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FREE DIFFERENTIAL CALCULUS
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Here is a picture of the figure eight (B) and its

>af

s,

K

universal covering space E. Now Wl(B) = (x,v]| ). the

free group on two generators. Let G = (x,y]| } and note

that G is the group of automorphisms of E over B,
fhus E has "generating" l-simplices X and Y as
depicted. X is the lift of x as an element in Lo
starting at *. Y 1is the lift of y. By regarding E
the set of translates of X and Y under the action of
G, we can write the lift of any word o € vl(B) as a
formal sum of simplices with coefficients in G. Thus

(letting © denote the lift),
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E? = X + xY

|

L ———
X
Note that we lift in lexicographic order. Therefore
T~~~ .r\_
W0y = 0 @ e,
Example : xzyx—1 = .
X yx—IX
———
+ sz
X xX
. . Y ’
o0 = x + x(xyx )
__1 r\./l
= X + x(x+xyx ) (x ~ = x_1X)
2, ~ -1
=X + xX + x"(y+yx )
© =X + xX + x2Y + xzyx_lx.
Now collect terms.
© = (l+x+x2yx_1)X + (x2)Y.

The coefficients belong to T =

over the integers.
The coefficient

The coefficient

er

Z[G], the group ring o

of X 1is called duw/3x.

e |

du

dy

of Y 1is called dw/8y.

Jr.
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These definitions extend to

any number of variables,

and form the beginning of Fox's free differential calculus.

From this point of view it is easy to derive some rules for.

differentiation:

o d(wTt) dw aT
1. % = 3 + CF (and

same for 48/8y). This is

just a restatement of o7 = TroT.
o . e 8 -1
2 . Since, by definition, 5;(1) =0 and 1 = 0 "o,
we have
-1 7 -1
0 = (1) _ (v "w)’ du + o 1 Gu
- ax T ax - gx ax”
Hemee 89 L _ -1 80
ax ax’
e ax" 2 n-1
3. For n > O, ol 1 + x + X7 +eeed x . {(Since
x* = (1+x+x2+'--+xn~1)X.) Hence for n < O
n
gﬁ- = —xn(1+x+x2+-o-+xln] 1y,
The Jacobian Matrix

Here is Fox's algorithm for

computing the Alexander

polynomial from a presentation of wl(Ss—K). Let

3_ky = .. ..
-'rl(S K) = (xl' 'xnlrl’ 'rm)

be a presentation.

Regard Tyecec,r as elements in the free group generated
ari‘
by Xqa ot X . Form the Jacobian matrlg J = [axj]' Let

¢ vl(SS—K) — Z = (t] ) be the Abelianizing map. Let

ar . ¢
J¢ = {——i] be the image of the Jacobian matrix under the

ax .
J
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map. Its entries are now in Z[t,t_l]. AK(t) is, up to

balance, any generator of the ideal generated by largest

minors of lf. (This is a principal ideal.)

Let K be a torus knot of type a,b. Here

a,b
cd(a,b) = 1. 3.
gcd(a,b) 1 We can see that T, (8 Ka,b) = (a,B|a® = Bb)

s 3
by looking at S _Ka,b as the union of pieces interior and

exterior to the torus where K b lives
a, !

Seifert-VanKampen Theorem [MA]J.

and using the

It turns out that we can write a relation A =B in

(A
the form A-B and put [—L5;21]¢ into the Jacobian.

1

In this case the map ¢ : G — (t] ) is ¢(a) = tb
$(B) = t2 {(remember gecd(a,b) = 1). Thus

5. [ﬂaa—ﬁb) ﬂaaﬂib)]
da ! ]

B
-1

[
I

[1+a+a2+---+aa , —(1+ﬁ+52+--.+ﬁb_1)]
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- b-1
I° = [l+tb+t2b+---+t(a L —(1+ta+t2a+-‘-+ta( 1.
Now
ab
-1)b £t -1
T L OO G L [ 5 ]
t -1
ab
- tT -1
1s t® e 28 geeer 2071 [ = ]
tT -1
ab ab
. to7-1 t7 -1
Al(t) = gcd[————ﬁ. ]
) tP-1 %1
ab
. -1 t—-1
RO

(£2-1)(t°-1)

This is the Alexander polynomial for the torus knot of type

(a,b).
ab
A(t) = (-1 (e-1)

(£2-1)(tP-1)

If a and b are both odd then

Hence these knots have vanishing Arf invariant.

Suppose a is odd and b is even.

Then A(-1) is

indeterminate in this form. So apply L'Hospital's Rule.

((ab)tab_l)(t—1)+(tab—1)

- t = —-1
A(-1) (ata_l)(tb_1)+(ta_1)(btb—l)
+ (-ab)(-2)+0
- (-2)(-b)
A(-1) = a.

Thus in this case ARF(Ka b) =0 or 1

according as

CHAPTER XI

[
i

1 or 3 (mod 8).

ARF(Ky o) = 1
ARF(Kg 5) = 1
ARF(K; 5) = 0
ARF(Kg ,) = 0
ARF(K ) o) = 1
ARF(Kyq o) = 1

’

A four-fold periodicity.

Exercise 11.1. K

2€

n. 2 has a spanning surface of form

(1) Verify this periodicity (above) using topologi-

cal script.
(2) Calculate vK(t) for . K3,4 by using the

pairing.

One more remark about Alexander Polynomial and Free

ential Calculus:
We can use the Wirtinger Presentation [F1] for

11(83—K). This associates one meridianal generator

Seifer

Differ

to eac
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arc in the knot diagram, and one relation to each crossing:

c = b_lab, b c = bab 1.

Let ¢ : G =7, (S°K) — Z = (t| ). Then
¢(any generator in Wirtinger) = t. Each relation

+1 b;l

c=Db a = w gives rise to a relation in Hl(Xm) of

¢ ¢ ¢

<13 do |’ . dw

the form [c] = [ﬁ] [a] + [—(ﬁ] [b]. Since [_6:] =1
this relation corresponds to a row in the Jacobian matrix

for Fox's algorithm. In the case of this presentation, the

determinant of any (n-1) x (n-1) minor will produce the

Alexander polynomial. (The knot has n crogsings.)
Exercise 11.2. a) Use the notation of the above remark

- ¢ -
and show that if w = b lab  then [gg] = (1-t 1) and

¢ _ _ ¢
[g%] = t!, yhile 1f w = bab™! then [gg] = (1-t) and
¢
Jdw
&) -
b) Choose a knot épd calculate its Alexander polynom-

J
ial using the Wirtinger presentation.

¢) Part a) of this exercise shows that if f[a], [b],
[c] connote elements in Hl(Xm) that correspond to lifts
of the elements a,b,c € nl(S3—K), then the following

1

relations ensue in Hl(Xm) as a Z[t,t ~] module:
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!

(1*t_1)[a] + t_l[b]

i—%.‘ = [o]
a

This part of the exercise asks you to compare these

(1-t)[a] + t[b].

patterns with the patterns that arise from trying to repre-

sent the fundamental group as a group of affine transforma-

tions of the complex plane [DR]: Let

£={T : € = C | T(z) = az+B, where « and B e

are elements-%f'C}g

Call this the affine group. Let G

"

7 (S°-K) with the
Wirtinger presentation. V
(i) Let [a,B] denote T(z) = az+B. Show that
[a,Bl[~.6] = [av,a6+B] where L 1L 1 denotes
gomposition of maps.

(ii) Suppose ¢ : G — ¢ s a homomorphism of
groups. Show that ¢(a) = [t.¥(a)], t € cC,
for a fixed t independent of the choice of
a, given that Qk(a,K) = +1. Hence this holds
for all the Wirtinger generators. Given an
element a with Qk(a,K) = +1, let

(a) = y(a). Thus ¢(a) = [t.(a)].



