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Initial Forms and Grébner Polyhedra

Q Introduction
@ Introduction to Tropical Geometry
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Introduction to Tropical Geometry

Introduction to Tropical Geometry is the title of a forthcoming book of
Diane Maclagan and Bernd Sturmfels.

The web page
http://homepages.warwick.ac.uk/staff/D.Maclagan/

papers/TropicalBook.html
offers the pdf file of a book, dated 31 March 2014.

Today we look at some building blocks ...

This seminar is based on sections 2.4 and 2.5.
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Initial Forms and Grébner Polyhedra

@ Initial Forms of Initial Forms
@ Grobner bases over fields with valuations
@ initial ideals as monomial ideals
@ computing the dimension
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Grobner Bases over Fields with Valuations

The initial ideal of a homogeneous ideal | in K[Xg, X1, ..., Xn] iS
inw(l) = (ing(f) : fel) CK[Xo,Xi,...,X%], Kis the residue field.
A Groébner basis for | with respect to w is

@ afinitesetG ={091,92,...,0s } C |,

@ with (inw(g1),inw(92), -, inw(gs) ) = inw(l).

Lemma (Lemma 2.4.2)

Let | € K[Xg,X1,...,X,] be a homogeneous ideal and fix w € (I'yg )"+
Then iny (1) is homogeneous and we may choose a homogeneous
Grobner basis for I.

Furthermore, if g € iny(l), then g = iny(f) for some f € I.
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initial forms of initial forms of polynomials

The initial form of an initial form is an initial form.

Lemma (Lemma 2.4.5)

Fix f € K[Xo,X1,-..,Xn], W € [0, and v € Q"+,

There exists an € > 0 such that for all § € I'yg with 0 < § < ¢, we have

iny(inw(f)) = inwasv(f).

Lemma (Lemma 2.4.6)

Let | be a homogeneous ideal in K [Xg, X1, - - ., Xa] and fix w € I,
There exists av € Q"*! and € > 0 such that

@ iny(iny(l)) and iny4 (1) are monomial ideals; and

@ in(inw(1)) C inwseu(1):
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in,(iny (1)) is @ monomial ideal

Proof that iny (iny (1)) is @ monomial ideal:

@ Denote by My the monomial ideal (x? : x2 € in,(iny(l))), with v
chosen such that My is maximal, polynomial rings are Noetherian.

@ Suppose iny(iny (1)) is not a monomial ideal. Then thereisaf € |
such that none of the terms of iny (iny (f)) lies in My.

@ For generic u € Q"*1, iny(iny(iny(f))) is @ monomial, with its
exponents corresponding to a vertex of the Newton polytope of f.
By Lemma 2.4.5, for some e > 0, forall0 < § < e:

ing(iny(inw(f))) = iny4su(inw(f)).

@ For sufficiently small 4, in,5,(l) contains each generator of
(x2: x2 e iny(iny(l))), as x® = iny(iny(f)) for some f € | (this
follows from Lemma 2.4.5). But, by choice of v, M, is maximal.

By this contradition, My = in, (iny(1)).
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iny(inw (1)) C inyrev(l)
Proof that iny (inw (1)) C inwtev(l):

@ Now we can write My = (x21,x2 ... x3), with chosen f;:
iny(inw(fy)) =x%,fori =1,2,...,s.

@ By Lemma 2.4.5, there is an € > 0: iny,y(fi) = x% for all i.
Therefore, for this e we have in, (iny (1)) C inyiev(1).

@ Choose v € Q"+1:
© in,(iny(1)) is a monomial ideal; and
Q Mg = (x3: x2 € inyyey(l)) is maximal.

@ Suppose iy (1) is not a monomial ideal.
Then there is an f € | with no term of iny 4« (f) in Mg.
As before we choose a u so that My C My 4, for small § > 0.

For small > 0: My_ 5, = (x® : X% € iny4ev(1)), @ contradiction.

Thus, iny1(l) is @ monomial ideal and then iny (iny (1)) C inwte(l).
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Hilbert functions and dimension

Sk = K[Xo, X1, ...,Xn] and Sk = K[xg, X1, - .., Xa] CcONtain
homogeneous ideals | and their initial forms iny(I).
The Hilbert function N — N : d — dim(Sk /I )4

maps the degree d to the dimension of the quotient of the ring Sk
modulo I, restricted to polynomials of degree d.

For large enough d, the Hilbert function is a polynomial in d.

Lemma (Lemma 2.4.7)

Let | be a homogeneous ideal in Sk and letw € ') be such that
inw(l)g is spanned over K by its monomials.

The monomials of degree d that are not in iny(l) form

a K-basis for (S/1)q.
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linear independence

Let By be the set of monomials of degree d not in iny(1).
Suppose By is linearly dependent over K:

® Thereisaf =) cax® € Iy with x® ¢ iny (1), as x® € By.
acA

@ However, iny(f) € iny(l)q, every term of iny (f) is in iny(1)g
which contradicts the construction of f.

The linear independence of By implies

dimg iny(l)g > dimg(l)g because |By| = < : Jr:d ) —diminy(l)g.
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Bq forms a K-basis
By Lemma 2.4.2, for each monomial x2 € iny(1)q, we can choose a
fa € Ig with iny(fa) = x@. Consider { f4 : x® € iny(l)g }
Suppose { fa : x? € iny(l)q } is not linearly independent in Sk /I:
@ There are v, € K*: Z’Yafa =0.
acA
@ Write f; = x® + Z capx? and let u be where val(va) + (w, a) is

b
minimal for all a € A with x € iny(l)g.

@ Then~, + Z’chbu = 0, so there is a v # u with

b+#u
val () + val(cyu) < va(y).

@ But then val(+y) + val(cyy) + (W, u) < val(vy) + (w,u) and
va () + (w,u) < va(y) + (w, V), which contradicts iny(fy) = x".
This shows dimg Iy > dimg iny(l)g. Thus
dimg (SK/I)d = dimK(SK/inW(l))d, and By is a K-basis for (SK/l)d .
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two corollaries

Corollary (Corollary 2.4.8)

Forany w € I'C(,jl and any homogeneous ideal | in Sk, the Hilbert
function of | agrees with that of its initial ideal iny (1) in Sk, i.e.:

dimg (Sk /1)g = dimg(Sk/inw(l))g for all d > 0.

Thus the Krull dimensions of the rings Sk /I and Sk /iny(l) coincide.

4

The Krull dimension of a ring is the supremum of the lengths of chains
of distinct prime ideals in the ring.

Corollary (Corollary 2.4.9)

Let | be a homogeneous ideal in K[Xg, Xy, . .., Xn]-
Forany w € ;! and v € Q" there exists ¢ > 0 such that

iny(inw (1)) = inw4sv(1) forall 0 < § < ewith ov € FIL.
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Initial Forms and Grébner Polyhedra

9 Grobner Polyhedra
@ defining polyhedra
@ the inequality description
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defining polyhedra

For a homogeneousideal I € K[xg, Xy, ...,Xn] and forw € I'C(,jl

we set
Ciw] = {verit:in() =iny(l) }.

Let Ci[w] be the closure of C,[w] in R"*! in the Euclidean topology.

Consider a Grobner basis {91,092, .. .,09s} of | with respect to w,
and letin, (gi) = x, forgi = ) ¢ ax®
aeNn+l

If C,[w] has the inequality description
{ze R (uj,z) <va(cia) + (a,z), for1 <i<s,ae N}

then C,[w] is a 'yy-rational polyhedron.

A polyhedron P = { x € R" : Ax < b } is I-rational
ifAcQi*"andb e 9,
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proof of the inequality description

Proposition (Proposition 2.5.2)

The set W is a I-rational polyhedron which contains the line
R(1,1,...,1) as its largest affine subspace.

If |nW(I) is not a monomial ideal, then there exists w’ € F”“ such that
iny/ (1) is @ monomial ideal and C[w] is a proper face of C|[w/].

Proof:
@ By Lemma 2.4.6, 3v € Q"L iny(iny (1)) is @ monomial ideal.

@ By Corollary 2.4.9: iny4e (1) = iny(iny(l)) for e > 0.
Fix such ¢, letw’ =w + ev and iny/ (1) = (x!1,x%2 ... xYs).

@ By Lemma 2.4.7, the monomials not in in,/ (1) of degree
d = deg(x") form a basis for (S/1)q.
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proof continued

Jv € Q"L iny(iny(1)) is @ monomial ideal, iny (1) = iny(inw (1))
fore >0, W =w +ev, iny(l) = (x41,x"2,...,x"s). The monomials
not in iny-(I) of degree d = deg(x") form a basis for (S/1)4.

@ Let g{ be the result of writing x"i in this basis,
so no monomial occurring in g/ lies in iny/(1).

@ We write c;y for the coefficient of x¥ in g;.
@ The polynomial g = x" — g isin I.

@ Since iny(iny(gi)) must lie in iny/ (1), we have iny,(iny(g;)) = x"i,
and thus iny/(gj) = x"i.

@ The polynomials {91,092, ...,0s} form a Grobner basis for |
with respect to w'.
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the inequality description

For Ciw'] = { w” € IS ting (1) = inw/(1) }, we prove that C[w’] is
P={zeR"™ :(u,z) <va(ca)+(az), forl <i<s,acN""}
Suppose w € C[w’],
@ but one of the inequalities (u;, z) < val(c; a) + (a,z) is violated.
@ For that index i, we have ing(g;) # xi.

@ Since iny/(l) = ing(l) is a monomial ideal,
every term of ing(g;) lies in ing(1),

which contradicts the construction of g;. Thus C,[w’] C P.
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the reverse inclusion

For C[w'] = {w” € T0J* : iny (1) = inw(1) }, to show that C[w’]
contains

={zeR": (uj,z) <va(cia) + (a,z), for1 <i<s,ae N}
assume (uj,w) < va(ci ) + (a,w), for all i.
@ Then ing(g;) = x"i for all i,
@ and hence: ing (1) C iny(l).
@ The two ideals have the same Hilbert function, so they are equal.

We conclude w € C[w’].
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C,[w] is a proper face of C[w’]

Recall W =w + ev, iny/(l) = (x!1,x42 ... x"s), and {91,092, ...,0s}
forms a Grébner basis for | with respect to w’, so in,/(gj) = x"i.
This shows C[w] C C,[w’].

C,[w] being a I'yg-polyhedron is implied by being a face of C,[w’].

Note that { iny(91),inw(92),-..,inw(gs) } is a Grobner basis for iny (1)
with respect to v. If w € Ij* satisfies ing(1) = iny(1), then

ing(gi) = inw(gi), for all i. Otherwise, ing(g;) would still have x"i in its
support or iny(ing (1)) would not be equal to the monomial ideal iny:(1).

But then ing(g;) — inw(g;) € inw(l), and this polynomial does not
contain any monomials from iny/ (1), contradicting iny (inw (1)) = iny(1).
We conclude that C,[w] is the set of points z in the cone C,[w’] that
satisfy (uj,z) = val(cj a) + (a,z) whenever x2 appears in iny(g;).

So C,[w] is a face of C|[w/].

Jan Verschelde (UIC) Initial Forms and Grébner Polyhedra 10 April 2014 20/21



the lineality space R1 = R(1,1,...,1)

Finally, for any homogeneous polynomial f € K[xg, X1, .. ,Xn]
we have iny (f) = iny 1 (f) forall A € Tyy.

Since all initial ideals of | are generated by homogeneous polynomials,
by Lemma 2.4.2, this implies iny (1) = iny (1) forall A € I'ya.

Therefore, C|[w] = C,[w] + R1.
The lineality space of the polyhedron C,[w] contains the line R1.
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