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Chicago Consistency implies truth.

Find a model NV of set theory where the result is true
and then an elementary extension N’ of N' where the
result is absolute with V.

Use an intervening model of set theory to prove the
result in V.
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Harrington’s theorem
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v If ¢ is a counterexample to Vaught’s conjecture then ¢ has
Chicago models in Xy with arbitrarily high Scott rank.

Harrington’s
theorem

Definition

¢ € L, « is scattered if for every countable fragment F of
L., only countably many F-types are realized in a model of
.



The Morley tree: T

Interactions of . O ong

Set Theary, Inductive definition of the Morley tree T
wq,w, an
INFINITY Suppose that ¢ is scattered.
Workshop

o Choose a countable fragment Fy containing ¢ and let
W 7o, consists all complete Fy-theories containing .
Chicago Define level a + 1 of T by
enlarge the fragment F,, to the least fragment F, 1
theorem containing F,, and the conjunctions of the F,-types

realized in models of ¢
extend each theory T in 7, which is not Xy-categorical
to the complete F, ¢ theories containing T.

For limit §:

Fs is the union of the fragments F,, o < § and
Ts, is the collection of unions along paths cofinal
through 7_;.



Properties of the Morley tree: T

Interactions of
Set Theory,

Luyw, and (a) Each theory appearing in the Morley tree is an atomic
ACE . . . .
NN theory, i.e. if T lies in the fragment F then each
F-formula which is T-consistent is implied by a formula

which is T-complete.
(b) If T lies on level « of the Morley tree
e and « is a limit ordinal,
oo then any model of T has Scott rank at least a.

(c) Every countable model M of ¢ is the unique model of
some theory on a terminal node of the Morley tree of .

(d) ¢ is a counterexample to the (absolute) Vaught
conjecture iff 7 has uncountable height.

John T.

A counterexample to Vaught’s conjecture has X4 countable
models because each level of the Morley tree is countable.



The Generic Morley tree: T*
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Definition: The Generic Morley tree

Enlarge the universe V by making the wy of V countable,
P with a standard Lévy collapse to a forcing extension

theorem V* = V[G] with G generic for P .

The generic Morley tree 7™ is the Morley tree for ¢ built in
V™.

If p is a counterexample to VC, the generic Morley tree will
have height w)”, the wo of V.
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As usual for a < w», define by induction a-equivalence of
finite tuples from a model M of cardinality X;.

Harringtor’s Note that a model M in V with Scott sentence ¢ € L, ., has
theorem the same Scott rank 3 in V*, though in V*, ¢ € L, ..
and § is uncountable in V, but countable in V*.



The Extended Morley tree: F
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. We define simultaneously fragments F, C L., ., and
e collections 7, of F,-theories by induction over o < wo:

University of

i Just do the construction of the Morley tree for w» steps.
But
Harrington's ~ ~ —
theorem m Given F,, let 7, be the collection of all sets A C F,
such that

mopcA

m there is some p € P with pI- “A is a satisfiable,
F.-complete theory and no A | Fg is Ro-categorical for
g <a”



Generic atomicity
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Definition

Let F be an L., .-fragment of size at most 8y and T a

Harringlor's collection of F-sentences. T is generically F-atomic if
in V*, T is a satisfiable F-atomic L, .,-theory
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John T The extended Morley tree 7 equals the generic Morley tree
W 7. In particular, 7* is an element of V.

lllinois at

G Moreover, T contains 7 (the standard Morley tree in V) as
an initial segment.

Harrington’s
theorem

The identification of 7 and 7* yields:

Corollary

In V, for any a < wp, any theory T € 7'01 is generically
F.-atomic.



Computing Scott rank
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Lemma

John T.

Suppose that T lies on level « of the extended Morley tree
and « is a limit ordinal. Then any model of T has Scott rank
at least a.

Harrington’s

e Suppose M = T and sr(M) = § < a.

In V*, we contradict:
Suppose that T lies on level « of the Morley tree and « is a
limit ordinal. Then any model of T has Scott rank at least «.



Key Lemma
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If T is a theory on T = T* then T has a model.

Corollary

LS [Harrington] If ¢ is counterexample to Vaught’s conjecture {
then ¢ has models of Scott rank « for arbitrarily large
o < woa.

Proof. If T € T, T has a model by the model existence
theorem and it has Scott rank at least « by the previous
slide.



Model Existence Theorem: the guts
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John T Let F be a fragment of L., ., with cardinality Xy and suppose
W  the F-complete theory T is generically atomic. Then there
e is a directed system (F;, T;, 7j) : | < wy) where T; is a theory
Haningon's in the fragment F; such that the direct limit of
theorem (F,, T,,7T,/) i< CL)1) is (F, T)

Further, for each i, T; is an atomic theory so has an atomic
model M; and an embedding ¢;; into M; so

(Fi,mjj, Mj, o : i < j3) is an atomic directed system and the
limit of (M;, 0 : i < wy) is a model of T of cardinality R.



The intuition
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Workshop Let T; = pi(T) € A;. Since T is a generically atomic

' F-theory; by the definability of forcing this property is
preserved by elementary equivalence (in set theory) so for
each i, T; is generically atomic in A;.

Harrington's Since A; is countable we can build (in V) an A;-generic G for
PA. In A][G], T; is an atomic theory with an atomic model

M;.

We have triples (M;, F;, T;) for i < wy.

IDEA: Take the union of the M; to get the model in X;.



The complication
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ik What happens to an F-formula A,y xx Where each xx € F
and | X| = Ny.

First note that each xx is in some A;. But some xx may
themselves be uncountable conjunctions and then some of
the conjuncts will be missing from A; (and so from A;).

Harrington’s
theorem

So while each 7;; is the identity on L, ,(7) an infinite
conjunction (disjunction) will gain elements as we pass from
A; to Aj.

A suitable direct limit solves this problem.



Direct systems of fragments
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Lu oo, and Definition
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ik A directed system of fragments is a continuous directed

HET system (F;, m;) where for i < wy each F; is a countable

U,ﬁf;?;Y{Qof fragment of L. ,(7;) and the maps ;; satisfy the following
i foreach i < j < wy:
- m 7; is the identity on atomic formulas;

Harrington’s

theorem m 7; commutes with each of -, A, v, 3; and

m for each 6(x) € F;,
m ¢ and 7;;(¢) have the same free variables;
m ¢ is a disjunction (conjunction) if and only if 7;;(¢) is a
disjunction (conjunction); and
m ¢ is a disjunct (conjunct) of § if and only if 7;;(¢) is a
disjunct (conjunct) of 7;;(6).



Directed systems of fragments and models

Interactions of

Set Theory, 0 ang

Luy o, and Definition
ACE

Workehon Suppose that (Fj, 7 : i < 3) is a continuous directed system
. of countable fragments of length w¢ and that for each i, M; is
Balduin an 7;-structure.

University of
lllinois at

el A mapping ojj : M; — M; is m;-elementary if, for all
Harrington’s Q(X) € I:/ and all a Milg(x),

theorem

M; = 6(a) if and only if M; = 7;i(0)(o(a)).

A directed system (F;, 7, M;, o) of fragments AND
models is a pair of a directed system of fragments
(Fi, mj) and a directed system of 7;-structures (Mj, o)
such that for each i < j, o is m;-elementary.



Method: ‘Making more things absolute
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John T. or Lw1 ;W (aa)
i such that it is consistent that ¢ has a model.

Let A be the countable w-model of set theory, containing ¢,
that thinks ¢ has an uncountable model.

Harrington’s

theorem Construct B, an uncountable model of set theory, which is
an elementary extension of A

such that B is correct about uncountability (stationarity).
Then the model of ¢ in B is actually an uncountable model

of ¢.



How to build B
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oo ST lterations of ‘special’ ultrapowers. (stationary tower
John T. .
Balgwﬂlwlw fOI’CIng)
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e Crucial points

Harrington’s
theorem

Each B, is countable.
B.+1 increases exactly the sets that

Ba
thinks are uncountable.

ZFC°denotes a sulfficient subtheory of ZFC for our purposes.



Really distinct interations
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and
Harrington’s ! / g .
theorem <Ma7 Gavja,fy ta < i < wy a>

are two distinct iterations of M, then
P(w)Mr N P(w)Mer ¢ M,
where « is least such that G, # G,.

G, not defined for o = wy.



ABSTRACT ELEMENTARY CLASSES
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elementary class: AEC if both K and the binary relation <

are closed under isomorphism plus:

IfA B CeK, A<k C,B<g Cand AC Bthen
A%KB;

Analytically
Presented

AEC
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Workshop A class of L-structures, (K, <), is said to be an abstract
John T. elementary class: AEC if both K and the binary relation <
are closed under isomorphism plus:

IfA B CeK, A<k C,B<g Cand AC Bthen
A %K B;
Analytically Closure under direct limits of < -chains;

Presented

AEC

Analytically Presented

(K, <) is Analytically Presented if the class of countable
models and the < on countable models are analytic sets.




ABSTRACT ELEMENTARY CLASSES
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Workshop A class of L-structures, (K, <), is said to be an abstract
John T. elementary class: AEC if both K and the binary relation <
are closed under isomorphism plus:

IfA B CeK, A<k C,B<g Cand AC Bthen

A %K B;
Ju— Closure under direct limits of < -chains;
B ted - .
AEG Downward Léwenheim-Skolem.

Analytically Presented

(K, <) is Analytically Presented if the class of countable
models and the < on countable models are analytic sets.




A much baptized concept

Interactions of
Set Theory,
LW1 w,and

ACE
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An AEC K is PCT (R, Ro)-presented:

if the models are reducts of models a countable first order
theory in an expanded vocabulary which omit a countable
family of types

Anlytically and the submodel relation is given in the same way.

Presented

AEC AKA:
Keisler: PCs over L, .,
Shelah: PC(Rg, Xg), No-presented



More Precisely
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domn T If K is AEC then K can be analytically presented iff and only
IEEl  if its restriction to Xy is the restriction to Ry of a

G PCI (R, Ro)-AEC.

Proof remarks

Analytically . .
Presented The countable case is basically folklore.

o The proof that this gives an aec in all cardinals combines
the countable result with ideas from the proof of the
presentation theorem.



Galois Types

Interactions of
Set Theory,
Loy ,w,and

ACE
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same Galois Type over M iff

there exist a structure N € K and strong embeddings
fo: No — N and f;: Ny — N such that fo|M = f1|M and
fo(ao) = fi(ar).

Realizing the same Galois type (over countable models) is
Analytically an equivalence relation

Presented

AEC

Em

if Ky, satisfies the amalgamation property.



The Monster Model
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property and the joint embedding property for models of
cardinality at most Ng

and has at most X¢-Galois types over models of cardinality
<N

Analytcall then there is an X{-monster model M for K and

AEC the Galois type of a over a countable M is the orbit of a
under the automorphisms of M which fix M.

So Eyy is an equivalence relation on M.



Some stability notions
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The abstract elementary class (K, <) is said to be
Galois w-stable if for each countable M € K, E,, has
countably many equivalence classes.

Chicago

ATy The abstract elementary class (K, <) is
e almost Galois w-stable if for each countable M € K, no
Ey has a perfect set of equivalence classes.



Almost Galois Stable
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Well-orders of type at most X4 under end-extension are an
AEC where countable models have only X4 Galois types.

Analytically
Presented
AEC



Galois equivalence is ¥

Interactions of
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\'/C'oFrL'i:LYp type over M is an analytic equivalence relation, Ey;. So by
Burgess’s theorem we have the following trichotomy.

John T.
Baldwin
University of
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Theorem

An analytically presented abstract elementary class (K, <)
is

Analytically Galois w-stable or
Presented .
AEC almost Galois w-stable or
has a perfect set of Galois types over some countable
model

Again basically folklore.



Keisler for Galois types
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Lo Theorem: (B/Larson)
Workshon Suppose that

ot K is an analytically presented abstract elementary

Baldwin

University of CIaSS,

lllinois at
e N is a K-structure of cardinality X1, and Ny is a
countable structure with Ny <k N;
Analytcally P is a perfect set of Ep,-inequivalent members of w*;

Presented {

GEE N realizes the Galois types of uncountably many
members of P over N.

Then there exists a family of 2% many K-structures of
cardinality X4, each containing Ny and pairwise realizing just
countably many P-classes in common.



Recovering Keisler’s result
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ZFC-Corollary: (Keisler, new proof Larson)

Let F be a countable fragment of L, .,(aa).

If there exists a model of cardinality X¢ realizing uncountably

many F-types,

Anclyicaly there exists a 2%1-sized family of such models, each of

AT cardinality ¥4 and pairwise realizing just countably many
F-types in common.
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Workshop If a sentence in L, ., satisfying amalgamation and joint
BT IE embedding, is almost Galois w-stable

Baldwin e )
SHCECRl  then it is Galois w-stable.
Chicago

Using the extending models of set theory:

Fact: B-Larson-Shelah {
Analytically

e e Suppose K is an analytically presented AEC, that satisfies
amalgamation and joint embedding, and

has only countably many models in X4

If K is almost Galois w-stable

then it is Galois w-stable.



Example
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Let (K, <) be the class of partially ordered sets such that
e each connected component is a countable 1-transitive linear
University of

linois at order (equivalently admits a group structure)
Chicago with M < N if M C N and no component is extended.

This AEC is analytically presented.

Analytically Add a binary function and say it is a group on each
aeo component.

It has 2% models in ®; and 2% models in Xy.

But is almost Galois w-stable.

Is there an analytically presented AEC with few models in R4
that is almost Galois w-stable but not Galois w-stable?
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Pseudo-algebraicity



Fixing the context
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John T. sentence in a vocabulary 7 and the class of atomic models

Baldwin . 0 *
e of a first order theory T in an expanded vocabulary 7*.
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Chicago

K 1 is the class of atomic models of the countable first order
theory T.

Definition
The atomic class Kt is extendible if there is a pair M < N of
countable, atomic models, with N # M.

We assume throughout that K 1 is extendible. We work in
the monster model of T, which is usually not atomic.



A new notion of closure
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Dot An atomic tuple ¢ is in the pseudo-algebraic closure of the
i finite, atomic set B (¢ € pcl(B))
if for every atomic model M such that B C M, and Mc is

atomic, ¢ C M.

When this occurs, and b is any enumeration of B and
p(x,y) is the complete type of cb, we say that p(x, b) is
pseudo-algebraic.




Example |
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Lw [ and . . . .
|N1?fffw Our notion, pcl of algebraic differs from the classical
Workshop first-order notion of algebraic as the following examples

John T. show:
Baldwin

{
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Suppose that an atomic model M consists of two sorts. The

U-part is countable, but non-extendible (e.g., U infinite, and

has a successor function S on it, in which every element

has a unique predecessor). On the other sort, V is an

infinite set with no structure (hence arbitrarily large atomic

models). Then, if an element xy € U is not algebraic over ()

in the normal sense but is in pcl(0).




Definability of pseudo-algebraic closure

Interactions of
Set Theory,
LW1 w,and

ACE
INFINITY
Workshop

Strong w-homogeneity of the monster model of T yields:

{

If p(x,y) is the complete type of cb, then

John T.

c € pcl(b) ifandonlyif ¢’ e pcl(b’)

for any ¢’b’ realizing p(x,y). In particular, the truth of
¢ € pcl(b) does not depend on an ambient atomic model.



Extending non-algebraic types
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{

Let N be an atomic model containing ba. If b is not
pseudoalgebraic over a then tp(b/a) is realized in
N — pcl(ab).



Pseudo-minimal sets
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Chicago A type g over b is pseudominimal if pcl satisfies
exchange on the realizations of q
(even over external parameters).

M is pseudominimal if x = x is pseudominimal in M.

Pseudo-algebraicity
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Definition

K 1 satisfies ‘density’ of pseudominimal types if for every
atomic e and atomic type p(e, x) there is a b with eb atomic
and g(e, b, x) extending p such that g is pseudominimal.

Pseudo-algebraicity



Failing ‘density’
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nested elementary chain of countable models M;
a, (ci:i<w)yand(d;:i<w)
such that:
forevery i, ¢ii 1 € M1 — M, d; € M;
and ¢, 1 € pcl(dia).
This gives us an asymmetric relation which we extend to a

linear order.
sl Shelah calls this notion “failure of algebraic symmetry’.
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John T.
Baldwin
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Chicago If the universe of the countable model is pseudo-minimal
then K+ has a model in the continuum.

Known

Known

If K+ has few models in 8 then pseudo-minimal types are
dense in K.

Pseudo-algebraicity

Conjecture

If K+ has few models in ¥4 then (strongly) pseudo-minimal
types are dense in K1
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The Theorem

Int i f a
set theory, [ Main Theorem

Loy ,w,and

NESE If K fails ‘density of pseudo-minimal types’ (fails algebraic

Workshop symmetry) then K7 has 2% models of cardinality X;.

Proof Outline

Start with a model N of enough set theory and an
infinitary 7-sentence 1 that fails ‘density’ and satisfies
Martin’ axiom, MA.

In N7, force the existence of models MS:T that code the
pair (S,T) of disjoint stationary sets by a formula 6(S, T).

Form a tree of 2% such models M,, containing pairwise

—— non-equivalent stationary sets S,, and construct in M,,

a model MS» T,

Conclude the models MS» 7" are pairwise

non-isomorphic in V.
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orders.

MS is the direct sum I of orderings X, where
Xo~ Qifag S

and

Xox1+QifagS.

So a model can be thought of as {a; : t € I}.

We recognize S as the set of a such M., has a least upper
The relevant forcing bound.



The version here:
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John T replace the a; € I by a; = (aro ... atn) € M such that

Baldwin
University of

linoi a X = (a; : t € ) is an Ry-like linear order
hicago

each a; ; is inter pseudo-algebraic with a;o (over lower)
Nothing is pseudo algebraic in lower levels.

Oth try

The forcing completes the diagram of M.

Distinguish S by adding the requirement that for t € S there
a sequence of gs ¢ with s tending to ¢ such that

Thereievantforeng dso € PCl(at,O U X<t)'



More Complicated
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Baldwin

University of binary relation E SUCh that

lllinois at

Chicago I'is N4-like with first element.
E is an equivalence relation on / such that
a If tis min(l) orin P, t/E is {t}
b Otherwise t/E is convex dense subset of L with neither
first nor last element.
I/E is a dense linear order such that both {t/E : t € P}
——— and {t/E : t ¢ P} are dense in it,




Coding by Catching and Strong Catching

Interactions of
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John T. LetM%NEKTandaE N — M.

Baldwin
S We say that a catches M in N if b € pcl(Ma,N) — M
ez implies a € pcl(Mb, N).
If M has an [ filtration and J is an initial segment of /,
we say that a strongly catches M, in Mifae M
catches M, in M and for every large enough s € J,

pCl(M<Sa) N MJ = M<S'

The relevant forcing



Coding by Catching and Strong Catching:
limit points catch but don’t strongly catch
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ot Lemma: Catch not strongly catch {

Baldw q Oang
WEe M If Jis an initial segment of /

lllinois at

Chicago which has a least upper bound in M — M, there is an
a e M — M, such that a catches M, but a does not strongly
catch M.

Lemma: Catch implies strongly catch

If J is an initial segment of I with no least upper bound and
with no least E- class above J and b € M — M, catches M,
then b strongly catches M,.



Properties of 6(S, T)
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Given ¢ € L, .,(7), the formula 6(S, T) € L., .,(Q)(7)

implies a first order 7*-formula 61 (P;, P>) which expresses:

a If « € Py then there is an a € M — M, which catches M,
but does not strongly catch M, .

b Ifae C—(P1UP:)everyac M— M, which catches
M, strongly catches M.

The relevant forcing



Overview
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Form a tree of 2% models of ZFC +MA of M,, containing
pairwise non-equivalent stationary sets S, and construct in
M,, a model MSn»Tn

0 tells us we can recognize the S, Tn. So the MS»T" are
non-isomorphic in V.

The relevant forcing



	Harrington's theorem
	Analytically Presented AEC
	Many models in 1
	Pseudo-algebraicity
	The relevant forcing


