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Abstract

Let M be a hyperbolizable 3-manifold with non-empty incompressible
boundary of negative Euler characteristic. Suppose that B;..., By is a
collection of components of the interior of the space of complete, marked
hyperbolic 3-manifolds homotopy equivalent to M, such that for any i, 7,
B:NB; # 0. We prove that there is a geometrically finite hyperbolic
structure on int(M) which is in the closure of each B;. Moreover, we
show that this structure can be constructed so as to admit quasiconformal
deformations which also lie in the closure of every B;.

1 Introduction

If a 3-manifold M admits a complete hyperbolic structure on its interior it is
natural to seek to understand all the possible structures. In particular, one
might want to understand what structures one can deform to from a given
structure. The natural approach is to consider the set of all isometry classes
of marked hyperbolic 3-manifolds homotopy equivalent to the interior of M, to
topologize this set in a suitable fashion, and then to study its topology. The
suitable topology turns out to be the algebraic topology: two marked hyper-
bolic 3-manifolds are close in the algebraic topology if, up to conjugation by
an element of Isom(H?®), the two maps on fundamental group induced by the
two marking maps take any element of a generating set for 7 (M) to nearby
isometries of H?. The resulting space is generally denoted AH (m1(M)).

The algebraic topology does not give total insight as to how close the two hy-
perbolic manifolds might be geometrically - two marked hyperbolic 3-manifolds
might be close in the algebraic topology but not homeomorphic. For this reason
we consider the notion of geometric convergence.

Two hyperbolic 3-manifolds with base-frame are close geometrically pro-
vided that there is a biLipshitz diffeomorphism, with small biLipshitz constant,
between a large portion of one manifold and a large portion of the other, tak-
ing base-frame to base-frame. This notion of closeness gives a topology, not
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on AH(m(M)) but on the set of all hyperbolic 3-manifolds with base-frame,
or equivalently the set of all (conjugacy classes of) Kleinian groups. In the
setting of Kleinian groups the geometric topology translates into the Hausdorff
topology on the space of closed subsets of Isom™* (H?) ~ PSLy(C).

It is often convenient to consider an element of AH (7, (M)) not as a marked
hyperbolic 3-manifold (representing an isometry class of hyperbolic manifolds),
but instead as a faithful representation of 71 (M) into PSL,(C) with discrete
image (representing a conjugacy class of such representations). In this context,
for an algebraically convergent sequence p, — p we can consider the associated
geometric limit I" of the Kleinian groups I'y, = py, (71 (M)), should it exist.

Jogrgensen and Marden were the first to systematically explore the relation-
ship between an algebraic limit and its geometric limits ([17]). In particular
they showed that, up to subsequence, every algebraically convergent sequence
has a geometric limit. It is clear that the geometric limit contains the image
of the algebraic limit, and so there is a cover between the associated quotient
hyperbolic 3-manifolds.

Since the geometric limit gives geometric information about the limiting
quotient hyperbolic manifolds N,, = H? /T, it is natural to try to study this
covering map in order to extract information about how the marked, oriented
homeomorphism type of the approximates differs from that of the algebraic
limit. This approach was first used in [1] to show that under certain natural
conditions the marked, oriented homeomorphism type of IV, is always even-
tually the same as that of the algebraic limit. When these conditions do not
hold however, this result is false, as shown by [2]. In [3], Anderson, Canary
and McCullough, amongst other things, completed the analysis, classifying all
the possible homeomorphism types of the manifolds N,, as p, converges to p
algebraically, in the case that M has incompressible boundary.

In [13] we showed that for the family of manifolds studied in [2], all of
which are examples of books of I-bundles, there exists a representation p with
the property that for each of the possible marked, oriented homeomorphism
types, as above, there is a sequence p, converging to p so that, for large n,
N,, = 1 /p,, (71 (M)) has the prescribed marked, oriented homeomorphism type.
Moreover, given K > 1, p can be constructed so that the set of K-quasiconformal
deformations of p shares this property.

In this work we extend the analysis of [13] to the general case of a hyperboliz-
able 3-manifold with incompressible boundary. Hence [13] becomes a particular
case of the theorem proven here.

In particular we prove the following theorem.

Theorem 3.13

Let M be a compact, hyperbolizable 3-manifold with non-empty, incompress-
ible boundary. Suppose that By, ... , By, are components of the interior of AH (w1 (M))
so that B; N B, # 0, for each i, j.

Then



NB: #0.

Moreoever, the intersection contains a geometrically finite uniformization of
int(M).

The requirement that we consider only a finite set of components is not
a restriction. Anderson, Canary and McCullough show that the only finitely
many components of the interior of AH (71 (M)) can bump. It should be noted
that it can occur that there are infinitely many components to the interior of
AH (1 (M)); Canary and McCullough [9] prove that this happens if and only if
M has a topological property known as double trouble. (A compact manifold M
has double trouble provided that there two curves in M that are not homotopic
in M but are homotopic in M to a curve lying in a torus component of 9M.)

Further to the above theorem, we show that the bumping locus is fairly
large. The next theorem makes this statement more precise.
Theorem 3.15

Assume the assumptions and notation of theorem 38.18. Let K > 1 be
given. Then there exists a geometrically finite representation p so that any
K -quasiconformal deformation of p is an element of

NB.

In final section we show the existence of shuffle immersions with particularly
nice properties, which can be used to study self-bumping (see [25], [8]), and
bumping of components of the space of complex projective structures with quasi-
fuchsian holonomy ([7], [14], [25]).

The proofs of the main theorems are by construction. Our main tools in the
construction will be the Klein-Maskit combination theorems and the theory of
the characteristic submanifold due to Jaco-Shalen and Johannson. These topics
are covered in section 2. In section 3 we begin by introducing some technical
machinery that will be needed when finally we address the proofs of Theorems
3.13 and 3.15. It is suggested that the reader first read [13] to get an idea of
the proofs in a particular case. Then skim read section 2 for definitions and
notation before reading the outline of proof in section 3.
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2 Preliminaries

2.1 Elements of Kleinian group theory

Definition 2.1 A Kleinian group is a discrete subgroup of the group of orien-
tation preserving isometries of HZ.

The upper half space model of H? identifies the orientation preserving isome-
tries of H® with the group PSL>(C). A Kleinian group has a natural action on
the Riemann sphere C as conformal automorphisms, and this action is a con-
tinuous extension of its action on H?. For an element 6 € PSL2(C) we denote
by 0 the extension of § to an isometry of H?.

Definition 2.2 The domain of discontinuity of a Kleinian group I' is the largest
open subset (T") of C such that I" acts properly (freely) discontinuously on Q(T").

The limit set A(T') of T is the complement of Q(T") in C.

The limit set is either a perfect set (and hence uncountable) or it consists of
at most 2 points, in which case we call it elementary. An elementary Kleinian
group is a virtually free abelian group of rank 1 or 2. We will always assume
our Kleinian groups to be non-elementary and torsion free. When I'
is non-elementary the limit set is the smallest, closed, non-empty I-invariant
subset of C.

Definition 2.3 The quotient (T")/T naturally has the structure of a Riemann
surface. By Ahlfor’s finiteness theorem if I" is finitely generated then Q(T")/T" is
of finite analytic type. Q(T')/T is called the conformal boundary of the hyperbolic
3-orbifold H? /T and the conformal extension N(T) is (H® U Q(T))/T.

Notation: If 6Tg6~! = I'; for some quasi-conformal homeomorphism & of C
(including the case that d is conformal) then § extends to an equivariant map
H? — H? (see [28] or [11]) which descends to a map d : N(I'g) — N(T'y).

2.2 Geometric finiteness

Definition 2.4 Let M be a compact, orientable, irreducible, atoroidal 3-manifold
and let P C OM # 0 consist of annuli and tori. The pair (M, P) is a pared 3-
manifold if the following holds:

1. if P, is a component of P then 7 (P;) injects into 71 (M) and 71 (Py) is a

maximal abelian subgroup of 71 (M);

2. every non-cyclic abelian subgroup of 71 (M) is conjugate into the funda-
mental group of some component of P;



3. every proper map ¢ : (St xI,S'x0I) —s (M, P) that induces an injection
from 71 (St x I) into (M) is properly homotopic to a map ¢' : (St x
I,S' x 8I) — (M, P) such that ¢'(S* x I) C P.

Definition 2.5 Let I' be a finitely generated, torsion free Kleinian group. If
there is a pared 3-manifold (M, P) so that N(T') is homeomorphic to M — P,
then we say that T' is geometrically finite, and further, if P contains no annuli
then we say that T is minimally parabolic. More precisely, a geometrically finite
Kleinian group is minimally parabolic if every maximal parabolic subgroup is
of rank 2.

By Thurston’s hyperbolization theorem [26] if (M, P) is an oriented pared
3-manifold then there is a torsion free geometrically finite Kleinian group I' so
that M — P is orientation-preserving homeomorphic to N(T'). In particular there
is a faithful representation of w1 (M) in PSL,(C) with discrete image.

Definition 2.6 Let J be a subgroup of a Kleinian group I'. A set A C Cums
is precisely J-invariant in I’ provided that it is J-invariant and thatif g e I'—J
then g(A)N A =10.

Definition 2.7 Suppose that T' is a geometrically finite Kleinian group and F'
an infinite cyclic maximal parabolic subgroup of I' with fixed point p. There
are two open disks B; and B, in C such that B; U Bs is precisely F-invariant
in T' (see Prop A.10 in [21]). Let B? be the totally geodesic open half-space
in H8 U C which meets C in B;, i = 1,2. By Prop A.5 of [21] there exists an
open horoball B§ centered at the fixed point p, precisely F-invariant in I', where
now we consider I acting on H®. Set 7' = B§ U Bj U B§. Then T is precisely
F-invariant and simply connected, so that T = T'/F is an embedded solid torus
in N(T'). T is called a Marden tube for F' in N(I'). See Marden [20] for details
on the existence of Marden tubes.

We say that a collection of sets {T1,...,T,} is a disjoint set if they are
pairwise disjoint. We make the trivial observation that if {T7,...,T%} is a
disjoint set of Marden tubes for N (T) then the union of all the lifts to H? UQ(T)
of elements of {T1,...,T}} is disjoint. Note that when I is geometrically finite
a maximal collection of disjoint Marden tubes can always be found (see Prop
A.15 in [21].)

Definition 2.8 For a geometrically finite Kleinian group I' we define a partic-
ular class of submanifold of N(I") as follows. Let H be a I'-invariant collection
of disjoint, open horoballs in H? centered at the fixed points of rank-2 parabolic
subgroups, such that for any H € H, H is precisely invariant under Stabr(H)
in T'. Choose a maximal disjoint set of Marden tubes for N(T'), 7. By Prop
A.15 in [22] we can choose H so that T NH/T = 0.

Let 7 : HBUQ(T') — N(T) be the quotient map. Let Xp be the complement

in H? UQ(T) of the union 7~ 1(7T)U%H, and set Xr = X'p/].". Let Qp =6Xr NIB



and let Qr = Qr/T. The submanifold Xt is a compact core for N(I'), since T
is geometrically finite.

We call Xt a Marden core for N (T').

It is clear from the construction that a Marden core for N(I') is not unique,
but that any two are isotopic in N(T'). It will be necessary to keep track of the
Marden tubes defining a particular Marden core. Denote by 7 (Xr) the set of
Marden tubes defining Xr.

If N(T) is orientation preserving homeomorphic to M — P, for some pared
manifold (M, P), via a map ¢, then (M, P) and (Xr,Qr) are orientation pre-
serving homeomorphic as pairs via a map ¢ such that the composition of ¢ with
the inclusion of Xr into N(T') is homotopic to ¢. (See [9] for details.)

Definition 2.9 For a pared 3-manifold (M, P) a pared uniformization of (M, P)
is an orientation preserving map of pairs ¢ : (M,P) — (Xr,Qr), for some
geometrically finite Kleinian group I'.

Definition 2.10 Suppose that I' is geometrically finite and F' is an infinite
cyclic maximal parabolic subgroup of I'. A knuckle S for F' and Xr is a closed
solid torus in N(T') such that, if T € T(Xr) denotes the Marden tube for F,
then there is a Marden tube 7" C T so that g C T with S =T —T" ; thus
SNOXr =TNOXr C Qr,and § #SNC c TNC. By S we will mean that
component of the lift of S to H? U Q(T') which is stabilized by F.

There is always a knuckle for such an Xr and F'.

Definition 2.11 Let I'y,... ,T',, be subgroups of a geometrically finite group I’
and let F' be a maximal cyclic parabolic subgroup of I' such that ' = I'; N [
for all ¢ # j. Let m; : H® /T; — HP /T be the covering map.

Suppose that Xr; is a Marden core for N(T';), j = 1,... ,n. Suppose that
there is a Marden core Xr for N(T') such that m; restricted to int(Xr;) is an
embedding into int(Xr), j = 1,...,n, so that {m;(int(Xr,))}7_, is disjoint,
and

S = Xt — | Jm; (int(Xr,))
J
is a solid torus with 1 (S) = F. Then S is called a spine for F and {Xr,,... , X, }
in Xr. Clearly the existence of such a spine depends on the groups I', T';,
j=1,...,n, and the choices of Marden cores.

2.3 Klein-Maskit Combination Theorems

The Klein-Maskit combination theorems are tools with which we can build hy-
perbolic manifolds by “sewing together” hyperbolic manifolds. They have been
proven in great generality, but for our purposes the following special cases are
sufficient. See Maskit [21] for a more general treatment.
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Theorem 2.12 Klein-Maskit Combination I

Let J =< z — z+4+1 > be a mazimal parabolic subgroup of geometrically
finite groups T'y and Ty. Let (M;, P;) be pared 3-manifolds and ¢; : (M;, P;) —
(Xr;, Qr,) be orientation preserving homeomorphisms of pairs, i = 1,2. Suppose
there is a circle W dividing C into two closed disks Ui and Uy such that U; is
precisely J-invariant in T';, for each i, and U; N A(T;) = oo. Further suppose
that UyN Xp, = 0. Set T =< T'y,Ty >.

Then the following hold:

1. F:F1*JF2,'

2. T is discrete and geometrically finite;

3. Let S; be a knuckle for J and Xr,, i = 1,2, so that the intersection of a5,
with the geodesic plane bounded by W is equal to the intersection of the
same plane with 8S2. Let S = S1 U S>. There is a Marden tube T so that

TNS=0TNHS;

4. Let T; € T(Xr,) be such that its closure contains S;, © = 1,2, and let
m; : H3/T; — /T be the covering map. Then m; embeds the union
of the interiors of the elements of T(Xr,) — {T;} in BB /T, i = 1,2, and
T = m(T(Xr,) — {T1}) U ma(T(Xr,) — {T2}) U {T} is a mazimal, dis-
joint collection of Marden tubes. Hence there is a Marden core Xt with
T(Xr)="T and S descends to a spine for J and {Xr,,Xr,} in Xr.

5. Let'V be an oriented solid torus and let Ag, A1 and Az be disjoint, parallel
longitudinal annuli in OV. Let S be a spine for J and {Xr,, Xr,} and
set D; = H3 N Xy, N S’/J, 1 =1,2. Dy and D5 are parallel, longitudinal
annuli in 8S. Let Dy = (0S NHP — D, UDQ)/J. Let g9 : V — S be
an orientation preserving homeomorphism so that ¢o(A;) = D;. Form a
manifold M from the disjoint union of My, Ms and V by identifying B; =
¢;1(Di) with A; with the orientation reversing homeomorphism ¢y Lo gy,
1=1,2. Let P be (P1 —Bl)U(PQ—BQ)UA().

Then there is an orientation preserving homeomorphism ¢ : (M,P) —
(X, Qr) such that ¢ oi; is equal to tj o ¢; where v; : Xr; — Xr and
ij : Mj — M are inclusions.

Remark 1 Note that the inclusion ¢; : Xr;, — Xr is not strictly an inclusion.
We regard it as an inclusion, but more correctly it is the extension of the re-
striction of the covering map ;] ;s Xr,) | int(Xr,;) — int(Xr) to an injective
map Xr; — Xr.

Remark 2 There is no mention in the version of the first Klein-Maskit combi-
nation theorem cited in [21] to the existence of spines, as stated above. But it
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is a consequence of the combination theorem in its standard form, when I'; and
I’y are geometrically finite and are being amalgamated over an infinite cyclic
subgroup. In its standard form (see [21]) the combination theorem implies that,
if m; : H® /T; — HP /T; is the covering map, i = 1,2, then ; is an embedding
when restricted to int(S; U Xr;), and that 7r1|mt(gm§2)/J = 7r2|mt(§m§2)/J, SO
that 7y (int(S1)) U meint((S2)) = S is a spine for J and {Xr,, X, }-

Theorem 2.13 Klein-Maskit Combination II

Let J; and Jy be non-conjugate, cyclic, maximal parabolic subgroups of a
geometrically finite group To. Let (Mg, Po) be an oriented pared 3-manifold
and ¢o : (Mo, Py) — (Xr,,Qr,) an orientation preserving homeomorphism.
Suppose that U; is a closed, precisely J;-invariant subset of @, bounded by circles,
so that U;NA(To) = dU;NA(To) = Fix(J;). Suppose further that U\ Xp, = 0.
Let § be a transformation conjugating Jy to Jo so that 6(@ —Uy) = int(Us). Set
I'=<Ty,d >.

Then the following statements hold:

1. T = Fo*é;
2. T is geometrically finite;

3. Let S; be a knuckle for J; and Xr, such that SiNU; =dU;, i =1,2. Let
S be the union of S» Ud(S1). There is a Marden tube T in N(T') so that

TNS =dTNHE. Let T; be the Marden tube in T(Xr,) whose closure
contains S;, i = 1,2. Let m: H? /Tg — HP /T be the covering map. Then

™ U int(T) — H? /T
TET(X]'*O )—{Tl ,Tg}

extends to an embedding of U T into N(T'). The set T =
TET (Xry)—{T1,1}

w(int(T (Xr,) — {T1,T2}))U{T} is a mazimal set of disjoint Marden tubes

for T and hence there is a Marden core Xr with T(Xrp) =T.

4. Let C; be the totally geodesic plane in H® bounded by 8U;, i = 1,2, so that
8(Cy = Cy. With S as above, S descends to a solid torus S in Xr. Identify
S with an oriented solid torus V' by an orientation preserving homeomor-
phism ¢ : V — S. Set Ay = (ﬁl_l(SgﬂXro)), and Ay = ¢1_1(5(S20Xr0)).
Let D be that portion of the frontier of 5(S1) in §(N(To)) not intersecting
¥(Xrt,) or C2/J2. Let Dy be that portion of the frontier of Sz in N(To)
not intersecting Xr, or C2/J2. Let Ag be obtained from the disjoint union
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of D1 and D2 by identifying 0Dy N (C2/J2) with 0D2 N (Ca/J2). Finally,
let B; = ¢ ' (S3_i N Qry), i =1,2.

Form a manifold homeomorphic to My from the disjoint union of My and
V by identifying Ay with By. Obtain M from this manifold by identifying
Ay with By via the map ¢y 08 ' o ¢y, and set P = P —{By, Bs} U{4q}.
Then there is an orientation preserving homeomorphism ¢ : (M,P) —
(Xr,Qr) so that, withi: My — M and j : Xr, — Xt being inclusion,
we have ¢ oi = jo ¢g.

Remark: Note that once again, and not for the last time, we abuse language
and refer to the extension of the covering map restricted to int(Xr,) to an
injective map of X, into Xt as an inclusion.
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2.4 Deformation spaces

Thurston’s hyperbolization theorem guarantees the existence of a geometrically
finite hyperbolic structure on the interior of any compact, orientable, irreducible,
atoroidal 3-manifold M with boundary. We are interested in the set of all
possible complete hyperbolic structures on the interior of M. To this end let
H(m(M)) denote the set of marked hyperbolic 3-manifolds homotopy equivalent
to M, modulo an equivalence relation in which (N, h) is equivalent to (N', k')
if and only if there is an orientation preserving isometry ¢ : N — N’ so that
¢ o h is homotopic to h'.

There is another way to think of H(m (M)), which is as the set of PSLy(C)-
equivalence classes of discrete, faithful representations of 1 (M) into PSLs(C).
The action of PSLy(C) on the space of representations is by conjugation.
The correspondence is given by [(N,h)] — [hs]. In this way we can consider
H(m(M)) as the set of conjugacy classes of discrete, faithful representations of
71'1(M) into PSLQ(C)

We define the algebraic topology on H(mwi(M)) as follows. In the algebraic
topology, a sequence [p;] of conjugacy classes of discrete faithful representations
into PSL3(C) converges to a class [p] if and only if there are representatives p;
for [p;] which converge to a representative p for [p]. We denote H (71 (M)) with
the algebraic topology by AH (w1 (M)). By [16] AH (71 (M)) is a closed subset
of the space of all representations of w1 (M) into PSL»(C), and as such has an
interior.

For p € AH(m (M)) let N, denote the quotient manifold H? /p(m; (M)).

Definition 2.14 Let M P(m1(M)) denote the subspace of AH (m1(M)) consist-
ing of those representations with minimally parabolic image. Marden [20] proved
that M P(m1(M)) is open in AH(m;(M)) and Sullivan [27] proved that it con-
tains the interior of AH (w1 (M)): M P(my(M)) is the interior of AH (71 (M)).

It is a conjecture of Bers and Thurston that AH (mi(M)) is the closure of
MP(m(M)). This is generally referred to as the Bers Conjecture. We remark
that recent work of Brock-Canary-Minsky, Brock-Bromberg and Bromberg es-
tablishes the Bers Conjecture for topologically tame manifolds - that is to say, if
N, admits a manifold compactification then it is in the closure of M P(m((M)).
Bonahon’s result [5] implies that if M has incompressible boundary then N,
is topologically tame for any p € AH(w(M)), so in our restricted setting
MP(m(M)) = AH(m (M)).

Let p be an element of M P (w1 (M)) and suppose that B is the component
of MP(m(M)) containing p. Marden and Sullivan show that B consists of all
the minimally parabolic representations of 71 (M) quasiconformally conjugate
to p. This is to say that if p’ is in B then there is a quasiconformal map ¢ of
the Riemann sphere which conjugates the action to p to the action of p'; for
any element g of 7 (M) we have p(g)(z) = ¢op'(g) o ¢~ L. This quasiconformal
map extends to an equivariant diffeomorphism of HE U C which descends to
diffeomorphism ¢ between N, and N/, the associated quotient manifolds. In
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particular ¢ can be homotoped to give a homeomorphism between a Marden
core for N, and a Marden core for N, (see the proof of the Isomorphism theorem
(theorem 8.1) in [20] for details). For a geometrically finite manifold a Marden
core is a compact core, so we see that N, and N, have orientation preserving
homeomorphic compact cores.

Definition 2.15 For M a compact, orientable, irreducible, atoroidal 3-manifold
let A(M) denote the set of homeomorphism classes of marked, oriented, irre-
ducible, atoroidal, compact 3-manifolds homotopy equivalent to M. That is,
A(M) consists of equivalence classes of pairs (M',h') where h' : M — M’
is a homotopy equivalence between M and an oriented, compact, irreducible,
atoroidal 3-manifold M', and where two pairs (M’, h') and (M", h'") are equiva-
lent provided that there is an orientation preserving homeomorphism j : M' —
M" such that j o A’ is homotopic to h".

There is a map O from AH (w1 (M)) onto A(M) defined as follows. If p is
an element of AH (w1 (M)) then there is a homotopy equivalence h, between
M and N, such that (h,)« = p. Let M, be a choice of compact core for N,
and let j, : N, — M, be the homotopy inverse to inclusion; it is a homotopy
equivalence. Define

O(p) = [(Mp, jp © hyp)]-

This map is well-defined. By McCullough, Miller and Swarup [23] any two
compact cores for M are orientation preserving homeomorphic by a homeomor-
phism homotopic to the identity. That is, if M; and M, are compact cores
for N, and ¢; : M; — N, is inclusion, with homotopy inverse j;, i = 1,2,
then js o 4; is homotopic to an orientation preserving homeomorphism. Hence
[(Mz, j2 0 hy)] = [(j2 © t2(Mh), j2 © hp)] = [(My, j1 © hp)]. Hence ©(p) is indepen-
dent of the choice of compact core. If h; and hs are two homotopy equivalences
between M and N, with (h;). = p, i = 1,2, then hy' o h; is homotopic to
the identity map, which is certainly an orientation preserving homeomorphism.
Hence ©(p) is independent of the choice of homotopy equivalence h,.

Thurston’s hyperbolization theorem implies that © is surjective. By the
above remarks © is continuous on M P (w1 (M)) (endowing A(M) with the dis-
crete topology), mapping each connected component to an element of A(M).

Thus the components of M P(mr(M)) are indexed by the elements of A(M).
© is not continuous on all of AH (71 (M)) however, and so a coarser notion of
equivalence is needed to index the components of M P (7 (M)). For this we need
the notion of a primitive shuffle equivalence.

2.5 The characteristic submanifold for a pared 3-manifold
with incompressible boundary

Definition 2.16 An irreducible 3-manifold M has incompressible boundary if
the fundamental group of every component of @M injects into 1 (M).
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From this point onwards we will assume that our manifold M has
incompressible boundary.

Definition 2.17 A map (S,0) or (I,0I) into an 3-manifold pair (M,T) is
essential if it is not homotopic as a map of pairs to a constant map. In the case
of (S1,0) this defines an essential loop, in the case of (I,0I) an essential path.

Suppose (M, T) is a 3-manifold pair and (X,Y") a connected 3-manifold pair.
A map of pairs f : (X,Y) — (M,T) is essential provided f maps essential
paths and loops in (X,Y") to essential paths and loops in (M, T).

Definition 2.18 An I-bundle R embedded in M is admissibly embedded if RN
OM is the associated dI-bundle of R. An embedded Seifert fibred space R in
M is admissibly embedded if RN OM is a union of fibres in OR. An admissibly
embedded I-bundle or Seifert fibred space R defines a 3-manifold pair (R, 0o R),
where OgR = RNOM.

Definition 2.19 For a pared manifold (M, P), amap h of an I-bundle or Seifert
fibred manifold (R, o R) into (M,0M) is admissible provided

OoR = H {components of h~"(T)} U H {components of h~'(T)}
TCOM—P TCP

(In the unions above, T' is always a connected component of whichever set
it belongs to.) In particular, if R is an I-bundle over a surface that is not an
annulus or a torus then an admissible map of R into (M, P) maps Gy R into
M- P.

Definition 2.20 Let (M, P) be a pared 3-manifold. A disjoint collection ¥
of essential admissible I-bundles and Seifert fibred spaces is a characteristic
sub-manifold for (M, P) if

1. X is full, i.e. the union of ¥ with any of the complementary components
of M is not a disjoint union of essential, admissible I-bundles and Seifert
fibred spaces.

2. (Engulfing property) every essential admissible I-bundle and Seifert fibred
space (R, 0oR) in (M,0M) is admissibly isotopic (i.e. isotopic through ad-
missible maps) into ¥;

3. (Enclosing property) every essential map f of an annulus (S* x I, S x 01)
or torus (S! x S, @) into (M, M) is admissibly homotopic to a map with
image in X.
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By combining corollaries 10.9 and 10.10 and theorem 12.5 of [15] one can show
that every pared 3-manifold with incompressible boundary has a characteristic
submanifold and it is unique up to admissible isotopy.

We have the following characterisation of the components of the charac-
teristic submanifold in this pared manifold setting. See section 2.8 of [9], in
particular theorem 2.37.

Theorem 2.21 Let (M, P) be a pared 3-manifold with incompressible boundary.
Let ¥ denote the characteristic submanifold of (M, P). Then ¥ can be fibred so
that

e If (R,0oR) is an I-bundle component of ¥ then OoR is contained in
M — P, and its base surface has negative FEuler characteristic;

e If (R,00R) is a Seifert fibred component of ¥ then R is homeomorphic to
either T2 x I or to a solid torus. If R is homeomorphic to T? x I, then

one of its boundary components lies in P and the other elements of Oy R
lie in M — P.

The characteristic submanifold can be viewed as the obstruction to deform-
ing a homotopy equivalence between two compact manifolds with incompressible
boundary to a homeomorphism. The following theorem makes this more precise.

Theorem 2.22 (Johannson’s Deformation Theorem [15])

Let (M, P) and (M', P") be pared 8-manifolds with incompressible boundary.
Let X C M and X' C M’ be the characteristic submanifolds of (M, P) and
(M', P") respectively. Let f : (M,P) — (M',P') be a homotopy equivalence of
pairs. Then f can be homotoped through maps of pairs to a map g : (M,P) —
(M',P") so that

1. gy : ¥ — ¥’ is a homotopy equivalence; and

2. 9ls—~=:M—X — M'—X' is a homeomorphism.

Definition 2.23 Suppose V is a collection of disjoint, essential, admissibly em-
bedded solid tori in a compact, orientable 3-manifold M such that each com-
ponent of V is either a component of the characteristic submanifold of M or
contained in an I-bundle component of the characteristic submanifold of M.
Suppose further that if V' € V is contained in an I-bundle component of the
characteristic submanifold of M then the frontier of V' consists of exactly two
annuli in M, and if V; and V5 are two such solid tori in V then they are non-
homotopic. In either case, also assume that for V' € V each component of
OM NV is an annulus whose inclusion into V' is a homotopy equivalence (that
is, each annulus in primitive).
Call such a collection allowably contained in M.
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The following lemma is an easy exercise in 3-manifold topology. A full proof
appears in [12].

Lemma 2.24 Let (M, P) be a pared 3-manifold and suppose that 'V is collection
of solid tori allowably contained in M, so that no component of V is homotopic
into P. Let X be a component of M —V and set T = FrX U (X N P). Then
(X,T) is a pared 3-manifold.

Definition 2.25 A primitive shuffle s : My — M, between two compact,
oriented 3-manifolds is a homotopy equivalence for which there is a collection
V; of solid tori allowably contained in M;, i = 1,2, so that s~ *(Vs) = V;
and s restricts to an orientation preserving homeomorphism from M; —V; to
My — Vs,

We say that s is supported on V;.

Remark Note that this definition differs from that given in [3]. The definition
in [3] requires the support of a primitive shuffle to be a set of solid torus compo-
nents of the characteristic submanifold. The reason for the change in definition
is that in the absence of solid torus components of the characteristic submani-
fold, bumping phenomena still occurs when there is an I-bundle component of
the characteristic submanifold. The reader will note that the primitive shuffle
constructed by Anderson, Canary and McCullough in the proof of Theorem A
of [3] satisfies the above definition.

Definition 2.26 We say that two elements [(M7, hy)] and [(Mz, ha)] of A(M)
are primitive shuffle equivalent if there is a primitive shuffle s : M; — M5 so
that [(Mz, hz)] = [(Mz, el hl)]

The notion of primitive shuffle equivalence as used in [3] is an equivalence re-
lation on A(M). The set of equivalence classes of A(M) under this equivalence
relation is denoted A(M). We claim that two elements of A(M) are primitive
shuffle equivalent under the definition in [3] if and only if they are primitive
shuffle equivalent under the definition above. From this it will follow that the
notion of primitive shuffle equivalence used here is an equivalence relation on
A(M), and the set of equivalence classes is A(M). Clearly if [(M7, h1)] is equiv-
alent to [(Ma2, h2)] under the definition of primitive shuffle used by Anderson,
Canary and McCullough then the two classes are primitive shuffle equivalent
under the definition above. On the other hand, if s : My — M5 is a primitive
shuffle as defined here, with hs o s homotopic to A, then we need to demon-
strate a primitive shuffle s’ homotopic to s and supported on a collection of
solid tori, all of which are components of the characteristic sub-manifold of M.
Suppose that s is supported on V and let Vy consist of those solid tori which are
themselves components of ¥; the characteristic submanifold of M;. Let X be
a component of ¥; — V) containing at least one solid torus in V — V. X is an
I-bundle over a surface with boundary, and s|X can be homotoped keeping the
frontier constant to an orientation preserving homeomorphism. Repeating this
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for each component X, we obtain s’ : M; — Ms, a primitive shuffle homotopic
to s and supported on V. . X

There is an induced map © from AH (m (M)) onto A(M). We have the
following fundamental results on the global topology of AH (w1 (M)) due to
Anderson, Canary and McCullough.

Theorem 2.27 (Theorems A and B in [3]) Let M be a compact, orientable,
atoroidal, irreducible 3-manifold with incompressible boundary. Then

1. © is continuous on AH (my(M));

2. Two components By and By of M P(m1(M)) have intersecting closures in
AH (71 (M)) if and only if ©(B;) = O(Bs).

Hence the components of M P(my(M)) are indexed by the elements of A(M).

3 Bumping and Shuflling

In this chapter we will prove the main theorem. The main theorem states
that when M has incompressible boundary, if [(M1, h1)], ... ,[(Mm, hn)] is any
set of pair-wise primitive-shuffle-equivalent elements of A(M) then there is a
representation p with ©(p) = [(M1, h1)] which is in the closure of any component
of MP(m(M)) indexed by one of [(My,h1)],...,[(Mm,hn)]. That is to say,
for every j there is a sequence of representations {p;} converging to p with
O(pi) = [(Mj, hy)].

We will attempt to present a cogent outline of the proof.

For each of the elements [(A};, h;)] there is a primitive shuffle s; : My — M;
with s; o hy homotopic to hj. The primitive shuffle s; will be supported on a
collection of solid tori V}, say. Let V be the “union” of the V; (see the remark
preceeding proposition 3.10 to make sense of this statement) and consider each
s; to be supported on V. The proof will be based on induction on the number
of solid tori in V.

For simplicity we will consider the base case, when each primitive shuffle s; is
supported on the same solid torus V. By an abuse of notation we also denote by
V' the solid torus in M; containing s;(V'). The closure of the complement of V
in M is orientation preserving homeomorphic to the closure of the complement
of V in M;, for each j. Hence we can consider M; as being obtained from
the components of the closure of the complement of V' in M; by attaching the
annuli in the frontier of these components to the annuli in the frontier of V
in a prescribed manner. We encode these gluing instructions with the notion
of a sewing kit (see definition 3.1). For each j we obtain a different set of
gluing instructions. The gluing instructions give us a recipe for using the Klein-
Maskit combination theorems to construct a uniformization for the manifold in
question.

We use the Klein-Maskit combination theorems to construct a uniformization
of My, with uniformizing group T, so that for each j, H® /T covers a geometrically
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finite hyperbolic 3-manifold, H° / fj, which is homeomorphic to the interior of
the complement in M of the core curve of V. The group fj will be generated by
I' and an additional parabolic element g;, which we call a “shuflling parabolic”.
By construction g; will have the effect of changing the gluing instructions to
be those necessary to affect the required change in homeomorphism type. This
is deliberately vague and the reader should see the statements of 3.7 and 3.10
for more precise statement. Performing (1,n) hyperbolic Dehn surgery on the
torus boundary component that resulted from the removal of the core curve
of V produces a manifold homeomorphic to the interior of M;. Composing the
representations obtained from theorem 3.12 with the map of fundamental groups
induced from the map from the interior of M; to H?/T; produces a sequence
of representations which converges to the map on fundamental groups induced
from the uniformization of M;. This is the representation that we seek.

When the primitive shuffles are supported on a larger collection of solid tori
the construction proceeds by induction, but the heart of the proof lies in the
base step.

3.1 Sewing kits and uniformization

Definition 3.1 Let C be a finite collection of oriented, pared 3-manifolds with
incompressible boundary and let V' denote an oriented solid torus. Let 4 be
the union of a fixed, finite collection of disjoint, parallel, longitudinal annuli in
0V and p an orientation reversing embedding of A into

P=|J B
BeP
(C,P)ecC
with the property that for a component A of A, p|4 is a homeomorphism onto
a component of P.
The triple (C,V,p) is a sewing kit.

Definition 3.2 Given a sewing kit k = (C,V, p) the manifold determined by ,

denoted M,, is obtained from the disjoint union VU |J C by identifying an
(C,P)eC
annulus A in the domain of p with p(A) via p.

Fix (o, 8) a meridian-longitude pair for 0V oriented so that the orientation
on V obtained by the right-hand rule is inward-pointing and agrees with the
given orientation of V, and so that a bounds a disk in V. Choosing an annulus
component A; in the domain of p fixes an ordering of the components of A,
given as the adjacency ordering induced by travelling around « starting in A;.
Let the annuli be Ay,..., A, in this ordering (so that Axy; = A;). Then p
induces a map from {1, ... ,k} into the union of the paring loci of the elements
of C, also called p. For the most part we will consider p in this manner, and
when we consider p as a homeomorphism we will make note of it.
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There is an annulus Ag in OV separating A; and Ay. Let P, be the sub-
manifold of 0M, consisting of Ay and those components of the paring locus of
any element of C not meeting any p(4;).

With the annuli 4 in OV enumerated as above, we label the boundary com-
ponents of each 4;, i = 1,...,k, as follows: 0A; = 0_A; U 0+ A;, where the
one of the two annuli in dV bounded by 04 A; and 0_A;4; is disjoint from any
int(A;), j = 0,...,k. This unambiguously determines the boundary compo-
nents of the A;.

Definition 3.3 The pared manifold (M, P,) is the pared manifold determined
by k.

It will be an immediate corollary of lemma 3.6 that (M, P,;) is indeed a pared
3-manifold.

Definition 3.4 For a pared uniformization ¢ : (M, P) — (Xr, Qr) with J =<
z — z+1 >C ' a maximal parabolic subgroup, let x(¢) C PSLy(C) be a
minimal set such that

e for every component Py C P there is a unique element v € x(¢) so that
~ conjugates J to F' a choice of representative of the conjugacy class of
groups defined by ¢.(m1 (Fo));

e when F' = J, v, as above, is the identity.

Remark There is much choice in selecting the elements in x(¢): if 7y is a choice
of isometry conjugating J to F, then equally suitable is o yo ! for § € F.
We do restrict the choice of x(¢) by requiring that the intersection of a Marden
tube for J with C be mapped into the intersection of C with a Marden tube for
F, as we now describe below. R

Let H-={2€C|Sz>c}andlet H. = {2z € C | Sz < —c}.

Suppose that ¢ > 0 is a constant so that, if v € x(¢) conjugates J to F,
then y(H®) U~(H.) C Tr N C, where T is the Marden tube in T(Xr) for F.

We say that ¢ is c-normalized, the dependence on x(¢) being implicit.

Suppose that & = (C,V,p) is a sewing kit. For each (C,P) € C let ¢¢ :
(C,P) — (Xg.,Qc,) be a pared uniformization of (C,P). For an element
(C, P) € C define ¢(C) to be min{j : p(4;) C P}. The value ¢(C) tells us where
in the “queue” formed by Aj, ..., Ay the component C is first attached under
the sewing instructions.

An annulus A; is mapped by p onto a component B = p(i) of the paring
locus of some (C, P) € C. Choose a lift of ¢c(B) = ¢¢c o p(A;) to H?, and let
F; be its stabilizer in G¢. The curve ¢¢ o p(0- 4;) lifts to a Fj-invariant circle,
a_ in @, and ¢¢ o p(04 A;) lifts to a Fi-invariant circle, aq. Let S be a knuckle
for F; and Xg, (some choice is involved here). There are two components of
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C — SN C which are open, precisely Fj-invariant disks. One of these disks has
the property that its boundary together with a; bounds a component of SNC.
Call this disk H l+ . The other disk has the property that its boundary together
with a_ bounds the other component of § N C. Call this other disk H, ;-

Definition 3.5 We say that a collection {¢¢ : (C, P) — (Xg.,Qa.) | (C,P) €
C} is a c-normalized family of pared uniformizations for k = (C,V, p) if following
holds:

e each ¢¢ is c-normalized;

e if v; € x(¢c) conjugates J to F; then ;(H¢) C H and v;(H.) C H; ;

* Foey=J.

Note that when F; = J this says that H¢ C H;" and H. C H; .

Clearly if d > ¢ then a c-normalized family is also a d-normalized family.

The following lemma is nothing more than the Klein-Maskit combination
theorems applied inductively to a c-normalized family of pared uniformizations.
A c-normalized family has a limit set which is “uniformly c-thick” in that when-
ever you conjugate one of the groups G¢ by an element « which conjugates a
subgroup of G¢ to J, the width of the Euclidean strip containing the limit set
of the resulting group is less than or equal to ¢. This normalization gives the
degree of control that we need to effect the various shuffles. This is the reason
for part 2 of the next lemma.

Lemma 3.6 Let & = (C,V,p) be a sewing kit. Let
{¢C : (C,P) — (XGCJQGC) | (C,P) € C}

be a c-normalized family of pared uniformizations for k.

Let0 < a; < ... < ay be a collection of real numbers so that a;41—a; > 2c+1.
Set&(z) =z+aji, j=1,... ,k, k=|Al

Set §; = §qp(i)fyi§i_1. (Note that dgp) = id). LetT' be generated by {fq(c)Gcﬁq_(lc) |IC €
C} and {4;}.

Then

1. T is discrete and geometrically finite;

2. There is a Marden tube T for J and T so that T D & H, U &HE. In
particular, EHC U & H,. is precisely J-invariant in T';
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3. Let mc be the cover of HP /T associated to () Gcgq_(lc). Then w¢ o éq(c)
ertends to an embedding when restricted to the union of those Marden
tubes in T (G¢) that are not for J or for any F; with p(A;) C C. Let T¢
be the image these Marden tubes under this embedding. Then the union
T =(UTe)U{T} is a mazimal, disjoint collection of of Marden tubes for

c

T'. Hence there is a Marden core Xr with T(Xr) = T, and for each C
there is an inclusion jo : Xa, — Xr;

4. There is a pared uniformization ¢ : (M, P;) — (Xr,Qr), so that
poic = jo o ¢c, whereic : C — My and jo : Xgo — Xr are
inclusions.

3.2 Primitive shufles and shuffling parabolics

For a pared manifold (M, P) containing a collection of solid tori V, let M (V) de-
note the manifold obtained by removing disjoint, open tubular neighbourhoods
of a collection of representatives of isotopy classes of the core curves of the solid
tori in V. Let P(V) denote P together with the new torus boundary compo-
nents of M (V). When there can be no confusion we will refer to M (V) and
IS(V) as M and ﬁ, respectively. There is a natural choice of meridian-longitude
system on the resulting set of torus boundary components ]3(]/) — P. This was
discussed earlier, but we reiterate for clarity. For a boundary torus 7' choose the
meridian to be a simple closed curve on T which bounds a disk in M. Choose
the longitude to be homotopic in M to the core curve of the component of V
defining T, so that it intersects the meridinal curve exactly once. From now on
we will consider such a choice of meridian-longitude system to be implicit.

Suppose now that V is allowably contained in M. If V is a solid torus in V,
then there is at least one embedded annulus in M NAV. Choose one such and
attach an annulus to M by identifying the boundary curves of the respective
annuli by appropriate homeomorphisms. Thicken the result. Repeating this
operation of attaching an annulus and thickening the result, one annulus for
each solid torus in V, we obtain a manifold homeomorphic to M. Hence there
is an embedding ¢ : M — M which induces a monomorphism on the level of
fundamental groups.

Suppose that s : My — M; is a primitive shuffle supported on a single
solid torus Vp allowably embedded in My. Then s|y, is a homotopy equivalence
between Vy and an allowably embedded torus Vi in M;. There is a sewing
kit ko = (Co, Vo,p0): the collection C consists of pairs (C,P) where C is a
component of My — Vo and P = 9C' N OV; the sewing instruction p is defined so
that M, is orientation preserving homeomorphic to My. There is another sewing
kit k1 = (C1,V1,p1).- With this, M,, is orientation preserving homeomorphic
to M;. The map p; is an embedding of a set of frontier annuli in V; into
the union of the paring loci in C;. The collection Cy is orientation preserving
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homeomorphic to C; via s, and since our concern is only up to orientation
preserving homeomorphism we identify these sets. Under this identification p;
becomes s o py. Hence the sewing kit k = (Co, Vo, s © po) also produces a pared
manifold orientation preserving homeomorphic to M;. We will refer to k as the
sewing kit associated to s.

In the next lemma we begin our construction. We begin with a collection
of primitive shuffles s; : My — M; j7 = 1,... ,n, of an oriented manifold M,
and construct a hyperbolic structure on int(My) and for each j, a hyperbolic
structure on mt(]\//z]) and an isometric immersion int(My) — mt(]\//TJ) which
agrees up to homotopy with ¢; o s; on each component of int(My — V). This
will become important in the proof of the main theorem.

Lemma 3.7 Let {¢c : (C,P) — (Xgs,Qa.)} be a c-normalized family of
pared uniformizations for a sewing kit k = (C,V,p). Let s; : M, — M;, j =
1,...,n, be primitive shuffle equivalences supported on V. Let k; = (C,V,p;)
be the sewing kit associated to s;.

Set ¢1 = (2¢+ 1)k + 2¢, where A contains k annuli. Then there is a geomet-
rically finite ci-normalized pared uniformization ¢ : (M, P.) — (Xr,Qr) so
that the following holds for each j:

1. There is a parabolic element g; so that the group fj =< T, g; > is discrete
and geometrically finite;

2. There is a geometrically finite group I'; so that fj =< Tyj,9; >, and a
c1-normalized uniformization ¢; : (Mj, P;) — (Xr;,Qr;);

3. There is a uniformization (;j : (]\/4\],13;) — (ij,ij), so that for every

Lo @; is c-normalized. Moreover,

non-trivial v € x(¢;) the composition 7~
(a) éS\j ouj =jo¢;j, wherej : Xp; — Xp_ and ¢j : Mj — ]\//.7J are
inclusions;

(b) (¢J) LYomo@|c is homotopic in M to 1 0s;|C, for every component
C of C. (Herem: Xr —> XA 18 an immersion whose restriction to

mt(Xr) is homotopic to the restmctzon of the e covering map /T —
]HI3/F], and t; s the inclusion of M; into M .)

Proof

If we consider p and p; to be maps from {1,...,k} into P, then the map
t; :p;10p:p_losj0pis a permutation of 1,... k. If B C P C C is sewn to
A; under the sewing instructions p, then B is sewn to A;;(;) under the sewing
instructions p;.

Let p1,...,pn be distinct primes with the property that p; > (2¢+ 1)k + 2c,
and so that the ratios ';—J are all greater than 2 or less than % Choose real
numbers di, ... ,d, with the property that
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e d,, =1 mod p,,; and

e dp, =0 mod ppr,m #m'.
Define a,, by

am = 5 di(mpy + (2 + 1ta(m)

The particular form of the a,, is not important for the proof. The properties
that the a,, have that we need are:

1. ap —am—1 > 2¢c+1;
2. am = (2¢+ 1)t(m) mod py.

Any set of numbers satisfying 1 and 2 would do for our purposes. Consider
the n open sets R; = (a; — c,a; + c¢) in the real line, i = 1,... ,n. With the
natural ordering Ry < Ra < --- < R,,. There is an action of Z =< p; > on R
by addition. The orbit of the sets R; under this action is an infinite collection
of sets, but cyclically ordered as R;l_l 1 < R;l_l @ < < R:fz_l (n)? where
Rl = ((2¢+1)i—c,(2c+ 1)i +¢).

Set &(z) = #z + a;i and let ¢ : (M, P.) — (Xr,Qr) be the pared uni-
formization given by lemma 3.6 applied to the c-normalized family {¢¢} for the
sewing kit .

We can consider I' as being (redundantly) generated by {&;7; ' Gy vi€; " oy
and the set {§qp(,-)'y,-§i_1}.

The idea of the rest of the proof is as follows. There is a spine S for J and the
set {&v; le(i)'y,-.fi_ 1} in Xp. The complement of S in the universal cover Xp
of X1 consists of k components. For each of these components there is a unique
subgroup H of I so that Xy is contained in that component, where H is of the
form &y, 1Gp(i) v ! for some i. Call such a subgroup H a vertebral subgroup
if v; = id (equivalently gp(i) = 7). Think of Xr as being formed by sewing each
Xp to S in its proper position. We then introduce a “shuffling parabolic” to
I'. Such a parabolic, in this case, is of the form g(z) = z + ai, for some real
number a > 0. When a is less than the “length” of S, g produces a cascading
effect on the Xy, rearranging the (cyclic) order in which they are sewn onto
the g-translates of S. If there are n components to C, then the first n distinct
subgroups H in the new ordering give rise to the vertebral subgroups of the
shuffled group. The remaining k —n groups define the gluing maps; that is, the
elements inducing the H N N-extensions used to construct the shuffled group.
Now choose suitable markings for the components corresponding to vertebral
subgroups and sew everything back together to obtain the shuffled group. The
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trick is in constructing everything so that the same group I' can be shuffled to
uniformize each manifold that is primitive shuffle equivalent to M.

Fix j for the remainder of the proof. The parabolic g; that will effect the
shuffle of T' to the group I'; uniformizing M; is defined by g;(z) = z+1p;i, where
i here is not an index, but instead is the square root of —1. R

Let I'; be the group generated by I' and g;. We now find a group I'; C I';
so that I'; uniformizes M; and T=< Lj,9; >.

I can be considered as being (redundantly) generated by

{&'YZ'_le(i) vi€ Y

and

{‘fqp(i)'yigi_l}f:l:
though when gp(i) =i (or equivalently, when ~; = v,,(;) = id), the element
.fqp(,-)'yiEz-_l is trivial.
Let 8., be defined by 8,,(z) = z + (2¢ + 1)mi, where again i is the square
root of —1.
In I'; the subgroup &y, 1Gp(i)'yi§; 1 can be written as

95" Be; i Gy ViBy (95 ™
since a; = t;(i)(2c+ 1) mod p;, where
a; — (2C + 1)tj (Z)
pj '

The integer m is clearly dependent upon i, but we suppress that for ease of
notation.

and (%€ 18 G Brap(iy By, (195 ™5 Where
ot — Bapti) ~ (2¢ + 1)t;(gp(i))
Pj
We conclude that fj is generated by g; and

m =

{Bevi "Gy 1B, iy}

and

{Bt,an() %ﬂ;b) }-

Let T'; be the group generated by {8y, i)v; le(i) ~; 5;-%1')} and {8, gp(i) Vi ,3;%1.) }.

This generating set is redundant, and is not yet in the form required for
lemma 3.6. The element §i7i_1§_,,1(i) of T' conjugates J C é.qp(i)GCE(;,l(i) to

&F,f{l C &’y{chviﬁjl, where p(i) C C. InT'; this gives rise to Btj(iw;lﬂ;;p(i),
conjugating J C IBtjqp(i)GCBt_j;p(i) to /Btj(i)Fi/B,;b) C By ch%ﬂtﬁi)- If
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t;q(C) = t;gp(i) equaled g;(C) for every C € C then we would be in a position
to apply lemma 3.6. As it is, we may need to modify the set {3, ;) vi_lﬂt;;p(i)},
producing a set {j3;5; * By;p; (i)} (for some elements &;), so that d; conjugates J
to some infinite cyclic maximal parabolic subgroup of a vertebral subgroup. As
an example we have figure 3.2.

° ° °
5 5 5
o3
-1
o ° ° %%
4 1 1
uf fle -1
° ° — °
3 3 3
° ° °
2 C2 4 4
5 5
° ° °
1 Cl 2 2

Figure 5: Shuffling
An example where there are two components to C and five annuli in A, with ¢;
corresponding to the permutation (214). Here ¢;(C2) = t;¢(Ca), but ¢;(C1) #
tjq(C1).

Set n = t;(i) to rewrite 3, (i)vfle(i)fyi,B;%i) as
B Gty Vet (my B
n t]-_l(n) t_,' (n) tj (n)Fn -
But t; = pj_1 o p, so that tj_l(n) = p 1 opj(n). Hence the above group is

ﬁ"’YP__ll pj(n) GPJ‘ (n)Yp=1p;(n) /37:1 .

Similarly, Btjqp(,-)'yiﬂgb) can be written as

Brsantes () Ve )Py (my = Prias(m Vo 1ps(m) P
Hence I'; is generated by
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{Buy=1p, (m)Grs(m) Vo103 (m) B} A0 {Br;4p; (m) Vo1, (m) B ' -

Suppose that n = ¢;(C) for some component C. Then the group element
Bt; ap; (n) Yp=1p; () B - can be written as

—1 —1
Btiapiai () Vo= 1pi0; (C)Pq; () = Btia(0)Vp=1p10:(C) g0y

This element is hence the identity only when pq(C) = p,¢;(C). We multiply
every element of the form By, ¢, (n)Yp-1p;(n)Bn* by

-1 —1 _ —1 —1
Bass () Vo=t psa5m5 (m)Pryams (n) = Pas(©) Vpm1p,4;0)Pria(0)

when p;(n) C C. Take note of this element, since it will appear again in the
-1 .

ﬁna‘l step of the argument. The element 3. (¢, ©) Btjq(o) is the element

conjugating

-1
Tp=1p;q;

Btia(@) Fo1p,0;0)B1 00y € Briat@)GeBy g

to J, which we view as a subgroup of

1 -1
Ba; (&) Vp=1p; Qj(C)GC’yp_lp" Qj(c)'B‘” ()

which is a vertebral subgroup.
Thus consider the element

-1 ~1
0; = ’Bijj (i)’yp—lqujpj (7) Yp=1p; (l)ﬂz
It is the product of §g,p, (iW;—llqujpj (i)ﬂ;(]]-pj(i) and Bt qp; (i) Yp=1p;4;p5 (i)ﬂfl-
For a component C' of C, 0, (¢ is the identity. The group generated by {o;} is
the same as the group generated by {5y, ¢p; (n) Vp=1p; (n) Bn 1}, since By, 4(cyvi ﬂ;jlp 0
is the identity when i = ¢(C).
For an element v of PSL»(C) conjugating a group G to a group G' recall

that we denote by 4 the homeomorphism between X and X', whose induced
map on fundamental groups is conjugation by ~. Let

-1
0; = Tp=1piaip;(8) TP~ 1pi (1)
and set
1
Ko =Yy, (C)GC7P_1Piqf (©)-

Then §; conjugates J to

1
0; = Vo-tpja5p; (i) Fp 103 () Vo~ 1psa5p5(8) © Kc-

Noting that ¢; = pj_1 o p we can rewrite the above elements and groups as:
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1
% = ’Ytj_lqm @ 570
a1
0i = Vi1 45m; (z’)th_l(i)'yt}lqm (i)

_ 1
Ko =%54,0) 0% 000

Define cusp neighbourhoods for O; by Iz.jE = rYt__llqp-(i) (H;El(i))'
i P i

Then §; maps the outside of I;7 C H; onto the inside of I} .

Set Yo = ;yt_.—llqj(C) o ¢c o (sjlc)™'. Then when p;(4;) C C we have that
Yo (pi(014i) = 7;—11(1],(0) o ¢c o s opi(dd) = ’7;_—11%,(0) ° ¢¢ o p(04 Aj).-
Hence ¢¢ o p;(04 A;) lifts to a Oy, (;)-invariant curve in C which bounds a disk
which is disjoint from Xk and containing I;;(z.). Hence we conclude that {¢¢ :
(C,P) — (Xk.,Qk.)} is a c-normalized family of pared uniformizations for
Kj.

Now apply lemma 3.6 to the normalized family of pared uniformizations
{¢Yc : (C,P) — (Xk.,Qk:)}, with §; playing the role of v;, and B; playing
the role of §;. We find that the group I'; generated by {8, (C)KC,B;%C)} and
{o;} is discrete and geometrically finite and that the set 8y H°U S H, is precisely
J-invariant in I';.

Moreover, there is a orientation preserving homeomorphism ¢; : (M;, P;) —
(Xr,,Qr,) such that, for each C € C, ¢; o ic = ji o ¢, where ic denotes the
inclusion of C into Mj, and j¢ : Xk, — Xr, is inclusion (note that the homo-
morphism (j¢ )« is conjugation by B, (cy). It follows that ¢; is ((2¢+ 1)k + 2¢)-
normalized.

The number p; > (2¢+1)k+2c, so that g; maps the outside of 51 H, into the
inside of By H¢. Hence by an application of the second Klein-Maskit combination
theorem we find that I'; is discrete and geometrically finite. Moreover, there is
an orientation preserving homeomorphism <$j : (J\/ZJ, ﬁJ) — (ij , ij) so that
(Ej o1 = jo¢j, where j : Xp, — ij is inclusion (really the extension of the
restriction of a covering map - see our earlier remarks).

Let ¢ : (M, P:) — (Xr,Qr) be the pared uniformization given for by
lemma 3.6.

Let Mt be a relative compact core for (int(Xr),Qr) and let j : Xp — Mp
be a homotopy inverse to the inclusion map. The covering map H° /T — H? / fj
immerses My in Xp_ and there is a compact core Mg, for int(ij) containing
the image of Mr. Let 7 : Xr — ij be the composition of j, the covering

map and the inclusion of ij into ij. It remains to show that $J—1 omod|lo
is homotopic to ¢; o s5|c-

We know that ¢oic = jo0dc, where j - is inclusion of X, into Xr. (Note
that (jo)« is conjugation by £;(¢).) The group 7, o (jo)« © (¢c)« (71 (C)) is the
group
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—1 —
g;nﬁtm(C)GCﬁtjq(C)gj .
. . . -1 -1 . .
If we insert the identity element Visty; (C)ﬂqj (C)qu (C)th_lqj(c) into this ex-
pression we obtain:

m -1 -1 — — —m
9; ﬁtjq(C) (’Ytj—lqj (c)ﬁqj (C)Btj (C)’Ytj—lqj (c))GC’ (’Ytj—lqj (C)qu%c)ﬁqj (C)’Ytj—ll I’ (C))Bt_j 9(C)9;

. . -1 sal - -1
Conjugation by S, (thj‘lqj(()) is (o)« o (fytj_lqj(c))* . Hence
Tx 0 (Jo)x 0 (P0)« Is

g?ﬂtjq(C)’Yt;lqj(c)ﬁ,ﬁc) ((jlc)*O(Wt;lqj(o)):1)°(¢c)*5qj (0)715_;11(11,(0)@;;(0)9]'_7”-

As we noted previously, the element ﬁt].q(c)'ytj_l 4(C) Bq_jt()) isin I';, and hence
S0 is !];”ﬂtjq(c)%j—lqj (O)Bq_j%c)' Hence the map 7 o j o ¢¢ is homotopic in ij

to ju o f‘yt_j_llqj(c) o ¢¢. Since 5/;_11%(0) o ¢¢ is ¢ o sj|c we find that

Tojoo e ~joote osjlc.

But ji o9 is ¢jlc, which in turn is ;é\j o tj|c. Thus we conclude that

Tojoodo = ¢joujosilco,

which implies that 5;1 o7 o ¢|¢ is homotopic to ¢; o s;|c, as required.

Definition 3.8 Suppose V' is a solid torus and V the result of removing a
regular neighbourhood of the core curve of V' from V.

Let f : V — V be a mi-injective immersion, so that f.(m(V)) is a maximal
cyclic subgroup of 71 (V). Suppose further that there is a collection Ay, ..., Ag
of parallel, essential annuli in OV so that f(A1),...,f(A4x) is a collection of
distinct, embedded, parallel, essential annuli in V. We will define a k-tuple of
integers which encodes how f “wraps” V around V, called the wrapping of f.

The map f lifts to f : V —» V, where V is the cover of V corresponding to
f+(m(V)). Let x be a point in int(V') and for each i let ¢; be a path in V from z
to A;. The path f(c;) lifts to a path & joining f(z) to a component of [ Jr 1 (4;),

K3
where 7 : V. — V is the covering map. Let By be the component containing
the other endpoint of ¢;. Let 8 be a generator for the deck transformations of
V. Label the components of | Jr~(4;) as ... ,B_p,...,Bo,... ,Bn,..., where
K3
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B, = 3(Bn_), and the components By,...,B; 1 appear, in order, between
Bo and Bk. B
If ¢; connects f(z) to By,, then the wrapping of f is

U)(f) = (0,”2,... 7”/6)'

Note that w(f) is only well-defined up to choice of cyclic ordering of A1, ... , Ay
and deck transformation 3. Hence we consider that (0, —ny, —ns,... ,—ng) to
be equivalent to (0,ns2,...,ng). Moreover, if 7 € Sy, is the long cycle (12---k)
then we consider (0,ns,...,nk) to be equivalent to (0,ms,...,my) provided
that for some ¢t # 0

Nrt(3) — Nyt(1) = My,

i=1,... k. (We have adopted the convention that n; and m; are both 0.)
This last equivalence reflects a change in cyclic ordering of the annuli A4, ... , Aj.
Hence, more formally, we define a wrapping to be an equivalance class of such k-
tuples. Since f is an embedding restricted to the union of the annuli A, ... , Ay,
the k-tuple (0,n2 mod k,n3 mod k, ... ,ny mod k) has no repeated entries.

It is clear that if f; and fo are maps of V into V' as above, and that f; and
f2 are homotopic rel(A4; U---U Ag) then w(f;) = w(f2). X

For the converse, suppose that f; and fs are two maps of V into V' with the
same wrapping. There are lifts fi : V. — V which are homotopy equivalences
taking A;U...UAy into V. Since the wrapping is the same, there is a (possibly
orientation reversing) homeomorphism §: V. — V so that §(f1(4;)) = f2(4s),
for each 4. The composition

(fo) togofi:V—V

is a homotopy equivalence which is a homeomorphism on each A; and hence
homotopic rel(Ay, ... , Ax) to a self-homeomorphism h : V — V.

The homeomorphism § descends to a homeomorphism g : V' — V', allowing
us to conclude that g o fy is homotopic rel (41, 4s,... ,Ag) to froh.

We have the following corollary to the proof of 3.7.

Corollary 3.9 With the notation from lemma 3.7, for each j =1,... ,n let f;

be the restriction of ((;3]-)_1 omjo¢ toV. Then f; is an immersion of V into 14
as above and

w(f;) is not equivalent to w(f;)
for j #1.

Proof
With the fixed ordering of A, ... , A the wrapping number w(f;) = (0,n2,... ,nk)
is seen to be defined by
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a; —a1 — ((a; —a1) mod p;)
pj

Suppose there is some | so that for each 1,

n; =

a; —a; — ((a; —a1) mod p;)  a; —ar — ((a; —a1) mod p;)

p; P

Then the fraction % is the same as

a; — a1 — (2¢+ 1) (t(4) — (1))
a; — a1 — (2c+ 1)(¢(6) — (1))

Using the expressions for a; and a; we see that the above fraction is always
greater than % or less than 2, since k > 2, ¢ > 1, and p; > (2¢ + 1)k + 2¢. The
details are left to the reader.

Since the primes p; and p; were chosen so that their quotients were always
greater than 2 or less than % we obtain a contradiction.

Hence for w(f;) to be equivalent to w(f;) there must be a shift in cyclic
ordering of Ay, ..., Ay) and/or a change of 3 to 3~ (as discussed above) which
transforms the representative for w(f;) to (0,n2,... ,ng). Since the representa-
tive for w(f;), given by considering the above ordering of A;,... , A} and choice
of B over 871, is a k-tuple of non-negative integers with increasing value, chang-
ing the ordering and choice of generator for the deck group will not transform

the reprentative for w(f;) to the representative for w(f;).
corollary 3.9

The next proposition is the inductive step in our construction. It essentially

produces the representation that is to be our bumping representation, and a
set of geometrically finite hyperbolic 3-manifolds that are the geometric limits
of sequences of minimally parabolic representations converging to the bumping
representation. Each such sequence will lie in a component of the interior of
AH (m;(M)) indexed by an element of A(M) which is primitive shuffle equivalent
to [(Mg, ho)]
Remark: Suppose s; : My — M;, i = 1,...,m, is a collection of primitive
shuffles. Suppose s; is supported on V;. If there is an 7 and a j so that V; and
V; intersect, then we may admissibly isotope s;, say, so that any element of V;
intersecting an element of V; is contained in that element, or visa versa. We
will always assume that when considering such collections of primitive shuffles
we have made this modification. In particular this means that the union of the
V; makes sense as the support of a primitive shuffle.

Proposition 3.10 Suppose that My is compact, oriented, atoroidal, irreducible
and has incompressible boundary and let s; : My — M;, i = 1,... ,n, be a
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primitive shuffle. Suppose s; is supported on a collection of solid tori V; and
n

set V = UV;. Let P, C OM; be a collection of annuli, one chosen from the
=1
compone;Lts of OV NOM; for each V € V.

Then there is a pared uniformization ¢ : (Mo, Py) — (Xr,Qr) so that the
following holds for each j =1,... ,n:

1. there are parabolic elements g1, . .. , gjy|, so that the group fj =<T,g1,---,9v >
is discrete and geometrically finite;

2. there is a pared uniformization @- : (]\//.7],13]) — (ij,ij) so that &5\3_1 )
™ © $lxg=y is homotopic to v; o sjla=y. Here w: Xp — X and is an
immersion whose restriction to int(Xr) is homotopic to the restriction of
the covering map H® /T — IHIS/fJ and v; : M — J\/J\J is the inclusion
defined previously.

Proof

We prove this inductively, inducting on the number of solid tori in V. In the
base case of the induction V consists of one solid torus V' and all the primitive
shuffles s;, 1 =1,... ,n, are supported on V. There is a sewing kit Kk = (C,V,p)
defined so that M, = Mjy: the collection C is the set of components of My — V,
with paring locus equal to FrV N FrC; p is defined so that M,, = M,. Let
k; = (C,V,p;) be the sewing kit determined by s;. For each C' € C choose a
pared uniformization ¢¢ : (C,P) — (Xg.,Qa.). We may assume, by conju-
gating G¢ if necessary, that (¢c)«op«(m1(Ay(c)) is J, the cyclic parabolic group
generated by z — z+ 1. Choose a set x(G¢) of elements in PSL2(C) conjugat-
ing J to the maximal cyclic parabolic subgroups of G¢, and choose a constant
co so that the set {¢¢c} is a cp-normalized family of pared uniformizations for
K.

Applying lemma 3.7 we obtain a constant ¢;, depending only on ¢y and My,
and a ¢;-normalized uniformization ¢ : (Mo, Py) — (X1, Qr) so that for each
VE

1. There is a parabolic g; with fj =< I',g; > discrete and geometrically
finite;

2. There is a geometrically finite group I'; so that fj =<Ty,9; >, acr-
normalized uniformization ¢; : (Mj, P;) — (Xt,, Qr,);

3. There is a pared uniformization &b\j : (]\//.71,13]) — (ij , ij) so that for

each non-trivial v € x(¢;) the composition 71

pared uniformization. Moreover,

o ¢; is a co-normalized

(a) ?ZSJ' ot =Jjo ¢;, where 1; : Mj — Mj and j; : Xp; — Xp_ are
inclusions;
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(b) ¢jlc =3dc,; 0 ¢c o (sjlo)t, for every C € C, where jo ;1 Xa, —
Xr; is inclusion;

(c) qﬁj_l o7 o dlc ~ ;o sj|c, for all C € C, where 7 : Xp — X, is an
immersion as describe earlier.

Note that parts 3a, 3b and 3c together imply that
(d) modlo >j;0¢;o0sjlc.

Our inductive assumption is that for collections {d; : N — N;} of prim-
itive shuffles of a compact, irreducible, atoroidal, oriented 3-manifold N with
boundary, supported on at most [ solid tori V; the following holds:

There is a constant ¢; and a ¢;-normalized uniformization ¢ : (N, P) —
(Xr, Qr) so that for each j

1. There are parabolic elements g{, . ,glj with f‘j =< F,g{, ... ,glj > is dis-
crete and geometrically finite;

2. There is a geometrically finite group I'; so that fj =< F]-,g{, e ,glj >,
and a c;-normalized uniformization ¢; : (N;, P;) — (Xr;, Qr,);

3. There is a pared uniformization 53- : (Z/\\fj,ﬁj) — (ij,ij) so that for

each non-trivial v € x(¢;) the composition 5!

family of pared uniformizations. Moreover,

o ¢; is a ci-normalized

(a) fﬁj o1 = Jj ° ¢;, where 1; : Nj — Nj and j; : Xr; — Xz, are
inclusions;

(b) éﬁ\]_l omodlg ~ i 0dj|c, for all C' € C, where 7 : Xp — Xg s the
immersion describe earlier;

(c) modlc ~jjo¢jos;.

Suppose now that the primitive shuffles s; are supported on [ + 1 solid tori V.
Choose V; from V arbitrarily. Inductively, choose V; from V — V3 U---V;_; by
requiring that there is a component C of My —V and an integer j < ¢ so that
FrV;nC # 0 and FrV; N C # 0. Let V; denote V3 U --- UV;. By construction
there is a unique component of My — Vj41 containing V;. Call this component
Yy. Let Ry be the frontier of Yj ‘E\ogether wijh PyNY,. By lemma 2.24 we obtain
a pared manifold (Yy, Rg). Let Yy denote Yo (V).

We claim that s; : Yo — Y} = s;(Yp) is a primitive shuffle supported on V.
To see this we need to show that V) is allowably contained in Y. Let ¥ denote
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a characteristic submanifold for (Yy, Ro). The disjoint union V; UVa U ... UV,
is an admissibly embedded Seifert fibred space in (Yp,0Yp). By the Engulfing
property V1 UVo U... UV, is admissibly isotopic into ¥. Reversing this isotopy
produces a characteristic submanifold containing V3 LUV U ... U V.

Hence the components of V; are contained in ¥ a characteristic submanifold
of (Yy, Rg). Suppose that V' C V), is not a component of . It follows that V'
is contained in an I-bundle component of ¥. There is an /-bundle component
of the characteristic submanifold of My containing the I-bundle in ¥ which
contains V. Since V is allowably contained in this I-bundle, it is allowably
contained in the intersection of the I-bundle with Y. It follows that V; is
allowably contained in Yj.

Hence, by our inductive assumption, there is a constant ¢; and ¢;-normalized
pared uniformization 6o : (Yo, Ro) — (Xry,,@ry,) with the following holding
for each j:

1. There are parabolic elements g{, . ,glj so that f‘yj =< Fyo,g{, ... ,glj >
is discrete and geometrically finite;

2. There is a geometrically finite group I'y;, and a ¢;-normalized uniformiza-
tion gj : (YvJaRJ) — (XFYjaQFYj);

3. There is a pared uniformization §j : (}7],}/%]) — (Xg, ,Qp, ) so that

1

for any non-trivial v € x(6;) the composition =" o 5,- is a ¢;-normalized

uniformization. Moreover,

~

0]' O ly; :]Yj oé?j, (1)
where vy; : Y; — Y; and jy, : Xp,, — Xp ~ are inclusions;
J
n-1
0]- Oﬂyo,jooolc’:[,yj OSjlc, (2)

for all components C' of Yy —V, where 7y, ; : Xry, — Xfy. is an im-
J
mersion whose restriction to int(Xr,,) is homotopic to the restriction of

the covering map HB /Ty, — HB /Ty;;

TYe,j © bolc = Jy, 00 0 sjlc- (3)

Let C consist of all the components of My — V1. For C € C let P =
P(C) be the frontier of C' together with C N Py. By lemma 2.24 (C, P) is
a pared 3-manifold. Define a sewing kit k = (C,Vjy1,p) by requiring that p
be defined in such as way as to ensure that M, = My. For each C # Yy
choose a pared uniformization ¢¢ : (C,P) — (Xgo,Qacs), chosen so that
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(¥c)« 0 p«(m1(Ag(c))) is the maximal parabolic subgroup J. Choose sets x(¢c)
so that for each maximal cyclic parabolic subgroup of G¢ there is a unique
element in x(¢¢) conjugating J to it. Let co > ¢1 be chosen so that each ¢ is
co-normalized.

Let 0 € x(6o) conjugate J to (6o)« o p«(m1(Ay(v;)))- Set Yy, to be Yot o8
and set Gy, = 'Ty,70. We define x(¢by,) as x(¥v,) = {75 " o7 | v € x(60)}-
Let ~y; be the element of x(ty,) which conjugates J to (¢y, )« op«(m1(A;)). Asit
stands, we may need to alter the set x(vy,) still further; there is the possibility
that an element ; € x(ty,) maps H°! into H; , instead of H;'. If this is the
case, make the alteration 7; — ; or, where r is a reflection which maps H*! to
H,., and visa versa. When all this is done we find that vy, is a ¢;-normalized
pared uniformization, and hence a co-normalized pared uniformization.

The set {¢)¢}, as C ranges through C, is a co-normalized family of pared uni-
formizations for k. Define, for each j = 1,... ,n, a sewing kit k; = (C, Vi41,p;),
where p; = s; o p. Hence the manifold determined by «; is obtained by attach-
ing the components of My — Vi1 to Vj41 in the order in which they appear in
Mj; it is an intermediate stage in the full shuffling process. We will define a
primitive shuffle d; between M, and M, supported on V;;;. We will then be in
a position to invoke lemma 3.7. Since we wish, at this stage, to only shuffle the
position of the components C' of C with respect to Vj41, we want to leave the
marking on Yy unchanged, whilst changing the marking on the other elements
of C. Hence define d; : M,, — M, by setting d; = s; off of ¥y, and homotopic
to the identity on Yp. Then d; is homotopic to a primitive shuffle supported on
Vi+1. Homotope d; to a primitive shuffle, for each j, and again call the resulting
map d;.

Lemma 3.7 supplies us with the following:

1. Prime numbers p;, j = 1,... ,n, and constants a;, i = 1,... ,k, k = | A],
so that

(a) a; = (2c2 + 1)t;(i) mod pj, j=1,...,m;
(b) ait1 —a; >2c+1;
(c) p;j > (22 + 1)k + 2c5.

2. With &,,(2) =z + ami, m =1,... ,k, there is a group T generated by

{&ue)Gobyoytoee and  {€gpea i€ Hoy
so that there is a (ar — a3 + 2¢1)-normalized pared uniformization ¢ :

(Mo, Po) — (Xr,@Qr), with ¢|c = jo o 9o, where jo : Xg, — Xr is
inclusion;
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3. With g;(2) = z +p;i, j = 1,... ,n, the group fnj =< T,g; > is discrete
and geometrically finite. Setting 8,,(2) = z + (2¢1 + 1)mi, m = 1,... ,k,
and recalling the permutation ¢; = pj_1 o p, we have the subgroup I'x; of

~

Iy, generated by

1 1 —1 —1
{qu(cwtj—lqj(C)Gcfyt,-'lqj(c)ﬁw(c)}cec and {ﬂqipi("wtjqg'pj(i)’yt;l(i)ﬂi Y

is discrete and geometrically finite, and fnj =<Tx;,9; >;

4. Thereis a ((2¢1+1)k+2c;)-normalized pared uniformization ¢y, : (My;, Px;) —

(XF,CJ. > QI‘N], ), so that

¢ﬁj |C = jC,Kj o ’715_1711,11.(0) o ¢C’ ° (dj|C)71, (4)
where jo .. : Xao — Xr,, is an embedding;

5. There is a pared uniformization $~j : (A?Nj,ﬁnj) — (Xp

K

L Qp_ ) so
~ J J

that for each v € x(¢x,) the composition 571 o ¢, is a cy-normalized
uniformization. Moreover,

¢I€j o LHJ' = jnj o ¢l€j? (5)

where v, : My, — My, and jn]_ : Xrnj — an‘ are inclusions;
J

¢;j1 o 7TK'/J' o ¢|C ~ Lh:j o dj|C7 (6)

for all C' € C, where 7., : Xr — Xy is an immersion whose restriction
"5

to int(Xr) is homotopic to the restriction of the covering map H? /T' —

HE /T,

The pared uniformization ¢ is the uniformization we seek. To justify this
we need to show that, for any given j, we can find a pared uniformization
¢; : (M;,P;) — (ij , ij) that satisfies the inductive hypothesese and hence
the statement of the proposition.

From now on we consider a fixed j. R

Let C be the set (C — {Yo}) U{Y;}. That is, C consists of the components of
]\/J\j(Vl) — Vi41- The paring locus ﬁj of }7'] is the union of the paring locus R;
of Y; and the torus components of 8%. Define a sewing kit K = (CA s Vit1,p5)-
Then M5z is ]/V[\j(Vl).
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We want a co-normalized family of pared uniformizations for &, so that we
may apply lemma 3.6 to obtain a pared uniformization for &.
Recall the pared uniformization 0 (YJ,R ) — (Xp Py, :Qp, ) given by

the inductive hypothesis. We know that for any non- trivial vy € x(6;) the

' 06; is c1-normalized. Since 7y, ; 0 folc = Jy, © 8; o sjc, for

composition 4~
every component C of Yy — V; Vl, it follows that for each y1 € x(6o) there is a
72 € x(0;) and an element o € Fy so that v; = oy2. This implies that 5, 00
(Wlth X(Vl 0f; ) ={ytoy|v € X(H)}) is ¢;-normalized, since the image group
is vy I‘y 72, which is ¢;-normalized by assumption.

Thus, in particular, recalling the element Yo € X(6o) which conjugates J to
(60)« 0 pu(m1(Ag(vy))), the uniformization 7, 00 is ¢;-normalized. Considering

the element v,-1 € x(vy,) it follows that 7 % 0 is ¢1-normalized,
tj 4;(Yo) 0 t

(Y )’YO
and hence ¢s-normalized.

If p;(A;) C Y; for some i, then let n; € X(’y Ly (Yo © ’yo 08, ;) conjugate J

to (f’ytj_lqj(yo))* o (g w0 (5])* o (p;)«(m1(A4;)). We may need to alter 7; so that
it maps H°? into the appropriate cusp neighbourhood. Since s; is orientation
preserving off of V, the modification made here agrees with the modification
made when x(vy,) was being altered.
Suppose p;(A;) CC #Y, for some i =1,...,k Letn; € )((’7__11 () ° Yc o
-1

1 . -1
s; ) conjugate J to (ﬂytj_lqj(c))* o (Yc)x o (pj)«(m1(As)). Con51der Vim14500) ©

J
P o s-_l' it is a ¢p-normalized uniformization.

The set {‘_1 (@) ° Yo o (sjle)” I}C#A,j U {’7__11 (¥ ° Yo' 0 8;} is a co-
normalized famlly of pared uniformizations for k. We apply lemma 3.6 with
(2¢2 + 1)m playing the role of a,,, to obtain a pared uniformization ¢z :

(Mz, P;) — (Xr.,Qr.). This uniformization has the property that for C' € 4
either

~

C= Y and ¢H|Y _]gy 7—1‘1 (Yo) ’7071001'5 (7)
where jﬁ,?j is inclusion; or
C #Y; and ¢zl = jrc 07,5, 0 0 Yo (s5le) ™ 8)
t;q;(C)

where jz o is inclusion.
The group I'; is generated by

-1 -1 15
{qu(C)thflqj(c) Gc%;lqj(o)ﬂqj(c)}ceﬁf{ﬁ}U{BqJ(Yj)%;qu (Yo) 70 Ly, 707t;1qj(yo)ﬂqj(1’j)}

and
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{IBQJ‘IJJ‘ (i)ni/Bz'_l}'

Also, by lemma 3.6, part 2, we know that the set S H U 1 H,., is contained
in the Marden tube for J in 7 (Xr.). Hence the set 8 H U 51 H,, is precisely
J-invariant in I'z.

The parabolic element g; is z — 2 + p;ji. The prime p; was chosen so that
p; > (2¢2 + 1)k + 2c5. Hence we find that g; maps the outside of the cusp
neighbourhood (1 H,, into the inside of the cusp neighbourhood SpH¢. We
apply the second Klein-Maskit combination theorem to conclude that the group
I'; generated by I'z and g; is discrete and geometrically finite. Moreover, there
is a pared uniformization

~

oj: (]\//.71,133) — (ij,ij) where (;j 0lz =Jz 0 Pz 9)

This is the uniformization of ]\/J\J that we seek. We need to show that it has
the required properties. R
To begin with, we show that I'; contains I', and that I' together with a set

of I + 1 parabolic elements generates fj. Recall that I' is generated by

{€uo)Ge&ypytoee and  {€pami& Hoy

where Gy, is the group v, 1l“yoyo, and for each ¢ there is a unique C' so that

i € x(¢o)- .
Consider the group G generated by T, g; and {ﬂqj(yj)’yg_lgf’Yoﬁq_j%n)}é:l.

Then rewriting Gy, as g Ty, 70 and recalling the relationship between the
& and By, ;) we find that G is generated by

{fq_(};)Goﬁq(o) torvo,
9gj,

—1 -1
ﬂtjq(Y())’YO FYO’YOﬂtjq(YO);
the set of parabolics

—1 —1j —1 l
{:qu(ifj)’yt;lqj(yj)’m gg’YO’Ytj—lqj(yj)/qu(yj)}z’:h
and the set of elements

{ﬂtj qp(i) ’YZB{;:(lz) }f:l .
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If we set m = t;(i) this last set can be rewritten as {5tjqu(m)7tj—1(m)/3;zl}fn=1-

. . —1
This set contains ﬂtj—lq(yo)’ytj—lqj (Yo)ﬁqj(Yo)'

Thus G contains the group generated by

—1 -1 —1
/Bq]- (Yo)’Ytj—lqj(Yo)’Yo FYO’YU’YtJ.—lq]- (YO)Iqu (Yo)

and the parabolics

-1 —1j -1
{/qu(xj)vt;IQj(Yo)ryO ggfyo,ytj_lqj(Yo)ﬂqj(ilj)}izl.
The map g; is defined with respect to the sewing kit «; so that ¢;(Y;) = ¢;(Yo)-
It follows that this last group is
-1 —173 -1
'845(1’}')7,5],—1,1].(1/0)70 FYJ‘%%J-_lqg‘(Yo)ﬂqg'(Yj)'
Hence G is generated by g;, {ﬂt],q(c)GoBt;;(C)}c#yo, the group
—1 —1R -1
ﬂqa‘(Yth].—lqj(yo)'YO FYJ‘%%}qu‘(Yo)ﬂqj(Yj)’
and the elements {ﬂtjqu(m)’ytj—l(m) Bltk ..
As in lemma 3.7 the group generated by {,Btjqu(m)’)’tl—l(m) B:.1} is the same as
the group generated by {8y, p, (m)mBy'} (recalling that 7, = fyt__ll )70_ h.
i

It follows that G = T).
Moreover, letting I'; be the group generated by the set of groups

g;p;(m

~1 -1 ~1
{8y () V51 q5(0) GCthflqj(c)ﬁqj(C)} U {8y, (E)thflqj(yo)rl’j Tt (Yo)ﬁqj (yj)}

and the set of elements {8, (iymB; 11 by lemma 3.6 there is a pared uni-
formization ¢; : (Mj,Pj) — (er,er) with

~

$jot;=3jj;o¢;, wherej;: Xr, —>ij. (10)

Finally we show that aj_l omod|lc =~ tj o sj|c, where 7 is the immersion
described earlier whose restriction to int(Xr) is the homotopic to the restriction
of the covering map. R R

We have an immersion 7 : Xp  — ij, since T'y; is a subgroup of T';.

Moreover, the immersion 7 factors (up to homotopy) as m = T, o mx;.
Associated to the uniformization of My; we have the inclusions jz : Xr, —

ij, and Lz - M;g — J/\ZJ

The group T, contains the group '8‘1:‘(YOW,;J,—llq].(YO)’YJIFOVOVt;Iqj (Yo)ﬂq;%Yo)'
The group I'; contains ﬁq]‘(Yo)’Vt_j—llqj(YO)’Y(J_IFﬂWt;‘qj(Yo)'Bq_jl(Yo)' Hence we have
the identity
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~ < . . _—1 __1 )
Ty © ;O bnslo = Iz °J9; % °’Ytj—1qj(yo) ° %y ° Ty, © bolc (11)

(Note that (_117],%)* = (Jyo,x, )+ is conjugation by By, (v;)-)
Let C be a component of My — V. There are two cases: either C' is contained

in Yy or it is not. To begin with, suppose that C' is contained in Yjp.
Then

¢JT1 omodle = ¢;1 0Tk, 0T, O Plc using the factorization of 7
W A
:?j ownoqsf].oLnjodﬂc by 6
1 A~ . .
N 0Ty 0 P, O Ly, lc since djly, ~ id
1 . . _—1 _—1 . .
=@, 04~09c ~ 0~ _ o o ;0 ituting 11
i °Ir°JIy s ’Ytj 14,(Yo) Yo ©Ty,,j ©bolc substituting
T—1 . . ~—1 —-—1_7 .
"1 094~095 ~ 0 o of;ouLy, os; ing 2
7 ]n ]Yj,li: ’ytj—lqj(yo) ’)/0 0] L}/.7 S]|C using
I | . .
=¢; OJEO(ﬁk\OLyj os]-|c using 7
IR ]
_¢j 0¢jOL750LYj os]-|c using 9
=1z 0Ly, ° Sj|c
=150 54lc

as required. Thus we are done in the case that C is contained in Yj.
Suppose that C is not contained in Y. Thus C is shuffled only with respect
to Vi41, so that

jﬁ O¢E|C = 7?53' Ojnj O¢Hj|0 (12)

Hence in this case we find that

Todlc = %nj 0Ty, O oo using the factorization of 7
™ Tp; © hr; O ln; 0 8jlc by 6
=7TIij o]n]- O¢Kj °Sj|C by 5
=Jjro¢rlc using 12
=¢jouz using 9

Thus it follows that

~ ~q o~
?; omod|c ~¢; o ¢j oz o sjlc

= LE [o] S]'C

=1 0sj|c since tz is ¢; when restricted to those C such that

cny, =0

And hence we are done.

proposition 3.10

Again we have the following corollary regarding wrapping numbers.
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Corollary 3.11 With the notation of proposition 3.10, let m; : Xp — Xp.
be an immersion whose restriction to int(Xr) is the restriction of the covermg
map P /T — ]HI3/1"]. For each j =1,... ,n set f; = (qu) om;of. Thenfor
each j and each V € V, the map f;|v is a mi-injective immersion into V which
is an embedding on the frontier of V. Moreover,

w(f;jlv) is not equivalent to w(f;|v)

for each i # j, where w(f) is the wrapping of f defined previously.

corollary 3.11

3.3 Bumping

To obtain our point of bumping we want to Dehn fill the boundary tori in M; so
that the resulting manifold is homeomorphic to M;, and then we want to find
a hyperbolic structure on the result. In fact, we want to do this for a sequence
of Dehn filling coefficients to obtain a sequence converging geometrically to the
geometric structure on M; covered by our bumping representation.

More precisely, we want to make use of the Hyperoblic Dehn surgery theo-
rem, as discussed below.

Let M be a compact, irreducible, oriented 3-manifold whose boundary con-
tains a collection of tori 771, ... ,T,. (There may be other surfaces in the bound-
ary). Choose a meridian m; and a longitude I; for the torus T; and consider
them as a basis for 71 (7T;). For an n-tuple of f pairs of relatively prime integers
(P,a) = (P1,415P2, @35 - - - ;P> @) denote by M(p,q) the manifold obtained by
performing, in turn, (p;,¢;) Dehn filling on M along T;. That is, M(p,q)
obtained by sewing n solid tori Vi,... ,V, to M along T1, ... ,T,, respectively,
via an orientation reversing homeomorphism which maps the meridian of 9V}
to a simple closed curve in the homotopy class of m¥*1¥* on T;. The following
generalization of Thurston’s Hyperbolic Dehn Surgery Theorem is due to T.
Comar. See also Bonahon and Otal [4] and Bromberg [6].

Theorem 3.12 (The Hyperbolic Dehn Surgery Theorem [10])

Let M be a compact, oriented 3-manifold and let T = {T1,...,Tr} be
a non-empty collection of tori in the boundary of M. Let N = lHIS/f be
a minimally parabolic hyperbolic 3-manifold and ¢ : mt(Z/M\ ) — N an ori-
entation preserving homeomorphism between the interior of M and N. Let

{(Pn,an) = (PL,q%; ... 505, q5)} be a sequence of k-tuples of pairs of relatively
prime integers such that, for each j, |pl| + |gl| converges to co as n — .

Then, for all sufficiently large n, there exists a representation 3, : r —
PSLy(C) with discrete image such that:
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1. /J’n(f) is minimally parabolic and uniformizes M (Pn,4qn);
2. the kernel of B, is normally generated by {m”;lqi,... ,mpf;lq:i}; and
3. {Bn} converges to the identity representation of T.

Moreover, if we let i, denote the inclusion of M into A/f(pn,qn), then

there exists an orientation preserving homeomorphism ¢, : int(M (Pn,dn)) —
H? /B, (T) such that B, o ¢« is conjugate to (¢n)« © (in)s.

theorem 3.12

Theorem 3.13 Suppose [(My, ho)] is primitive shuffle equivalent to [(Mj;, h;)],
J=1,...,n, via primitive shuffles s; : Mo — M;. Then there is a geometri-
cally finite representation p with ©(p) = [(Mo, ho)] so that for each [(M;,h;)]
there are sequences pl, with ©(pl) = [(M;, h;)] and p, — p.

Proof

By Proposition 3.10 there is a pared uniformization ¢ : (My, Py) — (X1, Qr)
so that for each j there are elements g{, e ,gi so that fj =< g{, - ,gi,l“ >
is geometrically finite and uniformizes ]\//.TJ The uniformizing map ;j)\j satisfies
(qASj)_l omo@|c is homotopic to ¢;0s;|c for each component C of My — V, where
V is the set of solid tori that support the primitive shuffles.

Set
p=($)x 0 (ho)«-
Then
0(p) = [(Xr, ¢ 0 ho)] = [(Mo, ho)]-
Fix j now.

Perform (1,n) hyperbolic Dehn surgery on &S\j : (]\//.TJ,I/SJ) — (ij,ij) to
obtain representations 3, : fj — PSLy(C), such that for sufficiently large n
there are uniformizations ¢,, : int(M;) — H*/$, (f]) These homeomorphisms
¢n are such that 3, o (&;J)* is conjugate to (@n)« © (85)«, where 4, : ]\//.TJ —
M;(1,n).

For sufficiently large n set

Pl = Bn o p.
Then by theorem 3.12 pJ, is conjugate 0 (G, )« © (in)x 0 (¢;)s L 07y 0 by 0 (ho)s.
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Consider the maps %, 0 (aj)’l omo¢ and ¢,0¢50s;. Both are primitive shuffles
supported on V and up to homotopy are equal on My — V. Hence by lemma
7.1 of [3] there is an orientation preserving homeomorphism r,, : M;(1,n) —
1\//.7j(1,n) so that r, o4, ot 0 s; is homotopic to i, o (@)‘1 oo ¢.

Thus p, is conjugate to (¢n)« © (Tn)« © (Bn)s © (1)« 0 (85)x 0 (ho)s-

We conclude that p, is faithful and has image 3,(L;), since i, o ¢; is ho-
motopic to an orientation preserving homeomorphism, and each of the other
homomorphisms in the above composition are isomorphisms induced by home-
omorphisms or homotopy equivalences.

Moreover,
O(pl) =[(M;(1,n),r, 04, 01;08;0hg)] since ¢, is an orientation preserving
homeomorphism
= [(M;(1,n),3, 0t 0 s 0 hg)] since r,, is an orientation preserving
homeomorphism
= [(Mj, s; o hy)] since i, o ¢; is homotopic to an
orientation preserving homeomorphism
(see lemma 10.3, [3])
Thus

O(p}) = [(M;, ;)]

as required. Clearly {p%} converges to p.

theorem 3.13

3.4 Quasiconformal deformations

In this section we wish to explore how open a condition it is to be a bumping
point. In particular, we will construct bumping points for which large quasi-
conformal deformations are also bumping points. For basic definitions on qua-
siconformal mappings and quasiconformal deformations of Kleinian groups see
[19].

If f is a quasiconformal deformation of a group I then f continuously extends
to a group equivariant bi-Lipshitz homeomorphism of HB to itself, denoted f.
See [28], [11] and [24].

For our purposes, a normalized quasiconformal map is one that fixes 0,1 and
00.
For a fixed K > 1, normalized K-quasiconformal maps form a normal family
(see Lehto [19], theorem 1.2.2).

The proof of the following lemma is the same as one in [13] with some simple
changes made to cover groups other than Fuchsian groups.

Lemma 3.14 Let K > 1. Let T be a geometrically finite Kleinian group con-

taining &1 as a primitive element, and so that < & >=J is a mazimal parabolic
subgroup of T.
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Then there is a constant ¢ = ¢(K,T) so that if f is any normalized K-
quasiconformal deformation of T’ then the sets H® = {z € C | Sz > ¢} and
H,={z € C| Sz < —c} are precisely J-invariant in foTl o f.

The above lemma is instrumental in the proof of the following theorem.

Theorem 3.15 Suppose By, ... , By is a collection of components of M P(my(M))
so that B; N Bj # 0, for all i,5. Then for every K > 1 there is a geometri-
cally finite representation px € MP(m(M)) so that every K-quasiconformal
deformation of px is contained in (| B;.

Proof

Let s; : My — M; be a primitive shuffle so that ©(B;) = [(M;, s; o ho)],
where ©(By) = [(Mo, hg)]- Let V be the smallest allowably embedded collection
of solid tori containing the support of each s; (up to isotopy). Homotope each
s;, if necessary, so that the support of s; is contained in V. As before we induct
onn =1V

Suppose that V consists of a single solid torus V. Let C be the components
of My — V. This defines a sewing kit k = (C,V,p), where p is defined as in the
proofs of previous theorems. Let {¢¢ : (C, P) — (Xg.,Qc.)} be a normalized
family of pared uniformizations for k. Set

¢= maxr C(’YGC’Y IJK)a
’YEX(¢C)

where ¢(G, K) is the constant given by lemma 3.14 applied to G and K.
Let ¢k : (Mo, Py) — (Xrk,Qry) be the pared uniformization given by
lemma 3.7, applied to the ¢-normalized family defined above, and set

pr = ¢« © (ho)«-

Note that for each C, ¢x|c = joopc, where jo : Xg. — X is inclusion.

Let p be a representation arising as a K-quasiconformal deformation of px.

The quasiconformal deformation between p and px extends to an equivariant
map 7,[1 wBuC — HuU C which descends to an orientation preserving
homeomorphism ¢ : N(I'x) — N(T).

As in lemma 3.7 define constants

a; = %di(jpi + (2¢+ D)ti(j))

where d; is congruent to 1 modulo p; and 0 modulo p;, j # i.
Recall from the proof of lemma 3.7 that 'k is generated by {gq(C)GCé.q_(lc)}

and {§q,,(,-)fyi§i_1}, where

§i(2) =z +aji
and v; € x(¢¢) (for some C) conjugates J C G¢ to F; = (¢¢)«(m1 (p(3)).
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For each i, define §; by requiring that

Ean(00i& " = po (pr) ™ (Eapay1i&i )

For each ¢ there are subgroups d; IG;(i)di of T' = p(m(M)) obtained by
requiring that

&0y G0t = po pi (677 Gy ni&i )

By construction lemma 3.14 implies that the set &(H® U H,) is precisely
J-invariant in fiéflG;,(i)éig;l-

Let fqp(,-)Fi’f;:(i) =po (pK):l(.ﬁqp(i) F,-{q‘pl(i)), for each i. Let T be a Marden
tube for F; in G,(;. Then TNC contains ~v;(H°UH,), since ¢¢ is c-normalized.
The set (&gp(s)T) is precisely §qp(i)Fi’§q_p1(i):invariant in §qp~(i) G;(i)g(;l(i), and
hence there is a lift of a Marden tube ;7" contained in v ({,,(;T) and the
two are isotopic. There is a lift of a Marden tube fq,,(,-)f’” which contains
Eap(s)0i(H® U H,.). Up to isotopy §qp(,-)T” is contained in zZ(gq,,(,-)T), for each i,
so we may isotope ¢ to a homeomorphism ¢ : (Xr,,Qr,) — (Xr, Qr), where
Xr is defined by these choices of Marden tubes for T'.

Define ¢ by setting ji o ¢ = 1 o dx|c. Where jo : Xg, — Xr is
inclusion.

By the above comments the set {¢;,} is a c-normalized family of pared
uniformizations for k. By the proof of lemma 3.7 and theorem 3.13 we find that
p is in the intersection of the closures of all the components B;.

The inductive case is a repeat of the above argument combined with the
inductive step of proposition 3.10

theorem 3.15

4 Shuffle Immersions

Suppose that (M, h) represents an element of A(M) and (My, hg) represents
an element of A(M) primitive shuffle equivalent to [(M, h)]. Using the tech-
niques of this paper, there is a uniformization ¢ : (M, P) — (Xr,Qr) and a
uniformization $ : (M\O, ﬁo) — (X5, Qp) so that the composition

$tomo

is an immersion of M into J\//.TO which is an embedding on each of the components
of M —V, where V is the support of s, and 7 is an immersion whose restriction
to int(Xr) is homotopic to the restriction of the covering map H? /T — H? /T;.

Equivalently, there is a topological immersion f : M — ]\//.70 which is an
embedding on M — V), and a uniformization ¢ : (Mo, Py) — (X5, @p), so that
the (incomplete) metric on M obtained by pulling back the metric on int(JT/I\o)
with f extends to a complete hyperbolic metric on an open collar of M.
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There is evidence (see [3] and [8]) that the set of (equivalence classes of)
pairs (f, ¢) determines the topology of M P(mw(M)). In particular, if there are
n distinct pairs (f1,é1),... , (fn, Pn) so that

p=(1)x0 (f)e == (fn)uo (fn)s

then for any sufficiently small neighbourhood V of pin AH (71 (M)) the intersec-
tion VN B has at least n components, where B is the component of M P (w1 (M))
indexed by [(M(), h())]

Before our next definition we introduce some notation. For a collection V of
allowably embedded solid tori in a given manifold let A()) denote the collection
of (homotopy classes) of core curves of solid tori in V. For a compact manifold
M let Collar(M) be the union M U (OM x [0,1) where OM is identified with
OM x {0}. Note that M can be considered to be a compact core for Collar(M).

Definition 4.1 Let M and M, be compact hyperbolizable 3-manifolds with
non-empty boundary. Suppose that V is a collection of solid tori allowably
embedded in M. A shuffle immersion between M and My supported on V is an
immersion -

such that

o F(M) Cint(My) — A(V) = int(Mp). That is, we can consider f as a map

£ M —s int(Mp);

e f factors through the restriction to M of a cover 7w : Collar(M) —
int(Mp) which is an embedding on M — V. That is, f = i o 7|y where
i :int(Mo) — int(Mp) is inclusion,and 7 is an embedding when restricted
to M —V.

Note that the notion of the wrapping of a solid torus by a shuffle immersion
makes sense. e
It follows that a shuffle immersion f: M — int(My) lifts to a map

f:M — int(M')
so that f|in(ar) is @ homeomorphism onto its image, where int(M') is the cover
of My corresponding to fi(m (M)). Hence if int(My) admits a complete geo-
metrically finite hyperbolic structure, so too does int(M) via pull-back by f.
That is to say, a pair (p, f) determines a hyperbolic structure on int(M), where
[ is a shuffle immersion between M and M, and p is a complete geometrically
finite representation in M P(M).
We say that two shuffle immersions
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fi: M —s int(M;)

and
fa i M —» int(My)

are equivalent provided f; and f, are homotopic in int(My) = int(Ms).

In this section we use the techniques from earlier sections to produce many
(inequivalent) pairs (p, f) inducing the same hyperbolic structure on int(M). In
a later paper this might be used to show the existence of complicated bumping
phenomena, in the case that M has incompressible boundary.

Theorem 4.2 Let M be compact, atoroidal, irreducible with non-empty and in-
compressible boundary of negative Fuler characteristic. Moreover, assume that
there exists a solid torus component or an I-bundle component to the character-
istic submanifold of M.

For a positive integer k, let By, ... , By be a collection of distinct components
of MP(m(M)) so that for each i and j, B; N\ B; # 0. Moreover, let nq,... ,ny
be any collection of positive integers.

Then there exists a geometrically finite representation p € (| B; so that the
following holds.

For each i set ©(B;) = [(M;, s;0h)], for a shuffle immersion s; supported on
V. Then for each i there are n; distinct pairs (p;, f;), j =1,... ,n;, inducing p.
That is p = pjo(fj)«, j =1,...,n;, and each f; is a shuffle immersion between
M = My and M;, so that no f; is equivalent to any fr, j # k. Moreover, each
f; is homotopic in mt(]\//L) to the composition of s; with the inclusion of M;
into int(M;).

Proof

In the case that £ = 1, if necessary choose s = s; to be supported on a
non-empty collection of solid tori allowably contained in M.

We apply theorem 3.13 to the redundant collection

Bi,...,B1,Bs,... ,Bs,...,By... B,

where each B; appears in the list exactly n; times.

This produces p € [ B;. Moreover, for each i there are n; uniformizations
&5]- : (J/\Z,,f’z) — (ij,ij), j=1,...,n;. Here fj is a minimally parabolic
uniformization of mt(]\/ZZ)

Moreover, there exists ¢ : (M, P) — (Xr,Qr) uniformizing M, so that
p = ¢«. There are immersions 7;|x. : Xp — ij which are restrictions of

covering maps m; : H? /T — H3/ fj. Define a shuffle immersion f; by

fi=(¢;)omjog.
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We will be done once we have shown that for each j there is no [ # j so that
fj is equivalent to f;. If f; is equivalent to f; then for every V in the support of
s;, the wrapping number w(f;|yv) would be equivalent to w(f;|v). But corollary
3.11 rules out this possibility.

When M is an I-bundle we can construct our shuffle immersions with more
control over the wrapping numbers. The ideas used here are similar to those
used in Kerckhoff-Thurston [18], McMullen [25], and Ito [14].

Let A1,..., Ax be k collections of positively weighted, homotopically distinct,
pair-wise non-intersecting, simple closed curves on a surface S of negative Euler
characteristic. (Sometimes such collections are refered to as integral measured
laminations.) Suppose that for each ¢ and j, the geometric intersection number
i(Ai, Aj) = 0, that is to say, any curve in ); is either disjoint from or parallel to
every curve in A;. Let A be the union of all the curves in the & collections.

Definition 4.3 A shuffle immersion f : S x I — int(S x I — A x {1}) car-
ries the integral measured lamination \; provided that for each curve « in A, if
w(f|n(a)) = (0,n) is the wrapping of f with respect to a solid torus neighbour-
hood of a x {%} with n > 0, then the weighting of « in \; (which we decree to
be zero when A; does not contain a) is n — 1.

Theorem 4.4 We assume the above notation.
Given K > 1 there exists a geometrically finite representation py € QF(S)
so that for every K-quasiconformal deformation p of po the following holds:
For each i = 1,... k, there is a pair (p;, f;) inducing p, where p; is a
geometrically finite uniformization of int(S x I — A x {%}), and f; : S x I —
int(S x I — A x {1}) is a shuffle immersion carrying \;,

Proof

Let V be a regular neighbourhood of A x I. Choose a normalized family
of pared uniformizations for the sewing kit associated to the splitting of S x I
along V, and sewing up along a solid torus V' C V. Such a normalized family
contains at most two uniformizations. As usual we induct on the number of
solid tori in V.

Let a x {%} be the core curve of V. For A; let m; denote the weighting of o
in A;, and reindex so that m; > mg > ---my > 0.

Let ¢ be a constant greater than the constant supplied by lemma 3.14
applied to any group appearing in the normalized family and the quasi-conformal
constant K. Choose an integer I greater than co.

Define rational numbers I =I; < I < --- < I, by requiring that

mJIJ = m1I1

for all j such that m; # 0.
Now repeat the proof of 3.10 using the constants a; = 0 and
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as =mil + co,

and the shuffling parabolics

Bi(2) = 2+ I;5. When m; = 0 set 3;(2) = z +i(miI + 3co).

For each j we obtain a shuffle immersion f; : M — M , as in previous
theorems.

By construction, for any j for which m; is non-zero, a, is congruent mod I;
to ¢o and the wrapping of f; is given by w(f;) = (0,n;) where

as — (azmodl;)
nj = T] =m;

as required.
The inductive step follows from the proofs of previous theorems and a similar
construction to the one above.

References

[1] J. Anderson and R. Canary. Cores of hyperbolic 3-manifolds and limits of
Kleinian groups. American Journal of Mathematics, 118(4):701-744, 1996.

[2] J.W. Anderson and R. D. Canary. Algebraic limits of Kleinian groups which
rearrange the pages of a book. Invent. Math., 126:205-214, 1996.

[3] J.W. Anderson, R.D. Canary, and D. McCullough. On the topology of
deformation spaces of Kleinian groups. Annals of Math., 152:693-741, 2000.

[4] F. Bonahon and J.P. Otal. Variétés hyperboliques & géodésiques arbitraire-
ment courtes. Bull. L.M.S., 20:255-261, 1988.

[5] Francis Bonahon. Bouts des variétés hyperboliques de dimension 3. Ann.
of Math. (2), 124(1):71-158, 1986.

[6] K. Bromberg. Hyperbolic Dehn surgery on geometrically infinite 3-
manifolds. preprint, 2000.

[7] K. Bromberg and J. Holt. Bumping of exotic projective structures. in
preparation, 2001.

[8] K. Bromberg and J. Holt. Self-bumping of deformation spaces of hyperbolic
3-manifolds. J. Diff. Geom., 57(1):47-65, 2001.

[9] R. Canary and D. McCullough. Homotopy equivalences of 3-manifolds
and deformation theory of Kleinian groups. Preprint available from
http://www.math.lsa.umich.edu/~ canary.

48



[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]
[22]
[23]

[24]

[25]

[26]

T.D. Comar. Hyperbolic Dehn surgery and convergence of Kleinian groups.
PhD thesis, University of Michigan, 1996.

A. Douady and C. Earle. Conformally natural extension of homeomor-
phisms of the circle. Acta Mathematica, 157:23-48, 1986.

J. Holt. The global topology of deformation spaces of Kleinian groups. PhD
thesis, University of Michigan, 2000.

J. Holt. Some new behaviour in the deformation theory of Kleinian groups.
Comm. Anal. and Geom., 9(4):757-775, 2001.

K. Ito. Exotic projective structures and quasi-Fuchsian space. Duke Math.
J., 105(2):185-209, 2000.

K. Johannson. Homotopy equivalences of 3-manifolds with boundary, vol-
ume 761 of Lecture Notes in Mathematics. Springer-Verlag, 1979.

T. Jgrgensen. On discrete groups of Mobius transformations. Amer. J.
Math., 98:739-749, 1976.

T. Jgrgensen and A. Marden. Algebraic and geometric convergence of
Kleinian groups. Math. Scand., 66:47-72, 1990.

Steven P. Kerckhoff and William P. Thurston. Noncontinuity of the action
of the modular group at Bers’ boundary of Teichmiiller space. Invent.
Math., 100(1):25-47, 1990.

O. Lehto. Univalent functions and Teichmuller spaces. Graduate Texts in
Mathematics. Springer-Verlag, 1987.

A. Marden. The geometry of finitely generated Kleinian groups. Annals of
Math., 99:383-462, 1974.

B. Maskit. Kleinian groups. Springer-Verlag, 1988.
B. Maskit. Kleinian groups. Springer-Verlag, 1988.

D. McCullough, A. Miller, and G.A. Swarup. Uniqueness of cores on non-
compact 3-manifolds. J. London Math. Soc., 32:548-556, 1985.

C. McMullen. Renormalization and 3-manifolds which Fiber over the Cir-
cle, volume 142 of Annals of Mathematical Studies. Princeton University
Press, 1996.

C. McMullen. Complex earthquakes and Teichmiiller theory. J. Amer.
Math. Soc., 11(2):283-320, 1998.

J. Morgan. The Smith Conjecture, chapter On Thurston’s uniformization
theorem for three-dimensional manifolds, pages 37-125. Addison-Wesley,
1984.

49



[27] D.P. Sullivan. Quasiconformal homeomorphisms and dynamics II: Struc-
tural stability implies hyperbolicity of Kleinian groups. Acta Math.,
155:243-260, 1985.

[28] P. Tukia. Quasiconformal extension of quasisymmetric mappings compat-
ible with a Mdbius group. Acta Mathematica, 154:153-193, 1985.

50



