ ∈ (R[x])∗ as Λ =
∑
a∈A

ya∂
a.

Then y is the coordinate sequence y = (Λ(xa))a∈A.

Given the linear form Λ, we define the moment matrix as

M(y) = (Λ(xa+b)a,b = (ya+b)a,b,

with rows and columns indexed by a, b ∈ A.
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interpretations

For a polynomial f as denoted above, we have the inner
product

〈f , f 〉Λ = cT
AM(y)cA = Λ(f 2).

By construction, the positive semidefiniteness of M(y) is
equivalent to Λ(f 2) ≥ 0.

An interpretation of the moment matrix is the matrix
representing the quasi-Hankel operator:

HΛ : R[x] → (R[x])∗ : h �→ h · Λ.

We have h · Λ(f ) = Λ(hf ) for all f ∈ R[x].
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the kernel
The kernel of the moment matrix is

kerM(y) = { f ∈ R[x] | M(y)cA = 0 }.

The kernel kerM(y) is an ideal in R[x].
If M(y) is positive semidefinite, then kerM(y) is real radical.

In computations, we consider polynomials of degree at
most d , denoted by R[x]d . Given a linear form Λ =

∑
a∈A

ya∂
a,

the matrix

M�d/2�(y) = Λ(xa+b)a,b = (ya+b)a,b

is the truncated moment matrix.

The method is to find y for which the rank of the moment
matrix is maximum.
This rank equals the number of real solutions.
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an algorithm

The Moment-Matrix algorithm:

Input: I = 〈f1, f2, . . . , fN〉, with #VR(I) < ∞.
Output: a border or Gröbner basis for J := kerMd (y),

with VC(J) = VC(I).

1. d := D :=
N

max
i=1

deg(fi);

2. Find a generic y;
3. if (rankMs(y) = rankMs−1(y), for some D ≤ s ≤ �d/2�

or rankMs(y) = rankMs−t(y) for some t ≤ s ≤ �d/2�)
4. then return a basis for the column space of Md−1(y);
5. else d := d + 1; go to step 2;
6. end if.
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Summary + Exercises
Interior-point methods are useful for real root finding of
polynomial systems.

Exercises:

1 Verify that we may write every fourth degree polynomial
as zT Az with z = [x2 x 1], although not necessarily in a
unique way. Can you generalize this representation for
polynomials of any degree?

2 Suppose we want to compute the global minimum of a
cubic polynomial f in 10 variables. Use Bézout’s
theorem to bound the number of solutions of the
system of all partial derivatives. Compare this number
with the number of monomials in f .

3 Install SOSTOOLS on your computer and use it for
example through its Macaulay 2 interface in the paper
of Peyrl and Parrilo. Report running times for the
examples given by Peyrl and Parrilo.
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one last exercise

4 Consider the family of homogeneous polynomials

Mjk (x1, x2, x3) = jx6
3 + x2

1 x2
2 (jx2

1 + jx2
2 − kx2

3 ),

where j and k are positive integers.
Give examples of numerical evaluations of Mjk for some
instances of j and k at well chosen values for x1, x2,
and x3 to illustrate the importance of positivity on the
accuracy of the evaluation.


