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Supplementary Notes 3

Interchange of Differentiation and Integration

The theme of this course is about various limiting processes. We have learnt
the limits of sequences of numbers and functions, continuity of functions, limits of
difference quotients (derivatives), and even integrals are limits of Riemann sums.
As often encountered in applications, exchangeability of limiting processes is an

important topic. For example, we learnt

L[ o

d,
whenever d_f is integrable; also
x

lim L f,(2) = = limf, (),

if {f.} and {f/} converge uniformly.

Here we consider the following situation. Let f(x,y) be a function defined in

la,b] x [¢,d] and .

It is natural to ask if continuity and differentiability are preserved under integration.

Theorem 1. Let f(x,y) be continuous in [a,b] X [¢,d]. Then ¢ defined above is a

continuous function on [c,d).

Proof. Since f is continuous in [a, b] X [¢, d], it is bounded and uniformly continuous.

In other words, for any £ > 0, 44 such that

() |</|f:ty Fa o) de

e(b—a) Vyly—y| <9,

which shows that ¢ is uniformly continuous on [c, d]. O
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Theorem 2. Let f and 97 be continuous in [a,b] X [e,d]. Then ¢ is differentiable

dy
d bof
ol = [ Sy

and

holds.

Proof. Fix y € (¢,d), y+ h € (¢,d) for small h € R,

_ b
¢(y+hfi ¢(y) :% / (fle.y+h) — flz,y))da

0
/a ajyc (z,z)dx

where z is a point between y and y + h which depends on = . In any case,

‘¢y+h / fxydx’_ >—g—£<x>y>d%’-
Since 8_f is uniformly continuous on [a, b] X [c, d], for ¢ > 0, 36 such that
Y
D) - L] <e -3l <dandve

Taking h < d, we get

h) — )
EUEIRLO L NN
whence the condition follows.
When y = ¢ or d, the same proof works with some trivial changes. O]

In many applications, the rectangle is replaced by an unbounded region. When
this happens, we need to consider improper integrals. As a typical case, let’s assume

f is defined in [a, 00) X [¢,d] and set

- /aoo fz,y)dx
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The function ¢(y) makes sense if the improper integral / f(z)dz is well-defined

for each y. Recall that this means

b—o00

lim /bf(x,y)dx

exists. We introduce the following definition: The improper integral

/:o flz,y)dz

is uniformly convergent if Ve, 3by > 0 such that
b/
[ fead <e Wz,
b

o0
Notice that in particular, this implies that / f(z,y)dz exists for every y.
a
Uniform convergence of an improper integral may be studied parallel to the

uniform convergence of infinite series. In fact, if we let

buly) = / " ),

it is not hard to see that the improper integral converges uniformly iff the infinite
series Zzo:no ¢n(y) converges uniformly when f(z,y) > 0. When f changes sign, the
equivalence does not always hold. Nevertheless, techniques in establishing uniform
convergence can be borrowed and applied to the present situation. As a sample, we

have the following version of M-test, whose proof is omitted.

Theorem 3. Suppose that | f(x,y)| < h(x) and h has an improper integral on [a, 00).
Then / f(z,y)dx converges uniformly and absolutely.

Theorem 4. Let f be continuous in [a,00) X [¢,d]. Then ¢ is continuous in [c,d]

if the improper integral / f(z,y)dx converges uniformly.

Proof. By Theorem 1, the function

Pnly) = /n f(z,y)dx
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is continuous on [c, d] for every n. By assumption, Ve > 0, 3by such that

60(0) = ol = | [ fla)da| <e. Vom o

Hence {¢,} is a Cauchy sequence in sup-norm. Since any Cauchy sequence in sup-
norm converges, ¢, converges uniformly to some continuous function . As ¢,

converges pointwisely to ¢, ¢ and v coincide, so ¢ is continuous. Il

0
Theorem 5. Let f and of be continuous in [a, 00) X [c, d]. Suppose that the improper

Jdy
mtegmls/ f cmd/ % are uniformly convergent. Then ¢ is differentiable, and
a a y
do < of
— d
dy( ) = ’ 8y(:v,y) Y
holds.

Proof. Applying the mean-value theorem to ¢,, — ¢,

On(y) = Om(y) = (¢n(Yo) — dm(0)) = (¥ — %0) (P (2) — ¢ (2))

for some z between y and yy. According to Theorem 2 and the uniform convergence
of -,
dy

a

6, = 6, = | [ Fienas] -0

m

as n, m — o0o. This shows that Ve > 0, dby such that

On(y) = dnl0)  dmly) — cb(yo)‘ <&, n,m>b
Y — Yo Y=Y ’ R
Letting m — oo,
$a(y) = Pulyn)  3(y) — S0) ‘ <e Vn> b
Y — %o y—yo |7 -

By triangle inequality,

’¢ P (Yo )_/a 8f($y)dx)

Y= yo
< ‘qb yo) _ Oaly) = Dn(yo)| | |9Paly ):%(90) — gf(x y)dx)
Y =Y Y=Y a 9Y
©9f
—y(m,y)dm— ’ 8—y<x7y)d$‘-
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Fix a large n > by such that

>0
‘ /n a—g(x,y)da:‘ <e¢
and, by Theorem 2, we can also find § > 0 such that

Gn(y) — Pnl¥o) "of
Y — Yo _/a a—y(x,y)dx’ <€ [y — ol < 0.

Putting things together, we conclude

?(y) — ¢(yo) =of
‘W_/a a—y(m,y)dm‘ <e+e+e<A4e

]

One may appreciate these results when considering its relevance in partial dif-

ferential equations. Consider the Laplace equation
Uy + Uyy = 0

on the disk D = {(z,y) : 2* +y* < 1}. Expressed in polar coordinates, the equation
becomes
Uy

U
Urr+7+r—2:(), (7’,9)6[0,1))([0,271’].

To solve this equation means to find a function u = wu(r,0) which satisfies this
equation, and, moreover, u is periodic in € for r € [0,1). This is because when
returning to the rectangular coordinates, u is continuous in D.

We observe that the Laplace equation is rotationally invariant. More precisely,
for any solution wu(r,#), the function v(r,0) = u(r, 8 + 6y) is a solution for each 6.
From linearity it follows that 7, c;u(r,0 + ;) is again a solution. In limit form,

the function
27
a(r,0) = / g(a)u(r,0 + a)da
0

should also be a solution for any continuous g. Indeed, define f(r, 0, «) = g(a)u(r, 0+
or o°1 of of
00’ 0627 or’ or?’

It follows from Theorem 2 that @ is also harmonic. Noting that ¢ is arbitrary, in

«). The functions f, are continuous in [0,d] x [0,27], d < 1.
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this way we have found many many harmonic functions from a single one. In fact,

taking the special harmonic function to be

1
1 —7rcos@ +r?’

u(r,0) =

one can show that every harmonic function in D which is continuous in {(z,y) :

2?2 4+ y? < 1} arises in this way.

We shall prove a more sophisticated criterion for uniform convergence. Indeed,
recall that the comparison test is only effective in proving absolute convergence of
infinite series. We need Abel’s and Dirichlet’s criteria to handle the convergence
of alternating series. Here the situation is similar. We shall establish a version of
Abel’s criterion. The following lemma, which is usually called the second mean value

theorem, is an integral analog of the Abel’s lemma.

Theorem 6. Let f be integrable and g be non-negative, decreasing and continuous

on [a,b]. Then there erists ¢ € [a,b] such that

/fg—g /f

Proof. Divide [a, b] equally by the partition a = xg < 27 < --+ < z, = b. We have
b n z; n T
[ 1= " to=3 gt / f+Z / ) - gl)f(2)de.
“ j=1"%-1 j=1 zj—
As ¢ is continuous and f is bounded on [a b], the second term on RHS of this

equation tends to 0 as n — oo. Writing F'(x / f, the second term

Sgtei) [ 7= ol () - Flay)

j—1

n+1

:Zg(%‘—z) (1) Zg% D (25-1))

= g(xn-1) +Z 9(@j-2) — 9(xj-1))F(x;-1)) — g(a) F(a).
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As g is decreasing,

j=
for M = sup F and m = inf F'. By mean-value theorem then there exists &, € [a, b]

such that | . .
@ [ r= g [ f
ga/a ;91’ 1/3Dj_1

Taking n — oo, by passing to a convergent subsequence of {£,} we get

g(C)/jfz/abgf.

Now, we can prove the criterion of Abel.

Theorem 7. Suppose that faoo f(z,y)dx converges uniformly for y € [e,d], and
g(x,y) is decreasing for each fized y and is bounded. Then / flz,y)g(x,y)dx

converges uniformly on [c,d].

Proof. By Theorem 6, there exists & € [b, b'] such that

b b
|t =Jote.w [ ]
< (sup|g|)e,
for large b and ', the conclusion follows. O

The following application is of technical nature.

Let’s evaluate the Dirichlet integral

. /°° sinxdx‘
0 T

The trick is to consider the integral

<p(y)=/ o el y > 0.
0 i
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Letting

1, rz=0
flx,y) =

)
e~ YT sz;m’ T 7& 0

sinx

dx converges, so it is uniformly convergent in y trivially.

We showed that /
0

T

o sin x
By Abel’s criterion, / e v dx converges uniformly. The y-derivative of f is
0 x
given by
of . u.
— = —e “sinx.
dy

<0
For each y > 9, / 8—f(a:, y)dz is clearly uniformly convergent. By Theorem 2 | we
s Y

conclude that

, < d, _ .sinz
dw) = [ e
0

dy T
——/ e ¥*sin xzdx
0
B 1
= T3

which holds for y > § > 0. By integration we get
o(y) = —tan"ty + C.

As

oo : o 1
Iwwzy/fﬂ”mﬂﬁ/‘€wz—ﬂ0
0 z 0 Y

T
asy%oo,C:tan_loo:a So

, m
I = lim ¢(y) = 5

y—0T



