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a polynomial system

” X2X2 + X1 X2 + X1+ X2 +1=0
X) =
X2X2 — X1Xp + X1 + X2 — 1 =0.

Subtracting the equations gives x;x, + 1 = 0. Substituting
then x, = 1/x; leads to a quadric, so we have 2 solutions.

A=1{(2,2),(1,1),(1,0),(0,1),(0,0)} is the support of the
polynomials and a triangulation is below:

(2,2) (2,2)
S/~
(0,0) (1,0 (0,0)  (1,0)

Kushnirenko’s theorem applies: at most 4 solutions.
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there is more than
one infinity

weighted projective
.

projective coordinates

For solutions at co we use projective coordinates.

Replacing x; by z; /zg and x, by z,/zq leads
— after multiplication by 26‘ —to

zlz2 +zozlzz +zozl +2022 + z0 =0

f([Z()ZZlZZz]):{ 92 ’
2223 — 22212, + 2821 + 232, — 2§ = 0.
Solutions at oo are solutions z # 0 with zo = 0.

We see that only zZz5 = 0 remains, or equivalently we find
[0:1:0]and[0:0: 1] representing two distinct solutions at
infinity, but each with multiplicity two.

This is unsatisfactory, we want 2, not 4 solutions at oc.
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weighted projective
space

Two Lines at oo

The projective transformation x; = z;z,* and x, = z,z; "
assumes one line at infinity, defined by zo = 0.
Exponents of zq in this transformation —1, —1 form the inner

normal (—1,—1) to the edge of the Newton polygon on
which the highest degree monomials are supported.

Let us look at the edge with inner normal (—2,+1) and use
the coordinate transformation x; = z3z;2 and x, = z,zg .

After this substitution and multiplication by zg we then find:

252 3 2
2725 + 202122 +21 + 2522 +25 =0

f([ZO 12y Zz]) = {

2223 — 202125 + 71 + 232, — 25 = 0.
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Weighted Projective Space

252 3 2
2725 + 202122 +21 + 2522 +25 =0

f([zo : 21 : 22]) :{

2223 — 202125 + 71 + 232, — 25 = 0.
Setting zo = 0 now leaves us with z2z2 + z; = 0 and we
then find one solution at infinity: [0 : —1 : 1].

The other solution at infinity is found via the projective
transformation defined by the inner normal (41, —2).

This example has shown us that solutions at infinity are
solutions of polynomial systems supported on faces of the
Newton polytopes of the original system.

This compactification uses a weighted projective space.
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nace

modeling chemical
reactions

chemical reactions

The equations to compute the steady states of an oxidation
of H, on a catalytic surface yield the system

_k2,1X1X22 - 2k1077Xf + 2k7710X52 =0
_2k271X1X22 - 2k973X22 — 2k11’8X2X4 + 2k3’9X5 =0
f(x) = k2,1X1X§ + (—ksa —kga)xz =0
k574X3 — 2k1076Xf — 2k11’8X2X4 =0

k271X1X22 + kg73X22 + kg74X3 + 2k1076Xf
+2K107%X2 + 3K11 8X2Xq — K3.9X5 — 2K7.10X2 = 0

where X1, X2, X3, and X4 are the concentrations of O, H,
H,0, and H,Os; and xs is the amount of free space.
The parameters k; ; > 0 are rate constants. Add one
conservation law: 2x; + Xp + 2X3 4+ 2X4 + 2X5 — ¢ = 0.



MCS 563 L-18

23 Feb 2011 matrix form

od projective ~ k2,1 X1X22 -
) | kez XF
1 0 0 0 0 0 -2 2 o0 ‘
reactions 3,9 X5
2 -2 2 0 0 0 0 0 -2 Kes Xa
1 0 0-1-1 0 0 0 O Kss4 Xa
0 0 0 0 1 -2 0 0 —2||kos xZ
k X2
| 1 1 -1 1 0 2 2 -2 3|7 X
k710 X2
L K118 XoXs |

Drawbacks: same columns of coefficient matrix (except for
sign), monomials appear twice with different constants.
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modeling chemical
reactions

modeling with graphs

Using a directed weighted bipartite graph the system is

2X1 + Xo + 2X3 + 2X4 + 2%X5 — €1 = 0.

where |5 and I are incidence matrices,

1 000O0O0O20O0O00O0
2 02 000020O00O0
Ys=[{0 1 01 0O0O0O0O0O0O0
00001202000
01 00O0O0OOO0OT1Z23

2 2 2 2 2 3\T
and W(x) = (X1X3, X3Xs5, X3, X3, Xa, X5, X7, XoXa, X5, XE, X3 ) .

#monomials in W(x) equals the number of complexes.
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The ith equation of f(x) = 0 has support A;:

fi(X) =) ciax? Cia€C*, Xx*=x{x32- x5,
ach;

and its Newton polytope is P; := conv(A;).

For any v # 0, the face 9, P; of P; is spanned by

faces of polytopes
and initial forms

i oms oA ={acA|(av)=min{@, v) }.
a’'eA;

The set Oy A; is the support of the initial form of f;

in the direction v:

in\,fi(x): Z CiaXa.

acoA;
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an

Bernshtein’s Second Theorem

The polynomials f = (f1,f,...,fy) of a system f(x) =0
e are supported by A = (A1,A,...,An); and
¢ have Newton polytopes P = (P1,P2,...,Pp).

For v # 0, initial forms in,f = (in,fy,in o, ... inyf,)
e are supported by 9y A = (O,A1, WAy, ..., 0Ay); and
e have Newton polytopes o, P = (o, P1, P2, ..., 0Pn),

We denote the mixed volume of P by V (P), C* = C\ {0}.

Theorem (Bernshtein’s theorem B)

If for all v # 0 such that in,f(x) = 0 has no solutions in
(C*)", then V (P) is exact and all solutions are isolated.
Otherwise, for V (P) # 0: V(P) > #isolated solutions.
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The system

() { C1,(1,1)X1X2 + C1,(1,0)X1 + C1,(0,1)%2 + C1,(0,0) = O
) —
C2,2,2)%4%3 + C2,(1,0)%1 + C2,(0,1)%2 = 0.

has Newton polygons:

(0,1) (1,1) (0.1)

“‘L(‘ of diverging. (0,0) (170) (170)

(2,2)

YW #0: 0yAL + WA, < 3= V(P1,P,) = 4is always exact,

for all nonzero coefficients of f, because > 4 monomials are
needed for in,f(x) = 0 to have all its roots in (C*)?.
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Puiseux series and initial forms
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Puiseux series

Consider the solution paths in a homotopy going from a
generic to a specific polynomial system.

Theorem
X (1), h(x(t),t) = (1~ )g(x(t)) + t f(x(t)) = O,
ds>0,me N\ {0}, v ez

xi(s) =bsVi(1+0(s)), i=12,...,n,
{t(s):l—sm fort ~1,s=0.
The number m is called the winding number of the solution
at the end of the path (m < the multiplicity).

The winding number is the smallest number so that

z(2mm) = z(0), with z(#) a solution path of h(z(#),t(#)) =0,
winding around 1 with values for the continuation
parameter t defined by t = 1 + (to — 1)e'’, as t =~ 1.
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diverging paths

vx(t), h(x(t), t) = (1 —t)g(x(t)) + t f(x(t)) =0,

ds >0, me N\ {0}, vez"

{ xi(s) =bisVi(1+0(s)), i=12,...,n,
t(s)=1-sm fort ~1,s~0.

At the end of a path, when does !im1 xi(t) € C*?

We can characterize the divergence of the path x(t)
by the leading exponents v in the power series

— 00 <0
Xi(t)g €C* & vijq =0
—0 >0

A solution at co and a solution with zero components are
regarded (or disregarded) equally.
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s and
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initial forms
We assume tIimlxi (t) ¢ C*,and v; # 0.

Substituting x;(s) = bjs¥i(1+ O(s)),i =1,2,...,n,

t(s)=1-s",s~0into h(x,t) = (1 —-t)g(x)+tf(x)=0:

h(x(s).t(s)) = F(x(s) +S™(g(x(s)) — F(x(s))) = O.

dominant as s—0

~—

As s — 0, the choice of g does not matter.

= ciax® = fi(x(s)) = Zcialﬂ[bi""is<a’v>(1+0(s)).

achA; achA; i=1

inyf; (x(s)‘)r dominant

Monomials in in,f dominate as s — 0 as they have
exponents whose inner product is minimal with v.
Moreover, we have infi(b) = 0, for some b € (C*)".
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@ Richardson Extrapolation
computing Puiseux series of diverging paths
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computing Puiseux
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logarithms of paths

For s — 0, the power series for a solution path x(s) is
xi(s) = bisV/M(1 +¢is/™ +0(s?¥™M)), i=1,2,...,n.

For a diverging path, b; is not of prime interest, we want
¢ to find the direction v for 9,P and in,f; and
¢ to approximate the winding number m first.

Because we want the powers of s, we take logarithms:

V.
log([xi(s)[) = log(Ibi))+ log(s)+log(|1+cis/™+O(s*/™))).
The Taylor series for log(1 + x) = x + O(x?), S0 we use

log(|xi(s)]) ~ Iog(]bi|)+%Iog(s)+]ci\sl/m, i=1,2,...,n.
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As we get closer to our target system we have to decrease
our step size when dealing with a difficult path.

For the purpose of extrapolation, we better decrease the
step size geometrically, i.e., for some A\, 0 < A < 1,
consecutive values tg, ty,.. ., of t satisfy

1—te=A1—-t)=--=(1-1)

-umrusec &N for the corresponding s-values we have

series of diverging
paths

S = AYMg g = = AK/Mgy,
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geometric sampling
Starting at sp ~ 0, we sample at s; = ASg, Sy = A\2s;

y
log([xi(so)l) =~ log(lbil) + —log(so) + lei[s’™,

log([x (s1)) ~ log(Jbi[) + =t log(Aso) + [ei (Aso)*/™

V.
log([xi(s2)) ~ log(|bi[) + —log(A?so) + |ci|(A%s0)*/™.
Observe we have a linear system in v;/m, a first-order

approximation for v; is Vg1 := l0g |Xi(Sk+1)| — l0g |xi(Sk)
with the general extrapolation formula in vy _:

Vk+1..6 — Vk..t—1
1-X

V. =Vk.o—1+

. . v
which results in v; = m—21_ 4+ O(s}).

log(})
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The formula for vy, assumes the winding number m.
If we examine the expansion of the errors:

(k)

e’ = (log|xi(sk)| —log[xi(sk+1)l)
sfL —(log [xi(Sk-+1)| — log [xi(sk+2)])
= 1\ Msp(1+0(N/™)),
we find similar extrapolation formulas to approximate m:
ei(|<|<+1) log(e (k+1)) log(e k))
o (k.t-1) _(k+1..6)
et . 0 8 — &
::;:75 el(k é) — ei(k+l [) + i i

1— e
with M\, = AEK=1/mice,

So we obtain my_, = IO(‘?(( e)) + O(AEKIk/my
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computing Puiseux
series of diverging
paths

Summary + Exercises

Every facet of a Newton polytope corresponds to a plane
at co. Initial forms are supported on faces of Newton
polytopes and their solutions are solutions at oco.

Exercises:

@ Verify that the triangulation on the first slide is regular,
i.e.: assign heights to the points so that the simplices of
the triangulation are the projections of facets on the
lower hull of the lifted polytope.

How many other regular triangulations can you find?
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® We can define a multiprojective weighted

dnetics transformation for the system on the first slide, taking
caors into account the two inner normals (—2,+1) and
(+1, —2) to the hyperplanes at infinity, using the
respective extra coordinates zgp; and zg,. Apply the
substitution x; = z,,°zd;'z; and x, = 2,12,/ 2, to the
system on the first slide. Examine the solutions for
(201 = 0,202 = 1) and for (201 =1,290 = 0)

computing Puiseux
series of diverging

patrs © For the system in the format with a graph use the first
formulation to find the incidence matrices I, and I .
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three more exercises

@ Verify that the mixed volume of the system with
polygons in general position is indeed four.

© Consider the homotopy h(x,t) =x? —1+2t —t>=0
for t going from O to 1. Justify the following statement:
Although h(x,t) = 0 has a double root att = 1, the
winding number equals one.

@ Consider x(s) = bs"/™(1 4 cs/™M), forv = 1,2 and
m = 2, 3, taking random values for b and c. Apply
geometric sampling of x(s) at values for s close
enough to 0 to recover the values for v and m.



