MATH 181
Study Guide Solutions and Hints
Spring 2006

Remark. We give mostly hints below. As you do these problems and obtain
answers, ask yourself (in the absence of a solution given to you) how you can be
sure that your answers are correct. The issue here is a matter of self-reliance.
By checking your answers to see that they actually are right, you will gain
confidence in your mastery of basic calculus.

1. Differentiate the function:

Answer: Let F(x) = fom et’dt. Then F'(z) = e®” and

F(z) = F'(2%)(2z) — F'(aM/2)((1/2)2~/?) = 2z¢° — (1/2)z~ /27",

2. The graph of a function g(x) is given by:

Let G be an antiderivative for g on the interval [0,5] with G(1) = —1. Compute
G(0), G(3) and G(5).
Hint:

G(z) = (—1/2) + /0 F(t)dt.



3. A stone is thrown upwards from a height of 96ft with initial velocity 160ft/sec.
i) When will the stone reach its maximum height?
ii) What is the maximum height reached by the stone?
iii) How long will it take it to reach the ground?
(It is given that the gravitational acceleration is —32ft/sec?.
Hint:
y = —16t% + 160t + 96 = —16(t* — 10t — 6).

4. Compute the definite integral:

1
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Hint: Integrate by parts.

5. Find the following indefinite integrals:

x 3 . 9 dx
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Hint: Let v =  — 2 and substitute. For the second, let w = z2. For the third,
note that 2% + x — 6 = (x + 3)(z — 2) and use partial fractions.
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Hint: For the first, complete the square. For the second use partial fractions
and note that there is a factor with imaginary roots. For the third, note that
[2%Inadr = (1/7) [Inzd(27), and integrate by parts.

/arctanxdx /cos(\/i)dx /$2€2md$

Hint: For the first, integrate directly by parts. For the second let u = /x as
the substitution. For the third, integrate by parts twice.

6. Determine if the following improper integrals converge or not. If they con-
verge, compute them:
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Hint: For the first, integrate by parts. It does converge. For the second,
this is the limit of an arctangent evaluation. For the third, let + = «? and
the singularity at zero will disappear. For the fourth, divide out and note the
behaviour of the integrand as z approaches infinity.



7. Let R be the region included by the curves y = 0 and y = 22 + x between
x = 0 and x = 1. Find the volume of the solid of revolution when the axis is
the line y = —1.

Hint: Use the volume of thickened disks.

8. Find the arclength of the graph of the function y = 22%/2 + 5 between x = 0
and x = 1.

Hint: This is a standard application of the formula for arclength. While you
are at it, ask yourself if you can explain why this formula works.

9. Find the area of the sector-like region defined by the curve r = 62 + 1 in the
first quadrant (0 <6 < 7).

Hint: o ©
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10. Let t be the time, in years, that it takes a hard drive to crash after it is first
used. We assume that the maximum period of use of the hard drive is 3 years.
Then the density function of ¢ is p(t) = 2(3t — %) for 0 < ¢ < 3 and 0 otherwise.
i) Find the mean value of ¢.

ii) Find the median of ¢.

iii) Find the probability that the hard drive crashes within a period of 2 years
after it is first used.

Hint: Note that fOS p(t)dt = 1.

11. Let f(z) = 22 on the interval [0, 1].
i) Compute Mid(3) and Trap(3). Which one is an overestimate and why?
i) Compute Simp(3).

Hint:
2Mid + Trap

Simp = 3

12. Find the sums of the following series:

R2n -1 X2-30!

Z 5n Z 5n+2

n=0 n=3

Hint: These are both evaluated by using geometric series.



13. Determine whether the following series converge or not:
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Hint: Series comparison. Alternating series test. Ratio test. Integral compari-
son.

4. i) Show that the series
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converges.
Hint: Alternating series test.
ii) Let S(k) be defined by:
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Then S(k) is the partial sum of the series. Compute k so that S(k) is within
.01 of the sum of the series.
Hint: Next term estimate.

15. Compute the interval of convergence of the following power series:

i" (—2)"(z + 4)" i" 3" (z — 1)
= n+3 = n?

Hint: Ratio test.

16. Find the 5th Taylor polynomial of the function f(x) = sin(2z) centered at
x=0.
Hint: Get Taylor series for sin(2x) by substituting 2z for x in the series for
sin(x).

17. Expand the function f(z) = sin(32?) into a power series and use its expan-
sion in order to compute f(9(0).
Hint: The Taylor series for sin(3z%) has only even powers (Why?).



18. Determine the function which is represented by the power series:
“+oo
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Use your answer to compute the sum:

> (5)

Hint:
202 +32° + - =2(1 4+ 22+ 322 + 425 +--0)

l+z+2®4+23+--.).

d

19. Compute the Fourier Series expansion of the function f(x) = x over the
interval [—m, 7).

Hint: You will need to integrate things like (1/7) ["_zcos(na)dz. Use integra-
tion by parts.



