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Vector spaces

Definitions and lemmas.

A wector space V' over a field F' is defined to be a set V' with an operation + taking two
elements v,w € V to v +w € V and an operation taking r € F'and v € V to rv € V. The
operation -+ is associative and commutative, there is an element 0eV withv+0= v, and
for each v € V there is an element —v € V such that v + (—v) = 0. The multiplicative
operation satisfies the distributive properties

(r+s)v=rv+svand r(v+w)=rv+rwforr,s € Fand v,w €V,

the associative property (rs)v = r(sv), and 1v = v for the multiplicative identity 1 € F.
The most familiar example of a vector space is a the plane R? consisting of pairs (z,y)
of real numbers with

(a,b) + (z,y) = (a+z,b+y) and
r(z,y) = (rz,ry).

Let V' be a vector space over the field F'. We say a subset U C V' is closed (under addition
of vectors and multiplication of vectors by scalars), if

vyuwelU = v+welU and veUa€eF = avel.

Under this condition the addition and scalar multiplication of V' define operations on U
making U a vector space over F. U is called a subspace of V. There are some things to
check, for example, if v € U then —v € U.

If S is a set of vectors in V' a linear combination of vectors in S is a finite sum, »_ a;v;,
where the vectors v; € S and scalars a; € F. The set L(S) of all linear combinations of
vectors in S is closed under vector addition and multiplication by scalars and therefore is a
subspace of V. A set S of vectors in V' is a generating set for V if L(S) = V.

LEmMA 1. If S C U for some subspace U of V', then L(S) C U.

PROOF. Since U is closed under vector addition and scalar multiplication, the elements
of L(S) all lie in U.

The lemma says that L(S) is the smallest vector subspace of V' containing S.

LEmMMA 2. If V = L(S), U is a subspace of V', and U # V, then there is a vector v € S
with v ¢ U.

PRrOOF. Otherwise S C U and, by lemma 1, V' = L(S) C U which would imply V = U.

The vectors vy, ..., v, are linearly dependent if there is a sum

Z a;v; = 0 where not all a; = 0.
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In this case, if a; # 0, then v; is a linear combination of the other vectors. The vectors
vy, ..., 0, are linearly independent if they are not linearly dependent, so if

n

Zaivizﬁ = all a; = 0.
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A set S of vectors in V' is independent if every finite subset of S in linearly independent.

LEMMA 3. If I C V is an independent set of vectors and if v € V with v ¢ L(I), then
I'U{v} is independent.

PROOF. If there were a dependence relation, then av + > a;v; = 0 for a finite set of
vectors v; € I where not all the a’s are 0. Since [ is independent, we must have a # 0. Then
v=—> ataw; € L(I), a contradiction.

Bases.
A basis for V' is a generating set B of vectors in V' which are also linearly independent.
This means that

(1) every vector v € V' can be written as a finite sum:

v = Z a;v; where each v; € B and only a finite number of a; # 0,
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(2) the expression for v is unique because, if also v = . by, then S (a; — b))v; = 0, so
a; = b; for each 1.

The set {6} is dependent because 10 = 0 and 1 # 0. On the other hand, the empty set
is independent since there is no dependence relation. The set V = {0} is a vector space and
the empty set is a basis for it using the convention that the empty sum of vectors is 0.

If a vector space V is generated by a finite subset S C V', we say V is finitely generated.

ProposITION 1. If a finite set of vectors, S = {vy,...,v,}, generate a vector space V,
then a subset of these vectors is a basis for V.

PrROOF. We construct a basis B which is a subset of S. Start by letting B be the empty
set. If V = {0}, then B is a basis for V. If V # {0} then, by lemma 2, there is a vector in
S which is not in L(B) = {0}. Renumber the vectors so that v; # 0 and set B = {v;}. B is
a linearly independent set.

Suppose inductively that B = {vy,...,vx} is independent. If L(B) = V we are done.
If L(B) # V, then by lemma 2 there is a vector in S which is not in L(B). Renumber
so that the vector vy ¢ L(B). Then B U {vx41} is independent by lemma 3. Now set
B ={vy,...,vp41}. After m steps where m < n we have L(B) =V where B = {vy,...,0,}
is independent. This B is a basis for V.



PROPOSITION 2. Let V' be a vector space and assume:
I ={uy,...,u,} are independent vectors in V,
S ={vi,...,v,} generate V.

Then m <n.

PrRoOOF. We construct a sequence of generating sets in which the u’s replace the v’s.
Since S is a generating set, u; = > a;v;. Since uy # 0, some a; # 0, renumber to assume
ay; # 0. Then
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1 1
V1 =a; up — 5 a; av; € L(uy,vg, ..., v,).

i=2
Then V = L(vq,...,v,) C L(uy,ve,...,v,) 80 L(uy,ve,...,v,) = V.
Now assume L(uq, ..., U, Vi1, .- .,0,) =V for some k < m. Then
k n
Upy1 = Z a;u; + Z a;V;.

i=1 i=k+1
If a; = 0 for all © > k+1, then this is a dependence relation on uy, . .., ugy1, but these vectors
are independent. So there must be a; # 0 for some ¢ > k + 1 Renumber so that a1 # 0.
Then vgr1 € L(ug, ..., Ugs1, Vkt2,--.,0,) and therefore L(uq, ..., Ugsr1, Vgt ..., 0n) = V.
This can be repeated to show L(ui, ..., Un, Uni1,...,0,) = V. It follows that m < n.

THEOREM. If V is finitely generated, then V' has a basis and any two bases have the
same number of vectors.

PROOF. The existence of a basis is proposition 1. Let B; and B, be two bases with m
and n vectors respectively. Since B; is independent and Bs generates, proposition 2 shows
m < n. Also B, is independent and B; generates, so n < m. Hence m = n.

The dimension of a vector space V', dim V', is the number of vectors in a basis. A vector
space with a finite set of generators is said to be finitely generated and by the theorem has
finite dimension.

If Fis a field, a basis for the vector space F™ = {(f1,..., fn) : fi € F} is given by the
vectors:

er = (1,0,0,...,0)
€9 = (0,1,0,...,0)

en = (0,0,...,0,1).

ProprosIiTiON 3. If V is finite dimensional over F' and dim F' = n, then V is isomorphic
to F™.



PRrROOF. Let vq,...,v, be a basis for V. The map ¢ : V — ™ defined on the basis by
®(v;) = e; and extended to V by ¢(>_ a;v;) = > a;e; is one-to-one and onto and preserves
the vector operations:

The proof of Proposition 2 gives a useful result that was not stated in the proposition:

PrROPOSITION 2.1 Any independent set of vectors in a finitely generated vector space is
contained in a basis.

By contrast, Proposition 1 states that any finite set of generators contains a basis. There
is a stronger version of Proposition 1 that requires a new proof.

PropPoOsITION 1.1 If U is a subspace of a finitely generated vector space V', then U has
a basis and dim U < dim V.

PROOF. If U = {0}, the empty set is a basis. If U # {0}, choose a nonzero vector u; € U
and set B = {u;}. B is a linearly independent set.

Suppose, inductively, that B = {uy,...,ux} C U is a linearly independent set. If L(B) =
U, then B is a basis for U. If L(B) # U, choose uy+1 € U with w41 ¢ L(B). By Lemma 3,
B U {ug4+1} is an independent set. Redefine B = {uy, ..., ug1}-

Since the independent set B is a subset of V| by Proposition 2.1 B is contained in a
basis B’ for V. Hence the number of vectors in B, #(B) < dimV and, if #(B) = dimV/,
then by Lemma 3 L(B) = V so U = V. Thus after m < dimV steps we find a basis
B =A{uy,...,uy} for U.

Linear maps. Let V and W be vector spaces over a field F. A function ¢ with domain

V' and range W which satisfies the conditions
o(u+v) = ¢(u) + ¢(v) and ¢(av) = ap(v) for u,v € V and a € F

is called a linear map and written ¢ : V. — W.
The set of vectors in V which the map ¢ takes to 0 € W is called the kernel of ¢,

kerp ={v eV :pw)=0CV.

The image of ¢ is the set
imo ={pv): veV}CW.

ProPOSITION 3. If ¢ : V — W is a linear map, then

ker ¢ is a subspace of V|

im ¢ is a subspace of W.



