
MthT 430 Notes Chapter 6d Graphical Binary Expansion Arguments

Binary Expansion Arguments

Consider the following problem:

1. Let f(x) be a function such that

• domain (f) = [0, 1).

• For all x (in [0, 1)), 0 ≤ f(x) < 1.

• The function f is increasing on [0, 1).

Show that there is a number L, 0 ≤ L ≤ 1, such that

lim
x→1−

f(x) = L.

Hint: Construct a binary expansion for L.

A picture is helpful!

An increasing function has a left limit at 1

L

0 1
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To find the expansion for L, divide the range into two halves and ask the question:

Is there an x ∈ [0, 1) such that f(x) ≥ 1
2 = 0.bin1?

Divide the range into two halves

m0

L

0

1

1

If NO, let x1 = 0, b1 = 0, s1 = 0.binb1. If YES, let x1 = x, b1 = 1, s1 = 0.binb1 =
0.bin1. In both cases, for x1 ≤ x < 1, s1 ≤ f(x1) ≤ f(x) ≤ s1 + 1

2 .

L is between s1 and s1 + 1/(2^1)
s1 + 1/(2^1)

s1

L

1
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Next divide the interval
[
s1, s1 + 1

2

)
into two halves

[
0.binb10, 0.binb11

)
and

[
0.binb1, 1, s1 + 1

2

)
.

Divide [s1, s1 + 1/(2^1)] into two halves

m1

s1 + 1/(2^1)

s1

L

1

Ask the question:

Is there an x ∈ [x1, 1) such that f(x) ≥ s1 +
1
22

= 0.binb11?1

If NO, let x2 = x1, b2 = 0, s2 = s1 = 0.binb1b2 = s1 + b2
1
22

. If YES, let x2 = x, b1 = 1,

s2 = 0.binb1b2 = s1 +
1
22

. Then for x2 ≤ x < 1, s2 ≤ f(x2) ≤ f(x) ≤ s2 +
1
22

.

1 Thinking about this later, I noticed that s1 +
1
22

is the midpoint of the new interval under

consideration.
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L is between s2 and s2 + 1/(2^2)

s2 + 1/(2^2)

s2

L

1

If x1, . . . , xn, b1, . . . bn, sn = 0.binb1 . . . bn have been constructed so that for xn ≤ x < 1,

sn ≤ f(xn) ≤ f(x) ≤ sn +
1
2n

,

Ask the question: Is there an x ∈ [xn, 1) such that f(x) ≥ sn +
1

2n+1
= 0.binb1 . . . bn1?

Then let

xn+1 =
{

xn, NO,
x, YES,

bn+1 =
{

0, NO,
1, YES,

sn+1 = 0.binb1b2 . . . bn+1

= sn + bn+1 · 2−(n+1).

Then for xn+1 ≤ x < 1, sn+1 ≤ f(xn+1) ≤ f(x) ≤ sn+1 +
1

2n+1
.

Let L = limn→∞ sn = 0.binb1b2 . . . bn . . . . Let us agree that L represents a real number.

For all x, if xn ≤ x < 1, then

sn ≤ f(x) ≤ L ≤ sn +
1
2n

and
0 ≤ L− f(x) <

1
2n

.

Thus
lim

x→1−
f(x) = L.
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