MthT 430 Notes Chapter 6d Graphical Binary Expansion Arguments

Binary Expansion Arguments
Consider the following problem:
1. Let f(x) be a function such that
e domain (f) =1[0,1).
e For all z (in [0,1)), 0 < f(x) < 1.
e The function f is increasing on [0, 1).
Show that there is a number L, 0 < L < 1, such that

lim f(x)= L.

rx—1—

Hint: Construct a binary expansion for L.

A picture is helpful!

An increasing function has a left limit at 1
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To find the expansion for L, divide the range into two halves and ask the question:

Is there an z € [0,1) such that f(z) > 3 = 0.;,17

1 Divide the range into two halves
L
mO
0 1

If NO, let xrp = 0, bl = O, S1 = Oblnbl If YES, let Tl = x, bl — 1’ $] = Oblnbl —
0.pipl- In both cases, for z1 <z <1, 51 < f(21) < f(z) <51+ %

L is between sl and s1 + 1/(2"1)

s1+ 1/(271)
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Next divide the interval [31, s1+ %) into two halves [O.binblo, O'binbl 1) and [O'binbl’ 1,51+ %)

. o
sl + 1/(2Pi\flde [s1, s1 + 1/(2"*1)] into two halves
ml
L
s]
1

Ask the question:

1
Is there an x € [z1,1) such that f(z) > s1 + 2= 0.);00117*

1
IfNO, let z3 = 1, ba = 0, 52 = 51 = 0.5, 0162 = 51 +bz§' If YES, let o = 2, by =1,

1 1
Sog = O‘binb1b2 = 81 + 2—2 Then for zo < x <1, s9 < f([l?g) < f(.%‘) < 59+ ?

1
1 Thinking about this later, I noticed that s; + 2 is the midpoint of the new interval under

consideration.
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L is between s2 and s2 + 1/(2"2)

s2 + 1/(2"2)
L
s2
1
Ifzy,...,2,,b1,...b,, Sp = 0.hin01 - - - by, have been constructed so that forx, <z <1,

Sngf(wn)gf(x)§3n+2_nu

Ask the question: Is there an x € [x,, 1) such that f(z) > s, + = 0.pipb1 -+ - 0,17

2n—|—1
Then let
. | zn, NO,
"t 12, YES,
b ] 0, NO,
171, YES,
Sn4+1 = O'binblbz . bn+1
= Sp 4+ bng1 - 9—(n+1)
1
Then for z,11 <z <1, spt1 < f(xns1) < f(z) < Spy1 + Jnii
Let L = limy, o0 85 = 0.1y 01b2 . . . by, . . .. Let us agree that L represents a real number.

For all z, if z,, < x < 1, then

1
snéf(x)SLganrQ—n
and .
Thus
lim f(z)= L.
rx—1—
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