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Denumerable models of complete theories *

R. I.. VAUGHT (Berkeley, Calif.)

Introduction. The following theorem, whieh characterizes
a certain type of complete theories, was established by Ryll-
Nardzewski.

0.1. A necessary and sufficient condition for a complete
theory T, having infinite models, to be ny-categorical (1) is that,
for each n, there are only finitely many formulas, with free
variables vy, ..., Vp—1, which are inequivalent tn T.

A simplification of the proof (of necessity) was found by
Ehrenfeucht (2).

In this paper we shall apply methods closely related to
those used in proving 0.1 to the study of the denumerable
models of some other types of complete theories.

Before the work can be described more fully, some notions
must be defined. Let % be an infinite model of a theory T.
We sav that U is homogenenous if, whenever a,, ..., ¢, and
agy ..., ap satisfy in A exactly the same formulas of T, there
is an automorphism of U carrying ea; into a; (i =0, ..., n).
A is sp-universal if W is denumerable and is an elementary
extension (cf. § 1) of an isomorph of each denumerable model
of T. Wis prime if every model of 7' is an elementary extension
of an isomorph of U (3).

* Many of the results in this paper were announced in [22].

(*) A theory is said to be categorical in the power 8, or, simply,
Rg-categorical if all its models of that power are isomorphic (cf. [9]). The
exact meaning we ascribe to various familiar terms such as ‘“theory”,
will be specified in § 1; but let it be said now that, herein, “complete’”
implies ‘“consistent’.

(2) Cf. [13] and, also, [10], p. 24. Later, independently, 0.1 was
established by L. Svenonius, and by E. Engeler {3].

(®) Notions more or less closely related to “N,-universal” and “homo-
geneous’ have been employed by various authors. Cf. e.g., (1], [4], and [8];
also, see footnote 15. A. Robinson [12] defined ‘“prime’” as above, but
with “elementary” omitted; however, for the ‘“model-complete”” theories
he was studying, this omission does not change the extension of the notion.
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The two types of complete theories we discuss are those
having prime models and those having xp-universal models—
or, what, turns out to be the same—those having x,-universal,
homogeneous models. It is shown that a model of T of the
last sort is unique up to isomorphism, and that the same applies
to a prime model. A number of necessary and sufficient con-
ditions for a model to be such a model, or for a theory to have
such a model are given in 3.4, 3.5, .6, and 4.7; these ave the
principal results of the paper.

According to a theorem of Ehrenfeuchit [2], certain of these
conditions are satisfied by theories categorical in a non-denu-
merable power. Consequently, our results may be applied to
show that such theories possess prime models and xg-universal,
homogeneous models. Some additional conclusions regarding
these theories are also derived in § 3.

In § 6, it is shown that a complete theory cannot have
exactly two non-isomorphic denumerable models, answering
a question of Raphael Robinson.

§ 1. Preliminaries. The theories we consider gre formalized
in the first order logic with identity, and are assumed to have
at most x, non-logical constants (¢), each of which is either
a relation symbol or an individual constant. (When more than x,
non-logical constants occur, we speak of a generalized theory.)
A theory specifies a non-repeating list X, ..., X, ... (£ < n) of
its non-logical constants. The distinet individual variables of
every theory T' are v,, vy, ..., vy, ... The set of all formulas of T
whose free variables are among Vo, ..., Vooy 18 called Fo(T) (3).
Let @, ¢' ¢ F,,(T). We write @ to mean that ¢ is valid in 7
(Le., the sentence Avy... AV i8 valid in 7). ¢ and ¢ are
equivalent in T if —p@eoe’; and @ is consistent with T if ~¢
is not valid in 7. It z,, ..., 7, are terms, @(zy, ..., 7,,) is the
formula obtained by the proper simultaneous substitution of z;
for the free occurrences of v; in ¢ (¢ = 0, ..., p—1). (“Proper”
means that bound variables should be changed‘ to avoid colli-
sions.)

If a system U is a realization of T and ag, ..., dy—y € |U| (%),
we write |=y P[ay, ..., @4n_1] to mean that ¢ is satisfied in A by

(*) Terminology which is explained only partly or not at all is that
of [17] and [18].

(*°) Letters “i”, ..., “r”’ denote natural numbers 0, 1, ..., i.e.. members

of w. “0” also denotes the empty set. “£”, “n”, <, denote ordinals.
(%) 1?1 is the wuniverse of A = (4, ...>, i. e., the set 1.
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the assignment of a, to vy, ..., @y—1 t0o v,—;. Thus, when m = 0,
|=u@ means that ¢ is true in A, or A is a model of ¢. Realizations
of the same theory are called similar. The similar systems A
and B are elementarily equivalent (in symbols, A = B) if they
have the same true sentences, or in other words, if they are
models of the same complete theory. % is said to be an elementary
extension of B and B an elementary subsysiem of A (in symbols,
A= PB) if (in addition) B is a subsystem of A and, in general,
|=8 @by, «., bu—i1] implies |=wu@[by, ..., by_1].

Let Aoy ..., Usy ... (6 <) be similar systems such that
Ay N, whenever 5 > £ > & (such a sequence of systems is
said to be elementarily increasing). Then the union () (W] & < #}
is the system whose universe is the ordinary union of {|U|/
& < n} and whose (th relation or distinguished element is,
respectively, the union of the {th relations of all the U, or the
{(common) th distinguished element of all the ;. Given a system
=<4, Xy ..., X¢y ...De<,, and a sequence Y, ..., Y, ... (§ <0)
of further relations or distinguished elements over A4, the
system <A, X, ..., X¢y ooy Yoy ooy Yoy oo Dpcn, < will be indi-
cated by the notation (of S. Feferman) (U, ¥y, ..., Y¢, ...)ecr-

To simplify the description of the next notion, we deal
with the case where T has only one non-logical constant, a ter-
nary relation symbol R; from this illustration the general
situation will be clear. By a possible relative interpretation of T
in another theory 7, we understand a system I = {0, y>,
where 0 ¢ F',(T,) and y ¢ Fy(T,). For any formula ¢ of T, &I is
the formula (of T,) obtained from ¢ by replacing each atomic
formula Rvy,ve, Vi, DY ¥(Vigy Viyy Vip), and then replacing sub-
formulas of the form \/vyy or Avy by Vv,(0(vi)ay) or
/\V,-(G(v,-)»zp), respectively. I is a relative interpretation of T
in 7, if of is valid in T, whenever o is a sentence valid in 7.
If B is a realization of 7, then the denotation of I in B is the
system <4, B), where 4 = {x/|=g0{x]} and R = {{z,y, 2>/
Zz,¥,2 A and |:SB')’[$, Yy, 2]}

For later reference we state here the following, easily
proved facts:

Lemma 1.1. (1) If AW whenever > & > &', then, for
each & < n, \J{We/é < 7} &= Us.

(.2) If B s a model of T;, B=B', and U and W are the
respective denotations in B and B’ of a relative interpretation I
of T in T,, then A=UA'.

Infinitistic Methods 20
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(.3) Suppose that U and B are similar systems, |A| = {an/
n € w}, and, for each n, (A, @y, ..., Gn—1) = (B, byy..., bp-1). Then
{{@p, bp>/n € w} 15 a function mapping W isomorphically onto
an elementary subsystem of B (7).

We turn now to some legs familiar notions. Henceforth it
is assumed that 1T' is a complete theory having infinite models (3).
{One or both of these assumptions is often dispensable, but
usually with little serious gain in generality.) For each %, the
set F,(1), together with the operations A (which, when
applied to ¢ and y, yields ¢Aw), v, and ~, and the relation
of equivalence in 7, constitutes a Boolean algebra (°*)-—also
denoted by F,(T). Consequently, the ordinary terminology for
Boolean algebras may be employed:

1.2.1. A member a of F,(T) is an atom of F,(T) provided
that o is consistent with T and, for any ¢ e F(T), if ane is
consistent with 1' then ra—g.

1.2.2. ¢ is an atomless element of F,(T) if ¢ is consistent
with 7' and t-ra—>¢ holds for no atom a of F,(T).

1.2.3. F,(T) is atomistic if it has no atomless element.

1.2.4. A prime ideal of F,(T) is a non-empty, proper sub-
set P of F,(T) such that, for any ¢,y e Fp(T): prpe P if
@,pePiyeP,if ¢ ¢« Pand | rep—y; and either p e P or ~g¢ ¢ P.
(This is what is usually called a “dual prime ideal”.)

1.2.5. A prime ideal P is principal if, for some 6 ¢ F (T),
P = {p|p e Fo(T) and r0-—>¢} —or, equivalently, if P con-
tains an atom of F,(T).

The set of all prime ideals of F,(7) will be denoted by
Po(T). If PePp(T) and A is a model of 7, then we denote
by P(U) the set of all n-tuples {a, ..., an—1> such that, for
every ¢ ¢ P, lu@lag, ..., @n_1].

1.3. Clearly there is a natural one-to-one correspondence
between F,(T) and the set F,(T) of all sentences which involve
the non-logical constants of T' plus the distinet, new, individual

(?) For (.1}, cf. [18], Theorem 1.9. For (.3), cf. the proof of 1.12 of [18].

(®) Any reference to the power of 4 is to be understood as referring
to the power of |¥|.

(*) Thus for us a Boolean algebra is a system of the form
<4, +, -, —, ~>, whose quotient modulo ~ is a Boolean algebra in the
more usual sense. Note also that, T being complete, Fy(T) has always only
two inequivalent elements; nonetheless, it is included in the discussion,
for technical convenience.
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constants ¢q, ..., Cp—. A formula ¢ ¢ F,(T) goes into the sen-
tence ¢ = @(Cy, ...y €n—1). The induced correspondence (also de-
noted by ) maps the prime ideals of F,(T) onto the complete
theories involving the non-logical constants of 7' plus ¢y, ..., Cp—;-
Clearly, {day, ..., an_1) ¢ P(A) if and only if (A, a, ..., ay—;) is
a model of 2. Tt is sometimes convenient to think of the theory P
m place of the prime ideal P of F,(T).

Lemma 1.4, below, gives an obvious, alternative character-
ization of the notion of “atom’.

Lranga 1.4, A necessary (and sufficient) condition for
a member a of Fu(T) to be an atom of F,(T) is that, for any mo-
dels W and B of T, if |=ualay, ..., Gn-1] and |=ga[by, ..., bp_1],
then (W, ag, ..., an—1) = (B, by, ..., bp—1).

§ 2. Existence of models. In this section we shall prove the
following

THEOREM 2.1. (1) There is a denumerable model W of T
such that

() every finite sequence of elements of |U|, of any length m +1,
satisfies in W either an atom or an atomless member of F (T).

(.2) If, for each j € v, P; is a non-principal prime ideal of
Fp . (T), then there is a denumerable model A of T such that

(#x) Py(W), P, (A), ... are all empty.

(-3) Indeed, under the hypothesis of (.2), a denumerable mo-
del W of T can be found for which both (%) and {xx) hold.

2.1.2 was proved by Ehrenfeucht. Its special case in which
there is only one P; was used by him to give a simple proof
of the necessity in Ryll-Nardzewski’s theorem, 0.1 (), and will
be used in §3 and § 6, below. 2.1.1 was established by the
author. In § 3 it will be applied in the special case in which
each F,(T) is atomistic. Thus, 2.1 is, in a number of ways,
stronger than what is needed in the rest of the paper. The
strong form has been stated because it is no more difficult
to prove and may, perbaps, be of some intrinsic interest. Note
that (.2) allows us to assume that countably many, arbitrary,
non-principal prime ideals will be empty for 2. On the other
hand, (.1) says that certain non-principal prime ideals, pos-
sibly 2% in number, can be made empty for A (*°).

(1) As one easily verifies, these are, in fact, those non-principal prime
ideals of each () which—as points of the topological space corresponding
to Fn(T) by Stone’s representation theorem ({15})—are the limit of a se-
quence of isolated points.

20%
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Proof. We proceed by a modification of Henkin's proof
of the completeness theorem (Cf. [6] and pp. 42-43 of [5]).
Let ¢y, ¢,, ... be distinct, new individual constants. Clearly all
entities of the form I = (P, ¢, ..., ¢x,» —where ¢ is arbitrary,
ko, ..., k, are distinet, and either P = 0 or else P is a P; with
p; = q —may be enumerated in a list 17y, I1,, ... Let T be the
theory whose constants are those of I' plus ¢, ¢y, ..., and
whose axioms are the valid sentences of 7. The members of
F(T,) may be enumerated in a list ¢4, ¢;, ... For later reference,
we note the well-known principle, which holds for any y € F(1'):
(1) v, or \/v,...\/ V.19, is consistent with 7' if and only if

1}

¥(Coy .-y Cr—;) i8 consistent with T',.

We are going to define recursively sentences a,, a,, ... of T,
in such a way that, for each n, gyA ... Ao,—, is consistent with 7',.
Suppose that oy, ..., 0,1 have been defined and oyA...A0n—1
is consistent with T',. Let » be the smallest number such that c,
occurs in none of @, g4, ..., 6n—1. Then as is well known, the
sentence

Y: [V V@ @ulC)]AGA .. Aoy
is (yb (1)) consistent with T,. Let I, be (P, d,, ..., d,>, and
let €4, ..., e,—1 be the distinet ¢,’s oceurring in y and not equal
to any of d,, ..., d,. Clearly, there ix a formula 0e F,.,. (T)
such that 6(d,, ..., d,, ¢y, ..., ¢,_;) is logically equivalent to y.
Then the formula
B N Vgsr oV Vaar

of Fgi((T) is consistent with 7'. We now distinguish two cases:

Case (i). For some atom a of F¢, (1), -ra—p. Choosing
a definite a, we take for o, the sentence a(d,, ..., d,)Ay. Since «
(as an atom) is consistent with 7, one easily sees (applying
principle (1)) that oyA...A0, is consistent with 7.

Case (ii). g is an atomless element of F,,(T). If P is the
empty set, we take for o, simply the sentence y; then, certainly,
Oy A ... Aoy 18 consistent with T,. Otherwise, P is a non-principal
prime ideal of F,, ,(T). Then, clearly, there is a formula
6 eF, (T) such that ~d e P, while S0 is consistent with 7.
For o, we take d(dy, ..., dg) ALV Vopa—@u(c,)]. Again, applying
(1), we see that o,A...A0, Is consistent with 7.

Thus, oy, 0y, ... are defined, and the theory 7,, obtained
from T, by taking o, oy, ... as additional axioms, is consistent.
Moreover, the construction assured that

(2) for each m, there is a c¢; such that '—z,\/ Vo@,—>@a(C;).
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By a well-known result of Henkin ([6]), it follows from (2)
that 7, has a model (U, ¢y, -..y Cp, ...) such that A is a model of T'
and |UA] = {¢y, ..y €, ...}. We shall see that our construction
above has also ensured that U fulfills () and (x).

Indeed, suppose that a,, ..., aq € |%|. Then there are distinct
Cicyy -y Ok, such that a, = ¢, ..., and @, = Cicyr (This is because
any given ¢; is of the form ¢;, for infinitely many <. The latter
faet is easily seen by noting that there are infinitely many ¢;’s
of the form vy =c¢;n0, where ¢ is tautologous (!')). Now, at
some point in defining oy, 0y, ..., we had [T, = <0, ¢, ..., Cx)-
If case (i) occurred, then clearly ¢, ..., ¢, satisfy in U an
atom of F (T)—namely, the a of case (i). Otherwise, § was atom-
less, and, since the construction insured that i r,B(Ck, -, Cx,),
we see that ok, ..., ¢, satisfy in U an atomless member of
F.(T). Thus, (x) holds. Now suppose further that p; =g,
so that for some n', Il = (P;, ¢, cey CrpD- If at the =»'th
step case (i) occurred, then o, ..., ¢, satisfy in U an atom,
say a'. Since P; is non-principal, ~a’e P, and hence (¢, ...,
o ¢ Pi(U). If, instead, case (ii) occurred in the n'th step,
then we have explicitly ensured in that step that (e, ..., cx>
¢ P;(N). Thus (x*) holds, and the theorem is proved.

§ 3. Prime models. A model A of T will be called atomic
if each finite sequence of elements of ||, of any length n,
satisfies in U an atom of F,(7) (12).

LeMMA 3.1. Suppose that U is a denumerable, atomic model
of T and B is an arbitrary model of T. Then U can be mapped
1somorphically onto an elementary subsystem of B. Moreover,
if Gy ey Gy € U, by, ooy b1 € |B], and (U, a,, ..., Gp_i)
= (B, by, ...y bu_1), then the mapping may be so chosen that it
carries a; into b; for each i < m.

Proof. Let a,, ..., a,, ... be a list, possibly with repeti-
tions, of the elements of || (commencing with the given
gy ooy Q). Suppose that b, bi1y ..y by (1 > m) have been
defined in such a way that

(1) (%’ gy --0y a/n—l) = (%7 b07 ] bn—'l) .
Sinee U is atomic, there exists an atom a« of F(T) and
an atom o of F, (T) such that [=galdag, ..., a,-1] and

(1) This detail seems less bothersome than those required in the
applications of (1) above, had d,, ..., d; not there been assumed distinct.
(**) This terminology is due to I.. Svenonius.
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|=wa'[as, ..., a,]. It follows that |=galb,, ..., b.—1] and that
formula aA\/v,o’ is consistent. By 1.2.1, the latter implies
that ~ra—>\/v,a'. B being a model of 7', we infer that
[=8(VVna') [byy ..., bp—1]. Thus, we may choose for b, an
element of |[B| such that |=ga'ldy, ..., bx]. Then, by 1.4,
(U, Aoy oy @n) = (B, by «vy ba).

Thus, by, iy, ... can be defined recursively in such a way
that (1) holds for every n. Lemma 3.1 now follows immedi-
ately from 1.1.3.

THEOREM 3.2. If W and B are denumerable, atomic models
of T, then W s isomorphic to B (V).

THEOREM 3.3. If W is a denumerable, atomic model of T,
then W is homogenous.

Proof of 3.2 and 3.3. The proof of 3.1, above, resembles
Cantor’s argument showing that any denumerable, simply order-
ed system is a subsystem of a denumerable, densly ordered
system without extreme points. The proof of 3.2 is analogously
related to Cantor’s proof that any two systems of the lat-
ter sort are isomorphic. Roughly, to prove 3.2, we let |%]|
={am/mew)} and |B| = {b,/n e w} and define recursively couples
{&j,y bg, >, n=0,1, .. The passage from = to n+1 is like that
in the proof of 3.1 (j, being defined to be the first ¢ # jg, .-, fn—1)
when = is even; when # is odd, the réles of A and B are reversed.
The proof of 3.3 is analogously related to the argument proving
the second conclusion of 3.1.

It may be noted that the second part of 3.1 could have
been derived from the first part, and 3.3 from 3.2, by noting
the following easily proved fact: If U is atomic and a,, ..., @, €
|Ul, then (A, a,, ..., a,) is atomic.

ToEoREM 3.4. A ¢s prime if and only if U is denumerable
and atomic.

Proof. If U is atomic and denumerable, then, by 3.1, A is
prime. On the other hand, if U is prime, then clearly (by the
Lowenheim-Skolem theorem) U is denumerable. Suppose now,
that A is not atomic. Then some ay, ..., @,  |U| satisfies no
atom (of F,(T)). Hence, clearly, P = {p/l=upl[aqg, ..., @]} 18
a non-principal prime ideal of F, (7). By 2.1.2, 7 has a model B
with P(8B) empty. It obviously follows that B cannot be an

(1) This result was also (indeed, earlier) established by Svenonius;
of course, a closely related result was proved by Ryll-Nardzewski [13].
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elementary extension of an isomorph of U, a contradiction.
This proves 3.4.

THEOREM 3.5. The following are equivalent:
(.1) T has a prime model;

(.2) T has an atomic model;

(.3) Lrach F(T) ts atomistic.

Proof. It follows immediately from 2.1.1 that, if each
F.(T) 18 atomistic, then 7' has a denumerable, atomic model;
by 3.4, such a model is prime. Thus, (.3) implies (.1). By 3.4,
(.1) implies (.2). The remaining implication is nearly obvious.
Indeed, suppose that 7 has an atomic model %. Let ¢ be any
member of F,(7), consistent with 7. Since T is complete,
17V ¥o... VVao1g; hence, there are ag, ..., a,—; € |%| such that
|=ugplag, ..., an_,]. A being atomic, there is an atom a of F,(T)
such that |=ya[ag, ..., @n—]. Then are is consistent with T,
so that, by 1.2.1, - ra—g¢. Thus, ¢ is not atomless. This argu-
ment shows that F,(7) is atomistic, completing the proof.

As was to be expected the results in § 2 and § 3 have as
a consequence 0.1, the theorem of Ryll-Nardzewski. Indeed,
the proposed condition clearly implies that any model of T
is atomic; the x,-categoricity of T then follows, by 3.2. As
already remarked (after 2.1) the reverse implication is easily
derived by using 2.1.2 and the completeness theorem-—as
was noted by IEhrenfeucht. (It may also rather easily be
derived from 2.1.1.) The argument depends on the well-known
fact:

3.6. 4 Boolean algebra contains infinitely many inequiv-
alent elements if and only if it has a non-principal prime ideal.

In Ryll-Nardzewski’s theorem a semantical condition is
shown to be equivalent to a purely syntactical statement. The
equivalence, proved above, between 3.5.1 and 3.5.3 has the
same character.

§ 4. Saturated models. A model A of T will be called
weakly saturated if, for any P ¢ P(T) (n arbitrary), P(N) is
not empty. A is said to be saturated if (in addition) the condi-
tions P e Pp(T), P CQ € Ppi(T), and {ay, ..., dy—1)> € P(A) imply
that there exists an element z such that {ag,..., a,—1,2) ¢ @ (N).

Lemma 4.1. Suppose that I is a relative interpretation of T

in a theory T,, B is a denumerable model of T, and W is the
denotation of I in B. Let n e w, P ¢ Pu(T), PCQ € Ppy1(T), and
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By ooy bu—1> e P(N). Then there exists a denumerable, elemen-
tary extension B* of B, in which the denotation of I is a system U*
having an element d such that {(by, ..., b,_,, d> ¢ Q{W*).

Proof. We employ a type of argument which has been
used by A. Robinson (**). Let by, ..., bp_y, b,, ... be all the cle-
ments of | B, and let d, by, ..., b,, ... be distinet, new individual
constants. Let the axioms of the theory 7'7 be all sentences of
the form y(b, , ..., b; ), such that y € Fi(T)) and |=gyp[b;, ...,
b;._ 1, plus all sentences Pi(by, ..., b, ;. d) for which @ Q. If -
Dy, ...y Dp € Q then, clearly, the formula Vv, (DA ... AD,) € P;
therefore, there is a y such that, for each ¢ < p, |=u Dby, ...,
bu-1, 9], i.e. |=\B¢{[bo, viey b1y, y]o It easily follows that any
finite set of axioms of 7| has a model, so that 7] is consistent.
By the completeness theorem, T'; has a model B]. Bjf is of the
form (B,, %y, ..., Uy, ...), where B, is a model of T,. Clearly,
B, is isomorphic to a system B* having the desired properties.

THEOREM 4.2. Suppose that each P, (1) is countable. Let T,
be a consistent theory, and let 1,, ..., I,, ... be relative interpre-
tattons of T in T,. Then T, has a denwmerable model in which
the denotation of each I, is a saturated model of T.

Proof. We note first that given any denumerable model
B of T, a system B* can be found, with the following prop-
erties:

(1) B* is a denumerable elementary extension of B; (2) if
k,mew, if A and U* are the (respective) denotations of I
in B and B* and if P e (D), {@g, ..., Gp-1> ¢ P(A), and
PCQ e Pni(T), then there exists an =z such that {(a,, ...,
A1, > € Q(A*). Indeed, since each P, (1) is countable, we
may enumerate all tuples I, P, @, a,, ..., a,,_,> for which the
hypothesis of (2) holds. Let €, = B and (recursively) let €,.,
be a system of the type whose existence is asserted in Lemma
4.1—as applied to €, and to the entities [, P, @, ay, ..., @y
constituting the wth-tuple in our enumeration. One easily sees,
using 1.1.1 and 1.1.2, that the system B* = | J{€./k ¢ »} has
the properties (1) and (2).

Now let B, be a denumerable model of 7, and (recursi-
vely) let B,,., be to B, as B* is to B in (1) and (2). Then,
clearly, the system | J{B./k ¢ w} is as demanded in 4.2.

(**) Cf. theorems 2.1, 2.2, and 2.5 of [11]. One could, indeed, derive 4.1
from these.
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A special case of 4.2 is the following: a sufficient condition
for T to have a denumerable, saturated model is that each
P.(T) be countable. Later, in 4.7 and 4.4, we shall see that
this condition is also necessary, and that there is at most one
denumerable, saturated model of 7' up to isomorphism. Conse-
quently, the full Theorem 4.2 states, roughly, that denumerable,
saturated models have further “saturation properties”’ —in ad-
dition to those in the definition of “saturated’; in particular,
a kind of second order saturation.

LeMMA 4.3. Suppose that B is a denumerable, saturated
model of T and W is an arbitrary, denumerable model of T.
Then A can be mapped isomorphically onto an elementary sub-
system of B. Moreover, if ag, ..., @p_1€|U|, by, ..., by—1 €|B|,
and (W, agy ...; Gm_y) = (B, by, ..., byu—1), then the mapping can
be chosen so that it carries a; into b; for each i << m.

Proof. Let ay, ..., @y—1, @n, ... be all the elements of |A|.
We can define by recursion a sequence b, byy1, ... of elements
of |B| such that, for any =,

(3) (QI, ao, cany an_.l) = (%’ bO’ veey bn—l) .

Indeed, (3) holds for » < m, by hypothesis. Suppose that (3)
holds for  a given n > m. Then, clearly (cf. 1.3), for some
P e Pu(T), {@gy ..., @n-1)> € P(A) and <by, ..., 1) € P(B). Now,
for some Q € Py i(T), {Ggy ..., @) € @(A). But then P CQ, so
that, since B is saturated, we may choose b, ¢ [B| such that

by veey b € Q(B). Then (3) holds with “n +1* for “«n’’, by 1.3..

4.3 now follows from 1.1.3.

THEOREM 4.4. Any two denumerable, saturated models of T
are 1somorphic.

LEMMA 4.5. Any denumerable, saturated wmodel of T is
homogeneous.

Proof. The proofs of 4.4 and 4.5 are obtained by modifying
that of 4.3 in a manner completely analogous to the one in
which the proofs of 3.2 and 3.3 were obtained from that of 3.1.

THEOREM 4.6. For a denumerable model U of T, the follow-
ing conditions are equivalent:

(-1) A 2s saturated;

(.2) A s 8,-universal and homogeneous;

(.3) A is weakly saturated and homogeneous.

Proof. By 4.3 and 4.5, (.1) implies (.2). From the Godel-
Lowenheim-Skolem theorem, one sees at once that an x,-uni-
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versal model is weakly saturated, so that (.2) implies (.3).
Suppose (.3) holds, ag, ..., @p—1 € P(N), P ePy(T), and PCQ
€ Pri1(T). Since A is weakly saturated, some {aq, ..., ap> € Q ().
Then <{aj, ..., an—1> € P(A), and hence, A being homogeneous,
there is an automorphism f of A taking a; into a; for 7 < n.
Consequently, {a,, ..., t,_y, f{ay)> €@ (). Thus, (.3) implies (.1).

TEEOREM 4.7. The following conditions are equivalent:

(.1) Each P(T) is countable;

(:2) T has a denumerable, saturated model;

(.3)- 1" has an N,-universal model;

(.4) T has a weakly saturated, denumerable model (*5).

Proof. We have already remarked that ‘(.1) implies (.2)”
is a special case of 4.2. By 4.3 or 4.6, (.2) implies (.3). As noted
above, (.3) implies (.4). Finally, that (.4) implies (.1) is obvious.

COROLLARY 4.8. If T has an w,-universal model, then T
has a prime model.

Proof. Asis well-known, Boolean algebras with countably
many prime ideals are atomistic. Hence 4.8 follows from 4.7,
and 3.5. (While this proof of 4.8 depends on 2.1.1, it may be
noted that another proof could be constructed depending, rather,
on 2.1.2—since, under the hypothesis of 4.8, | J{P(T)/n € w}
is countable.)

One is tempted to say, by analogy with the discussion
in the last paragraph of § 3, that condition 4.7.1 is purely
syntactical. Indeed, in 4.7.1, no reference to any semantical
concept, such as “model”’; is made. However, a little thought
convinces one that a notion of “purely syntactical condition”
wide enough to include (.1) would be so broad as to be pointless.

In §5 and § 6, we will see that the results of §2-§4 can
be applied to establish some general properties of models of
certain kinds of theories. On the other hand, the chances that
these results can be usefully applied in the study of a particular

(%) In view of 4.6, it follows that 4.7.1 or 4.7.3 is, also, a necessary
and sufficient condition for 7' to have an N,-universal, homogeneous model.
In [20] and [21], the author announced some results concerning the
existence in powers R, > X, of “N,-universal models” for arbitrary theories
and of Rq-universal, “homogeneous’ models for complete theories. (For
the meanings of “N;-universal” and of ‘“homogeneous’” intended here,
cf. [20] and [21].) The author takes this opportunity to state that he has
learned that results very closely related to those in [20] and [21] were
obtained several years earlier by Mr. Michael Morley. Morley's work is
not yet published.
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relational system or complete theory seem not too good. This
is due at least in part to the faet that the notion ‘“‘elementary
subsystem’’ rather than ‘“elementarily equivalent subsystem”’
is involved in such notions as “prime” or *s,-universal’.
Thus, for example, to establish that a theory T fulfills any one
of the conditions in 3.5 or 4.8 one would need to have already
a good deal of metamathematical (and not just algebraic)
information concerning 7.

It may, however, be worthwhile, for the sake of illustration,
to glve some examples of theories which fulfill the condition
of 3.5 or 4.7. (But it should be noted that the results of § 3
and §4 vyield no new information about these examples.)
The theory T, of infinite, discretely ordered systems with,
say, a first but no last element, is one in which each 7,(T,)
is countable. That this is so is easily verified, because the
known decision procedure for 7', provides a description of all
possible definable sets and relations in models of T (1%). The
8- universal, homogeneous model of 7', is the system of order
type o+ (w*+ 0)- 5. It may be remarked that 7', has 2% non-
isomorphic denumerable models.

For the theory 7', of real closed fields, the set ,(T,)
obviously has 2% members. However, as is known (cf. [16], [12])
the field of real, algebraic numbers is a prime model of T,
and each F,(T,) is atomistic.

§ 5. n,.,-categorical theories (}?). Ehrenfeucht has proved
that

5.1. If, for some a, T has less than 2% non-isomorphic
models of power x,, then each P, (T) is countable (*8).

Consequently, the results of § 3 and § 4 may be applied
to such theories 7.
An immediate consequence of 3.5, 4.8, and 5.1 is

(t%) For a brief discussion of 7, and references, ef. [18], pp. 90-91.

() Examples of Nq-categorical theories are given in [9] and [19].
It may be noted that, as pointed out in [9] and [19], any such theory,
which lhas no finite models, is necessarily complete.

(18) For 5.1, cf. [2] (where only the case n = 1 is stated). Earlier,
in [1], Ebrenfeucht had shown that a 2s"-categorical theory 7 has an
“R, - universal” model.

5.1 generalizes its own case where a = 0, which is much more easily
proved. This case was established in {10], p. 25-26, for some special theories T';
the method, however, is adequate for any T. (One should note the well-
known fact that a denumerable Boolean algebra has either countably
many or 2% prime ideals.)
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THEOREM 5.2. If the hypothesis of 5.1 holds, then T has
an %,-universal, homogeneous model and a prime model (18).

The hypothesis of 7.1 is satisfied, in particular, by x,-cat-
egorical theories T. Of course, 5.2 is of no interest when T
is §y-categorical. A typical example of a theory which is
categorical in non-denumerable powers, but not in xg, is the
theory of algebraically closed fields. Here, as s known (ef. [12]
and, also, [18], p. 101), the field of complex, algebraic numbers
is a prime model, while the algebraically closed fields of trans-
cendenee degree N, arc N -universid, homogencous models.

THEOREM 5.3. Under the assumption that T Is x;-cate-
gorical, but not xq-categorical, we may say further that a prime
model W of T is minimal—i.e., that AW has no proper elementary
subsystems.

Proof. Suppose, on the contrary, that a prime model U
of T has a proper elementary subsystem UA’. It is clear that
A’ is also prime. Consequently, we can define recursively
a transfinite sequence A = Wy, A, ..., ¢, ... (£ < w;) of prime
models of T such that, for any & < w,, U is a proper elementary
subsystem of Mg and e = (J{W, /5 < &} if & is a limit number.
Indeed, sinee all prime models of T are isomorphic, our assump-
tion guarantees that such an .., can be found, given W,
and, when & is a limit number less than o, then A; is prime,
by 3.4 and 1.1.1. Again by 3.4 and 1.1.1, the model
B = [ J{W/E < w,}, of the power ¥, is atomic. On the other
hand, since 1' is not x,-categorical, some F,(7') has a non-
principal prime ideal P, by 1.1 and 3.6. By the completeness
theorem and the generalized Loéwenheim-Skolem theorem (1%)
(and 1.3), T has a model €, of power x,, in which P(€) is not
empty. Since P(B) is empty, B and € are not isomorphie,
contrary to our hypothesis. Thus, 5.3 is established.

A conjecture of Y.o§ [9] is that a theory 7' which is cate-
gorical in some non-denumerable power is categorical in all
such powers. From this it would follow that, in 5.2, “x”,
could be replaced by ‘~,,,’. We have been unable to prove
this stronger version of 5.3.

In the following theorem we establish a result which
would easily follow from Lo$’ conjecture (and which, it would
seem, might possibly be useful in establishing it).

(**y Cf. (18], p. 92, line 35 and, for references, footnote 4 on the
sanie page.
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THEOREM 5.4. Suppose that T is x, - categorical and 6 € I (T).
Then, in any model A of T, the set {x/|=ub[x]} is either finite
or of the same power as .

Proof. To simplify the notation we assume that 7' has
only one non-logical constant, the ternary relation symbol R;
the extension to an arbitrary T is obvious. Suppose that the
conclusion is false, so that 7 has a model W' in which the set
U = {z/|=u 6[x]} has an infinite power, smaller than that of UA.
By the generalized Lowenheim-Skolem Theorem (*), U!' has
an elementary subsystem A% having the power of U, such
that U C |%2|. Clearly, the system (U, |U%|) is a model of the
theory 7", whose symbols are those of T plus a new singulary
predicate V, and whose axioms are the valid sentences of T,
the sentences

(1) \V/ voV vy, Vvi~Vv,, and AV 0(Ve) >V vyl,
and all sentences of the form
('2) /\Vo--- /\Vn_l[VVO/\ /\VV,,Al-—>(q7<—>(pv)]

—where ¢ € F,(T) and ¢V is obtained from ¢ by “relativizing
the quantifiers to V*’ (21).

In the theory 7" there are two relative interpretations
of T—mnamely, (v, = v,, Rv,v,v,> and {(Vv,, Rv,v,v,>. Since
T' is consistent, it follows from 4.2 and Ehrenfeucht’s theorem,
5.1, that 7’ has a denumerable model B = (B, R, V), such
that the system U* = (B, R) and its subsystem U with
universe V are both saturated. Since all sentences of (1) and (2)

are true in ‘B, A* is obviously a proper, elementary extension
of A, and

(3) {@f|=ux0[x]} = {2/|=ub[=]}.

All denumerable, saturated models being isomorphic (by 4.4),
we conclude that an arbitrary such system U is a proper
elementary subsystem of some other such system 2* in such
a way that (3) holds.

Now take for W, an arbitrary denumerable, saturated
model of T' (by 5.1), for Wi,y (£ < w,) a system related to
U as A* is to A above, and for A, —when % is a limit number
<w; —the system (J{W /& < n}. It is clear from 1.1.1 that

(**) —in the form given in [18], p. 92, Theorem 2.1.
(*) —in the sense of [17], p. 24-25.
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the union of an elementarily increasing sequence of saturated
systems is saturated, so that our construction is justified.
By 1.1.1 and induction on &, we see that for any & < o, and
for any «, |=u,0[«] if and only if |=« 0[«]. Thus %, is a model
of T, of power x,, in which {z/l-u, 0[#]} has the power x,.
On the other hand, by applying the generalized completeness
theorem (to the generalized theory 1, obtained by adding
to T individual constants ¢, ..., Cs ... (6§ < ;) and axioms
Ce # C, (& # ) and 0(cg)—for &, n < w;), we see that 7' has
a model @, of power %, in which {#/|=¢0[z]} has the power x,.
Thus U,, and € are not isomorphic, contrary to the hypothesis
that T is x,-categorical. This completes the proof (22).

§ 6. The number of non-isomorphic denumerable models.
Consider the complete theory 7° whose models are all systems
(A, R> such that R is an equivalence relation over A, E
has exactly two equivalence classes, and each of these is
infinite. Some time ago, Raphael Robinson remarked that 1°
has the following property: There are exactly two non-
isomorphic models of 7° having the power »,. He raised the
question whether there exists a complete theory 7' having
exaetly two non-isomorphic models of power x, (23).

As is well-known, the theory T, of densely ordered systems
without extreme points is complete and, by Cantor’s theorem,
has exactly one denumerable model, up to isomorphism.
Ehrenfeueht econstructed an example, which he showed to the
author, of a complete theory, T';, having exactly three non-
isomorphic denumerable models. (He has kindly allowed me to
reproduce it here.) 7', has a binary relation symbol < and
individual constants ¢, ..., €s, ... The axioms of T, assure that,
if (4, <,¢y...,Cyy..> is & model of T,, then 4, <) is
a model of T,, and ¢; < ¢;41, for ¢ = 0,1, ... That 7; has the
stated properties is easily shown; the three isomorphism types
of denumerable models <4, ¢y, ..., Cn,...> of T, are those in
which (i) ¢, ¢;, ... are confinal, (ii) ¢, ¢;, ... are not confinal
and have no limit in A4, or (iii) ¢, ¢, ... have a limit in A.

{**) Again we are unable to establish that “N,” can be replaced by
“s1+a”, in 5.4. However, an argument similar to, but simpler than, the
proof just given does show that, in 5.4, “N,-categorical” can be replaced
by “R,-categorical and &, ;- categorical”.

(*) Robinson formulated this question during a conversation in 1957

with several people including the author.
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By a simple modification of 7; we may obtain, for
n=4,5,.., a complete theory 7T, having exactly » non-
isomorphic models. The non-logical constants of 7', are <,
Uy, .oy Un—s, ¢y, €y ..., the U; being singulary relation symbols.
The axioms ave those of T, plus axioms assuring that, in
any model

(1) (A, <, Uy ey Up_s, €y €15 >

the sets Uy, ..., Uy—s form a partition of 4, each U; is dense
in 4, and, for each n, ¢, ¢ U,. It is a theorem of Skolem [14]
that any two denumerable models of 7, are isomorphic if
we ignore their lists of distinguished elements. Using this fact
it is easily seen that 7, is complete and that the possible
(isomorphism) types of denumerable models (1) of 7, are
the two in which (i) or (ii) holds, plus the n—2 in which
Cgy €y, -.. have a limit belonging to U;, ¢ =0,...,n—3.

The theories T, T,, ... have infinitely many non-logical
constants, but they can easily be converted into complete
theories 75, T'¢, ... having only finitely many—and still having
exactly 3, 4, ete., non-isomorphic denumerable models. How to
do this, in general, will be clear from the description of Tjs.
The non-logical constants of 73 are the binary relation sym-
bols < and R. Its axioms assure that, in any model (4, <, R):
R is an equivalence relation over 4 having the substitution
property with respect to <C; the quotient of (4, <) modulo E
Is a densely ordered system without extreme points; for
n=1,2,.., there exists exactly one R-equivalence class
having exactly n elements; and, for n =1,2, ..., and any
x,y € 4, if the R-equivalence classes of # and ¥ have exactly n
and n+1 elements, respectively, then z << y.

Of various simple proofs omitted in the above discussion,
perhaps one showing that T; is complete should be briefly
indicated. Granted that 73 has only three non-isomorphie
models, we may proceed as follows: Let U = <4, <, B> be
a denumerable model of T3 of the type in which the R-equi-
valence classes having 1,2, .. elements are confinal (in U
modulo R). To the theory 7 whose valid sentences are all
true sentences in U, add an individual constant ¢ and axioms
assuring that in any model (4, <’, R, ¢), if zRy holds for
exactly n elements ¥, then  <'¢ (n =1, 2, ..). Clearly the
resultant theory 7" is consistent, so that by the completeness
theorem, it has a denumerable model (4", <", R"”, ¢"">;
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(A", <", R"> is then a model of Ty of one of the other two
types. By further applications of the completeness theorem,
together with a construction which involves taking the union
of an elementarily increasing family of systems, one can show
that a denumerable model of 75 in which the finite equivalence
classes do have a limit is clementarily equivalent to one in
which they do not have a limit and are not confinal. It then
follows easily from the Lowenheim-Skolem theorem that T3 is
complete.

We shall now show that the situation iz quite different
for n = 2, completing the proof of

THEOREM 6.1. There exists a complete theory having ezxactly
n non-isomorphic denumerable models if and only if n # 2.

Remainder of proof. Assume, on the contrary, that T
has exactly 2 non-isomorphic denumerable models. Then, by 5.1,

(2) each 2,(7T) is countable.

On the other hand, by 1.1 and 3.6, some F,(7) has a non-
principal prime ideal P. By 2.1.2, T has a model ¥, in which
PA,)=0. If A is any system such that

(3) for some Cgy -eey Cm—1y (W, Coy enny Cimer) is a denumerable
model of the theory £ (c¢f. 1.3),

then P (AU) # 0, and, hence, A is not isomorphic to UA;. Con-
sequently, all systems U for which (3) holds must be isomorphiec.
Moreover, any such system W must be saturated since U, is not
saturated and, by 4.7 and (2), some denumerable model of T is.
By applying 4.5, we easily conclude that all denumerable
models (U, ¢y, ..., ¢m) of P are isomorphic. Hence, by 1.1,
F(P) contains only finitely many formulas inequivalent in P.
This contradicts the fact that the subset Fn(T) of F,(P)
already contains infinitely many formulas inequivalent in T
and, hence, T being complete, in P.

We may mention here the following unresolved conjecture
{which appears to have been made by a number of people):

A theory which is w,,,-categorical but not - categorical has
exactly 8, non-isomorphic denumerable models.

A second problem is this:

Can it be proved, without the use of the continuum hypothesis,
that there exists a complete theory having exactly 8, non-isomorphic
denumerable models?
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