Con temp orary Mathematics

Classifying and Applying Rational Knots and Rational
Tangles

Louis H. Kau®man and So a Lambropoulou

Abstra ct. In this survey paper we sketch new combinatorial proofs of the
classi cation of rational tangles and of unoriented and oriented rational knots,
using the classi cation of alternating knots and the calculus of contin ued frac-
tions. We contin ue with the classi cation of achiral and strongly invertible
rational links, and we conclude with a description of the relationships among
tangles, rational knots and DNA recombination.

1. Intro duction

Rational knots and links, also known in the literature as four-plats, Vierge-
°edite and 2-bridge knots, are a classof alternating links of one or two unknotted
componerts and they are the easiestknots to make (also for Nature!). The “rst
twenty v e knots, except for 85, are rational. Furthermore all knots up to ten
crossingsare either rational or are obtained from rational knots by certain sim-
ple operations. Rational knots give rise to the lens spacesthrough the theory of
branched coverings. A rational tangle is the result of consecutive twists on neigh-
bouring endpoints of two trivial arcs,seeDe nition 2.1. Rational knots are obtained
by taking numerator closuresof rational tangles (seeFigure 5), which form a ba-
sis for their classi cation. Rational knots and rational tangles are of fundamertal
importance in the study of DNA recombination. Rational knots and links were
“rst consideredin [28] and [1]. Treatments of various aspects of rational knots and
rational tanglescan be found in [5], [34], [4], [30], [14], [17], [20], [23]. Seealso[2]
for a good discussionon classicalrelationships of rational tangles, covering spaces
and surgery. A rational tangle is assa@iated in a canonical manner with a unique,
reduced rational number or 1 ; called the fraction of the tangle. Rational tangles
are classi ed by their fractions by meansof the following theorem:

Theorem 1.1 (Conway, 1970) Two rational tanglesare isotopic if and only
if they have the same fraction.
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John H. Conway [5] introducedthe notion of tangle and de ned the fraction of
a rational tangle using the cortin ued fraction form of the tangle and the Alexander
polynomial of knots. Conway was the rst to obsene the extraordinary interplay
between the elemenary number theory of fractions and cortinued fractions, and
the topology of rational tangles and rational knots and links.

Proofs of Theorem 1.1 can be found in [22], [4] p.196, [13] and [15]. The “rst
two proofs invoke the classi cation of rational knots and the theory of branched
covering spaces.The proof by Goldman and Kau®man[13] is the rst combinato-
rial proof of this theorem. In [15] the proof is combinatorial and the topological
invariance of the fraction of a rational tangle is proved via °yping and also via
coloring.

More than onerational tangle canyield the sameor isotopic rational knots and
the equivalencerelation betweenthe rational tanglesis re°ectedinto an arithmetic
equivalence of their corresponding fractions. This is marked by a theorem due
originally to Schubert [33] and reformulated by Conway [5] in terms of rational
tangles.

Theorem 1.2 (Schubert, 1956) Supmse that rational tangles with fractions

0
% and % are given (p and q are relatively prime. Similarly for p® and ¢?.) If K (%)
and K(g—f,’) denote the correspnding rational knots obtained by taking numerator

closures of thesetangles, then K (%) and K (2—2) are topologically equivalent if and
only if

1. p= p®and

2. either ¢~ gqmodp) or qa®” 1(modp):

This classictheorem [33] has hitherto beenproved by using the obsenation of
Seifert [31] that the 2-fold branched covering spacesof S® along K (%) and K (%g)
are lens spaces,and invoking the results of Reidemeister[29] on the classi cation
of lens spaces. Another proof using covering spaceshas been given by Burde in
[3]. Schubert also extendedthis theorem to the caseof oriented rational knots and
links described as 2-bridge links:

Theorem 1.3 (Schubert, 1956) Suppsethat orientation-compatible rational
0
tangleswith fractions % and %G are given with g and o° odd. (p and q are relatively

prime. Similarly for p® and %) If K(g) and K(%g) denote the correspnding
rational knots obtained by taking numerator closures of these tangles, then K (g)

and K (8—2) are topologically equivalent if and only if

1. p= p’and
2. either ¢~ g(mod2p) or qo” 1(mod2p):

In [16] we give the rst combinatorial proofs of Theorem 1.2 and Theorem
1.3. Our methods for proving theseresults are in fact methods for understanding
these knots at the diagrammatic level. We have located the essetial points in
the proof of the classi cation of rational knots in the direct combinatorics related
to the question: Which rational tangles will close to form this speci ¢ knot or
link diagram? By looking at the theoremsin this way, we obtain a path to the
results that can be understood without extensive badkground in three-dimensional
topology. This allows us to explain deepresults in an elemenary fashion.
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In this paper we sketch the proofsin [15] and [16] of the above three theorems
and we give the key examplesthat are behind all of our proofs. In order to com-
poseelemenary proofs, we have relied on a deepresult in topology { namely the
solution by Menascoand Thistleth waite [21] of the Tait Conjecture [37] concerning
the classi cation of alternating knots. The Tait Conjecture is easily stated and
understood. Henceit provides an ideal tool for our exploration. The presen paper
constitutes an introduction to our work in this domain and it will be of interest
to biologists and mathematicians. We intend it to be accessibleto anyone who
is beginning to learn knot theory and its relationship with molecular biology. In
most casesthe detailed proofs are not given here, but can be found in our researt
papers [15], [16]. We also give some applications of Theorems 1.2 and 1.3 using
our methods.

The paper is organized as follows. In Section 2 we introduce 2-tangles, their
isotopies and operations, and we state the Tait Conjecture. In Section 3 we intro-
ducethe rational tanglesasa special classof 2-tangles,and we show how to extract
continued fraction expressionsfor rational tangles. The section concludeswith a
proof that rational tangles are alternating, which implies a unique canonical form
for rational tangles. In Section 4 we recall facts about "nite continued fractions
with numerators equal to 1 and give a unique canonical form for continued frac-
tions. Then we assaiate a continued fraction to a rational tangle. The arithmetic
value of this cortinued fraction is called the fraction of the tangle. We then presert
the classi cation of rational tangles (Theorem 1.1) in terms of their fractions by
unravelling the relationship betweenthe topological and arithmetical operations on
rational tanglesand rational numbers. At the end of Section4 we give an alternate
de nition of the fraction of a rational tangle using the method of integral coloring.

In Section 5 we give a sketch of our proof of Theorem 1.2 of the classi cation
of unoriented rational knots by meansof a direct combinatorial and arithmetical
analysis of rational knot diagrams, using the Tait Conjecture and the classi cation
of rational tangles. In Section6 we discusschiralit y of knots and give a classi cation
of the achiral rational knots and links as numerator closuresof even palindromic
rational tanglesin corntinued fraction form (Theorem 6.1). In Section 7 we give
our interpretation of the statemert of Theorem 1.3 and we sketch our proof of the
classi cation of oriented rational knots, using the methods we developed in the
unoriented case,and examining the connectivity patterns of oriented rational knots
(Theorem 7.1).

In Section 8 we point out that all oriented rational knots and links are in-
vertible. This section givesa classi cation of the strongly invertible rational links
(reversethe orientation of one componert) as closuresof odd palindromic oriented
rational tanglesin cortin ued fraction form (Theorem 8.1). The paper endswith an
intro duction to the application of thesemethods to DNA reconbination. Section9
outlines the tangle model of DNA recombination (see[35]) as an application of
Theorem 1.2, and it givesa bound on the needednumber of DNA reconmbination
experimerts for solving certain tangle equations (Theorem 9.1).
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2. Rational Tangles and their Op erations

Throughout this paper we will be working with tangles The theory of tangles
was discovered by John Conway [5] in his work on enumerating and classifying
knots. An (m; n)-tangleis an embeddingof a nite collection of arcs(homeomorphic
to the interval [0,1]) and circles into the three-dimensional Euclidean space,suc
that the endpoints of the arcs go to a speci ¢ set of m + n points on the surface
of a ball B® standardly embeddedin S2, so that the m points lie on the upper
hemisphereand the n points on the lower hemispherewith respect to the height
function, and so that the circles and the interiors of the arcs are embedded in
the interior of this ball. An (n; n)-tangle will be abbreviated to n-tangle. Knots
and links are O-tangles, and braids on n strands are the most well-known class of
n-tangles. The left-hand side of Figure 1 illustrates a 2-tangle. Finally, an (m; n)-
tangle is oriented if we assignorientations to ead arc and ead circle. By de nition,
the total number of free strands, m + n, is required to be even, and without lossof
generality the m + n endpoints of a tangle can be arranged on a great circle on the
sphereor in a box, which may also be omitted. One can then de ne a diagram of
an (m; n)-tangle to be a regular projection of the tangle on the plane of this great
circle. As we shall seebelow, the classof 2-tanglesis of particular interest.

3

, ;J

Figure 1. A 2-tangle and a rational tangle

We will soon concerirate on a special classof 2-tangles, the rational tangles
The simplest possiblerational tangles comprisetwo unlinked arcs either horizontal
or vertical. Theseare the trivial tangles denoted [0] and [1 ] tangles respectively,
seeFigure 2.

Definition 2.1 Let t be a pair of unoriented arcs properly embeddedin a
3-ball B. A 2-tangleis rational if there exists an orientation preservinghomeomor-
phism of pairs:

g:(B;t)i! (D?£1;fx;ygf 1) (atrivial tangle):

De nition 2.1 is equivalent to saying that rational tangles can be obtained by
applying a "nite number of consecutive twists of neighbouring endpoints to the
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elemenary tangles[0] or [1 ]: In one direction, the act of untwisting a horizontal

twist (e.g. the outer of the twists labeled 2 in Figure 1) can be expressedby such a
homeomorphismof pairs. To seethe equivalenceof De nition 1, let S? denote the

two-dimensionalsphere,which is the boundary of the 3-ball B and let p denote four

speci ed points in S?: Let further h: (S?%;p)i! (S?p) bea self-homeomorphism
of S? with the four points. This extendsto a self-homeomorphismh of the 3-ball

B (see[30], page 10). Further, let a denote the two straight arcsfx; yg£ | joining

pairs of the fours point of the boundary of B: Consider now h(a): We call this

the tangle induced by h: We note that up to isotopy (seede nition below) h is a
composition of braidings of pairs of points in S? (see[26], pages61 to 65). Each

such braiding inducesa twist in the corresponding tangle. So,if h is a composition

of braidings of pairs of points, then the extension h is a composition of twists of
neighbouring end arcs. Thus h(a) is a rational tangle and every rational tangle can
be obtained this way. We shall usethis equivalenceas the characterizing property

of rational tangles. Of course,ead twisting operation changesthe isotopy classof
the tangle to which it is applied. Examples of rational tanglesare illustrated in the

right-hand side of Figure 1 aswell asin Figures 7 and 10 below.

[0] [oo]

Figure 2. The trivial tangles[0] and [1 ]

We are interested in studying tangles up to an equivalencerelation called iso-
topy. Two (m; n)-tangles, T;S, in B3 are said to be isotopic, denotedby T » S,
if they have identical con gurations of their m + n endpoints in S? = @3, and if
there is an ambient isotopy of (B3;T) to (B23;S) that is the identit y on the bound-
ary (S%;@) = (S% @). An ambient isotopy can be imagined as a cortinuous
deformation of B2 "xing the m + n endpoints on the boundary sphere,and bring-
ing one tangle to the other without causing any self-intersections. Equivalertly,
there is an orientation-preserving self-homeomorphismh : (B3;T) ;! (B3;S) that
is the identit y map on the boundary. Isotopic tangles are said to be in the same
topological class.

In terms of diagrams, Reidemeister[27] proved that the local moves on dia-
gramsillustrated in Figure 3 capture combinatorially the notion of ambient isotopy
of knots, links and tangles in three-dimensional space. That is, if two diagrams
represen knots, links or tanglesthat are isotopic, then the one diagram can be ob-
tained from the other by a sequenceof Reidemeistermoves In the caseof tangles
the endmints of the tangle remain "xed and all the moves occur inside the tangle
box.

Two oriented (m; n)-tangles are are said to be oriented isotopic if there is an
isotopy betweenthem that presenesthe orientations of the corresponding arcsand
the corresponding circles. The diagrams of two oriented isotopic tangles di®er by a
sequenceof oriented Reidemeistermoves i.e. Reidemeistermoveswith orientations
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on the little arcsthat remain consistert during the moves. From now on we will be
thinking in terms of tangle diagrams. Also, we will be referring to both knots and
links whenewer we say “knots'.

= g =

Figure 3. The Reidemeistermoves

Let T(m;n )y denotethe setof all (m; n) tangles. Among all tangles, the classT ;.
of 2-tanglesis particularly interesting for various reasons.For one, it is closedunder
operations of addition (+) and star-product () asillustrated in Figure 4. Adddition
is accomplishedby placing the tangles side-by-side and attaching the N E strand
of the left tangle to the NW strand of the right tangle, while attaching the SE
strand of the left tangle to the SW strand of the right tangle. The star product is
accomplishedby placing one tangle underneath the other and attaching the upper
strands of the lower tangle to the lower strands of the upper tangle.

The mirr or imageof atangle T is denotedby j T and it is obtained by switch-
ing all the crossingsin T: A third operation illustrated in Figure 4 is inversion,
accomplishedby turning the tangle counter-clockwise by 90* in the plane and tak-
ing its mirror image. The inverse of a tangle T is denoted by T': It is worth noting
that turning the tangle clockwise by 90* is the cancelling operation, and its result
will bedenotedby Ti '. The inversionof a 2-tangle is an order 4 operation. We also
let T" denotea counter-clockwise rotation of T by 90* in the plane. This is referred
to as the rotate of the tangle T: Thus inversion is accomplishedby rotation and
mirror image: T' = j T": The cancelling operation of T" is Ti ": Remarkably, for
rational tanglesthe inversionis an order 2 operation, i.e. Ti'» Tl and T » (T')":
For this reasonwe shall also denote the inverseof a 2-tangle T by 1=T; and hence
the rotate of the tangle T will be denoted by j 1=T: As we shall seelater, these
notations are harmoniouswith a method of evaluating a 2-tangle by a fraction. We
note that all operationsin T(,,5 can be generalizedappropriately to operations in
Timin):
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e /\ T'=-y7, Ti=-T=UT

Figure 4. Addition, product and inversion of 2-tangles

Finally, the special symmetry of the endpoints of 2-tangles allows for the fol-
lowing closing operations, which yield two di®erent knots: the Numerator of a
2-tangle T, denoted by N (T), which is obtained by joining with simple arcs the
two upper endpoints and the two lower endpoints of T; and the Denominator of a
2-tangle T, which is obtained by joining with simple arcs ead pair of the corre-
sponding top and bottom endpoints of T, and it shall be denoted by D(T). We
have N(T) = D(T") and D(T) = N(T"): We note that every knot or link can be
regarded as the numerator closure of a 2-tangle.

T|l<— | 71T | — T ~ | T
U 1
N(T) D(T)

Figure 5. The numerator and denominator of a 2-tangle

We obtain D(T) from N(T) by a [0]; [1 ] interchange,as shown in Figure 6.
This “transmutation’ of the numerator to the denominator is a precursorto the tan-
gle model of a recombination event in DNA, seeSection9. The [0];j [1 ] interchange
can be described algebraically by the equations:

N(M)=N((T+[OD)i! N(T+[1])=D(T):

This paper will concertrate on the classof rational knots and links that come
from closingthe rational tangles. We point out that, eventhough the sum/product
of rational tanglesis in generalnot rational, the numerator (denominator) closureof
the sum (product) of two rational tanglesis still arational knot. Another interesting
phenomenonis that it may happen that two rational tangles are not isotopic but
have isotopic numerators. This is the basicideabehind the classi cation of rational
knots, seeSection 5.
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N(T) =

interchange

[0] :

Figure 6. The [0]; [1 ]interchange

Note on the types of crossings. The type of crossingsof knots and 2-tangles
follow the chederboard rule: shadethe regions of the tangle (knot) in two colors,
starting from the left (outside) to the right (inside) with grey, and sothat adjacen

regions have di®erert colors. Such a shadingis illustrated in Figure 7. Crossings
in the tangle are said to be of positive type if they are arranged with respect to the

shading as exempli ed in Figure 7 by the tangle [+1]; i.e. they have the region on
the right shadedas one walks towards the crossingalong the over-arc. Crossingsof
the reversetype are said to be of negative type and they are exempli ed in Figure 7
by the tangle [j 1]: (Compare with the rational tangle of Figure 1.) The reader
should note that our crossingtype and sign convertions are the opposite of thosein

[5]. Our corvertions agreewith those of Ernst and Sumners[10], which also follow
the standard cornvertions of biologists.

e
M N

[+1] [-1]

Figure 7. The chedkerboard rule for shading

A tangle is said to be alternating if the crossingsin the tangle alternate from
under to over aswe go along any componert or arc of the weave. Similarly, a knot
is alternating if it possessean alternating diagram. Notice that, accordingto the
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chedkerboard shading, the only way the weave alternates is if any two adjacert
crossingsare of the sametype, and this propagatesto the whole diagram. Thus,
a tangle or a knot diagram is alternating if and only if it has all crossingsof the
sametype.

A °ype is an isotopy move applied on a 2-subtangle of the form [§1]+ t or
[81]at and it xes the endpoints of the subtangle, seeFigure 8. A °ype presenes
the alternating structure of a diagram. Even more, °ypes are the only isotopy
moves neededin the statemert of the celebrated Tait Conjecture for alternating
knots, stating that two alternating knots are isotopic if and only if any two corre-
sponding diagrams on S? are related by a nite sequene of °ypes. This was posed
by P.G. Tait, [37] in 1898and was proved by W. Menascoand M. Thistleth waite,
[21] in 1993.

:X : fiype ! X:
Y
( - 1
t flype
/
I

Figure 8. The °ype moves

We describe now another operation applied on rational tangles, which turns
out to be an isotopy. We say that R 'P s the horizontal °ip of the tangle R if
RN 1P is obtained from R by a 180* rotation around a horizontal axis on the plane
of R. Moreover, RV''P s the vertical °ip of the 2-tangle R if R¥"'P is obtained
from R by a 180 rotation around a vertical axis on the plane of R. SeeFigure 9 for
illustrations. Note that a °ip switchesthe endpoints of the tangle and, in general,a
°ipped tangle is not isotopic to the original one. But it is a remarkableproperty of
rational tanglesthat T » T""'P and T » TV for any rational tangle T: See[15]
for a proof. This is obvious for the tangles [n] and ﬁ: Using the vertical °ip and
induction it is easyto seethat the standard and the 3-strand braid represertation
of a rational tangle are indeed equivalert.

The above isotopies composed consecutively yield T » (TH)' = (T")" for any
rational tangle T: This says that inversion (rotation) is an operation of order 2 for
rational tangles. Thus, the two inversesT' and Ti ' of a rational tangle T are in
fact isotopic, sowe can rotate the mirror imageof T by 90 either counterclockwise
or clockwise to obtain T'. Then, with this notation we have + = T; and this

T
conformswith our notation $ for the inverseof a 2-tangle, and T" = % =i 4
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180°
R .___%> 24

hlip

180°
R S

vilip

n

Figure 9. The horizontal and vertical °ip

3. Rational Tangles and their Canonical Form

In this sectionwe study rational tanglesand we show that every rational tangle
is isotopic to an alternating one, that is saidto bein canonicalform. We de ned ra-
tional tanglesasbeing obtained by applying a nite number of consecutie twists of
neighbouring endpoints to the elemerary tangles[0] or [1 ]; (recall De nition 2.1).
Clearly, the simplest rational tangles are the [0], the [1 ], the [+1] and the [j 1]
tangles, while the next simplest onesare:

(i) The integer tangles denoted by [n]; made of n horizontal twists, n 2 Z:

(i) The vertical tangles denoted by ﬁ; made of n vertical twists, n 2 Z:
Theseare the inversesof the integertangles, seeFigure 10. This terminology
explains the needfor mirror imaging in the de nition of inversion.

AN
1 1 [oo] 1
[-2] [-1] (1] 2]

Figure 10. The elemenary rational tangles

Note that the inverseof a 2-tangle is usually not isotopic to the original tangle,
but it is the casethat [+1]i ' = [+1] and [j 1] * = [j 1]: Note alsothat the twists
generating the rational tangles could take place between the right, left, top or
bottom endpoints of a previously created rational tangle. Using obvious °ypeson
appropriate subtanglesone can always bring the twists to the right or bottom of the
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tangle. We shall then say that the rational tangle is in standard form. For example
the rational tangles of Figure 1 and of Figure 7 are in standard form. Hence, a
rational tangle in standard form can be obtained inductively from a previously
created rational tangle, T say, either by adding an integer tangle on the right:

T ! T+[8n]; or by multiplying by avertical tangle at the bottom: T j! T o ghs;

seeFigure 11. For example, Figure 1 illustrates the tangle (([3] = %) + [2]); while
Figure 7 illustrates the tangle (([3] = %) + [2]) in standard form. Equivalertly, a
rational tangle in standard form is created inductively by consecutive additions of
the tangles[8§ 1] only on the right and multiplic ations by the tangles[§ 1] only at the

bottom, starting from the tangles[0] or [1 ]:

¥

T| + )
N /\”\ —/

AR
AR

Figure 11. Creating new rational tangles

A rational tangle in standard form has an algebraic expressionof the type:

[anli 1]) + [an; 2]) °¢¢¢°[a—12] + [a1]; forap;:iijan 2 Zi fOg;
where [a;] may be [0] and [a,] may be [1 ] (seealso Remark 3.1 below). Figure 12
illustrates two equivalent ways of represening an abstract rational tangle in stan-
dard form: the standard representationand the 3-strand-braid representation This
last one is a particular way of closing a three-strand braid. In either represerta-
tion the rational tangle beginsto twist from the tangle [a,] ([as] in Figure 12),
and it untwists from the tangle [a;]: The 3-strand-braid represenation is actually
a compressedversion of the vertical °ip of the standard represetation. Indeed,
the upper row of crossingsof the 3-strand-braid represertation correspondsto the
horizontal crossingsof the standard represenation and the lower row to the vertical
ones. Thus, the two represertations for rational tangles are equivalent, asit be-
comesclear from the discussionabove about °ips. Note that in the 3-strand-braid
represenation we needto draw the mirror imagesof the even terms, since when
we rotate them to the vertical position we obtain crossingsof the opposite type.
The 3-strand-braid represertation turns out to be more appropriate for studying
rational knots.

(([an]=
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Figure 12. The standard and 3-strand-braid represenation

Figure 12 illustrates an abstract rational tangle in standard form with an odd
number of setsof twists (n = 5). Note that if n is even and [a;] is horizontal then
[an] hasto be vertical. Seethe left illustration of Figure 13 for such an example of
n even.

Remark 3.1. When we start creating a rational tangle, the very rst crossing
can be equally seenas a horizontal or as a vertical one. Thus, we may always
assumethat we start twisting from the [0]-tangle. Moreover, becauseof the same
ambiguity, the number n in the above notation may be assumel to be odd. This
is suzciently illustrated in Figure 13. We shall make this assumption for proving
Theorems1.1,1.2and 1.3.

)
XRKo - (XRKR

Figure 13. The ambiguity of the rst crossing

From the above one may assiate to a rational tangle diagram a vector of
integers (a;; ap;::: ;an); wherethe rst entry denotesthe place where the tangle
starts unravelling, and the last entry whereit beginsto twist. This vector is unique
up to breakingthe entry a, by aunit, becauseof Remark3.1. l.e. (a;;as;::: ;a,) =
(ag;az;:iiian i L1)if ay > O; and (ag;az;::: an) = (ag;a;::: ;a0 + 1 1); if
ap < 0: Thus n may be always assumedto be odd. The example of Figure 1 is
assciated to the vector (2; 2;3); while the one of Figure 7 is assiated to the
vector (2; 2; 3): As we shall soon see,if a rational tangle changesby an isotopy, the
assciated vector doesnot necessarilyremain the same.
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We next obsene that multiplication of a rational tangle T by ﬁ may be ob-
tained as addition of [n] to the inverse% followed by inversion. Indeed, we have:

Lemma 3.2, The following tangle equation holds for any rational tangle T:

11

OO

Proof. Obsene that a 90° clockwise rotation of T a ﬁ producesj [n] i Ti: Hence,

from the above (T o ﬁ)r = i[n]i +; andthus(Taf)" = [n]+ +: So, taking
inversionson both sidesyields the tangle equation of the statement. o

Lemma 3.2 implies that the following two simple algebraic operations between
rational tangles presene the rational tangle structure and, in fact, they generate
the whole classof rational tangles: Addition of [1] or [j 1] and Inversion. Moreover,
it is easyto seethat inversion can be replacedby Rotation.

Definition 3.3, A continued fraction in integer tanglesis an algebraic de-
scription of a rational tangle via a cortinued fraction built from the tangles [a];

[az]; ::: ;[an] with all numerators equalto 1, namely an expressionof the type:
[as)ifaal: == faa]] = [aa] + :
ils1@z) - s @nll == laa 1
[8.2] + 000+ [an; 1]+ [aln]
foray;:::;a, 2 Zj fOgandn evenor odd. We allow that the term a; may be zero,

and in this casethe tangle [0] may be omitted. A rational tangle described via a
cortinued fraction in integer tanglesis said to be in continued fraction form. The
length of the corntinued fraction is arbitrary { in the previous formula illustrated
with length n { whether the "rst summand is the tangle [0] or not.

It follows from Lemma 3.2 that inductiv ely every rational tangle can be written
in continued fraction form. Lemma 3.2 makesit easyto write out the corntinued
fraction form of a givenrational tangle, sincehorizontal twists are integer additions,
and multiplications by vertical twists are the reciprocals of integer additions. For

example, Figure 1 illustrates the rational tangle [2] + #L Figure 7 illustrates
[3]

the rational tangle [2] + while the tangles of Figure 12 both depict the

1 .
2+ &
rational tangle [[a;]; [az]; [as]; [a4]; [as]]: In abstract terms:

([c] = [—tl)]) + [a] hasthe continued fraction form [a] + ﬁ = [[a]; [bl; [c]]:
For T = [[a];[a2];::: ;[an]] the following statemerts are now straightforward.
I T+[81] = [la§ 1[az]i:::;[an]l;
2 + = [0} [aa]; [a2);::: ; [an]);
3 i T = [l al;li a0 anll:
Definition 3.4 A rational tangle T = [[ai];[az2];::: ;[an]] is said to be in

canonical form if T is alternating and n is odd.
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As an example, the tangle of Figure 7 is in canonical form. Recall that a
tangle is alternating if and only if it has crossingsall of the sametype. Thus, a
rational tangle T = [[a1];[az];::: ;[an]] is alternating if the a;'s are all positive or
all negative. For example, the tangle of Figure 7 is alternating. We note that if
T is alternating and n ewven, then we can bring T to canonical form by breaking
an by aunit, i.e. [[au];[a2];::: [an]] = [[aa]i [@2]; i 5 [an i 1L [1]) if @y > O; and
[ai]; [az];::: i [an]] = [[add;[@];::: ;[an + 1L i 1]); if a, < O; recall Remark 3.1.
Lemma 3.5 below is a key property of rational tangles.

Lemma 3.5. Every rational tangle can be isotoped to canonical form.

Proof. We prove that ewery rational tangle is isotopic to an alternating tangle.
Indeed, if T has a non-alternating continued fraction form then the following con-
“guration, shown in the left of Figure 14, must occur somewheren T; corresponding
to a changeof sign from oneterm to an adjacert term in the tangle cortin ued frac-
tion. This con guration is isotopic to a simpler isotopic con guration as shown in
that “gure.

\\ \

Figure 14. Reducingto the alternating form

Therefore, it follows by induction on the number of crossingsin the tangle that
T is isotopic to an alternating rational tangle. An alternating rational tangle has
a cortinued fraction expressionwith all terms either positive or negative, and from
Remark 3.1 above we may assumethat the number of terms is odd. o

The alternating nature of the rational tangleswill be very usefulto usin classi-
fying rational knots and links later in this paper. It turns out from the classi cation
of alternating knots that two alternating tanglesare isotopic if and only if they dif-
fer by a sequene of °ypes. (See[36], [32].) Even more, if the tangles are rational
then the 2-subtangle of the °ype is alsorational, see[15]. It is easyto seethat the
closureof an alternating rational tangle is an alternating knot. Thus we have

Cor ollar y 3.6. Rational knots are alternating, since they possessa diagram
that is the closure of an alternating rational tangle.

That rational knots are alternating was rst provedquite di®ererily by Bankwitz
and Schumann and independenly by Goeritz, see[1].
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4. Contin ued Fractions and the Classi cation of Rational Tangles

In this section we assignto a rational tangle a fraction, and we explore the
analogy betweenrational tanglesand continued fractions. This analogy culminates
in a common canonical form, which is usedto deducethe classi cation of rational
tangles. We need rst to recall somefacts about cortinued fractions. The subject
of continued fractions is of perennial interest to mathematicians, seefor example
[18], [24], [19], [38]. In this paper we shall only consider cortinued fractions with
all numerators equalto 1, namely arithmetic expressionsof the type

1

ai;ag; ;i ; =a +
[a1; a2 an] 1 ay + CCo+ ﬁz
fora; 2 Z; ap;:::;ay, 2 Zj fOgandn evenor odd. As in the caseof rational tangles

we allow that the term a; may be zero. The length of the contin ued fraction is the
number n whether a; is zero or not. Note that if for i > 1 all terms are positive
or all terms are negative and a; 6 0 or a; = O; then the absolute value of the
continued fraction is greater (smaller) than one. Clearly, the two simple algebraic
operations addition of +1 or j 1 and inversion generateinductiv ely the whole class
of continued fractions starting from zero. For any rational nhumber g the following
statemerts are really straightforward.

1: thereareay 2 Z; ap;:::;an 2 Zj fOgsudthat § = [ag;ap;:::janl;
22 B81 = [a§ Lagii;an;

3 5 = [Oasay;::t;anl;

4 i B = [iagiaz:i;ial

q

Property 1 above is a consequencef Euclid's algorithm. The algorithm by which
Property 1 works is illustrated in the proof of Lemma 4.1 below, seealso[18]. The
main obsenation now is the following well-known fact about corntinued fractions.
This is the analogueof Lemma 3.5.

Lemma 4.1. Every continued fraction [a;;ay;::: ;a,] can be transformed to a
unique canonical form [ 1; 2;:::; m]; where all ~;'s are positive or all negative
integersand m is odd.

Proof. It followsimmediately from Euclid's algorithm. Weevaluate rst [a;;ay;::: ;a,] =
g; and using Euclid's algorithm we rewrite g in the desiredform. We illustrate the

. — 11
proof with an example. Supposethat g— <. Then

11 4 1 1 1
— =1+ —-=1+ == 1+ =1+
7 7 z 1+ 3 1+ %
3
1 1
=1+ ———=[1LL3]=1+ —— =[1;1;1;2;1]:
:|_+‘1f :|_+‘1r
1+ L A
1

It is the form of odd length that is unique, and any form of even length converts to
a form of odd length via the transformations

[b;bp; i b= [brybp;iii b i 1;,+1] for b's positive, or

[br; ;i b ] = [br; b :i: b+ 1; 1] for b's negative.
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This completesthe proof. o

Remark 4.2. There is an algorithm that can be applied directly to the initial
cortin ued fraction to obtain its canonical form without evaluating it. The point is
that this algorithm works in parallel with the algorithm for the canonical form of
rational tangles, see[15] for details.

We can now de ne the fraction of a rational tangle.

Definition 4.3, For a rational tangle T = [[ai];[a2];::: ;[an]] we de ne the
fraction F(T) of T to be the numerical value of the cortin ued fraction obtained by
substituting integersfor the integer tanglesin the expressionfor T, i.e.

1
F(T)=a + = [ag;ap;::0;an];
( ) 1 a, + CCC+ 1 [ 1, A2 n]

an; 1+ —
fT6[1];andF([1]) =1 = %; as a formal expression.

Clearly the tangle fraction hasthe following properties.

L F(T+[81) = FMSEL
2 F(H) = &
3: FGT) = i F(M):

We are now in position to prove Theorem 1.1, the classi cation of rational tangles.

Proof of Theorem 1.1. We shaw “rst that if two rational tangles are isotopic they
have the samefraction. We only sketch this part and we refer the readerto our
paper [15] for the details. Let T; S be two isotopic rational tangles. We bring T; S
to their canonical forms T SO respectively. By Remark 4.2, this corresponds to
bringing the initial corntinued fractions F(T); F(S) to their canonical forms. Now,
the tangles T SCare alternating and isotopic, sothey di®erby a sequenceof ° ypes.
Thus, by shawing that if two rational tangles di®er by a °ype they have the same
cortinued fraction, and thusthe samefraction, we have completedthe onedirection
of the proof.

Conversely we show that if two rational tangles have the samefraction they are
isotopic. Indeed, let T = [[ai];[az];::: ;[an]l and S = [[by]; [b2];::: ;[bm]] be two ra-
tional tangles with F(T) = F(S) = %: We bring T;S to their canonical forms
TO = [[®&];[®];:::;[®&]] and S° = [[ 1];[ 21;:::;[1]] respectively. From the
other direction of the theorem discussedabove we have F(T% = F(T) = F(S) =

F(SY = % : By Lemma 4.1, the fraction % has a unique cortinued fraction expan-

sion in canonical form, say % = [°1;%2;:::;°¢]: This givesrise to the alternating
rational tangle in canonical form Q = [[°1];[°2];::: ;[°r]]; which is uniquely de-
termined from the vector of integers (°1;°2;:::;°/): We claim that Q = T° (and

similarly Q = S9. Indeed, if this were not the casewe would have the two di®er-
ernt continued fractions in canonical form giving rise to the samerational nhumber:
[®; ®y;:i: ;&) = g = [°1;%2;:::;°¢]: But this cortradicts the uniquenessof the
canonical form of continued fractions (Lemma 4.1). o

Some commerts are how due. Theorem 1.1 says that rational numbers are

represened bijectively by rational tangles; their negatives are represetted by the
mirror imagesand their inverseshy inversesof rational tangles. Adding integersto a
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rational number correspondsto adding integer twists to a rational tangle; but sums
of non-integer rational numbers do not correspond to the rational tangles of the
sums. Moreover, Theorem 1.1implies that the canonical form of a rational tangleis
unique, sincethe corresponding canonical form of its cortinued fraction is unique.
Another obsenation is that in order to bring a rational tangle to its canonival
form one simply has to calculate its fraction and expressit in canonical form.
This canonical form givesrise to an alternating tangle in canonical form which,
by Theorem 1.1, is isotopic to the initial one. For example,let T = [[2];[;i 3];[5]]:
Then F(T) = [2i 3;5]= £3: But 23 = [L,1;1,1;4]; thus T » [[1]; [1]; [1]; [1]; [4]};
and this last tangle is the canonical form of T: In [15] we discussthe analogy
betweenrational tangles and contin ued fractions for in nite continued fractions.

There are, in fact, de nitions that assaiate a rational fraction F(T) (including
0=1 and 1=0) to any 2-tangle T whether or not it is rational. The “rst de nition
is due to John Conway in [5] using the Alexander polynomial of the knots N (T)
and D(T): In [13] an alternate de nition is given that usesthe bracket polynomial
of the knots N(T) and D(T); and in [12] the fraction of a tangle is related to
the conductanceof an assaiated electrical network. Below we give yet a di®erert
de nition of the fraction using the coloring method. In all these de nitions the
fraction is by de nition an isotopy invariant of tangles, and we have to shaw that
non-isotopic rational tangleswill have di®erert fractions. In the presern paper and
in [15] the fraction of a rational tangle is de ned directly from its combinatorial
structure (asoriginally de ned by Conway), and we verify the topologicalinvariance
of the fraction using the Tait conjecture.

We conclude this section by giving an alternate de nition of the fraction that
usesthe conceptof coloring of knots and tangles. We color the arcsof the knot/tangle
with integers, using the basic coloring rule that if two undercrossingarcs colored
® and ° meet at an overcrossingarc colored , then ®+ ° = 2 : We often think
of one of the undercrossingarc colors as determined by the other two colors. Then
onewrites ° = 2 | ®:

It is easyto verify that this coloring method is invariant under the Reidemeister
movesin the following sense:Given a choice of coloring for the tangle/knot, there is
away to re-color it ead time a Reidemeistermove is performed, sothat no change
occursto the colorson the external strands of the tangle (sothat we still have a valid
coloring). This meansthat a coloring potentially contains topological information
about a knot or atangle. In coloring a knot (and also many non-rational tangles) it
is usually necessaryto restrict the colorsto the set of integersmodulo N for some
modulus N . For example,in Figure 15it is clear that the color setZ=3Z = f0; 1;2g
is forced for coloring a trefoil knot. When there exists a coloring of a tangle by
integers,sothat it is not necessaryto reducethe colors over somemodulus we shall
s& that the tangle is integral.

It turns out that everyrational tangleis integral: To seethis choosetwo “colors'
for the initial strands (e.g. the colors 0 and 1) and color the rational tangle asyou
createit by successie twisting. We call the colorson the initial strands the starting
colors. SeeFigure 16 for an example. It is important that we start coloring from the
initial strands, becausethen the coloring propagatesautomatically and uniquely. If
one starts from somewhereelse,one might get into an edgewith an undetermined
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|2b-a
b

SO | [,(00%
0

Figure 15. The coloring rule, integral and modular coloring

color. The resulting coloredtangle now hascolorsassignedo its external strands at
the northwest, northeast, southwest and southeastpositions. Let NW(T), NE(T),
SW (T) and SE(T) denotetheserespective colorsof the coloredtangle T and de ne
the color matrix of T, M (T), by the equation

_ NW(T) NE(T) .
MM = sw) sem

Definition 4.4, To arational tangle T with color matrix M (T) = 2 3
we assa@iate the number
bj a
f(Ty:= — 2 1:
(T):= g 2 QI
It turns out that the ertries a;b;c;d of a color matrix of a rational tangle satisfy
the “diagonalsumrule: a+ d= b+ c.

. 18
o 1 11 23 2
0) (1 ’ 0 o — 0 >/\
0 \l,/l 1 \ll/z 3
X X .
140 o 1 . / 1

T =1[2] + 1/([2] + 1/[3])
F(T) = 17/7 = {(T)

Figure 16. Coloring rational tangles

Pr oposition 4.5, The number f (T) is a topological invariant assaiated with
the tangle T. In fact, f (T) hasthe following properties:
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L f(T+[81) = f(MEY
2. fG ) = i
3 FGT) = i f(T)
4 ) =

5: f£(T) = F(T):

Thus the coloring fraction is identical to the arithmetical fraction de ned earlier.

It is easyto seethat f ([0]) = %, f(qi ] = %, f ([81]) = 81: Hence Statement 5
follows by induction. For proofs of all statemerts above aswell asfor a more general
set-up we refer the readerto our paper [15]. This de nition is quite elemerary, but
applies only to rational tangles and tangles generatedfrom them by the algebraic
operations of "+' and @'

In Figure 16 we have illustrated a coloring over the integers for the tangle
[[2]; [2]; [3]] such that every edgeis labelled by a di®erert integer. This is always the
casefor an alternating rational tangle diagram T: For the numerator closureN (T)
one obtains a coloring in a modular number system. For examplein Figure 16 the
coloring of N(T) will bein Z=17Z, and it is easyto ched that the labels remain
distinct in this example. For rational tangles, this is always the casewhen N (T)
has a prime determinant, see[15] and [25].

5. The Classi cation of Unorien ted Rational Knots

By taking their numerators or denominators rational tangles give rise to a
special classof knots, the rational knots. We have seensofar that rational tangles
are directly related to nite continued fractions. We carry this insight further
into the classi cation of rational knots (Schubert's theorems). In this section we
considerunoriented knots, and by Remark 3.1 we will be using the 3-strand-braid
represenation for rational tangleswith odd number of terms. Also, by Lemma 3.5
and Corollary 3.6 we may assumeall rational knots to be alternating. Note that
we only needto take numerator closures,sincethe denominator closure of a tangle
is simply the numerator closureof its rotate.

As already said in the intro duction, it may happenthat two rational tanglesare
non-isotopic but have isotopic numerators. The simplest instance of this phenom-
enonis adding n twists at the bottom of a tangle T, seeFigure 17. This operation
doesnot changethe knot N (T); i.e. N(T a1=[n]) » N(T); but it doeschangethe
tangle, sinceF (T e1=[n]) = F(1=([n]+ 1=T)) = 1=(n+ 1=F(T)); so,if F(T) = p=q
then F (T a15[n]) = pxnp+ q): Hence,if wesetnp+ q= °we haveq” g(modp);
just as Theorem 1.2 dictates. Note that reducing all possiblebottom twists implies
P> g

Another key example of the arithmetic relationship of the classi cation of ra-
tional knots is illustrated in Figure 18. Here we seethat the “palindromic' tangles

1

= [2L Bl 4] = [21+ ———
T = [(2]; [3]; [4]] []+[3]+%
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1
N(T) ~ N(Tx = )
[n]
Figure 17. Twisting the bottom of a tangle

1

and
S=WHEHEN= [

both closeto the samerational knot, shavn at the bottom of the gure. The two
tangles are di®eren, sincethey have di®erert corresponding fractions:
_ 1 30,

1 30
F(TY=2+ — = F =4+ —— = —:
(M 3+ 113 2 FG) 3+1° 7
Note that the product of 7 and 13 is congruert to 1 modulo 30:

) | )
R<a0009% = (0620003

ﬁ N(T) = N(S)
T

Figure 18. An instance of the palindrome equivalence

More generally, considerthe following two fractions:
and G=[c;b;a]=c or %

F =[a;b;c]=a+ b %

We nd that
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1 _ abcta+c_ P,

F=a+ = = —
a ch+1 bc+ 1 Q’

while

1 _abctc+ta_ P,
ab+ 1 ab+1 =~ QU
Thus we found that F = % and G = QBG; where

G=c+a

QQ%= (bc+ 1)(ab+ 1) = akPc+ ab+ bc+ 1= bP+ 1
Assuming that a, b and c are integers, we conclude that

QQ°%" 1(modP):
This pattern generalizego arbitrary cortin ued fractions and their palindromes (ob-
tained by reversingthe order of the terms). l.e. If fa;;ay;::: ;a,9is a collection of
n non-zemw integers,and if A = [a;a;::: ;an] = % andB = [ag;an; 1;:: @1 =
%2; then P = P%and QQ°%" (; 1)"*! (modP): We will be referring to this as ‘the
Palindrome Theorem'. The Palindrome Theoremis a known result about contin ued
fractions. For example, see[34] and [15]. Note that we needn to be odd in the
previous congruence. This agreeswith Remark 3.1 that without lossof generality
the terms in the cortin ued fraction of a rational tangle may be assumedto be odd.

Finally, Figure 19illustrates another basicexamplefor the unoriented Schubert
Theorem. The two tanglesR = [1] + ﬁ and S = [j 3] are non-isotopic by the
Conway Theorem, sinceF(R) = 1+ 1=2 = 3=2 while F(S) = | 3= 3= 1. But
they have isotopic numerators: N (R) » N(S); the left-handed trefoil. Now 2 is
congruert to j 1 modulo 3; con rming Theorem 1.2.

(\J . \/f/\

R=[1] +[21] S = [-3]

Figure 19. An example of the special cut

We now analysethe above examplein general. From the analysisof the bottom
twists we can assumewithout lossof generality that arational tangle R hasfraction
%; for jPj > jQj: Thus R can be written in the form R=[1]+ T or R = [j 1]+ T:
We considerthe rational knot diagram K = N ([1]+ T); seeFigure 20. (We analyze
N ([j 1]+ T) in the sameway.) The tangle [1]+ T is said to arise as a standard cut
onK:
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open
K = N([1] +T) = T — T =[] +T
to obtain

Figure 20. A standard cut

Notice that the indicated horizontal crossingof N ([1] + T) could be also seen
as a vertical one. So, we could also cut the diagram K at the two other marked
points (seeFigure 21) and still obtain a rational tangle, sinceT is rational. The
tangle obtained by cutting K in this secondpair of points is saidto ariseasa special
cut on K: Figure 21 demonstratesthat the tangle of the special cut is the tangle
[i 1]j 1=T: SowehaveN ([1]+ T) » N ([i 1]i %): Supposenow F (T) = p=g Then
F(1]+ T) = 1+ p=q= (p+ g)=q while F([i 1]i 1=T) = i 1i g=p= (p+ @)= p);
sothe two rational tanglesthat giveriseto the sameknot K are not isotopic. Since
i P~ gmod(p+ q); this equivalenceis another examplefor Theorem 1.2. In Figure
21if wetook T = % then [j 1]; 1=T = [j 3] and we would obtain the example of

Figure 19.

f
T open
K= N([1] +T) = T| ~ < ) —
to obtain
special cut

qu
: U

Figure 21. A special cut

[-1] -

=~

The proof of Theorem 1.2 can now proceedin two stages. First, given a ra-
tional knot diagram we look for all possible placeswhere we could cut and open
it to a rational tangle. The crux of our proof in [16] is the fact that all possi-
ble “rational cuts' on a rational knot fall into one of the basic casesthat we have
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already discussed. l.e. we have the standard cuts, the palindrome cuts and the
special cuts. In Figure 22 we illustrate on a represettativ e rational knot, all the
cuts that exhibit that knot asa closureof a rational tangle. Each pair of points is
marked with the samenumber. The arithmetics is similar to the casesthat have
beenalready veri ed. It is corveniert to say that reduced fractions p=qand p%=d’
are arithmetically equivalent, written p=q» p®=dif p= p?and either g°~ 1 (mod
p)orq” o’(modp) . In this language,Schubert's theorem statesthat two rational

tangles closeto form isotopic knots if and only if their fractions are arithmetically
equivalert.

Y=y AR

Standard Cuts Palindrome Cuts

e s fead, eadd

Special Cuts

Figure 22. Standard, palindrome and special cuts

In Figure 23 we illustrate one example of a cut that is not allowed sinceit opens
the knot to a non-rational tangle.

G003 = &\ff/\gj)

Figure 23. A non-rational cut

In the secondstage of the proof we want to ched the arithmetic equivalence
for two di®erent given knot diagrams, numerators of somerational tangles. By
Corollary 3.6 the two knot diagrams may be assumedalternating, so by the Tait
Conjecture they will di®er by °ypes. We analyseall possible°ypesto prove that
no new casesfor study arise. Hencethe proof becomescomplete at that point. We
refer the readerto our paper [16] for the details. o
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6. Rational Knots and Their Mirror Images

In this section we give an application of Theorem 1.2. An unoriented knot or
link K is saidto be achiral if it is topologically equivalent to its mirror imagei K.
If alink is not equivalent to its mirror imagethen it is said be chiral. One then can
speak of the chirality of a given knot or link, meaningwhether it is chiral or achiral.
Chiralit y plays an important role in the applications of Knot Theory to Chemistry
and Molecular Biology. It is interesting to usethe classi cation of rational knots
and links to determine their chirality. Indeed, we have the following well-known
result (for example see[34] and also page 24, Exercise2.1.4in [17]):

Theorem 6.1. Let K = N(T) be an unoriented rational knot or link, pre-
sentel as the numerator of a rational tangle T: Supmsethat F(T) = p=qwith p
and q relatively prime. Then K is achiral if and only if ¢~ | 1(modp): It follows
that achiral rational knots and links are all numerators of rational tangles of the
form [[ai];[az2];::: ;[ak];[ax];::: ;[a@z]; [a1]] for any integersas;::: ; ak:

Note that in this description we are using a represeration of the tangle with an
even number of terms. The leftmost twists [a;] are horizontal, thus the rightmost
starting twists [a;] are vertical.

Proof. With j T the mirror image of the tangle T, we havethat | K = N(j T) and
F(i T) = p<j g): If K is topologically equivalent to j K, then N(T) and N(j T)
are equivalert, and it follows from the classi cation theorem for rational knots that
either q(j 9 ~ 1(modp) or g~ j q(modp): Without loss of generality we can
assumethat 0 < g < p: Hence2q is not divisible by p and therefore it is not the
casethat q” j q(modp): Henceg?®~ j 1(modp):

Conversely if ¢~ j 1(modp); then it follows from the Palindrome Theorem that
the continued fraction expansion of p=ghasto be symmetric with an even number
of terms. It is then easyto seethat the corresponding rational knot or link, say
K = N(T); is equivalent to its mirror image. One rotates K by 180 in the plane
and swingsan arc, as Figure 24 illustrates. The point is that the crossingsof the
secondrow of the tangle T; that are seeminglycrossingsof opposite type than the
crossingsof the upper row, becomeafter the turn crossingsof the upper row, and
sothe typesof crossingsare switched. This completesthe proof. o

In [9] the authors "'nd an explicit formula for the number of achiral rational
knots among all rational knots with n crossings.

7. The Orien ted Case

Oriented rational knots and links arise as numerator closuresof oriented ra-
tional tangles. In order to compare oriented rational knots via rational tangleswe
needto examinehow rational tanglescanbe oriented. We orient rational tanglesby
choosingan orientation for ead strand of the tangle. Here we are only interestedin
orientations that yield consisterily oriented knots upon taking the numerator clo-
sure. This meansthat the two top end arcs have to be oriented oneinward and the
other outward. Samefor the two bottom end arcs. We shall say that two oriented
rational tanglesare isotopic if they are isotopic asunoriented tangles, by an isotopy
that carriesthe orientation of onetangle to the orientation of the other. Note that,
sincethe end arcs of a tangle are xed during a tangle isotopy, this meansthat the
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Figure 24. An achiral rational link

tangles must have identical orientations at their four end arcs NW, NE, SW, SE.
It follows that if we changethe orientation of one or both strands of an oriented
rational tangle we will always obtain a non-isotopic oriented rational tangle.

Reversing the orientation of one strand of an oriented rational tangle may
or may not give rise to isotopic oriented rational knots. Figure 25 illustrates an
example of non-isotopic oriented rational knots, which are isotopic as unoriented
knots.

close close

AV i , i
/ff/\: K+ YL T/‘\/‘\/‘\/\:

Figure 25. Non-isotopic oriented rational links

Reversing the orientation of both strands of an oriented rational tangle will
always give rise to two isotopic oriented rational knots or links. We can seethis by
doing a vertical °ip, asFigure 26 demonstrates. Using this obsenation we conclude
that, asfar asthe study of oriented rational knots is concerned,all oriented rational
tangles may be assumel to have the same orientation for their NW and NE end
arcs. We x this orientation to be downward for the NW end arc and upward for
the NE arc, asin the examplesof Figure 25 and asillustrated in Figure 27. Indeed,
if the orientations are opposite of the xed onesdoing a vertical °ip the knot may
be consideredas the numerator of the vertical °ip of the original tangle. But this
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is unoriented isotopic to the original tangle (recall Section 3, Figure 9), whilst its
orientation pattern agreeswith our convertion.

Figure 26. Isotopic oriented rational knots and links

Thus we reduce our analysisto two basic typesof orientation for the four end
arcs of a rational tangle. We shall call an oriented rational tangle of type | if the
SW arc is oriented upward and the SE arc is oriented downward, and of type Il if
the SW arc is oriented downward and the SE arc is oriented upward, seeFigure 27.
From the above remarks, any tangle is of type | or type Il. Two tangles are said
to be compatible it they are both of type | or both of type Il and incompatible
if they are of di®eren types. In order to classify oriented rational knots seenas
numerator closuresof oriented rational tangles, we will always comparecompatible
rational rangles. Note that if two oriented tanglesare incompatible, adding a single
half twist at the bottom of one of them yields a new pair of compatible tangles, as
Figure 27 illustrates. Note also that adding sud a twist, although it changesthe
tangle, it doesnot changethe isotopy type of the numerator closure. Thus, up to
bottom twists, we are always able to compareoriented rational tangles of the same
orientation type.

bottom
R
twist

Type | Type Il }(

T T Incompatible T

Figure 27. Compatible and incompatible orientations

Compatible T

We shall now introduce the notion of connectivity and we shall relate it to
orientation and the fraction of unoriented rational tangles. We shall say that an
unoriented rational tangle has connectivity type [0] if the NW end arc is connected
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to the NE end arc and the SW end arc is connectedto the SE end arc. Similarly, we
say that the tangle hasconnectivity type [+1] or type [l ] if the end arc connections
are the sameas in the tangles [+1] and [1 ] respectively. The basic connectivity
patterns of rational tangles are exempli ed by the tangles[0], [1 ] and [+1]. We
can represent them iconically by the symbols shovn below.

[01=3
[1]=><
[+1] = A

Note that connectivity type [0] yields two-componert rational links, while type
[+1] or [1 ] yields one-compnert rational links. Also, adding a bottom twist to a
rational tangle of connectivity type [0] will not changethe connectivity type of the
tangle, while adding a bottom twist to a rational tangle of connectivity type [1 ]
will switch the connectivity type to [+1] and vice versa. While the connectivity
type of unoriented rational tangles may be [0], [+1] or [1 ]; note that an oriented
rational tangle of type | will have connectivity type [0] or [1 ] and an oriented
rational tangle of type Il will have connectivity type [0] or [+1]:

Further, we needto keepan accourting of the connectivity of rational tangles
in relation to the parity of the numerators and denominators of their fractions. We
refer the readerto our paper [16] for a full accourt.

We adopt the following notation: e stands for evenand o stands for odd. The
parity of a fraction p=qis de ned to be the ratio of the parities (e or o) of its
numerator and denominator p and g. Thus the fraction 2=3 is of parity e=0:The
tangle [0] hasfraction 0 = 0=1; thus parity e=o;the tangle [1 ] hasfraction 1 = 1=0;
thus parity o=e;and the tangle [+1] hasfraction 1= 1=1; thus parity 0=0:We then
have the following result.

Theorem 7.1 A rational tangle T has connectivity type 2 if and only if its
fraction has parity e=a T has connectivity type >< if and only if its fraction has
parity o=e T has connectivity type A'if and only if its fraction has parity o=a
(Note that the formal fraction of [1 ] itself is 1=0:) Thus the link N(T) has two
components if and only if T hasfraction F(T) of parity e=o:

We will now proceedwith sketching the proof of Theorem 1.3. We shall prove
Schubert's oriented theorem by appealing to our previous work on the unoriented
caseand then analyzing how orientations and fractions are related. Our strategy
is as follows: Consider an oriented rational knot or link diagram K in the form
N(T) where T is a rational tangle in continued fraction form. Then any other
rational tangle that closesto this knot N (T) is available, up to bottom twists if
necessaryas a cut from the given diagram. If two rational tangles closeto give K
asan unoriented rational knot or link, then there are orientations on thesetangles,
induced from K sothat the oriented tangles closeto give K as an oriented knot
or link. The two tangles may or may not be compatible. Thus, we must analyze
when, comparing with the standard cut for the rational knot or link, another cut
produces a compatible or incompatible rational tangle. Howewver, assuming the
top orientations are the same,we can replace one of the two incompatible tangles
by the tangle obtained by adding a twist at the bottom. It is this possible twist
di®erence that givesrise to the changefrom modulus p in the unoriented case to
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the modulus 2p in the oriented case. We will now perform this analysis. There
are many interesting aspects to this analysis and we refer the reader to our paper
[16] for these details. Sdubert [33] proved his version of the oriented theorem
by using the 2-bridge represertation of rational knots and links, seealso [4]. We
give a tangle-theoretic combinatorial proof based upon the combinatorics of the
unoriented case.

The simplestinstanceof the classi cation of oriented rational knots is adding an
evennumber of twists at the bottom of an oriented rational tangle T, seeFigure 27.
We then obtain a compatible tangle T @ 1=[2n]; and N (T = 1=[2n]) » N(T): If
now F(T) = p=g then F(T a192n]) = F(1=(2n] + 1=T)) = 1=(2n + 1=F(T)) =
p=(2np + g): Hence, if we set2np + q = ® we have g~ gi(mod2p); just as the
oriented Schubert Theorem predicts. Note that reducing all possiblebottom twists
implies jpj > jq for both tangles, if the two tanglesthat we compareead time are
compatible or for only one, if they are incompatible.

We then have to compare the special cut and the palindrome cut with the
standard cut. In the oriented casethe special cut is the easierto seewhilst the
palindrome cut requires a more sophisticated analysis. Figure 28 illustrates the
general caseof the special cut. In order to understand Figure 28 it is necessaryto
alsoview Figure 21 for the details of this cut.

special
cut bottom
_|

T — — —|

{ on N(S) twist

S=[]+T =11 ~

§'=(-1) [+1] ~ S

Figure 28. The oriented special cut

Recall that if S = [1]+ T then the tangle of the special cut on the knot
N ([1] + T) is the tangle S°= [j 1]j +: And if F(T) = p=qthen F([1]+ T) = e
and F ([j 1]i Ti) = F;*—pq: Now, the point is that the orientations of the tanglesS and
SPareincompatible. Applying a[+1] bottom twist to SCyields S®= ([j 1]; %)=[1],
and we nd that F(S® = %: Thus, the oriented rational tangles S and S® have

the samefraction and by Theorem 1.1 and their compatibility they are oriented
isotopic and the arithmetics of Theorem 1.3 is straightforward.

We areleft to examinethe caseof the palindrome cut. In Figure 29 weillustrate
the standard and palindrome cuts on the oriented rational knot K = N(T) = N(T9
where T = [[2];[1];[2]] and T its palindrome. As we can see,the two cuts place
incompatible orientations on the tangles T and T% Adding a twist at the bottom
of T%producesatangle T®= T%%[j 1] that is compatible with T. Now we compute
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F(T) = F(T9Y = 88 and F(T® = F(T%a[j 1]) = 8= 5 and we notice that
3¢(j 5) © 1(mod16) as Theorem 1.3 predicts. This example also illustrates an
example of strong invertibilit y, as we shall seein the next section.

T

;

l/ palindrome

/

S F O

—_—> \

twist
™

A

Figure 29. Oriented standard cut and palindrome cut

In order to analyze the palindrome casewe must understand when the stan-
dard cut and the palindrome cut are compatible or incompatible. Then we must
comparetheir respective fractions. This involvesa deeper analysis along the lines
of Theorem 7.1. More precisely let K = N(T) be an oriented rational knot or
link with T a rational tangle in 3-strand-braid form. Then the three strands con-
nect according to one of the six permutations of three points, asthe rst column
of Figure 30 illustrates. This is the connectivity chart of the tangle T or the link
K: For eath casewe specify by an 'i' or “c' if the standard and the palindrome
cut are orientation incompatible or compatible. In the secondand third column of
the same gure we give the connectivity type and the parity of the standard cut
and the palindrome cut of the connectivity chart respectively. We analyzethe rela-
tion betweenconnectivity, parity and compatibilit y in the standard and palindrome
cuts on K: The proof of Theorem 1.3 follows after this analysis by a combination
of enumeration and mathematical induction. In particular, we can assumethat
K = N([[ai];::: ;[an]]) with n odd. We then know that the matrix product

M o Tl

M = M ()M (az) 000M (@) = |

encales the fractions of the tangle T = [[a;];::: ;[a,]] and its palindrome T? =
[an];::: ;[a1]] with F(T) = p=qand F(T% = p=¢: By construction, T is the
standard cut on K and T is the palindrome cut on K: SinceDet(M) = | 1; we
have the formula qo® = 1+ up relating the denominators of these fractions. When
p is odd the argumert follows from the information on the connectivity chart,
Figure 30. When p is even we make an induction argumert using the connectivity
chart. We useinduction to show in this casethat
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Figure 30. The connectivity charts, compatibilit y and parity

1. u is evenif and only if the standard and palindrome cuts are compatible.
2. uis odd if and only if the standard and palindrome cuts are incompatible.

We refer the readerto our paper [16] for the details. The proof sketch of Theorem
1.3is now complete. a
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8. Strongly Invertible Links

An oriented knot or link is said to be invertible if it is oriented isotopic to the
link obtained from it by reversingall orientations of all componerts. By applying a
vertical rotation by 180° we have seenthat rational knots and links are invertible.
A link L of two components is said to be strongly invertible if L is ambient isotopic
to itself with the orientation of only one componert reversed. This terminology for
links is not to be confusedwith the corresponding terminology for knots in [2]. In
Figure 29 weillustrate the link L = N ([[2]; [1]; [2]]): This is a strongly invertible link
asis apparert by a 180* vertical rotation. This link is well-known asthe Whitehead
link, alink with linking number zero. Note that since[[2]; [1]; [2]] has fraction equal
to 1+ 1=(1 + 1=2) = 8=3 this link is non-trivial via the classi cation of rational
knots and links. Note alsothat 3¢3= 1+ 1¢8: In generalwe have the following.

Theorem 8.1 LetL = N(T) be an oriented rational link with assaiated
tanglefraction F (T) = p=qgof parity e=o;with p and q relatively prime and jpj > jq:
Then L is strongly invertible if and only if ¢ = 1+ up with u an odd integer. It
follows that strongly invertible links are all numerators of rational tangles of the
form [[ai];[az2]; ::: ;[ax]; [®); [ak]; i i ;[@z]; [a1]] for any integersas;::: ; ax; ®:

Proof. In T the upper two strands closeto form one componert of L and the lower
two strands closeto form the other componert of L: Let T° denote the tangle ob-
tained from the oriented tangle T by reversing the orientation of the component
cortaining the lower two arcsand let N(T9 = L% Note that T and T° are incom-
patible. Thus, in order to apply the Schubert Theorem for comparing the links L

and L°we needto add a bottom twist on T% SinceT and T? have the samefraction

p=q after adding the twist we needto compare the fractions p=qand p=p + q):
Sinceq is not congruert to (p+ g) modulo 2p, we needto determine when q(p+ Q)
is congruert to 1 modulo 2p: This will happen exactly when gp+ o = 1+ 2mp for
someinteger m: The last equation is the sameas saying that ¢ = 1+ up with u
odd, sinceq is odd. It then follows from the Palindrome Theorem for cortinued
fractions that the continued fraction exmnsion of p=ghasto be symmetric with an
odd number of terms. It is then easyto seethat the corresponding rational link is
ambient isotopic to itself through a vertical 180* rotation, just asin the example
of the Whitehead link given above. Henceit is strongly invertible. This completes
the proof. o

Figure 31illustrates another exampleof a strongly invertible rational link. Here
L = N3]} [2) 2L 38D = N(T): We nd F(T) = 40=11 and we obsene that
112 = 1+ 3¢40

9. Applications to the Topology of DNA

DNA supercoils, replicates and recomnbines with the help of certain enzymes.
Site-speci ¢ recombination is one of the ways nature alters the genetic code of an
organism, either by moving a block of DNA to another position on the moleculeor
by integrating a block of alien DNA into a host genome. For a closedmolecule of
DNA a global picture of the recombination would be as showvn in Figure 32, where
double-strandedDNA is represened by a singleline and the reconbination sitesare
marked with points. This picture can be interpreted asN(S+ [0]) j! N(S+ [1]);
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53

L = N3], [1], [1], [1], [31D)

Figure 31. An example of a strongly invertible link

for S = ﬁ in this example. This operation can be repeatedasin Figure 33. Note
that the [0]; [1 ]interchangeof Figure 6 canbe seenasthe rst step of the process.

2 ¢V
TR T

= N (L + o) N(L

Nz 3 3

Figure 32. Global picture of reconbination

In this depiction of recombination, we have shawvn a local replacemen of the
tangle [0] by the tangle [1] connoting a new cross-connectionof the DNA strands.
In general, it is not known without corroborating evidencejust what the topo-
logical geometry of the reconbination replacemen will be. Even in the caseof a
single half-twist replacemen such as[1], it is certainly not obvious beforehandthat
the replacemen will always be [+1] and not sometimesthe reversetwist of [j 1]
It was at the juncture raised by this question that a combination of topological
methods in biology and a tangle model using knot theory dewveloped by C.Ernst

and D.W. Sumnersresoled the issuein some speci ¢ cases. See[10], [35] and
referencestherein.

On the biological side, methods of protein coating dewveloped by N. Cozzarelli,
S.J. Spenglerand A. Stasiak et al. In [6] it was made possiblefor the rst time to
seeknotted DNA in an electron micrograph with suzxcient resolution to actually
identify the topological type of these knots. The protein coating technique made
it possibleto designan experiment involving successie DNA recombinations and
to examine the topology of the products. In [6] the knotted DNA produced by
such successie recombinations was consistert with the hypothesisthat all recom-
binations were of the type of a positive half twist asin [+1]: Then D.W. Sumners
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and C. Ernst [10] proposeda tangle model for suaessiveDNA recombinations and
showed, in the caseof the experiments in question, that there was no other topo-
logical possibility for the recombination mecdanism than the positive half twist
[+1]: This constituted a unique use of topological mathematics as a theoretical
underpinning for a problem in molecular biology.

Here is a brief description of the tangle model for DNA recomnbination. It is
assumedthat the initial state of the DNA is described as the numerator closure
N (S) of a substiate tangle S: The local geometry of the reconbination is assumed
to be described by the replacemern of the tangle [0] with a speci ¢ tangle R: The
results of the successie rounds of reconbination are the knots and links

N(S+R)=Ky; N(S+R+R)=K, N(S+R+R+R)=Kg;
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Knowing the knots K1;K,;Kgs;::: one would like to solve the above system of
equationswith the tangles S and R asunknowns. For such experiments Ernst and
Sumners[10] usedthe classi cation of rational knots in the unoriented case,aswell
asresults of Culler, Gordon, Luedke and Shalen[7] on Dehn surgery to prove that
the solutions S+ nR must berational tangles One could then apply the theoremon
the classi cation of rational knots to deduce(in theseinstances)the uniquenessof S
and R. Note that, in theseexperimernts, the substrate tangle S was also pinpointed
by the sequenceof knots and links that resulted from the recombination.

Here we shall solve tangle equations like the above under rationalit y assump-
tions on all tangles in question. This allows us to use only the mathematical
techniques deweloped in this paper. We shall illustrate how a sequenceof rational
knots and links

N(S+nR)=K,; n=0;1,23;:::

with S and R rational tangles,suc that R = [r]; F(S) = g andp,qr2zZ(p>0)
determines% and r uniquely if we know suzciently many K,: We call this the
\DNA Knitting Machine Analysis".

Theorem 9.1 Let a segquene K, of rational knots and links be de ned by the
eguations K, = N(S + nR) with specic integersp, g, r (p > 0), whee R =
[r]; F(S) = %: Then g and r are uniquely determined if one knows the topological

type of the unoriented links Ko; K 1;:::; Ky for any integer N | jq i qﬁr:

Proof. In this proof we shall write N (g+ nr) or N (F’*%) for N(S+ nR): We shall
alsowrite K = K %to meanthat K and K ° are isotopic links. Moreover we shall say
for a pair of reducedfractions P=qand P=cf that q and ¢° are arithmetically related
relative to P if either @~ og(modP) or qo®  1(modP): Supposethe integers
p;q;r give rise to the sequenceof links Ko; K 1;:::: Supposethere is some other
triple of integersp® o® r%that give rise to the samesequenceof links. We will shov
uniquenessof p; g; r under the conditions of the theorem. We shall say \the equality
holds for n" to meanthat N ((p+ grn)=0 = N((p°+ g% %)=cf): We supposethat
Kn = N((p+ grn)=0 asin the hypothesisof the theorem, and supposethat there
are p° o@, r%such that for somen (or a range of valuesof n to be speci ed below)
Kn = N((p°+ o n)=):

If n = 0then we have N (p=0 = N (p°=cf): Henceby the classi cation theorem
we know that p = p®and that q and ¢ are arithmetically related. Note that the
sameargumert shows that if the equality holds for any two consecutive valuesof n;
then p = p% Hencewe shall assumehenceforth that p = p% With this assumption
in place, we seethat if the equality holds for any n 6 0 then gr = q%% Hencewe
shall assumethis aswell from now on.

If jp+ arnj is suxciently large, then the congruencedor the arithmetical relation
of g and ¢° must be equalities over the integers Sinceqq® = 1 over the integerscan
hold only if = q®= 1 or j 1 we seethat it must be the casethat q = o if the
equality is to hold for suzciently large n. From this and the equation gr = q¥ it
followsthat r = r% It remainsto determine a bound on n. In order to be sure that
jp+ arnj is suzxciently large, we needthat jgg9 - jp+ grnj: Sinceq*°= gr, we also
know that jgj - jarj: Hencen is suzciently large if jg?rj - jp+ qrnj:
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If gr > 0 then, sincep > 0; we are asking that jo?rj - p+ grn: Hence
n. (frii p=ar) =jdi (p=q):
If gr < O then for n large we will have jp+ grnj= j pj grn: Thus we want to
solvejo?rj- i pi arn, whence
n. (ori+P=G ar) =jdi (p=q):
Sincethesetwo casesxhaustthe range of possibilities, this completesthe proof
of the theorem. o

Here is a special caseof Theorem 9.1. SeeFigure 33. Supposethat we were
given a sequenceof knots and links K, suc that

1 1
i 3] [i 3]
We have F(ﬁ + n[1]) = (8nj 1)=3 and we shall write K, = N([(3nj 1)=3]):

We are told that ead of theserational knots is in fact the numerator closure of a
rational tangle denoted

Kn = N( + [1]+ [1]+ o+ [1]D) = N( + n[1]):

[p=d + n[r]

for somerational number p=gand someinteger r: That is, we are told that they
comefrom a DNA knitting machine that is using rational tangle patterns. But we
only know the knots and the fact that they are indeedthe closuresfor p=q= j 1=3
and r = 1. By this analysis, the uniquenessis implied by the knots and links
fK1;K2; K3;K40: This meansthat a DNA knitting machine K, = N (S+ nR) that
emits the four specic knots K, = N([(3nj 1)=3]) for n = 1;2;3;4 must be of
the form S = 19 3] and R = [1]. It wasin this way (with a "nite number of
obsenations) that the structure of reconbination in T,3 resohasewas determined
[35].

In this version of the tangle model for DNA recomnbination we have made a
blanket assumption that the substrate tangle S and the recombination tangle R
and all the tangles S + nR wererational. Actually, if we assumethat S is rational
and that S+ R is rational, then it follows that R is an integer tangle. Thus S and
R neccesarilyform a DNA knitting machine under these conditions. It is relatively
natural to assumethat S is rational on the grounds of simplicity. On the other
hand it is not so obvious that the reconbination tangle should be an integer. The
fact that the products of the DNA recombination experiments yield rational knots
and links, lends credenceto the hypothesis of rational tangles and henceintegral
recombination tangles. But there certainly is a subtlety here, since we know that
the numerator closure of the sum of two rational tanglesis always a rational knot
or link. In fact, it is here that somedeeper topology shows that certain rational
products from a generalizedknitting machine of the form K, = N (S + nR) where
S and R are arbitrary tangles will force the rationalit y of the tangles S + nR. We
refer the readerto [10], [11], [8] for the details of this approac.
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