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Mathematical Induction and Recursion

e Statement of Principle of Mathematical Induction (PMI) and Well Ordering Principle
(WOP)

e Examples
Define the binary (decimal) expansion of a number by recursion.
The sequence {2"} is not bounded above.

Activity: Tower of Hanoi. Definition by recursion.
Functions
e Definition as a set of ordered pairs
e Domain of a function

Extension of a function

Conventions; Implied domain for formulas.

Sums, products, compositions and domains of such.

e Sequences: A sequence {a,} is a function a whose domain

is a subset of the integers, (1)
includes all natural numbers, n, sufficiently large. (2)

Write a(n) = ay,.
Limits

e Define (e-0): lim,_,, f(z) = L.

Implications about domain.

Variations: Left limit, right limit, lim,_, o f(z).

Infinite limits: lim,_,. f(z) = oo

Limit Theorems: sum, product, and quotient (with caveat).

Activity: Correct (equivalent) definitions. Incorrect definitions. Notation exchange.
Monotone functions have one sided limits.
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Continuous Functions

e Continuous at a point a: lim,_,, f(x) = f(a). Implications about domainf. Statement
of continuity [at a point a] in terms of e-d.

e Continuous from the left [right] at a point a: lim,_,,-[o+] f(z) = f(a). Implications
about domain f.

e Continuous on a particular interval [a, b], (a,b), [a,b), (a,b].
Language: The function f is continuous on [0,1) means f is continuous from
the right at 0 and for all a, 0 < a < 1, f is continuous at a.

Activity: Continuity in the context of rationals.

1
e Examples continuous at every point in their whole domain: z, z2, —. The square root
x

function, y/z, is continuous on [0, 00).

e Theorems: Sum and product of continuous functions are continuous (at a point and/or
on an interval). Quotient with caveat.

e Composition Theorem. If g is [left,right, both sides| continuous at a, and f is continu-
ous at g(a), then the composition f o g is [left,right,both sides| continuous at a.

e Composition Theorem on Intervals. If g is continuous on an interval I, and f is
continuous on an interval containing g(I), then the composition f o g is continuous on I.

Completeness

e Definition of bounded above, bounded below, bounded, least upper bound (sup), greatest
lower bound (inf), greatest element, least element.

e Definition. A number z is a least upper bound for a nonempty set A if

x is an upper bound for A, (1)
if y is an upper bound for A, then z <y. (2)

Such a number z is also called the supremum for A and sometimes denoted by sup A
or lubA.

Activity: Binary expansion. Monotone sequences and functions.

e Definition (Alternate). A number z is a least upper bound for a nonempty set A if

x is an upper bound for A, (1)
For every € > 0, there is an z. € A such that z —e <z, < z. (2)

430sumact.pdf page 3/4



e Three Hard Theorems

¢ CFCIVP: Continuous functions on closed intervals have the intermediate value property.

¢ CFCIB: Continuous functions on closed intervals are bounded on the interval.

¢ CFCIMAX: Continuous functions on closed intervals assume MA Ximum and MINinimum

values on the interval.

Activity: Using the binary expansion.

e (P13-BISHL) Bounded increasing sequences have limits. If {a,,} is a bounded increasing
[nondecreasing] sequence, lim,, ,~ a, = sup,, a,. Equivalent to (P13).

e (P13-BIN) Every binary expansion represents a real number. Equivalent to (P13).

e Monotone functions have right and left limits: If for some 6 > 0, f is defined and

nondecreasing on (a — d,a + 9), then
lim f(z) = sup f(z)
z—a~ (a—6,a)

< f(a)

< inf
- (a,lgl—l—(ﬁ) f(x)

= lim f(z).

z—at

Activity: What happens if all numbers were rational?

Derivatives

flz+h) - f(z)
h

e Definition f/(x) = limy_q
e [’ is a function with domain ...
e Differentiability and continuity
Activity: Derivatives of common functions
Differentiation
e Linear approximation
e Sums, products, and composition

Activity: Practice
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