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Abstract

Neural networks are important tools in machine learning. Repre-
senting piecewise linear activation functions with tropical arithmetic
enables the application of tropical geometry. Algorithms are pre-
sented to compute regions where the neural networks are linear maps.
Through computational experiments, we provide insights on the diffi-
culty to train neural networks, in particular on the problems of over-
fitting and on the benefits of skip connections.

Keywords. linear regions, neural networks, skip connections.

1 Introduction

A neural network is a composition of neurons, where each neuron can be
represented as a nonlinear function depending on inputs and parameters,
called weights and biases. The nonlinearity of the network can be under-
stood via tropical geometry, in particular for networks with ReLLU activation
functions, which are piecewise linear. For such networks, we introduce an
algorithm to compute all linear regions of a neural network. A linear re-
gion of a neural network is a connected region on which the map defined
by the network is linear. Knowing those linear regions allows for quicker
predictions, as demonstrated by our new caching algorithm. Our algorithms
work for networks with skip connections. Skip connections add the output
of previous layers to the input of later layers, skipping over the layers in
between.

The expository paper [2] offers promising avenues to study neural net-
works. The number of linear regions in neural networks was explored in [12]



and shown in [16] to be exponential in the number number of layers, with
more results in [14], though the actual number of linear regions has been
observed to be much smaller in practice, growing linearly in the number of
neurons [4]. The geometry and characteristics of linear regions was observed
when training networks with different optimization techniques in [17]. Trop-
ical geometry was applied to machine learning models in [10]|. Linear regions
have been studied through various perspectives, such as; by viewing regions
as the result of “foldings” of space [12], by viewing regions as affine spline
mappings [5] (which relies on a view of neural networks put forth in [1]), and
by viewing regions as subsets of tropical maps [16]. The perspective we take
in this paper is that of tropical maps.

The mentioned existing literature has studied linear regions in certain
cases, but has not found exact bounds for all linear regions in any given net-
work. As such, the problem we solve in this paper is to compute these exact
bounds of all linear regions in any trained neural network with piecewise
activation functions. Furthermore, we extend those algorithms to networks
with skip connections and obtain insights into how skip connections produce
their beneficial results.

These questions are similar to well-explored problems in computational
geometry and combinatorial geometry, where one may examine properties of
hyperplane arrangements, such as the set of all subspaces given by intersec-
tions of some hyperplanes (this set is called the intersection semilattice) [3].
However, a key difference in our problem is that these hyperplanes depend
on the input given to the network because each layer is a function of all layers
that precede it. Certain inputs may cause some combination of neurons to
“fire” (in the sense that their post-activation function is positive) on the first
layer, while other inputs may lead to other neurons firing, and the two cases
will produce different pre-activation and post-activation values on all subse-
quent layers. Our problem is also similar to binary space partitioning, where
half-spaces are recursively defined separately for each side of some previous
hyperplanes, resulting in a tree structure [15]. However, a key difference is
that each layer of a neural network introduces multiple hyperplanes at the
same time (one for each neuron), resulting in tree nodes with more than two
children.

In this paper, we use tropical geometry to explore linear regions in neural
networks. In Sect. 2, we formulate and present recurrence relations that
can be used to find hyperplanes that bound each linear region of any given
network. Using these results, we present an algorithm to find the exact
boundaries of every linear region in neural networks. A walkthrough of our
algorithm is presented in Sect. 3. We also extend these results and algorithms



to networks with arbitrarily many skip connections in Sect. 4. In Sect. 5, we
describe the outcomes of our computational experiments and visualizations,
observing how patterns of the regions follow patterns in the training data.
Finally, in Sect. 7, we present an algorithm for caching functions produced by
neural networks on any given linear region, allowing for quicker predictions
on unseen data. This algorithm was conceptualized in our previous paper |7].

All code used in this paper for running algorithms, generating figures, and
performing statistical tests is publicly available at [8]. Most of the material
for this paper originated in [6, Chapter 4].

2 Linear Regions of Neural Networks

In this section, we use tropical geometry to introduce an algorithm for finding
all linear regions of a neural network.

Theorem 5.4 of L. Zhang et al. [16] shows that neural networks with
piecewise linear activation functions are equivalent to tropical rational func-
tions. They achieve this result by showing that if the inputs to the ¢-th layer
of the network are tropical rational functions, then the output of the layer is
also a tropical rational function (Proposition 5.1 of [16], which we also use
in later sections). Repeated application of this fact gives us Theorem 5.4 of
[16], which states the equivalence of neural networks and tropical rational
functions.

Consider a nonlinear neural network where nonlinearity is introduced
only through ReLU activation functions. This assumption is mild, since
more complex piecewise linear functions can be achieved by adding linear
combinations of ReLU functions. For example, we have LeakyReLU(x,a) =
ReLU(z) —a-ReLU(—xz), where a specifies the gradient for inputs x < 0. With
this assumption in mind, we have that the output of the first layer of a neural
network is given by:

v(z) = ReLU(Az + b) = max(Ax + b,0), (1)

where A is the weight matrix of the first layer, and b is the corresponding
bias. [16] shows that we decompose the matrix A as the difference of two
matrices, A := Ay — A_, where the (4, j)-th entry of A} is max{a;;,0} and
where the (i, j)-th entry of A_ is max{—a;;,0}. This means that the layer
v(x) can be expressed as the difference of two tropical polynomials:

vir) = max{Ayx+b Az} —A =z (2)
= ((x®A+ ®b) @ w®A‘> ©A_x (3)
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where
r@y=max{z,y}, zy=z+y, zQy=c+(-y)=z-y. (4

By recursively applying this decomposition of layers, [16] gives the fol-
lowing result, which we use as our starting point:

Proposition 2.1 (Proposition 5.1 of L. Zhang et al., 2018 [16]) Let A €
ZM+1Xm o h e R™M+1 be the parameters of the (€ + 1)-th layer of a neural net-
work with piecewise linear activation functions. Let ,0(@) and 9 be the pre-
activation and post-activation output functions of the £-th layer, respectively.

If the nodes of the £-th layer are given by tropical rational functions,

V0 = FO(2) 0 GO (z) = FO(z) — GO () (5)

i.e., each coordinate of FO and GY is a tropical polynomial in x, then the
outputs of the pre-activation (p* ov®)) and of the (0+1)-th layer (v(+1))
are given by the tropical rational functions

P 6O (z) = FEDE) _ G+ (4, (6)

VD (@) = g0 ptHl 0O (g) = FEDE _ gD (o), (7)
respectively, where

F(“l)(x) = maX{H(Hl)(QT)? G(Hl)(af)}’ (8)

G () = AGO®@) +A_FO@), (9)

HEY () = A FO(2)+ A_GO(z) +b. (10)

The tropical forms of these equations using tropical arithmetic are given
in [16].

From Proposition 2.1, we see that FUHD) (z) = HED (z) @ G (2) is
the tropical sum of two tropical polynomials. Using this, we can determine
the linear regions of a neural network by examining where H1 meets
GUHD) at each layer. However, this is difficult to achieve with the current
setup, because H*1 and G*tY depend directly on the network’s input z.
Therefore, we first need to decompose these recurrence relations to minimize
their dependence on .

We can decompose F', GG, and H into the equations

F(m) = FA(.%')QJ + fb(.fb') (11)
G(z) = Ga(z)x+ gp(x) (12)
H(z) = Ha(z)x+ hy(x) (13)



where Fy(x),Ga(z), Ha(z) € R™+1%™[g] are matrices, and where f,(z),
gv(z), hp(x) € R™+1 are vectors.
Then the recurrence relations for F'; G, and H given by (8) become:

Y V4 l
F{ (@) =1, B ™ (@) +1,_,64 ™ (@),

+1 (+1 l+1
RV @) = Lohy @) + 1,0, (@),
GU ) =A4,60@) + A FP @), B @) =4, FP@) + 4.6V (),

(14)

oc evaluates to 1 if HH (z) > GUHD(z), and 0 otherwise.
This decomposition also requires us to have initial values for our re-
currences. To find the initial values, consider an identity transformation
FO(2) = Iixp -z + 0 (where n is the input size). This gives us that
FIS‘O)(:C) = Ixn and flfo)(:v) = 0. We can also take FIE‘O) = FXZ + FIEXO_)
to be the same type of decomposition into two non-negative matrices that

we used when setting up (2). Then (2) tells us that Ff(lol = 1(40) (z) and

Fﬁg = Gg)) (x), so our initial values are as follows:

where [

FO@ = Lo GV@) =000n  HP(2) = Lixn,  (15)
0 = {+1 ~ /+1 ~
@) = 0 g M@=0  ne=0 o
This recurrence relation gives way to the following result:

Theorem 2.2 Let f be an L-layered neural network with ReLU activations
and with ny, na, ..., ny neurons on each layer. Then any set of vectors
{ve € {—1,1}"™ | £ € [L]} uniquely specifies a single linear region of f, where
the region is given by:

{z e R" | H(z,0) < G(z,0) for all ¢ € [L]} (17)
where
H(z,0) = diag(v) (H%)(m)x—i—hl(f)(:c)) (18)
Cle.0) = diag() (G (@) + g (@) (19)
ng
and where diag(vy) = ZQ‘TW@I is the (ng x ng)-matriz where the (j,j)-th

i=1
entry on the diagonal is given by (v;);, and where all off-diagonal entries are
zero.



Note that some of these regions may be empty. Also note that the set of
vectors v; |i€[L] we construct is often referred to as an activation pattern.

Proof. We use induction. Let us take any set of vectors v; ‘ie[ 1) and construct
the inequalities present in (17) one layer at a time, starting with the first
layer, and examining the inequalities we introduce.

Base case.

The first layer introduces inequalities H(z,1) < G(z,1). Using the initial
values given by (15), we obtain:

H@J)::dmgm(HQ@n+h9@D (20)
= diag(v) ( (AL + A_Opyxn) T + (A+6+ A_0+ b) i)zl)
= diag(v1)(A4x +b) (22)

and
Gle,1) = aiag()(GY @)z +gi (@) (23)
— diag(v ( A Onysin 4+ ALy wn) T + (A+O+A 0)) (24)
= diag(vi)A = (25)

Hence the inequalities introduced are:

H(z,1) < G(z,1) <= diag(v1)(Asz +b) < diag(vi)A_z (26)
— diag(v)(Az+b) <0 (27)

where A; is the i-th row of A. We have (v1); € {—1,+1} for all ¢, so the
inequalities in (28) tell us that the choice of —1 or +1 for each element
of v; is equivalent to choosing A;x; + b; < 0 or A;x; + b; > 0. Note that
A;x; + b; is the pre-activation output of the i-th neuron of the first layer.
By assumption, all activation functions are ReLU, which are linear on the
region < 0 and the region > 0 (both of these inequalities are non-strict
since ReLU is continuous). N

_ Hence, each inequality of (28) (i.e. each row of the inequality H(z,1) <
G(z,1)) limits the region (17) exclusively to either the positive half or the
negative half of each neuron in the first layer. This completes the base case.



Inductive step.

l
Take some layer ¢ € [L] of our network and suppose now that ﬂ(ﬁ (x,1) <
i=1
G(z,1)) give the inequalities introduced by our choice of v; |;¢) for layers 1
through ¢. Then we have:

H(z,0+1) = diaglves) (Hﬁf*”(x)x + h,ﬁ“”(x)) (29)
= diag(wﬂ)( <A+F£f) (x) + A_G%)(l')) x

+(Afi@) + A g @) +b))  (30)

and
Gz, (+1) = diag(le)(G%H)(m)x+gé£+1)(x)> (31)
_ diag(vg+1)( (A+fo) (z)+ A_FY @)) x
+(Asgh@ +Af0@)) 62

Subtracting G from H, we get: PNI(QJ,E +1) - GN»'(x,E +1)

= aiag(uen)( (44 = A)F (@) - (A4 - 4)GP (@) @
+ (A = A @) — (A = A)g (@) +b) ) (33)
- diag(vgﬂ)(A (F<f> (z) — GO (:v)) + b) (34)
- diag(vm)(AN) (z) + b) (35)
where v(9)(z) is the post-activation output of the previous layer ¢, as spec-

ified in Proposition 2.1. Hence, the inequality H(z,l + 1) < G(z,¢ + 1) is
equivalent to:

H(z,0+1)—G(z,+1) <0
—  diag(ve) (Au“)(x) n b) <0 (36)
= (ve)i(A (@) +b;) <0, Vi€ [nga] (37)



Using the same reasoning as our base case, we see that the choice of each
entry of vy, corresponds to choosing whether we take A;(v(9)(x)); +b; <0
or Ai(u(z) (x));+b; > 0 for each neuron. Ai(y(’f)(x))i +b; is the pre-activation
output of the (£ + 1)-th layer, so this choice is equivalent to choosing the
positive or negative side of the ReLU activation of each neuron in the (¢+1)-
th layer.

Conclusion of proof.

L
Setting ¢ = L — 1, we obtain that the inequalities ﬂ(ﬁ(az,z) < G(x,1))
i=1
correspond exactly to a single linear region of the network’s final output
layer, giving (17), which completes the proof.
Q.E.D.

3 An Algorithm to Find Linear Regions

Theorem 2.2 now facilitates Algorithm 1 for finding the linear region specified
by any set of vectors vy | 1e[z], Without the need to provide a direct input x
to the neural network. A visual representation of Algorithm 1 is given in
Fig. 1.

The entries of vectors vy ’gE[L] uniquely correspond to a single linear
region, which may be empty or nonempty. This means that Algorithm 1
allows us to find all linear regions. A brute-force method for doing this would
be to enumerate all possible assignments of —1 and +1 to entries in vy, which
would have exponential complexity in the total number of neurons, since the
number of assignments is 93 i1 me, Instead, we can reduce the complexity
by using a tree traversal approach, which is laid out in Algorithm 2.

Let us now follow a concrete walkthrough of Algorithm 1 on a small
example network. For this example, consider a network with a 2-dimensional
input layer, 2 hidden layers with 2 neurons per layer, and a 1-dimensional
output layer. Suppose that the weights and biases of each hidden layer in
the network are:

A<1>:[j _H b<1>:[§], A<2>:[ 3 13} b(2):[_

(38)
Let us assume that the 1-dimensional output layer does not have an acti-
vation function, so we can ignore it and instead focus on the two hidden



layers.

Take the arbitrary truth assignment vy = [ﬂ, vy = [_11} Each entry
corresponds to whether choosing either the positive or negative half of the
activation function for each neuron in the network, so we want to find the
linear region that corresponds to this truth assignment.

Using Algorithm 1, on line 2, we first set the initial values F (0), Gi?),
Hﬁlo), flfo), géo), hl()o) to the initial values given by (15). Then, on line 7 of
the algorithm, we apply the recurrence relations given by (14), giving the
following:

wm_|4 0 W _ 10 m_ |0 1 1 _ | 2
GA[4 1]’ % [0] HA[O o) = s]

(39)
Next, lines 8-20 of Algorithm 1 allow us to construct Fjgl) and flfl) by

using v to select from GS) and glgl), or from H1(41) and hl()l) for each row.

(1) (1)
A

Since we have v; = [ﬂ, we select G;” and g, * for both rows, giving:

F,Ell)Z[j H flfl):[g} (40)

The entries of v1 correspond to selecting a half space for each neuron on
the first layer, which produce a linear region when all such half spaces are
intersected. These half spaces are specified by the inequalities on lines 14
and 18 of Algorithm 1. Hence, at the end of the first layer, the linear region
is given by:

4 0 0 1 T 0 2 0
— — < .
(-0 o DB -ED =[] o
Next, we must apply the same recurrence relations to the second layer,
giving:

2 _ | 12 11 20 _ | 16 2 _132 0 2 _ | 12
“a _[19 o] B T a s T =g o Tz
(42)

For layer 2, our truth assignment is [_11], so we select Ff) and fb(2) by taking
a mixture of both Gf) & ¢@, and H1(42) & hl(72)' This gives us:



2 |32 0 (2 | 12
Finally, we obtain the bounds that this layer introduces to our linear region

by again taking the inequalities on lines 14 and 18 of Algorithm 1, giving:

(5 8108 D] (g1 [2<[]

Note that the top rows of all matrix subtractions correspond to taking Gf) —

Hf), while the bottom rows correspond to H 1(42) —Gf) . The inequalities given
by (44) can be expressed as {(z,y) € R? | =20z +11y < —4,2x—10y < —1}.
Taking the intersection of the half spaces given by (41) and (44), we

obtain our final linear region, which is given by:

dx — vy 2, dor +y

2 < < 3
{(x’y)ER 20r 411y < —4, 10y < -1 [ )

Fig. 1 shows a visualization of this example, where the constraints im-
posed on the linear region by each neuron are shaded in blue for the region
[0,1] x [0,1] C R2. The resulting linear region shown on the right side of the
figure exactly matches the constraints given by (45).

If we were to repeat this process for all possible truth assignments v; and
v, we would obtain all linear regions of the network. Algorithm 2 allows us
to efficiently explore all such truth assignments.

4 Linear Regions in Networks With Skip Connec-
tions

Using the results of Sect. 2, we can also find linear regions of networks with
skip connections — we need only update our recurrence relations. In Sect. 2,
our recurrences relied on the fact that the post-activation output v of the
(¢ 4 1)-th layer was given by vt (z) = max{Av® (z) + b,0}. To account
for skip connections, suppose that for any layer ¢ + 1, there is some subset
K C [{] of layers preceding layer £+ 1 that have a skip connection leading to
layer £+ 1. Then the input to layer £+ 1 is v (z) + Z v®) (). Therefore,

keK
the recurrence relation for the post-activation output of layer £ + 1 is:
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Layer 1, neuron 1 Layer 2, neuron 1
A A

3 3
O—>® o) /lo——a| | |Oo | 4 |o
ReLU 1 ReLU /
Input 1 i 4
Pre- Post- Pre- Post-
activation activation activation activation \
[S) |
Layer 1, neuron 2 Layer 2, neuron 2 4
A A
Resulting
L : L / linear region
O——0 @) | OO | O | O
ReLU \ ReLU oo
Input 2 | .
Pre- Post- Pre- Post-
activation activation activation activation

Figure 1: A visualization of the walkthrough of Algorithm 1 given in Sect. 3.
For each neuron with ReLLU activation, we split the input space in two by
introducing a hyperplane and by selecting a half space with (vg);. The newly-
introduced hyperplanes at each neuron (as given by Theorem 2.2) are high-
lighted in red, and the shaded blue area represents the selected intersection
of half spaces that comprise the linear region.

VD () = max{A(y“) () + Y v (m)) + b,o} (46)

keK
= maX{A+V()( )+b+A+Z ®) (), AW (z)
keK
+AZS ® (a:)} - (A_V(l)(:c) +A4-3 v (1:@7)
keK keK

We can express vF)(z) as (F®)(z) — G¥)(z)), giving:

FOY@) = max{HD (@) G“*”( ) (48)

GV () = A,GO@)+A_FO@z)+ A Z( — W (g )) (49)
keK

HAY () = A, FO@) +A_GO(z) + A, Z(W —GW (g )) +{50)
keK

Here, the altered parts are underlined for emphasis. Lastly, we need recur-
rence relations for H 4, hy, G4, and gp, since this allows us to calculate the
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boundaries of linear regions. These relations are as follows:

G%“)(m) _ A+G%)(x) +A_Ff)($) LA Z (FX“)(“/') — fo)(:r)) (51)

keK

géul)(x) _ A+géﬁ)(x)+A_fl§£)($)+A_ Z (fsz)(x) —gék)(:c)> (52)
keK

A @) = A PO+ AGO ) + Ay > (Fjlk)(x) - G(j)(x)) (53)
keK

@ = A @ A @)+ A0 (AP @) - g @) +Ba)
keK

and F4 and f; are unchanged from before. The conclusion of this section is
that the relations given in (51) can be used in Algorithms 1 and 2 to find all
linear regions of neural networks with arbitrarily many skip connections.

5 Visualization of Linear Regions in Neural Net-
works

In this section, we use Algorithms 1 and 2 to plot all linear regions in some
small neural networks, and we analyze their appearance.

For easy visualization, we consider regression problems on neural net-
works with 2 scalar input variables z and y, and 1 scalar output variable z.
We perform experiments with each of the following functions:

¢1(z,y) = sin(log|z| +log|yl) (55)
balry) = sin(va? 4 5) + Ve ¥ P (56)
¢3(x,y) = sin(cos(z/2))sin (cos(y/2)) (57)
¢a(z,y) = sin (tan(z/2))sin (tan(y/2)) (58)

@1, @2, and ¢3 are examples of functions that a neural network can be ex-
pected to model well. On the other hand, ¢4 is given as an unreasonably
difficult function for a small network to model, which we expect to lead
to overfitting, allowing us to observe the linear regions in such a scenario.
These functions are plotted in the left column of Fig. 2. For each of these
¢ functions, we train simple neural networks with the Adam optimizer and
with learning rate n = 0.01 for 20,000 epochs. Each training instance (z,y)
is sampled from [—10,10] x [-10,10] on a uniform grid at intervals of 0.1.

12



For each function, two networks are trained. Both have ReLU activation
on all hidden nodes, and both have 5 neurons per layer The only difference
between the two networks is that one has 2 hidden layers, while the other
has 5 hidden layers, allowing us to observe the effects of adding more layers.
This is not the first experiment to produce visualizations of linear regions,
as there is precedence from Montufar et al. [12], Hanin and Rolnick [4], and
X. Zhang and Wu [17], who have all made similar visualizations. However,
we believe that this is the first experiment that captures all distinct linear
regions of a neural network and provides exact boundaries for these regions.

The resulting linear regions of the trained networks are shown in Fig. 2.
From this, we make the following observations:

e For ¢ and ¢, the 5-layer network partitioned the input region into
regions that mimic the patterns in the training data. The 2-layer network
also produced visual patterns matching the training data in less detail, sug-
gesting that deeper networks may be able to position boundaries of linear
regions more effectively than shallow networks, which partially explains their
increased effectiveness (among many other known explanations).

e ¢3 had contours that were more difficult to model than ¢ and ¢, but
the patterns produced by the 5-layer network are still sensible. The deeper
nature of the 5-layer network over the 2-layer network was necessary to cap-
ture this pattern, where early layers produced long, sweeping hyperplanes
surrounding each peak and valley, and successive layers captured the smaller
radial patterns. Our network only had 5 neurons per layer, yet 9 such pat-
terns were made, suggesting that the divisions produced in early layers allow
the input space to be “folded” in such a way that patterns produced by later
layers are repeated across the space. This folding analogy is detailed by
Montufar et al. [12].

e On the other hand, for ¢4 (which we expect to induce overfitting), the
networks produced clusters of tiny linear regions near the center, with highly
non-uniform regions near the edges. This shows us that a neural network
that overfits on a task may start dividing the input space randomly via early
layers, before subdividing resulting small regions further. This is consistent
with an intuitive understanding of overfitting, which is that it occurs when
too much emphasis is placed on noise in training data.
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Figure 2: Linear regions of neural networks after 20,000 training epochs.
Each row i corresponds to a function ¢; in (55). Colors are arbitrary. Left
column: Plot of function given as tygining data. Middle column: Linear
regions of 2-layer neural network. Right column: Linear regions of 5-layer

neural network.



6 Comparison With and Without Skip Connections

In this section, we compare the number of linear regions in neural networks
with and without skip connections. We start in Subsect. 6.1 by making this
comparison throughout training, where we find that neural networks with
skip connections have more linear regions than regular networks, even with
no training. Given this unexpected result, we verify it with hypothesis tests
in Subsect. 6.2.

6.1 Comparison Throughout Training

We train two types of neural networks on each of the functions ¢1, ¢2, ¢3, P4
given in (55-58). We create the training data in the same way as in Sect. 5,
though we also add a testing set, where we sample at the same interval as the
training set, and offset the samples by 0.1 (e.g. the first few x coordinates
in the training set are -10, —9.8, —9.6, ..., while the first few x coordinates
of the testing set are —9.9, —9.7, —9.5, ...). Both types of networks have
5 hidden layers, with 4 neurons per layer. One type of network does not
have skip connections, while the other has a skip connection from the first
layer to the third layer, and from the second layer to the fourth layer. For
each type of network, we perform 10 trials on each function ¢, through ¢4,
and take the overall mean across all trials and functions of the number of
linear regions throughout training. We also record the loss to validate our
methodology.

The results are shown in Fig. 3. We observe that the networks with skip
connections consistently have more linear regions than the networks without
skip connections throughout all stages of training. This result is surprising,
as the number of neurons is the same in both types of network, and so the
upper bound on the number of linear regions is the same. Ostensibly, one
might expect there to be no difference between the two networks in the early
stages of training, but one may expect a difference to appear after training.
Given the nature of this result, we perform additional hypothesis testing in
Subsect. 6.2 to verify this result for randomly-initialized networks.

6.2 Comparison Upon Random Initialization

In Subsect. 6.1, we found evidence that networks with skip connections may
have more linear regions than equivalent networks without skip connections,
even without training. In this subsection, we perform hypothesis tests to
verify this result.
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Figure 3: Comparison of neural networks with and without skip connections
throughout training. Networks were trained on functions ¢1, ¢2, ¢3, ¢4, and
the mean was taken over 10 trials of each. Top: Number of linear regions.
Bottom: Mean squared error loss.

For each test, we randomly initialize 50 neural networks without skip
connections using Kaiming He initialization, each with some given number
of layers and neurons per layer (as laid out in the “neural network parame-
ters” columns of Table 1), and we initialize 50 networks with skip connec-
tions. Taking p; to be the sample mean number of linear regions in the
networks without skip connections and ps to be the sample mean with skip
connections, we apply a one-tailed Mann-Whitney U test with null hypoth-
esis 3 = pg and alternative hypothesis p; < pg, with significance level
0.05. We use a U test because the distribution of each sample is not Gaus-
sian. Further, we find that the best-fitting distribution for each sample is a
shifted Gamma distribution. Therefore, we also include goodness-of-fit tests
for Gamma distributions for each sample, and we find no significant evidence
to suggest that this Gamma distribution is inappropriate.

The results are given in Table 1. In each test, we obtain small p-values
and reject the null hypothesis. These tests provide us with strong evidence
that the average number of linear regions for untrained networks with skip
connections is greater than that of equivalent untrained networks without
skip connections.
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Table 1: Results of hypothesis tests for the sample mean number of linear
regions of neural networks with and without skip connections. For each row,
50 networks with skip connections and 50 networks without skip connections
are initialized. An entry of e.g. 1-3 in the “Skip connections” column denotes
that the output of the first layer is added to the input of the third layer. “KS
test” is a one-sample Kolmogorov-Smirnov test for the goodness-of-fit of a
Gamma distribution. One-tailed U-test compares the sample mean number
of linear regions for networks with and without skip connections.

Neural network KS test Sample mean no. One-tailed
parameters p-value of linear regions Mann-Whitney U test

No. of Neurons Skip With Without With Without U- U test Reject null
layers per layer connections  skips skips skips skips statistic p-value hypothesis

6 5 173204 0960 0830 2068 1177 22375 1.0x10 " Yes

6 4 123204 0005 03T 1116 622 21615 3.4x10 " Yes

5 4 1-3,2-5 0801 0709 967  53.3 2242.0 8.1x10 "~ Yes

4 4 1-3,2-5 0.849 0.984 71.5 53.5 1804.5 1.3x 1074 Yes

3 6 1-3 0.815 0.665 1376 115.7 17115 1.5x10 " Yes

3 4 1-3 0.810 0.992 52.3 42.4 1728.0 9.9x 1074 Yes

6.3 Analysis of Results

In Subsect. 6.1, we observed that neural networks with skip connections have
more linear regions throughout training than regular networks, and achieve
a greater maximum number of skip connections when training finishes. This
indicates that networks with skip connections produce a more advanced out-
put map with more facets, and are therefore more expressive than regular
networks.

One explanation of this observation is that layers directly following skip
connections have more flexibility to partition either the space from the pre-
vious layer, or partition the space from the “skipped” layers. More precisely,
suppose we have a skip connection from layer k to layer £ + 1, so that the
input to the (¢ 4 1)-th layer is v®(z) + v (z). Then layer (¢ + 1) intro-
duces hyperplanes with equations G*1(z) = H (), and by (48), this
is equivalent to:

GOz)+ A_v®(z) = HO(2) + AP () (59)

On the other hand, a neural network without this skip connection would

17



introduce hyperplanes at G (z) = H®(z). Therefore, when training a
neural network, each skip connection provides the optimization algorithm
with an opportunity to introduce a hyperplane as a function of the outputs
of both layers ¢ and k, rather than layer ¢ alone, leading to more linear
regions.

In Subsect. 6.2, we found evidence that the average number of linear re-
gions for untrained neural networks with skip connections is greater than that
of equivalent networks without skip connections. This shows that adding skip
connections makes a network inherently more expressive, rather than simply
improving its ability to be optimized with gradient descent methods. To
reason this out, consider that a layer that uses a skip connection as its input
introduces a hyperplane at (59) — the matrices Ay and A_ have random
entries, and so a random multiple of ¥(®) is added to the hyperplane equa-
tion. This aligns the direction of the new hyperplane more with vk making
it more likely to intersect each existing linear region and to split them into
two. This result may be possible to formally prove by using random vari-
ables to represent the coefficients of the boundaries of linear regions, which
we foresee as a future research direction.

7 Application: Caching Values in Neural Networks

In this section, we propose a method to compress nonlinear neural networks
into as a single layer (which we originally envisioned in [7]), given by Algo-
rithm 3.

As a caching algorithm, the speedup we observe depends entirely on how
often each new instance arrives pre-cached, which is highly dependent on
both the complexity of the neural network, as well as the data set on which
the network has been trained. This raises the question of how often trained
models cache instances, and whether networks with skip connections cache
data at a different rate than networks without skip connections. In the re-
mainder of this section, we seek answers to these questions by performing
experiments with our caching algorithm. In Subsect. 7.1, we train classifier
models of various sizes on three different data sets. In Subsect. 7.2, we exam-
ine the effect of using skip connections on the rate at which data instances
are cached.

7.1 Caching Experiment on Various Data Sets

To examine how often cached results are used, we train models of varying
sizes on the following three different data sets: a) MNIST data set of hand-
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written digits, containing 60,000 training instances and 10,000 test instances,
b) CIFAR-10 data set [9], containing 50,000 training instances and 10,000
testing instances (for computational tractability, we desaturate the 3-channel
RGB images into 1-channel grayscale images), ¢) Street View House Num-
ber (SVHN) data set [13], containing 73,257 training instances and 26,032
testing instances.

For each of the three data sets, we train a network with 4 layers and 8
neurons per layer, a network with 3 layers and 16 neurons per layer, and
a network with 3 layers and 32 neurons per layer. Each network is trained
on each data set with the Adam optimizer for 5 epochs with learning rate
n=>5x10"%

After training, we cache all linear regions that contain at least one train-
ing instance by storing a string with a 1 or 0 for each neuron, indicating
whether the neuron’s pre-activation function is positive or negative for the
given training instance. For each testing instance, we then find the linear
region in which the instance lies, and check whether any training instance
lies in the same region.

The results are shown in Fig. 4. For easier visualization, we use Uniform
Manifold Approximation and Projection (UMAP) [11] to plot the data in
2D. Instances in the test set that lie in the same linear region as at least
one training instance are colored in blue, while the rest of the test set is in
red. For simplicity, let us refer to these types of instances as cached and
uncached, respectively.

Based on Fig. 4, we can make several observations. a) Rates of caching
are not uniform across each class. For instance, in the plot corresponding
to the 3-layer, 32-neuron-per-layer model on MNIST (top-right position of
Fig. 4), we observe a mix of cached and uncached test instances, and we see
that the labels “9” and “1” have high rates of caching, while “2” and “3” are
much lower. b) From the middle column of Fig. 4, we see that uncached
instances tend to appear further away from class centroids, while the cached
instances are usually closer to the centroids. This shows that there may
be potential for this method to be able to detect out-of-distribution data.
Such a method could involve mapping out linear regions as a graph, and
counting the path length to the nearest in-distribution element. ¢) The
proportion of cached elements depends on the number of neurons in the
network. For larger networks (right column of Fig. 4), we have more linear
regions, so it is less likely that any two data points lie in the same region.
To use this technique on large networks, knowledge distillation techniques
may be needed. d) The data set choice affects the rate of caching. This is
most evident when comparing CIFAR-10 and MNIST, which have the same
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number of testing instances, but more test data is cached on MNIST than for
CIFAR-10, which may be due to the higher relative difficulty of CIFAR-10.

7.2 Caching Experiment With and Without Skip Connec-
tions

Using a similar setup as in Sect. 7.1, we can also compare networks with and
without skip connections. For each model-dataset pair as given in Fig. 4, we
conduct a trial where we train 50 networks with skip connections, and 50
networks without skip connections, and record the number of cached values.
For each trial, take p; to be the sample mean number of cached instances of
the networks without skip connection and ps to be the sample mean of the
networks with skip connections — we apply a one-tailed Mann-Whitney U
test with null hypothesis p1 = pg and alternative hypothesis p; > pa, with
significance level 0.05 for each test. The results of these hypothesis tests are
given in Table 2.

Table 2: Results of hypothesis tests for the sample mean number of cached
values found in the testing set for various data sets. For each row, 50 net-
works with skip connections (as in “Skip connections” column, which uses the
same format as Table 1) are trained, and 50 networks without skip connec-
tions are trained. All networks are trained for 5 epochs on MNIST, CIFAR-
10, or SVHN, respectively. Using Algorithm 3, the number of cached test
instances is recorded for each trained model. A one-tailed Mann-Whitney U
test is applied to compare the means with and without skip connections.

Neural network Mean accuracy Mean no. of cached One-tailed
Data parameters on test set values in test set Mann-Whitney U test
set
No. of Neurons Skip With Without With  Without U- U test Reject null
layers per layer connections skips  skips skips skips statistic p-value hypothesis
4 8 1-3,2-4 83.8% 78.7% 9966.4 9970.0 1245.5 0.489 No
MNIST 3 16 1-3 91.8% 91.3% 9211.6  9349.2 997.5 0.041 Yes
3 32 1-3 94.4% 93.9% 2140.3 3200.6 3975 2.1x 107Q Yes
4 8 1-3,2-4 30.3% 29.2% 8965.6 9125.4 850.5 3.0><1073 Yes
CIFAR-10 3 16 1-3  35.8% 35.2% 17022 24365 3140 56x10 Yes
3 32 1-3 39.0% 39.0% 4.1 7.3 485.0 5.7x 1078 Yes
4 8 1-3,2-4 52.5% 48.8% 24806.9 24982.8 877.0 5.1x10 " Yes
SVHN 3 16 13 64.9% 63.4% 102732 12532.9 3045 3.6x10 Yes
3 32 13 726% 71.6% 873 1747 2895 1.8x10 " Yes
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From Table 2, we reject the null hypothesis for all but one model-dataset
pair!. We also observe that the networks with skip connections have greater
or equal average accuracy than the networks without skip connections, which
aligns with conventional knowledge. When considered together with the fact
that this accuracy comes from uncached data, this indicates that introduc-
ing skip connections to a neural network allows it to generalize to unseen
data more effectively. Combined with our observation in Sect. 6 that neural
networks with skip connections have more linear regions, this shows that net-
works with skip connections do not simply introduce linear regions around
individual training instances, but instead produce regions that are represen-
tative of underlying patterns.

8 Conclusion

Recurrence relations form the basis for algorithms to compute all linear re-
gions of a neural network, generalized to work for networks with skip connec-
tions. Visualizations of those linear regions help to understand how patterns
in the training data may lead to overfitting. Caching the linear transforma-
tions allows for faster predictions. Through experimentation, we found that
skip connections allow a model to both be more expressive by creating more
advanced output maps, while also ensuring that these maps can generalize
to new data.
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Algorithm 1 Method to find linear regions of neural networks, as in Theo-
rem 2.2.
1: function FINDLINEARREGION(vy, ..., vp)

o FV.GO HY 10 g0 Y  Initial values laid out in (15)
3: S < Empty array > To be filled with inequalities that define the lin-
ear region.
4: for [=0,...,L—1do
5: A « weight matrix of layer £ 4 1
6: b < bias vector of layer ¢ + 1
7 G%H), HXH), gl(fH), hl(fﬂ) + Values for the next layer laid out
in (14)
(£+1) .
8: Fy < a blank matrix to be filled out
9: fé“l) + a blank vector to be filled out
10: fort=1,...,ldo
11: & « i-th row of H{ Y — g+
12: B < i-th entry of hl(fﬂ) — gl(fﬂ)
13: if (vj41); == +1 then
14: Append the inequality @ -« + 3 <0 to S
15: i-th row of Fjgﬂl) < i-th row of G%H)
16: i-th entry of fé“l) + i-th entry of gé“l)
17: else
18: Append the inequality —@ -z — 5 <0to S
19: i-th row of Fngl) < i-th row of H%H)
20: .~ i-th entry of fé“l) + i-th entry of hé”l)
21: if the region given by the intersection of elements of S is empty
hen
22: return Message indicating that the region is empty,
and specify the current index ¢ where we reached an empty
L set
23: L return S
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Algorithm 2 A tree traversal approach to finding all linear regions. Initial
call is TRAVERSE(0,9).

1: results <— a global array, accessible within nested calls

2: function TRAVERSE(depth, v)

> v is some set of elements {'1,'(1) ..... 1,'(]")}. Initially, v is empty.

3: if depth == L then

4: msg < FINDLINEARREGION(v) > Call algorithm 1.

5: if msg shows an empty region then

6: ‘ return index of failure

7 else

8: L Append msg containing linear region to global array of results

9: return nothing

10: else

11: for each possible assignment of —1 and +1 to entries of Udepth
do

12: v/ < current assignment of —1 and +1

13: msg < TRAVERSE(depth+1, v Uv/) > Recursive call.

14: if msg contains index of a failure, and current depth > index

f failure then
15 L L L return index of failure

Algorithm 3 Algorithm to make predictions and cache observed linear re-
gions.

1: function PREDICT(z)

2: Find linear the region v € {—1, 1}*-"eurens in which x lies.
> This can be achieved by checking the inequalities that define each
linear region.
3: if v is not in the cache then
Use recurrence relations defined in (14) to find the matrix FIElL)
and vector féL) s.t. the neural network map is Fl(qL)w + flfL) on
the given linear region.

5: Append the key-value pair (v : (FIEXL), féL))) to the cache
6: Use the cache to look up FQL), fb(L) for the current linear region

7: return FIE‘L)[I} + flSL)
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Figure 4: UMAP embeddings showing rates of caching in the test set for
each of; MNIST (top row), CIFAR-10 (middle row), and SVHN (bottom
row). Each column represents a different model size; 4 layers and 8 neurons
per layer (left column), 3 layers and 16 neurons per layer (middle column),
and 3 layers and 32 neurons per layer (right column). Blue points denote
test data in the same linear region as at least 1 training set instance, while
red points are not in the same region as any training instance. Gray points
represent training data. Labels show the mean coordinates of each class.
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