FOURIER DECAY FROM L2-FLATTENING
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ABSTRACT. We develop a unified approach for establishing rates of decay for the Fourier transform
of a wide class of dynamically defined measures. Among the key features of the method is the
systematic use of the L*-flattening theorem obtained in [51], coupled with non-concentration esti-
mates for the derivatives of the underlying dynamical system. This method yields polylogarithmic
Fourier decay for Diophantine self-similar measures, and polynomial decay for Patterson-Sullivan
measures of convex cocompact hyperbolic manifolds, Gibbs measures associated to non-integrable
C? conformal systems, as well as stationary measures for carpet-like non-conformal iterated function
systems. Applications include an essential spectral gap on convex cocompact hyperbolic manifolds
independent of the doubling constant through a fractal uncertainty principle and an equidistribution
theorem for typical vectors on self-similar sets and other fractals in RY.

1. INTRODUCTION

1.1. Background and summary of main results. The Fourier transform of a Borel probability
measure p on R? is defined as follows:

e = [ dpta), g e R (1.1)

Rates of decay of |fi(€)| as ||£]| — oo for p arising from dynamical systems have been extensively
studied in recent years (see survey [79] for history and recent developments). Beyond its intrinsic
interest, this question has found many applications in other areas of mathematics; e.g. essential
spectral gaps on hyperbolic manifolds [31, 17, 55|, the uniqueness problem [58|, quantum chaos and
fractal uncertainty principles [29], normality to arbitrary integer bases [26], and geometric measure
theory (82, 61] to name a few, see Section 1.7 for further discussion. Moreover, this problem has
motivated the development of many new methods. These methods draw on a wide variety of tools
ranging from spectral gaps of the underlying dynamics |5, 13|, to renewal theory [54], sum-product
phenomena |17, 55, 53|, large deviation estimates for Fourier transforms [63, 2, 12, 14|, and many
more; cf. [4, 3, 45, 80, 58, 57, 94, 21] for a non-exhaustive list.

In this article, we systematically develop a unified approach to obtain rates of Fourier decay for
a wide class of dynamically defined measures. Our strategy can be summarized as follows:

Step 1. Averaging.

Use the dynamics (or the multiscale/convolution structure of u) to express the Fourier transform
of p at frequency £ as an average over the Fourier transforms of measures u,, x € X, evaluated at
a range of frequencies determined by ¢ and the underlying dynamics. The family {u,} is typically
given by scaled images of y under the dynamics or rescaled restrictions of p to pieces of its support.

Step 2. Flattening.

Find a mechanism to show that for each « € X, the Fourier transform of p, has the desired
rate of decay for a large set of frequencies. Here it is crucial that the size of the set of exceptional
frequencies can be bounded independently of x.

Step 3. Separation.

Show (through a non-linearity or Diophantine assumption on the dynamics) that the frequencies
appearing in the average in Step 1 are sufficiently well-distributed that they have a suitably small
intersection with the exceptional set of frequencies arising in Step 2.
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A key to this strategy is provided by recent developments towards Step 2, where verifiable
criteria have been shown to imply polynomial Fourier decay! outside a sparse set of frequencies;
cf. Theorem 1.3 below. In particular, such criteria are known to hold for a very wide class of
dynamically defined measures, thus distilling the difficulty in implementing the above strategy to
achieving the separation in Step 3. In this article, we develop techniques for overcoming this
difficulty, thus yielding the following broad range of results.

(1) Polylogarithmic Fourier decay for self-similar measures satisfying Diophantine conditions
either on their contraction ratios or their rotation parts: Theorems 1.5 and 1.7.

(2) Polynomial Fourier decay for Patterson-Sullivan measures of convex cocompact hyper-
bolic manifolds: Theorem 1.9.

(3) Polynomial Fourier decay for Gibbs measures for conformal IFSs satisfying a spectral
gap assumption: Theorem 1.12.

(4) Polynomial Fourier decay for the stationary measures of a class of carpet like non-
conformal IF'Ss exhibiting non-linearity in each principal direction: Theorem 1.19.

Note that polylogarithmic decay is optimal for self-similar measures under our hypotheses; cf. Re-
marks 1.8 and 1.10 for further discussion of the rates of decay in Items 1 and 2. Important recent
developments have yielded several special cases of the above results in low dimensions by a variety
of different methods. These are recalled below in detail. We remark that our argument provides
a new streamlined proof in all these cases, in addition to extending them to arbitrary dimensions,
and to new settings such as Item 4. This requires handling the significant added difficulty posed
by the presence of subspaces of intermediate dimension, which is also a well-known difficulty in the
related study of Fractal Uncertainty Principles in higher dimensions addressed in Corollary 1.22
below; cf. |29, 22, 11, 23| and Section 1.7.2 for further discussion.

Variants of our strategy have been utilized in prior works, with perhaps the earliest precursor
being Kaufman’s work on non-linear pushforwards of homogeneous self-similar measures on the line,
where the analog of Step 2 was achieved using Erdgs-Kahane arguments [50]. Our strategy also
bears similarities to the one employed by Bourgain and Dyatlov in [17], who considered Patterson-
Sullivan measures in dimension one, achieving the analog of Step 2 using Bourgain’s discretized
sum-product theorem [15, 16]. In both cases, the argument was tailored to the special structure
of the setting in question (linearity in the former, and non-linearity in the latter). By contrast,
one of the new features of our approach is that it avoids Erdés-Kahane and sum-product estimates,
rendering it applicable to a much broader range of settings in a unified fashion.

The above results also have the following applications:

(1) Normality and equidistribution of vectors in fractal sets: let x be one of the measures
in Ttems 1-4 above viewed as a measure on R%. Let A be any expanding integer matrix on
R?. Then, p-almost every z is A-normal, i.e., the orbit (A"x)p>1 is equidistributed mod 1
for p-almost every x: Corollary 1.21.

(2) Essential spectral gaps and Fractal Uncertainty Principles: let I be a Zariski-dense
convex cocompact group of isometries of real hyperbolic space H*t! with limit set A, critical
exponent or < d/2, and quotient manifold M = H! /T, Then, Ar satisfies a generalized
Fractal Uncertainty Principle with exponent 5 = d/2—dr+-¢, € > 0 and, hence, the resolvent
of the Laplace-Beltrami operator Aj; of M admits an essential spectral gap of size 8. The
improvement ¢ depends only on the non-concentration parameters of the PS measure of I,
but not on its doubling constant: Corollary 1.22.

lWe say that that a measure p has polynomial Fourier decay if [2(&)] = O(J|&]|”") for some k > 0 as ||€|| = oo.
Similarly, we say that p has polylogarithmic Fourier decay if |[i(§)] = O((log ||€||)™") for some > 0 as ||€]| — oo.
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Details and context of the above applications are discussed in detail in Section 1.7 below.

1.2. Discussion of the method. As noted above, a very general result towards Step 2 was
obtained in [51, Corollary 11.5] using methods from additive combinatorics. Before recalling this
result, it will be convenient to make the following definition.

Definition 1.1. We say that a Borel measure p on R? is uniformly affinely non-concentrated if for
every £ > 0, there exists d(¢) > 0 so that d(¢) — 0 as e — 0 and for all x € supp(p), 0 < r <1,
and every affine hyperplane W < R¢, we have

pWE) 0 B(a,r)) < 6(e)u(B(z,r)), (1.2)

where W) and B(z,r) denote the r-neighborhood of W and the r-ball around z respectively. We
refer to the function d(e) as the non-concentration parameters of p.

Remark 1.2. It can be shown by an inductive argument that a measure u is uniformly affinely
non-concentrated if and only if (1.2) holds with §(e) = Ce® for some constants C' > 1 and o > 0.
Hence, we often refer to such p as being (C, «)-affinely non-concentrated when we wish to emphasize
the dependence on these parameters.

The following result shows that affine non-concentration is sufficient to guarantee polynomial
Fourier decay outside a sparse set of frequencies.

Theorem 1.3 ([51, Corollary 11.5]). Let u be a compactly supported, Borel probability measure on
R?, which is uniformly affinely non-concentrated. Then, p is polynomially decaying on average, that
is, for every € > 0, there exists effectively computable T = 7(e) > 0, depending only on € and the
non-concentration parameters on i, such that the set

{lll <7 -1 > 17}

can be covered by O (T€) balls of radius 1. Moreover, the implicit constants in the O(T€) bound
only depend upon the non-concentration parameters of u as well as the diameter of its support.

Special cases of Theorem 1.3 for measures on R were known before by different methods by works
of Kaufman [50] and Tsujii [91] for self-similar measures, and by Rossi-Shmerkin [77| more generally.

In light of Theorem 1.3, the main difficulty in implementing the above strategy lies in achieving
Step 3 concerning separation of the images of the frequency under the dynamics. We note that
such separation is the heart of the difficulty in obtaining Fourier decay. Indeed, all the other steps
of the above strategy, including the conclusion of Theorem 1.3, apply equally well to the Hausdorff
measure on Cantor’s middle thirds set. However, it is well-known that the Fourier transform of
this measure does not tend to 0 at infinity [61]. Nonetheless, we believe that the directness of the
strategy will enable it to be applied in much broader contexts than those covered in this article.

Remark 1.4. We end this discussion with some remarks on the scope of Theorem 1.3, and hence
of the method developed in this article.

(1) It is shown in [51, Corollary 11.5] that the conclusion of Theorem 1.3 holds under a much
weaker non-concentration hypothesis which allows concentration to happen at some scales
and on small measure sets. This property is satisfied for instance by Patterson-Sullivan
measures for cusped real hyperbolic manifolds.

(2) In [14], it was observed that the proof of Theorem 1.3 goes through under the following
weaker form of (1.2) allowing the ball on the right side to have a larger radius:

W(WE 0 B, r)) < 8(e)u(Bla, er)), (1.3)

where ¢ > 1 is a fixed constant. This property holds for instance for certain self-similar
measures which do not satisfy (1.2), e.g. in the absence of separation conditions.

We now describe in detail the main results of this article.
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1.3. Self-similar systems. Counsider a self-similar iterated function system (IFS) of the form & =
{z > fo(z) = rs0.2 +t, : a € A}, where A is a finite set, 7| € (0,1), O, € O(d) and t, € R%. We
say that ® is affinely irreducible if ® does not preserve an affine subspace of R?. Given a probability
vector p = (pa)aca then it is well-known that there exists a unique Borel probability measure

satisfying
w= Z Pafapt.
acA
Here, f,u denotes the pushforward of p under f,. We call this measure the self-similar measure
corresponding to ® and p. Throughout this paper we will always assume that our IF'S is non-trivial
in the sense that the similarities do not all share a common fixed point. This ensures that the
associated self-similar measures are non-atomic.

The Fourier decay properties of self-similar measures are well studied in the literature. Recently
Rapaport [74] completed a classification of those self-similar measures satisfying

limsup |z(€)| > 0.
€ll—o0
This built upon earlier work of Brémont [21] and Varja-Yu [94].

Far less in known about explicit rates of decay when 11(§) — 0 as ||£|| — co. In dimension d = 1, a
result of Solomyak [85] states that typical self-similar measures in R have polynomial Fourier decay.
That being said, polynomial Fourier decay has only been verified under certain restrictive algebraic
assumptions on the contractions ratios. See the articles of Dai, Feng, and Wang [24|, and Streck
[88].

Li and the third author in [58] have shown that, under the assumption that the log-contraction
ratios log|r,|/log|rs|, @ # b, contain a Diophantine number: for some ¢ > 0 and [ > 2 we have for
all rational numbers p/q that:
log|ra| p
log|rs| ¢
then |f(§)] — 0 polylogarithmically. This happens for example if the IFS contains contractions
by 1/2 and 1/3. Li and the third author’s proof used ideas from renewal theory. We also refer
the reader to [4] where similar results are proven under a weaker Diophantine condition. Varju-
Yu [94] considered the complementary case where the contraction ratios are all integer powers of a
common number. In this setting, they proved polylogarithmic Fourier decay for self-similar measures
satisfying certain number theoretic assumptions.

In higher dimensions, the work of Lindenstrauss and Varja [60] introduced a representational
theoretic method to bound Fourier transforms of self-similar measures with dense rotation parts
Oy. In dimension d > 3, this method implies sub-polynomial Fourier decay for all self-similar
measures, where the rotational components O, of the contractions give a dense subgroup; cf. the
survey [79]. Moreover, under a spectral gap condition for the transfer operator f > . 4 pafoOy 1
on L*(SO(d)), d > 3, it is possible to show that the associated self-similar measure has polynomial
Fourier decay.

Our first result for self-similar measures is a higher dimensional generalization of the aforemen-
tioned result of Li and Sahlsten [58].

C
Ei E
q

Theorem 1.5. Let ® = {z — fo(x) = 140z +ta},c 4 be an affinely irreducible self-similar IFS
log |ra|
log [y
similar measure for this IF'S has polylogarithmic Fourier decay.

such that two contractions have log-contraction ratio which is Diophantine. Then every self-

Remark 1.6 (Optimality of Theorem 1.5). We emphasize that we do not impose any separation
assumptions on the IFS in Theorem 1.5. Moreover, the affine irreduciblility assumption appearing in
this theorem is necessary. Indeed, if it is not satisfied, then any measure supported on the invariant
set of @ cannot be Rajchman as such measure will be supported on a finite union of proper invariant
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affine subspaces. Finally, in the upcoming article 70|, Paukkonen, Sahlsten, and Streck construct
an inhomogeneous self-similar measure in R, satisfying the assumptions of Theorem 1.5, for which
there exists C' > 0 and a sequence of frequencies (§,) tending to infinity such that for all n € N
one has C~! < |1i(&,)]\/1log [€,] < €. Thus, polylogarithmic Fourier decay is the best rate of decay
possible under the assumptions of Theorem 1.5.

It is also possible to use the Diophantine properties of the orthogonal matrices in our IFS to
prove Fourier decay results. Before stating our result in this direction we need to introduce some
notation. Given a matrix O € SO(2), then O acts on R? by rotating anticlockwise by 276 for some
0 € [0,1]. We define 6p to be the unique 0 defined this way. Moreover, given a self-similar IF'S
{2 fo(z) = re0qx + to},c 4 acting on R? such that O, € SO(2) for all a € A, we define 0, = 6o, .
We say that a pair of real numbers (61, 62) is Diophantine if there exists C,l > 0 such that for any
non-zero (p,q,r) € Z we have

C

|p01+q92+7“] > YA
max {|p|, |q|}

With this terminology we can state our theorem.

Theorem 1.7. Let ® = {z — fo(x) = 7404 + ta},c 4 be a self-similar IFS acting on R2 such that
O, € SO(2) for all a € A, and there exists two contractions such that (04, 6) is Diophantine. Then
every self-similar measure for this IFS has polylogarithmic Fourier decay.

Remark 1.8. Although we do not pursue this here, we remark that the exponent appearing in our
polylogarithmic rate of Fourier decay provided by our proof of Theorems 1.5 and 1.7 can be made
explicit. Explicit rates obtained in this manner depend only on the Diophantine exponent [ as well
as on the function 7 = 7(e) provided by the polynomial Fourier decay on average hypothesis; cf.
Theorem 1.3. In particular, when the self-similar measure is uniformly affinely non-concentrated,
the proof of Theorem 1.3 provides explicit bounds on the average decay rate 7(e), which in turn
depend only on the non-concentration parameters of . Additionally, in the case of one-dimensional
self-similar measures, arguments of the first author together with Banaji in [12]| can also be used to
provide explicit bounds on 7(e).

1.4. Patterson-Sullivan measures. Our next result concerns Patterson-Sullivan (PS for short)
measures for convex cocompact hyperbolic manifolds. In this setting, the driving mechanism behind
Fourier decay comes from non-linearity of the dynamics. Namely, the fact that the strong stable
and unstable foliations of the geodesic flow are not jointly integrable.

To formulate our result, let I' be a discrete, Zariski-dense, convex cocompact, group of isometries
of real hyperbolic space H*t1 d > 1. Let Ar be the limit set of I" on OH%*! and p be the Patterson-
Sullivan probability measure on Ar; cf. Section 2.2 for detailed definitions. The following is our
main result in this setting.

Theorem 1.9. There exists k > 0 such that the following holds for all ¢ € C?*(OH™!), ¢ €
CY(OHY) satisfying

lelle + [9ller < A, inf |Vl > a,
.IEAF

for some constants a > 0 and A > 1. There exists a constant C = C(A,a,pu) > 1, so that for all
A # 0, we have

/ TN (1) du(x)| < CIAI.
Ar

Theorem 1.9 generalizes prior work of Bourgain and Dyatlov in the case of hyperbolic surfaces
[17] and of Li, Naud, and Pan in the case of Schottky hyperbolic 3-manifolds [55]. These results are
based on Bourgain’s sum-product theory, while the proof of Theorem 1.9 is based on Theorem 1.3,
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which was obtained using purely additive methods. Another feature of our proof of Theorem 1.9
compared to [17, 55] is that it does not require any symbolic coding of the action of T" on Ar.

Remark 1.10. (1) Our proof shows that the rate x provided by Theorem 1.9 depends only on
non-concentration parameters of p in the sense of Definition 1.1. In particular, the rate of
decay does not change upon replacing I' by a finite index subgroup since the measure p
remains the same in this case [76].

(2) PS measures for convex cocompact manifolds are known to be (C,a)-uniformly affinely
non-concentrated [25]. In this language, the exponent of polynomial Fourier decay obtained
in |17, 55| is shown to depend only on the exponent «, while the exponent provided by
Theorem 1.9 depends on both C' and «. Roughly speaking, this difference comes from the
fact that the rates provided by Bourgain’s sum-product theorem depend only on «, while
those provided by the flattening theorem, Theorem 1.3, depend on both C and «. On the
other hand, the flexible nature of Theorem 1.3 enables our unified approach to the variety of
different settings considered in this article. It is thus of interest to strengthen Theorem 1.3
to remove such dependence on the constant C'; cf. Remark 1.23 for further consequences.

To keep the presentation clear, we restricted our setup to the case of convex cocompact groups.
Using the recurrence results obtained in [51], the proof of Theorem 1.9 can be adapted to handle
the general case of geometrically finite manifolds.

Theorem 1.9 has immediate applications in the setting of Fractal Uncertainty Principles. We will
explain this in detail in Section 1.7.2.

1.5. Gibbs measures for self-conformal iterated function systems and their subshifts.
Next, let us consider the problem of studying Fourier transforms of iterated function systems ¢ =
{fa}aca for general C? contractions f, : [0,1]¢ — [0,1]%, a € A, where d > 1. In this context, we
say that an iterated function system is conformal if for every a € A and z € [0,1]¢ the Jacobian of
fa evaluated at x satisfies

Dxfa = )\a(x)Oa(x)
for some Ao(z) € (—1,1) \ {0} and Oy(z) € O(d), i.e. an iterated function system is conformal
if, for every a € A and x € [0,1]%, the Jacobian is a similarity map. Given x € [0,1]? and
a=(ay,...,an) € A", we also define
Aa(z) = H Aa;(faiir,an (2))-
i=1
It follows from the chain rule that
[Aa(@)| = | Dz fall

for any a € U | A" and z € [0, 1]<.

In this context, we will prove Fourier decay results for Gibbs measures associated to subshifts of
finite type and C! potentials. This framework incorporates self-similar measures. However, instead
of using the number-theoretic properties of an IFS, this section will focus on how the non-linearity
within the IFS can be used to prove polynomial Fourier decay. Such an assumption rules out
self-similar measures.

1.5.1. Background. The idea that the non-linearity present within an IFS can be used as a tool for
proving Fourier decay is well-established within the literature. In the case d = 1, the first result in
this direction was due to Kaufman [49]. For each N € N, he considered the set By consisting of
those badly approximable numbers whose digits in the continued fraction expansion are bounded
above by N. Kaufman proved that By supports a measure that has polynomial Fourier decay for
N > 3. This result was later extended by Queffélec and Ramaré [73] to the case N = 2, and later
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to the case of more general invariant measures for the Gauss map by Jordan and the third author
[45].

In [17], Bourgain and Dyatlov introduced a new method to study Fourier transforms of measures
using ideas from Additive Combinatorics. They applied this method to prove polynomial Fourier
decay for Patterson-Sullivan measures for limit sets of Fuchsian groups. This method was subse-
quently refined by the third author and Stevens [80], and applied to a more general class of iterated
functions systems.

In recent years, more substantial progress has been made in this one-dimensional setting. In
particular, the first and third authors in [13], and Algom, Rodriguez-Hertz, and Wang [5], estab-
lished polynomial Fourier decay for a large class of self-conformal measures without any separation
assumptions on the underlying IFS. These results were recently built upon by the first author and
Banaji [12], and by Algom et al. [2], who independently proved that if an IFS consists of analytic
contractions one of which is not an affine map, then every self-conformal measure has polynomial
Fourier decay.

In an as yet unpublished work, Avila, Lyubich and Zhang [10] proved polylogarithmic Fourier
decay for certain measures coming from C'* iterated function systems. We also refer the reader
to the papers [3, 4] for further results in this direction. In higher dimensions, we know far less.
A result of Leclerc [53| gives sufficient conditions for the Julia set of a hyperbolic rational map to

support a measure with polynomial Fourier decay. More recently, a generalization of the results
of [13, 5] was obtained in [6] for irreducible C*-IFSs in dimension d = 2.

1.5.2. Statement of results. As mentioned above, our results hold under a spectral gap hypothesis
on the underlying conformal IFS. To properly formulate this result, we need to introduce some
preliminaries.

Let ® = {fa}aca be an iterated function system. As the maps are contracting, there exists a
unique non-empty compact set satisfying the relation

Xo = | fu(Xe).

acA
For each a € A we let X, = f,(X). We say that ® satisfies the strong separation condition if
X.NXy = 0
for distinct a,b € A. Xg can be viewed as the image of the full shift AN under the map 7 : AN — Xg
given by
m(a) = lim (fo, -+ 0 fa,)(20),
n—oo
where x¢g € Xg is an arbitrary point. By considering a small neighborhood of each X, it can be

shown that under the strong separation condition for each a € A there exists an open set U, C R¢
satisfying the following properties:

e U,NU,=0fora+#b

o If we let U := Uze U, then f,(U) C U, for each a € A.
In what follows, when an IF'S satisfies the strong separation condition we will fix a choice of U, for
each a € A and a corresponding U.

Given a #A x #A matrix A taking values in {0, 1} we can define the associated subshift of finite
type to mean the subset ¥4 C AN given by

YA = {(CL@) € A>: A(ai,aiﬂ) = 1}

Thus each such matrix A defines a compact subset X4 C Xg via the projection X4 = w(X4). We
will always assume that X 4 is topologically mixing, this is equivalent to A™ > 0 for all n sufficiently
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large. We write W4 as the set of all admissible words, that is, words that exist as a prefix of any
word in X 4. Given a = (ay,...,a,) € W4 we define

X2 =n({(b;)) €S :b1,...b, =a}).

When the choice of matrix A is implicit, we will by an abuse of notation write X, instead of X,f.
Given a,b € W4 we write a ~» b if ab € Wj. Let us assume that ® satisfies the strong separation
condition, given a point x € U then x € U, for some unique b € A, we write a ~»  for a € Wy if
a~b.

Given a subshift of finite type ¥4 and a C' function ¢ : U = R, if x € U, a € A and a ~ =,
then we define wq(z) = e?e(*)) More generally, given a = (a1,...,a,) € Wy such that a ~ z, we

define wa(z) = X5=0 Wlaji1-an(®) We define the pressure of 1 to be

P(¢) = lim llog( Z sup wa(x)>.

n—oo n .
acAmacW, TEY g:a~T

For a proof that the pressure of a C! function always exists see [95]. For each 1, there exists a unique
probability measure p,, supported on X4 called the Gibbs measure of ). The defining property of
this measure is that it satisfies the Gibbs condition: There exists C' > 0 such that for all a € Wy
and x € X4 satisfying a ~» x we have

pp(Xa)
wa(x)enp(w)

Gibbs measures are well studied within the ergodic theory community. See [20] and [67] for a more
thorough introduction to these measures.

Given a conformal IFS & satisfying the strong separation condition, a subshift of finite type X 4
and a C! potential ¢ : U — R satisfying P(¢0) = 0, we define the twisted transfer operators L,
b € R, by the formula

Liph(z) =Y wa(@)|a(@)[*h(fa(x)), heC(U),z e,
acA

a~~>x

c1t < <C. (1.4)

in the Banach space C™*(U) of differentiable functions equipped with the norm
supgey || Dah|
0]

Definition 1.11. Let ®, ¥4, and ¢ be given. We say that (®,%4,) has a spectral gap if there
exists 0 < p,v < 1 such that for all large enough |b|, n € N and h € C1*(U), we have

[1Liphllo << p"[b]7[| b

Our main result in this section is the following general theorem.

[1llo := [[72]] oo +

Theorem 1.12. Let ® be a conformal IFS satisfying the strong separation condition, let X4 be a
subshift of finite type, and let ¢ be a C' potential satisfying P()) = 0. Assume that (®,%4,v) has
a spectral gap and suppose that py s uniformly affinely non-concentrated. Then, p, has polynomial
Fourier decay.

To the best of the authors’ knowledge, Theorem 1.12 is the first polynomial Fourier decay result
for self-conformal iterated function systems and Gibbs measures in arbitrary dimensions.

It is a well established fact that a suitable uniform non-integrability (UNI) condition can imply
the existence of a spectral gap for a twisted transfer operator. See for instance the works of Naud
[64] and Stoyanov [87, Theorem 1.1] who adapted Dolgopyat’s method [28] to prove spectral gap
results. We also refer the reader to the works of Avila, Gouézel and Yoccoz [9], Sarkar-Winter [81]
and Li-Pan [56] for similar spectral gap results. The uniform non-integrability condition we will
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work with is the following definition. It is inspired by the UNI condition introduced by Li and Pan
[56, Lemma 4.5] in the context of Patterson-Sullivan measures.

Definition 1.13 (UNI). Let ® be a conformal IFS satisfying the strong separation condition and
Y4 be a subshift of finite type. We say that the pair (®,X 4) satisfies the Uniform Non-Integrability
(UNI) condition if there exists €9 > 0 such that the following holds for infinitely many n € N: There
exists € X4 such that for any unit vector e € R? there exists aj,as € W4 N A" such that:

e We have
|9e (log |Aa, ()| — log |Aay (7)])| > €o-

e a; ~ x and ay ~ .

Roughly speaking, the UNI condition holds if for infinitely many n one can find an x € X 4 at
which we can observe non-linearity in all directions. We include some further discussion on this
definition and some examples of iterated function systems satisfying it at the end of this subsection.
The significance of our UNI condition is demonstrated by the following proposition.

Proposition 1.14 (Spectral gap). Let ® be a conformal IFS satisfying the strong separation con-
dition and ¥4 be a subshift of finite type. Suppose that (®,¥4) satisfies the UNI condition, then
for any Ct potential ¢ satisfying P(y) = 0, there exists 0 < p < 1 such that for all large enough |b|,
n €N and h € CY*(U), we have

1£5hlls << o™ (B2 ]]5.
In particular, if (®,%4) satisfies the UNI condition, then for any C* potential ¢ satisfying P(1)) = 0
the triple (®,%4,1) has a spectral gap.

The proof of Proposition 1.14 is provided in Appendix C. Our proof of Proposition 1.14 relies
heavily on arguments due to Li and Pan [56], and to Naud [64].

Given a Gibbs measure pi,, associated to some C' potential 1, it can be shown that [y is the
Gibbs measure for another C' function v that satisfies P(v)’) = 0. Combining this observation with
Theorem 1.12 and Proposition 1.14 yields the following statement.

Theorem 1.15. Let ® be a conformal IFS satisfying the strong separation condition and ¥4 be a
subshift of finite type. Suppose that (®,34) satisfies the UNI condition. Then any Gibbs measure
y that is uniformly affinely non-concentrated has polynomial Fourier decay.

In [56] Li and Pan introduced the following seemingly stronger uniform non-integrability condi-
tion: there exists r > 0 and ¢y > 0 such that for any large n € N, any x € X4 and unit vector
e € R?, there exist aj,as € W4 N A" such that:

e For all y € B(z,r) we have

|0c (log |Aa, ()] — log [Aay (y)])] = €0

e For all y € B(z,r) we have a; ~ y and ag ~ y.
This condition and our UNI condition are in fact equivalent. We include a proof of this fact in
Appendix D. This proof follows an argument of Avila, Gouézel and Yoccoz [9]. It will be this latter
condition that we will use in Appendix C during our proof of Proposition 1.14.

Remark 1.16. (a) Our proof of Theorem 1.12 relies on showing that the derivatives arising
from our IFS satisfy a non-concentration property. We prove that this property holds using
our spectral gap assumption. A similar non-concentration statement is needed in the proof
of Theorem 1.9. However, in our proof of Theorem 1.9 we do not use a spectral gap for
the transfer operator and instead use explicit formulas for the derivatives directly. It would
be interesting if the non-concentration of the derivatives in the setting of Theorem 1.12
could be also deduced directly from a suitable UNI condition without using a spectral gap
assumption. We leave this as an interesting problem to pursue.
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(b) In dimension d = 1, Theorem 1.12 was proved in the work of the third author and Stevens
[80], but as in Bourgain and Dyatlov [17], it relied on Bourgain’s sum product theorem.
Here we do not need it, so Theorem 1.12 also gives a new proof in the case d = 1.

(¢) For dimension d = 2, Theorem 1.12 extends the recent work of Leclerc [53], regarding Fourier
dimension of Julia sets, which used a spectral gap result for twisted transfer operators
provided by Oh-Winter [65]. More recently, in dimension d = 2, the spectral gap theorem of
Oh-Winter was generalized in [6] to prove polynomial Fourier decay for stationary measures
for nonlinear C* conformal IFSs without any separation assumptions for the underlying IF'S.
For comparison, Theorem 1.12 only requires the IFS to be C? and it applies in arbitrary
dimensions and to general Gibbs measures.

(d) Theorem 1.15 is a statement that guarantees polynomial Fourier decay for Gibbs measures
assuming the subshift satisfies a non-linearity assumption that is formulated in terms of
the Jacobian matrices {D,f, = A\o(2)Oq()}aca. In particular, we use properties of the
contraction ratios {A,(-)}qe4 to prove our result. In the spirit of Theorem 1.7, it would be
interesting if an analogous result to Theorem 1.12 could be proved using properties of the
orthogonal matrices {Og4(+) }qe.4 instead.

1.5.3. Ezamples. In this subsection, we discuss examples where the hypotheses of Theorems 1.12
and 1.15 are satisfied.

Whether a Gibbs measure satisfies the uniformly affinely non-concentrated property is a well
investigated problem. In the context of the full shift, the simplest example of a Gibbs measure
satisfying this property is when 1 is the geometric potential, ® satisfies the strong separation
condition and dimp(Xg) > d — 1. Under these assumptions it is well known that pu,(B(z,r)) <
rdima(X) for any z € Xg. It is straightforward to apply these properties to prove that [y, satisfies
the uniformly affinely non-concentrated property. In the case of arbitrary Gibbs measures we refer
the reader to [25, 93| and the references therein. In particular, Theorem 1.5 from [93] (see also
Theorem 1.10 from [25]) shows that under natural assumptions on the conformal IF'S and the Gibbs
measure iy, if the attractor of the IFS is not contained in a proper real analytic submanifold of R
then the Gibbs measure p,, will be uniformly affinely non-concentrated.

Turning our attention to our UNI hypothesis, the condition in Definition 1.13 is inspired by the
work of Li and Pan [56], where a similar condition was introduced in the context of PS measures
on limit sets of cusped, geometrically finite, groups of Mobius transformations. In light of the
close relationship between such limit sets and attractors of conformal IFSs, it seems possible to
extend the techniques of the proof of Theorem 1.12 to recover the polynomial Fourier decay result
of Theorem 1.9 as well as its generalizations to other Gibbs measures. To this end, the results of [56]
can be adapted to construct a coding of limit sets of convex cocompact groups using suitable Markov
systems satisfying our UNI hypotheses. As noted before, this method yields worse dependence of the
rates of decay on geometric non-concentration properties of the measure due to our use of spectral
gap results in the proof.

Nonetheless, motivated by this connection, we provide explicit further examples of attractors of
conformal IFSs in R? satisfying the hypotheses of Theorem 1.15. The examples we give are based
on certain involution M&bius transformations on R? (see (1.5) below). We note that, in dimension
d > 3, Liouville’s Theorem (see [44, Chapter 5|) states that any conformal mapping is either of
this form or is a similarity map, so the class of maps in this example is not very restrictive. Our
examples will be formulated in the special case when ¥4 is the full shift AN, but they can easily be
adapted to incorporate more general subshifts of finite type.

Example 1.17. Let ® = {f, : [0,1]¢ = [0,1]}4c4 be a conformal IFS. Assume that ® contains
d + 1 contractions of the form

(1.5)
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where t,, € R%, u,, € R\ [0,1]4, A, € (0,1), and Oy, € O(d). Let us also suppose that the set of
vectors {ual}fill do not belong to an affine subspace of R?. Maps satisfying (1.5) have the following

useful property: Let z € [0,1]? and e € R? be a unit vector. Then for each a; we have

2(x — ugq,, €)

de log [, (2)| = — > (1.6)

|z — ug,
This fact was proved in [56, Lemma 6.75]. It can be shown to hold by a direct calculation. Let us
also assume now that ® contains a similarity given by:

fas ('r) = )\as Oasx + tas

for some t,, € R, \,, € (0,1), and O,, € O(d).

We now bring our attention to proving that the UNI condition is satisfied by any conformal IFS
satisfying the above conditions. Let n € N be arbitrary and € Xg. Then for any unit vector
e € R% and a; we have

Oe (log [Agn—1q,(@)] = log [Aan (x)\) =0, (log /\2:1])\(11. (z)| —log A7)
=0, log |A\g, ()|

B 2(x — ugq,, €)

|J,‘ - uai|2 7

where the final line follows by (1.6). In particular, the expression obtained for e (log [A n-1, (z)| —
log |Aqn ()]) does not depend upon n. Thus, the UNI condition is satisfied if for any unit vector
e € R% we can find a; such that

(x — uq,,e) # 0.

Such an a; has to exist because of our assumption that the set of vectors {u,, ,flill do not belong to
an affine subspace of R

We emphasise that it is possible to choose the contractions in this example in such a way that
dimpg(Xg) > d — 1 and the strong separation condition is satisfied by ®. Thus by the discussion in
above, the Gibbs measure corresponding to the geometric potential would in this case provide an
explicit example where Theorem 1.15 guarantees polynomial Fourier decay.

We end this discussion with several remarks and questions. Firstly, it is easy to check that the
set of C? conformal IFSs satisfying our UNI condition is open, while the above example shows that
this set is non-empty. Moreover, close examination of Example 1.17 suggests that failure of the UNI
condition places algebraic relations among the maps in the IFS. It is thus natural to expect that
our UNI condition holds generically.

This discussion, along with Liouville’s Theorem, raises the following question: Suppose ® is a
conformal IFS acting on R? for d > 3. If ® contains a map of the form described by (1.5), then
must @ satisfy the UNI condition? If this question could be answered in the affirmative, then
Theorem 1.15 would go a long way towards classifying polynomial Fourier decay for Gibbs measures
in dimension d > 3.

Finally, in view of the restriction placed by Liouville’s Theorem on conformal IFSs in dimensions
d > 3, it is natural to consider generalizations of Theorem 1.15 by relaxing the conformality hy-
pothesis to non-algebraic systems provided by Quasiconformal- or Quasireqular Mappings, with the
price of lack of regularity of the distortion function x + log|f!(z)|. The study of such systems has
received a lot of attention in recent years; cf. [43, 62, 66]. In particular, it is of interest to extend
the proofs of Theorems 1.12 and 1.15 to these closely related systems thus yielding a wider source
of examples of polynomial Fourier decay; see Section 1.8.2 for further discussion of this direction.
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1.6. Non-conformal systems. Our techniques also allow us to prove polynomial Fourier decay for
certain stationary measures arising from non-conformal iterated function systems. It is well-known
that such measures are more difficult to analyze than self-similar and self-conformal measures.
Indeed the question of whether such a measure is uniformly affinely non-concentrated is far more
delicate than in the self-similar and self-conformal setting. As such our knowledge of the Fourier
decay properties of stationary measures for non-conformal iterated function systems is far less
extensive.

A result of Solomyak [86] demonstrates that amongst parameterised families of self-affine measures
one should expect a typical member to have polynomial Fourier decay. A result of Li and the third
author [57] established polynomial Fourier decay for self-affine measures when the underlying IFS
satisfies suitable algebraic assumptions. To the best of the authors’ knowledge, our main result
(Theorem 1.19) is the first general result in this setting that establishes polynomial Fourier decay
using the non-linearity within the IFS.

The family of non-conformal IFSs we consider is defined as follows. Suppose that, for each 1 <

i < d, we are given a C? IFS {fél) ta € .Ai} acting on [0, 1]. Given @ = (a1,...,aq) € A1 X -+ X Ay
we define the map

Fa(z, ... xq) = (f (1), o, D (24)).
Using this notation, given any A C Aj X - -- x Ag we can define a new IFS {Fz};. 4 acting on [0, 1]¢.
We will call such an IFS a restricted product IFS.

Given a restricted product IFS {Fz};. 4 and a probability vector p = (pa)aca, We let pp denote
the unique Borel probability measure satisfying

Hp = Z palapp.
acA
We call pp a stationary measure.
In this setting, it is reasonable to expect that if the IF'S is suitably non-linear then every stationary
measure will have polynomial Fourier decay. In this section our notion of non-linearity comes from
the following definition.

Definition 1.18. Let ® = {f,} be a C? IFS acting on [0, 1] with attractor Xe. We say that ®
satisfies the Uniform Non-integrability (UNI) condition if there exists ¢y > 0 such that for all n € N
sufficiently large there exists a,b € A" satisfying

co < |(log | fal —log | f])' ()| ?
for all z € Xg.

The Fourier decay properties of measures arising from iterated function systems satisfying this
UNI condition have been well studied (see [5, 13, 80]). In the context of one dimensional C? iterated
function systems, it is known (see for example [5]) that if an IFS ® cannot be C? conjugated to a
linear IFS, i.e. there exists no C? diffeomorphism h : R — R such that {g, := ho fooh '}ecn
satisfies ¢/ (x) = 0 for all z € X and a € A, then ® satisfies the UNI condition. Using the argument
given in the proof of Proposition D.1 it can be shown that this UNI condition is equivalent to that
given in Definition 1.13 when d = 1. This justifies our terminology. We choose to use this definition
as it coincides with the UNI condition used in [13].

Our main result in this section is the following statement.

Theorem 1.19. Let {Fg}.c 4 be a restricted product IFS. Assume that the following properties are
satisfied:

2This definition often also includes the upper bound |(log |f4| — log|ft]) (z)| < €1 for all € X4 for some € > 0.
However the existence of such an ¢; > 0 follows automatically from the regularity of the underlying IFS. Hence we
omit it.
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(1) For each 1 < i < d, the one-dimensional IFS {féz)} satisfies the strong separation

aE.Ai
condition.
(2) For each @ € A and 1 < i < d, there exists @ € A such that a; = a}; for all j # i and
a; # a.

(3) For each 1 <1i < d, there ezists a € A such that the IFS

{féf) (ay, ... ay) € A, al = a;Vj # 7,}
satisfies the UNI condition.

Then, every stationary measure has polynomial Fourier decay.

To help illuminate Theorem 1.19 we include an example of an IFS satisfying its assumptions: Let

= {f(i,j)(xay) - <517'1|"l,y‘1|—]> : (%]) S {(1,2>,(1,3), (271)7(273)7(371)7(372>}} :

Theorem 1.19 implies that all of the stationary measures for this IFS have polynomial Fourier decay.

Remark 1.20. The significance of defining our restricted product IFSs using products of one-
dimensional IFSs, as opposed to products of d-dimensional IFSs, is that this property will allow us
to disintegrate a stationary measure into an integral of random one-dimensional measures. These
random measures were studied in [13]. In particular, our proof of Theorem 1.19 will rely upon
a result from [13] which establishes a spectral gap for typical random compositions of transfer
operators (see Proposition 6.5). Hence, a higher dimensional generalization of the results in [13]
would lead to a version of Theorem 1.19 for products of higher dimensional IFSs.

1.7. Applications. We now discuss some of the consequences of the results presented here to
equidistribution of vectors in fractal sets and quantum chaos.

1.7.1. Equidistribution of vectors on fractals. The study of Diophantine properties of typical points
in the supports of dynamically defined measures has witnessed considerable activity in recent years;
cf. [26, 84, 27, 42, 72| for instance and references therein.

In dimension one, an underlying principle behind many of the results in the subject can be
summarized as follows: the continued fraction expansion as well as the digit expansions in different
bases of a typical point should be independent of one another. Higher dimensional results also echo
analogous principles.

This principle is exemplified by the following results. Host’s theorem [42], and its generalization
in [40], assert that if multiplicatively independent integers p,q € N and a xp-invariant and ergodic
measure g on [0,1) of positive entropy are given, then the xg-orbit of p-almost every point is
equidistributed with respect to Lebesgue measure; see also [39] for a Fourier analytic proof of this
result.

A second example is given by a result of Simmons and Weiss [84] asserting that if p is a non-
trivial self-similar measure on [0, 1), then the orbit of p-almost every point under the Gauss map is
equidistributed towards the unique absolutely continuous Gauss measure.

Much less is known in higher dimensions. In [84], the authors obtain higher dimensional analogues
of their aforementioned results for the Gauss map. In [27] Dayan, Ganguly and Weiss show almost
sure A-normality for certain self-affine measures with linear parts given by negative powers of A and
satisfying additional Diophantine conditions on their translation parts. In both cases, the results
are based on measure rigidity results for certain random walks on homogeneous spaces.

In this vein, Fourier decay has provided an important avenue for obtaining new results for mea-
sures that are not amenable to analysis by other methods. Most notably, in [26]|, Davenport, Erdds,
and LeVeque (DEL) showed that any® probability measure p on R? with polylogarithmic Fourier

3The reference [26] considered the case of dimension 1, see Appendix A for a proof in dimension d > 2.
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decay has that p-almost every x is A-normal with respect to any expanding integer matrix A, i.e.,
the orbit (A™z),en is equidistributed in the torus R?/Z¢ when reduced mod 1; cf. [72] for a recent
extension of this result. Here, a matrix is expanding if its determinant has modulus larger than
one. In light of this criterion, our results provide numerous new examples where the above principle
holds.

Corollary 1.21. Let p be any of the measures in the Theorems 1.5, 1.7, 1.9, 1.12 or 1.19. Then,
we have that p-almost every x is A-normal with respect to any expanding integer valued matriz A.

We also note that Corollary 1.21 opens the possibility of generalizing the results of [72]| to higher
dimensions.

1.7.2. Fractal Uncertainty Principles, spectral gaps, and scattering resonances. Our next application
concerns essential spectral gaps for Laplacians on convex cocompact hyperbolic manifolds. To
properly place our results in context, we introduce the relevant notions and previous progress on
this problem.

Let T be a convex cocompact subgroup of Isom™ (H%!), d > 1, and denote by M the quotient
manifold HA4H /. As before, we let dr denote the Hausdorff dimension of the limit set Ap of I'. We
let Ajs denote the Laplace-Beltrami operator on M and for A € C with sufficiently large imaginary
part, we define the resolvent of Ays by R(\) := (—=Apy — %2 —A?)~ L

A topic of very active interest concerns meromorphic continuation of the analytic family of op-
erators A — R(\) as well as the existence and location of its poles. Results of this type have
important applications to rates of decay of solutions to wave equations in quantum chaos as well as
to rates of decay of correlation in the field of hyperbolic dynamics. We refer the reader to [32] for
an introduction to the modern aspects of the topic.

In this regard, Patterson-Sullivan theory based on studying fractal geometric properties of PS
measures supported by Apr provides a powerful method for establishing such results. It follows
from this theory that R(\) is well-defined and analytic on the domain Im(\) > —fpg, for Sps =
max {0,d/2 — or}. Moreover, A\ = —fpg is the only pole for R(\) on the line A = —f8pg. The
constant Spg is referred to as the Patterson-Sullivan (PS) gap. We say that R(\) has an essential
spectral gap of size B > Bpg if R(\) admits a meromorphic continuation with at most finitely many
poles to the domain I'm(\) > —p.

The topic of producing essential spectral gaps and studying their dependence on geometric invari-
ants of the underlying manifold has received considerable interest in recent years. When op < d/2,
Naud [64] in the case d = 1 and Stoyanov [87]| in higher dimensions proved the existence of an
essential spectral gap using a refinement of the Dolgopyat method [28]. In a major breakthrough,
Bourgain and Dyatlov [18] produced an improvement over the PS gap in the regime ér > d/2 and
d = 1 using tools from harmonic analysis by proving a Fractal Uncertainty Principle for Ahlfors-
David regular sets (see the definition (1.7) below). Extending the results of [18] to higher dimensions
remains a major open problem, due to counterexamples arising from affinely concentrated sets [29].
See the work by Cohen [23] for a recent breakthrough on this question and e.g. related works
[11, 8, 22, 37].

In [31], Dyatlov and Zahl introduced the notion of Fractal Uncertainty Principle (FUP) that
provides a way to produce essential spectral gaps with explicit dependence on the geometry of M.
We recall this notion here. Two sets X,Y C R? are said to satisfy the generalized FUP with exponent
B > 0 if for any open set U C R? x R%, compact subset V C U, smooth functions ® € C3(U,R) and
G € C'(U,C) satistying supp(G) C V and [|®|cs + [|Gllcr < Coq, inf |07, ®| > Cp s, for some
constant Cp ¢ > 0, then for any 0 < p <1 and h < 1, we have 7

11 x (o) B(h) Ly (1o || 2 ) s L2 ety < CRP, (1.7)
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where B(h) is the Fourier integral operator defined by

Btu(e) = G [ ew () Glopputy) i

for all u € L2(RY) and = € R?. In [31], it is shown that if the generalized FUP holds for X =Y = Ar
with some exponent 5 > 0, then there is an essential spectral gap of size 8 > 0. In particular, it
follows from their results that if dp < d/2 and pr has polynomial Fourier decay with rate x > 0, then
the generalized FUP holds with exponent 5 = Spg + €, for a constant € > 0 depending explicitly
on k.

When d = 1, using Dolgopyat’s method [28], Dyatlov and Jin [30] proved that Ar satisfies a
generalized FUP with exponent § = (Spg + ¢ for a constant ¢ > 0 depending on the Hausdorff
dimension of the limit set dr and the Ahlfors-David regularity constant Cr of the PS measure ur.
Here, Cr > 1 is a constant satisfying

Cr'rT < pr(B(x,r)) < Cpr’t, 1> 0,2 € supp(p). (1.8)

Dependence on such constants is a byproduct of the use of Dolgopyat’s method.

To remove the Cr dependency, Bourgain and Dyatlov [17] proved that, in the case d = 1, the PS
measures have polynomial Fourier decay with a rate depending only on the Hausdorff dimension
Or. When dpr < 1/2, this in particular produced an essential spectral gap of size independent of the
constant Cp. Their proof used Bourgain’s sum-product theorem as well as the non-linearity of the
action of I' on its limit set Ar by Mdébius transformations. See also [55] for an extension of this
result to the case of Schottky Kleinian groups in the case d = 2.

In higher dimensions, Backus, Leng and Tao [11] generalized the work of Dyatlov and Jin [30]
using Dolgopyat’s method [28]. They obtained an improvement over the PS gap that depends on
the non-concentration properties of ur as well as the upper doubling constant constant Cp of the
PS measure. Here, Cp > 1 is a constant such that

:UF(B(xa QT)) < CDMF(B(xvr))a r>0,z¢€ supp(,u).

Note that we can always choose C'p < 20r C?2, where Cr is as in (1.8). See also [22] for related results
by different methods. However, the question of producing an improvement that is independent of
such constant & la Bourgain and Dyatlov remains open in higher dimensions.

Now, the advantage of Theorem 1.9 is that it relies on the L2-flattening theorem and non-
concentration estimates for PS measures while avoiding Dolgopyat’s method. In particular, we are
able to produce an improvement over the PS gap that is independent of the doubling constant Cp.

Corollary 1.22. Let I' be a discrete, Zariski-dense, convex cocompact, group of isometries of real
hyperbolic space H*1, d > 1. Assume p < d/2. Then there exists € > 0 such that the limit set
Ar satisfies the generalized Fractal Uncertainty Principle with exponent f = % — 0r + € and that
there exists an essential spectral gap of size % — dr +e. Here € depends on the constants C' and o
such that the Patterson-Sullivan measure ur is (C, a)-uniformly affinely non-concentrated, but not
on the doubling constant Cp.

Remark 1.23. Corollary 1.22 is a partial generalization of the results of Bourgain and Dyatlov to
higher dimensions. A full generalization requires the removal of the dependence on the constant C
coming from uniform non-concentration. This can be achieved by removing the dependence of the
function 7(e) in the flattening Theorem 1.3 on C.

1.8. Generalizations and future directions. We end the introduction with some discussions of
possible generalizations and future directions this work could take.
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1.8.1. Lower regularity. Firstly given the interest in quantum chaos problems in variable curvature
[32], it would be interesting to obtain generalizations of our Fourier decay and FUP results for
Patterson-Sullivan measures in this context, where one has to contend with the additional difficulty
arising from lower regularity of the dynamics. In a similar vein, our proof of Theorem 1.12 is re-
stricted to C? IFSs, so it would also be interesting to have polynomial decay for C1** self-conformal
IFSs, possibly using methods of Tsujii-Zhang [92|. The problem of studying lower regularity also
relates deeply to the UNI condition we use and going beyond the conformal category, which we
discuss below.

1.8.2. UNI condition and Julia sets in quasireqular dynamics. Given that Liouville’s theorem on
the rigidity of conformal maps in dimensions d > 3, in developing analogues of complex dynamics
in higher dimensions, the study of analogues of this theory for wider classes of maps known as
quasiconformal- and quasiregular maps has received considerable interest; see e.g. [44, 62, 66, 47, 48]
and references therein. In dimension d = 2, by a result of Oh and Winter [65], if f : S? — S? is a
hyperbolic rational map, then 7 = log | f’| satisfies a Non-Local Integrability property on the Julia
set J; (which is related to UNI, see [64, Proposition 5.5|) if and only if f is not conjugated to the
power map z +— 2% for any integer d # 0. This was adapted by Leclerc [53] to prove polynomial
Fourier decay for equilibrium states on Julia sets for such rational hyperbolic maps not conjugated
to z — 2%,

In dimensions d > 3, analogues of hyperbolic rational maps are given by Uniformly Quasiregular
(UQR) Maps f: M — M on a Riemannian manifold M |66, 43]. These maps are known to have
a fractal Julia set only when M is a rational homology sphere [47]. In this situation in d = 3,
the analogues for the power maps z +— 2% come from certain Lattés map constructions [62]. In
particular, it is natural to expect that maps not conjugated to such Lattés maps provide a potential
source of Julia sets with equilibrium states having polynomial Fourier decay. However, the problem
with UQR maps is that they no longer satisfy the smoothness properties, which would allow us
to define e.g. the UNI condition using d log|f’| as log|f’| is not generally even Holder. Similar
complications also appear in the case of Thurston maps of S?, where Li and Zheng [59] generalized
the work of Oh and Winter with a notion of a-strong non-integrability condition allowing them
to prove a spectral gap theorem. It would be an interesting problem to pursue these notions in
dimensions d > 3 for Julia sets of UQR maps in order to prove and classify Fourier decay for the
equilibrium states for these systems.

1.8.3. Non-conformal measures. In a different direction, it would be interesting to extend our meth-
ods to obtain rates of decay for self-affine measures recovering and generalizing [57]. Similarly, it
would be interesting to see if the L? flattening approach could improve the results on polynomial
decay for Furstenberg measures on projective spaces arising as stationary measures for random
matrix products in the cases that have not yet been studied.

1.8.4. Self-similar measures. Given that we are able to get polylogarithmic Fourier decay for a wide
class of self-similar measures, this raises the question of whether our method can be pushed to obtain
polynomial decay for self-similar measures beyond known cases, see |79 for further discussion of the
existing examples.

1.8.5. Beyond stationary measures. Finally, going beyond the deterministic category, there has re-
cently been a lot of activity in the study of Fourier decay properties of randomly defined measures
such as spatially independent martingales [83], Liouville Quantum Gravity [34], random multiplica-
tive cascades [36] and random Cantor measures in the study of Fractal Uncertainty Principles [38].
It would be interesting to explore whether the statistical multiscale structure of these measures can
be be used as a substitute for Step 1 in our strategy towards studying rates of Fourier decay.
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1.9. Organisation of the article. For convenience of the reader, the proofs of the results for
different classes of measures appearing in the introduction are presented in such a way that they
can be read independently of one another.

After collecting general preliminaries and notations in Section 2, we prove Theorems 1.5 and 1.7
in Section 3. Section 4 is dedicated to the case of Patterson-Sullivan measures where we prove
Theorem 1.9. In Section 5, the general non-linear self-conformal case is established and, finally, in
Section 6, we address the non-conformal case.

The reader will find that the overall structure of the proof in the case of self-similar, self-conformal,
and non-conformal systems is very similar due to the presence of a natural underlying symbolic
coding of the dynamics. In the case of PS measures, we do not rely on any coding and instead prove
Theorem 1.9 directly using dynamics of the geodesic flow as a substitute for the shift. However, the
strategy remains the same in all cases.

The article has four appendices establishing for completeness some results not readily available in
the literature. In Appendix A, we prove a higher dimensional generalization of the Davenport-Erdds-
LeVeque criterion for equidistribution which yields Corollary 1.21 when combined with our results
on Fourier decay. Appendix B is dedicated to the proof of an auxiliary estimate on multinomial
distributions required for the proof of the self-similar case. In Appendix C, we provide a proof of
Proposition 1.14 on the spectral gap of twisted transfer operators. Finally, in Appendix D we prove
Proposition D.1 which establishes equivalence of the UNI criterion we use to the one introduced by
Li and Pan [56] in their work on exponential mixing.
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2. PRELIMINARIES
In this section, we collect some notation and technical results that we use throughout the article.

2.1. Preliminaries for iterated function systems and thermodynamic formalism. Given
a finite set A we let A* = US2 A" denote the corresponding set of finite words. Given a =
(a1,...,a,) € A* we let |a|] denote its length and let a— = (ay,...,a,—1) denote a with the last
digit removed. Given a,b € A* we let a A b denote the maximal common prefix of a and b. We
define a A b analogously for a,b € AN,

Suppose now that we are given an IFS {fq},c 4 then given a = (a1, ..., a,) € A* we let

fa:falo"'ofan~
Suppose in addition that our IFS consisted of similarities so f,(x) = 1,04z +t, for some |r,| € (0, 1),
O, € O(d) and t, € R?, then given a = (ay,...,a,) € A* we let

n
rq = HTai and  Oa =0y, -+ O,
i=1
Similarly, suppose we are given a probability vector p = (pg)qec4 then we for any a € A* we let
n
pa - Hpal
i=1
Suppose now that {f,},c 4 is a C? conformal IFS acting on [0, 1]%. Then, there exists C' > 0 such

that
| Dz fa — Dyfall < Cllz — vy
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for all z,y € [0,1]? and @ € A. Moreover, we have the following stronger statement that follows
from [7, Lemma 7.3|.

Lemma 2.1. Let {fo},c4 be a C? self-conformal IFS acting on [0,1]. Then there exists C > 0
such that

Do fa — Dyfall < C sup |[D:fallllz -yl
z€[0,1]¢

for all x,y € [0,1]% and a € A*.

Lemma 2.1 will play a crucial role in this paper when we want to linearize a function f,. We also
have the following well known result [69, Lemma 2.2]

Lemma 2.2. Let {fo},c4 be a C? self-conformal IFS acting on [0,1]. Then there exists C > 0
such that for any a € A* we have

C~'Diam(fa([0, 1]?) < ||Ds fall < CDiam(fa([0,1]9)
for all z € [0,1)%.

We also recall some useful properties of Gibbs measures. Suppose 1 : U — R is a C! potential
satisfying P (1) = 0. Under this assumption it can be shown that a Gibbs measure p.,; satisfies the
following invariance property:

[odis = [ 3 wawig(fala)) du 2.)
a~~x
for all g : X4 — C continuous. For a proof of (2.1) in the symbolic setting we refer the reader to
[67]. Using the Gibbs property (1.4), it can be shown that Gibbs measures satisfy the following
quasi-Bernoulli property. Let a,b € W4 be such that ab € W,. Then, there exists C' > 1 such
that

C™ iy (Xa) 1y (Xp) < prp(Xab) < Cpig(Xa) i (Xb)- (22)

2.2. Preliminaries on Patterson-Sullivan measures. We collect here some preliminary facts
needed for the proof of Theorem 1.9.

2.2.1. Convex cocompact manifolds. The standard reference for the material in this section is [19].
Let G denote the group of orientation preserving isometries of real hyperbolic space, denoted H+!,
of dimension d > 1. In particular, G = SO(d + 1,1)°.

Fix a basepoint o € H%!. Then, G acts transitively on H"! and the stabilizer K of o is a
maximal compact subgroup of G. We shall identify H?+! with K\G. Denote by A = {g; : t € R} a
one parameter subgroup of G inducing the geodesic flow on the unit tangent bundle of H4*!. Let
M < K denote the centralizer of A inside K.

Let I' < G be an infinite discrete subgroup of G. The limit set of I', denoted Ar, is the set of
limit points of the orbit T'- 0 on H%!. Note that the discreteness of I implies that all such limit
points belong to the boundary. Moreover, this definition is independent of the choice of 0 in view of
the negative curvature of Ht!. We often use A to denote Ar when I' is understood from context.
We say I is non-elementary if Ar is infinite.

The non-wandering set for the geodesic flow, denoted by Q@ C G/T, is the closure of the set of
periodic A-orbits. We say T' is convexr cocompact if Q is compact, cf. [19]. Denote by NT (resp.
N7) the expanding (resp. contracting) horospherical subgroup of G associated to g4, t > 0.

Given g € G, we denote by g the coset of P~g in the quotient P~\G, where P~ = N~ AM is
the stable parabolic group associated to {g; : ¢ > 0}. Similarly, g~ denotes the coset PTg in PT\G.
Since M is contained in P*, such a definition makes sense for vectors in the unit tangent bundle
M\G. Geometrically, for v € M\G, v* (resp. v™) is the forward (resp. backward) endpoint of the
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geodesic determined by v on the boundary of H!. Given 2 € G/T, we say 2% belongs to A if the
same holds for any representative of x in G; this notion being well-defined since A is I' invariant.

2.2.2. Patterson-Sullivan measures. The critical exponent, denoted dr, is defined to be the infimum
over all real number s > 0 such that the Poincaré series

Pr(s,0) =Y e o) (2.3)

~vel

converges. This exponent coincides with the Hausdorff dimension of the limit set as well as the
topological entropy of the geodesic flow on the quotient orbifold H¥+!/T'. We shall simply write §
for ot when I'" is understood from context.

The Busemann function is defined as follows: given x,y € H*! and ¢ € OHAT!, let v : [0,00) —
H*! denote a geodesic ray terminating at & and define

Beay) = Jim dist(z, (1)) — dist(y, (1)),

A T-invariant conformal density of dimension s is a collection of Radon measures {r,;} on the
boundary indexed by = € H%! which satisfy the following equivariance property:

dvy

y (&) = e~ *Pe@y) Ve,y € HOtL ¢ € OHIT! ~ e T.
VZE

ValVp = Uz, and
Patterson [68] and Sullivan [89] showed the existence of a unique (up to scaling) I'-invariant
conformal density of dimension dr, denoted {,ugs 1T € Hd“}. These measures are known as the
Patterson-Sullivan measures (PS measures for short). We refer the reader to [75] and [71] and
references therein for details of the construction in much greater generality.

2.2.3. Stable and unstable foliations and leafwise measures. Recall that we fixed a basepoint o €
H4*1. In what follows, we use the following notation for pullbacks of the Patterson-Sullivan measures
to orbits of N under the visual map: for x € G/T,

dpt(n) = Moot 1D S () ). (2.4)

These measures have simpler transformation formulas under the action of the geodesic flow and N+
which makes them relatively easier to analyze than the Patterson-Sullivan measures directly. In
particular, they satisfy the following equivariance property under the geodesic flow:

Mo = € Ad(ge)wpily- (2.5)
Moreover, it follows readily from the definitions that for all m € N T,
() ting = K (2.6)

where (n).u?, is the pushforward of ¥, under the map u +— wun from N7 to itself. Finally, since
M normalizes N, these conditionals are Ad(M )-invariant in the sense that for all m € M,

e = Ad(m).pl. (2.7)

2.2.4. Norms, metrics, and Lie algebras. We denote by n* and n~ the Lie algebras of N* and N~
respectively. We fix an isomorphism of n* and n~ using a Cartan involution sending g; to g_;.
Moreover, we fix an isomorphism of n* (and hence of n~) with R?. Finally, we fix a Euclidean inner
product on R? 2 nt 22 n~ denoted with (-,-) which is invariant by the Adjoint action of the group
M = SO4(R) and induces the respective metrics on the groups N* and N~. Given r > 0, we let
N,t (resp. P.) the neighborhood of identity of radius r inside N (resp. P~ := MAN™).
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2.2.5. Local stable holonomy. In this section, we recall the definition of (stable) holonomy maps
which are essential for our arguments. We give a simplified discussion of this topic which is sufficient
in our homogeneous setting. Let = u~y for some y € € and v~ € N, . Since the product map
N™x Ax M x Nt — @ is a diffeomorphism near the identity, we can choose the norm on the Lie
algebra so that the following holds. We can find maps p~ : N; — P~ = N"AM andu* : Nt — N+
so that

*(n), Vn € Ny . (2.8)
Then, it follows by (2.4) that for all n € N, we have
dpiy(u* () = e CTOWID gt ()

Moreover, by further scaling the metrics if necessary, we can ensure that these maps are diffeomor-
phisms onto their images. In particular, writing ®(nz) = u*(n)y, we obtain the following change
of variables formula: for all f € C(N,),

/ f(n) dp(n) = / F((h) " (n))e e tom s (T gy (2.9)

Remark 2.3. To avoid cluttering the notation with auxiliary constants, we shall assume that the
N~ component of p~(n) belongs to N, for all n € NJ© whenever u~ belongs to N; .

nu” =p (n)u

2.3. Notational convention. Throughout this article, given two quantities A and B we will write
A < B if there exists a constant C' > 0 such that A < C'B. When we want to emphasize that C
depends on another quantity, say x, we write A <, B. We also write A = O(B) to mean A < B
and A = O,(B) to mean A <, B. When A < B and B < A then we write A < B.

3. SELF-SIMILAR MEASURES: PROOF OF THEOREMS 1.5 AND 1.7

3.1. Sketch of the proof. Before giving the proof of Theorems 1.5 and 1.7, we provide a sketch
of the argument. The ideas underpinning this argument are also used in our later proofs. Suppose
that our IF'S is acting on R and consists of two maps { fo(z) = rex + tq, fo(x) = ryx + tp} . Moreover
suppose that C,[ > 0 are such that

l

log |ra| p‘ e

log|rs| q| ™ q
for all (p,q) € Z x N. Let £ € R be given. We define the following cut-off set
¥ Gogle)® 7T (o Uoglig)®

Ac:i=Sac A" [[Ire,| < =5 and ] Ire,| = — 42—
iU e iU el
Appealing to the self-similarity of u it can be shown that

(&) < D palfi(ral)| (3.1)

aG.Ag

The significance of (3.1) is that it bounds |f(£)| from above by an average of |fi(-)| evaluated at
different frequencies.

At this point, we can employ our Diophantine assumption to show that |ra — rp&| < 1 if and
only if r4 = rp. This implies that the frequencies we are averaging over in (3.1) form a large well
separated set. It is a consequence of this well-separated property and Theorem 3.5 below that the
term |fi(ra)| decays polylogarithmically in |£]. The contribution to ), A Palii(ra&)| coming from
those remaining terms can be bounded by a probabilistic argument.

What makes this argument more challenging in the full generality of Theorem 1.5 is that to
meaningfully apply the Diophantine assumption to bound the distance between r,||£|| and ry, |||
for some & € R? we require the products determining 7, and rp, to have the same number of
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contractions coming from digits belonging to A \ {a,b}. This issue is overcome by a suitable
conditioning argument.

3.2. Proof of Theorem 1.5. We fix £ such that ||£|| > 1. Let a;, a2 € A be such that log|ra, | jq

log [Tas |

Diophantine. Let [ > 2 and C' > 0 be the corresponding parameters such that

log |rq, | _ p’ > ¢
log|ra,|  q| ~ ¢
for all (p,q) € Z x N. We define
¢ _ logllel)”
€]

Given a word a € A* and a € A we let
lalo =#{1<j<|a]:a; =a}.

At this point we fix J, € > 0 to both be sufficiently small that

e—1/2(#A—-1)+(1/2+0)(#A—2) <0. (3.2)
which allow us to define
-~ 1 —log _ (—logg)t/#e
e Kl - (10g5)1/25> —YacAPa logl?”a|J and Bl = g A og @€

We say that a word a is good if a € A& and for all a € A we have the following strong upper and
lower bounds for |al,:

pan(f) - Ea(f) < |a|a < pan(f) + Ea(g)'
Let G¢ be the set of good words. The following lemma records some useful properties of good words.

Lemma 3.1. Let a € G¢. Then

£ < |ra| < gg(logHﬁll)”Q”

and there exists C1,Co > 0 such that
Y pa < CremCeloglel?
ac A" a¢G,

Proof. The proof is a direct calculation using the definitions. Let a € G¢. By the definition of G¢
we have

log |ral = > log [ra|®* > > (pan(€) + Ea(€)) log|ral

acA acA

1 —10g§~
> Zlog\m\ <Pa (1 — (—10g€)1/25> TS palogral +Ea(f)>

acA
1 .
—(_ og 5)1/2_5> — (—log 5)1/2+5

= log5~<1 —

=logé.
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This establishes the first property. For the second property, we similarly have

Ira| = H Irqlale < H |rq |Pa™(&) = Fal8)

acA acA

1 —logé
1 ol | pa (1 — -~ B
< exp <; og |74 <p (1 (log§)1/25> =3 weapalog|ra] E (§)>>

= 1 -
—ow (on€ (1 ) + (s
= exp (log & + 2(~ og ) /277).

Recalling the definition of £, we have that — log & < log I€||. Combining this with the above implies

Ira| < Ee2os g/ >
The final statement in this lemma follows from an application of Hoeffding’s inequality [41].
O
We consider the following cut off set
Ag = {a € A* i |ral < € and |ro-| > é}, (3.3)
and its subset
Ag = {a € A¢: a|?(£) € Gg} . (3.4)

Lemma 3.2. The following properties hold:
o [fae Ag then for all a € A we have

‘a’a > pan(f) - Ea(f)
and there exists C' > 0 such that for all a € A we have
lala < pan(€) + Ea(€) + Cllog [IE])1*+°.
e There exists C1,Cy > 0 such that
Z Da < Cre=C20og g™
acAg:ag A,
Proof. Let a € Ag. Then, the lower bound for |a|, follows from the corresponding lower bound

in the definition of a good word. The upper bound for |a|, follows from the corresponding upper
bound in the definition of a good word together with the fact that if a € A, then

ja] = lali® < (log j¢])*/**. (35)
(3.5) follows since if b € G¢, then for C sufficiently large we have

>C(10g llgin/2+2

C(log ig)/2+e
R

~ 1/2446
ol (mae (ol < G0 (e ]}
where in the first inequality we have used the second property in Lemma 3.1.
To prove the final part of this lemma we begin by remarking that by Lemma 3.1 we know that
if a € G¢ we have 1, > €. Thus all of the descendants of a belonging to A¢ are elements of Ag.
Therefore

> pa= >, pa

acAg:ag A, ac A a¢G,
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Our upper bound for Zae Acagde Pa therefore follows from the corresponding bound in Lemma
3.1. ]

We are now at a point where we want to use our Diophantine assumption. To use this assumption
effectively we need to condition on the number of occurrences of a digit a € A\ {a1,az}. With this
goal in mind, we let

K = {(lal)aearfor.as) 8 € Ae p € N#A2. (3.6)

It follows from Lemma 3.2 and the definition of £ that if a € Ag, then |a|, belongs to an interval of

length at most a constant multiple of (log [|€]|)'/?*? for any a € A. Therefore we have the important
bound

#K < (log ||&]|)#A-20/2+9), (3.7)

The following lemma shows that if we condition on an element of K then the contraction ratios will
be well separated. This is the only place where we use our Diophantine assumption.

Lemma 3.3. Let a,a’ € A¢ be such that |a|, = || for all a € A\ {a1,a2}, and suppose that
cither [ala, # [&'lay o [ala; # |&la, then

[IralllEll = [rarlliSN] > 1
for €|l sufficiently large.
Proof. For convenience, we let
o= (12", — |ala,) log 71| + (la, — [ala, ) log |r2.
Then, we have the following

|7a |

|7al

[Iral[l€lF = lra[[I€]I] = |ral €] '1 - = [ralll€]l [T — e (3-8)

It also follows from the definition of A¢ and ¢ that
[ralll€]l > (log [1€])*. (3.9)
Using our Diophantine assumption we have

log|ri|  (|a'la, — |afay)
log |7’2’ (‘a/|a1 - ‘a‘al)

1= e = ol = (|2']a, — |ala,)log |r2|

v
(I2la; —lala; )’
L

(log [I€1)"

In the final line we used that if a € Ag, then we must have |a| < log |¢]|. Substituting (3.9) and
(3.10) into (3.8), we obtain

>

(3.10)

_ (og i€
Iralliell = Iralhell > oo e

Our result follows. O

Before proceeding with the proof of our theorem we need the following upper bound for proba-
bilities coming from a multinomial distribution.
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Lemma 3.4. Let (pg)aca be a probability vector and n € N, then

n!
7‘ H paﬂ << n71/2(#~’471)
HGGA ka" acA

for any (kg)aca € N#A satisfying Y acaka = n. Here the underlying constants only depend upon
the probability vector.

The proof of Lemma 3.4 is straightforward but somewhat lengthy. Thus for the purpose of our
exposition, we have deferred this argument to Appendix B.

We also need the following result concerning polynomial decay on average. It is shown in [14]
that self-similar measures satisfy the non-concentration inequality (1.3). The authors also observe
that the proof of Theorem 1.3 goes through under this weaker hypothesis. Hence, combined with
Theorem 1.3, this implies the following higher dimensional generalization of a result of Tsujii [91].

Theorem 3.5. Let @ be a self-similar IFS. Then every self-similar measure is polynomially decaying
on average if and only if ® is affinely irreducible.

Equipped with Lemma 3.4 and Theorem 3.5 we can now complete our proof of Theorem 1.5.

Proof of Theorem 1.5. Using the self-similarity of the measure and Lemma 3.2 we have

(&) = ’ / e du’ = 1> pa / (2rilEraOnata) g,

aG.A,;:

m — 268

< 3 pali(raOT )| + CreC2l0s D>,
aEAE

Thus to prove our theorem it suffices to show that

> palii(raO )| < (log [I€]) ™, (3.11)

aEAg

for some v > 0. By Theorem 3.5 we know that our self-similar measure is polynomially decaying on
average. We use this property for 7' = (log||£]|)3. In particular, for our fixed value of € satisfying
(3.2), there exists 7 > 0 such that the set

{¢ R ] < (log €)* and [7(O)] = o 1)}

can be covered by Oc((log||£]|)€) balls of length 1. Taking the modulus of those frequencies ¢
satisfying |(¢)| > (log||£]]) ™" gives us the following more useful bound. Let

Bad := {n eN:3¢e R st |I¢]| < (log lIE)Y, [A(¢)] = (log €)™ and [I¢]| € [n,n + 1]}- (3.12)

Then, #Bad = O.((log ||€]])©)-

To proceed, we use a conditioning argument on elements of the set K introduced in (3.6). To
this end, given k € K and a € A\ {a1,az}, we let k, denote the component of k corresponding to
the letter a. For simplicity, let us use Good to denote the set (Upepaq[n,n + 1])¢. Hence, using the
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definition of Bad, we obtain

Z pa|ﬁ(TaO££)| = Z Z pa|ﬁ(TaO§§)|

aGAg keK aeAhg
lale=koVacA\{a1,a2}

=> > > PaXnms1)([ral [€])E(raOLE)]

n€Bad ke K ae.A_E
|a‘a:kava€¢4\{al 7042}

+) 3 PaXGood([ral|€])|E(raOL¢)|

EGK BGA,;:
lala=koVaceA\{a1,a2}

<Y Y by (ral €D GO

neBad keK aE,A~§
|ala=koVa€eA\{a1,a2}

£ Y pallogle T

EGK 864‘{5
lala=ksVacA\{a1,a2}

<> ) > PaX(nnt1) ([ral [€1)(raO2 €)] + (log [[€]) 7T

ne€Bad e K aeAE
lale=koVacA\{a1,a2}

Thus, our proof is complete if we can show that

> > PaXfn.nt1)([ral [€ID[7E(raOg )] < (log(lI€]) ™, (3.13)

neBad ke K aeA"g
‘ala:k‘avaeA\{al 7a2}

for some v > 0.

The crucial step towards verifying (3.13) is to note that by Lemma 3.3, for any n € N and
k€ K, if a,b € A satisfy |a|, = |b|, for all a € A\ {a1,as} and |ral||€], |[rb|[|€]| € [n,n + 1], then
|ala, = |bla; and |alq, = |bla,. Assuming such words exist, we denote the unique values for |a|4,
and |al,, by j1(k,n) and j2(k,n) respectively. Using this observation, we have

> > > PaXnni(ral €| A(raOLE)]

n€Bad Lc K a€«4~§
|a‘a:kava€-f4\{a1 aa2}

<> > > Pa

n€Bad ek aEAg
lala=kaVa€A\{a1,a2}
|a‘a1 :jl (kvn)» |a‘a2 2]2(]{),11)

_ Z Z (ZQEA\{GI,GQ} kq +]'1(E, n)+j2(E, n))' éll(E’n)piQ(En) H p];a,.

n€Bad ek HGGA\{al,az} ka!jl(k’ n)!j2(k’ n)! acA\{a1,a2}

Since e A\ (s a0} Fa + J1(k,n) + ja(k, n) is the length of a word in Ag, it follows that

> ka+ii(k,n) + ja(k,n) < log||¢].
acA\{a1,a2}
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Using this fact together with (3.7), Lemma 3.4, and the fact #Bad = O((log [|€]|)€) we have

> > 3 PaXnm 1) (rall€IN|A(raOLE)]

neBad ;e a€A€
lala=koVaceA\{a1,a2}

< D D (loglg|y~1/2HATD
n€Bad ek

< Z (logHé-H)71/2(#A71)+(1/2+5)(#A72)
neBad

<(log ||€]))e~ H/2H#A-D+(1/2+6) (#A-2)

Recall now that by (3.2) we fixed €, > 0 to be sufficiently small so that the exponent appearing in
the last line in the above is negative. Thus (3.13) holds and our proof is complete. |

3.3. Proof of Theorem 1.7. The proof of Theorem 1.7 is almost identical to the proof of Theorem
1.5 so we only indicate the small change required. )
Let a1,as € A be such that (0,,,604,) is Diophantine. We then fix £ € R%. We define ¢, Ge, A¢

and Ag as above. The proof of Theorem 1.7 proceeds in an identical way to the proof of Theorem
1.5 until we get to Lemma 3.3. We have the following analogue of this lemma.

Lemma 3.6. Let {fo(x) = ra0a® + ta},ec 4 be an IFS acting on R? satisfying the assumptions of

Theorem 1.7. Let a,a’ € A¢ be such that |a|, = ||, for alla € A\{a1,as} and suppose that either
‘a‘al # ’al‘al or ‘a‘(IZ # |a,’a2 then

||7"aOZ£ - Ta’O;:f'gH >1
for |[&]] sufficiently large.

Proof. Let a,a’ satisfy the assumptions of the lemma. Iterating our self-similar IFS if necessary,
we can assume without loss of generality that r,, > 0 and rq, > 0. Using the fact that elements of
SO(2) commute and are distance preserving we have

or& _on S |
€]l €1l

where e = (1,0). Focusing on this latter expression, it follows from our Diophantine assumption
and the fact |al,|a’| < log ||€|| that

H(Og;)'ahzl (Og;)ki‘aze _ (O;{;)‘a/l“l (O(Z;)‘aq“z@

= |[(OF)#le1 (OF, eleze — (OF )11 (OF, )l

| > d((Jala; ~ |a]a)01 + (alas — [a]a2)02,2)
(og €N

Combining the bound above with the bounds |ra|[|€]| > (log||£]))3 and |ra|||€] > (log ]|
have

3
len

>lel IT el

aeA\{al,ag}

> i {lallell e} | (0F 157 - 055 )|

el ~ = Tel
(10g [1€])*
(log €]

IraOa € = rarOgéll = |ralléllOa T — rarl€]1O0a

||£||H
‘Ji"” |a\a20T § @'lay . |a |a20

e~ ] H

>
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In the penultimate line we have used the fact that if u,v € R?\ {0} have unit length and 71,79 > 0
satisfy r1 < 7y then ||riju — rv|| < ||riu — rov||. The final bound obtained above certainly exceeds
1 for ||€|| sufficiently large. Thus our result follows. O

The Diophantine assumptions on our IFS imply that it is affinely irreducible and Theorem 3.5
can be applied. What remains of our proof is analogous to the proof of Theorem 1.5, the only
difference being that the role played by Lemma 3.3 is now played by Lemma 3.6.

4. PATTERSON-SULLIVAN MEASURES: PROOF OF THEOREM 1.9

The goal of this section is to provide the proof of Theorem 1.9. Throughout this section, we fix
a discrete, Zariski-dense, convex cocompact group I' of isometries of H!, d > 1.

4.1. Reduction to linear phases. Since PS measures are absolutely continuous with respect to
the conditional measures pY with smooth Radon-Nikodym derivatives, cf. (2.4), it suffices to prove
the conclusion of Theorem 1.9 for p for some x € G/I' in place of the PS measure p. In fact, we
prove a stronger statement which establishes uniform bounds for the measures p as x varies in the
non-wandering set €.

We begin with the following elementary lemma which reduces the proof to the study of linear
phase functions.

Lemma 4.1. To prove Theorem 1.9, it suffices to show that there exists k > 0 so that for all
0#£&EeRY 2 €Q, and p € CL(NT), we have
/N+ &ma(n) dug(n) <r @]l er 16177, (4.1)
1

where, by abuse of notation, if n = exp(v) for some v € nt = R, we let (€,n) := (£,0).

Remark 4.2. In the remainder of this section, we fix ¢ € R? and ¢ € CL(N;"). Our goal is to
prove the estimate (4.1).

Proof of Lemma /.1. The proof is based on the uniformity of the estimate (4.1) as the basepoint
x varies in € which roughly translates to uniform Fourier decay (with linear phases) over pieces of
the measure of size |A|~1/27%. We include a sketch of the argument for completeness.

Recall the notation of Theorem 1.9. Let {p;} be a partition of unity of supp(ul|y+) with
bounded multiplicity and such that each p; is supported in a ball B; of radius

r— ‘)\‘7(1+n)/(2+/{)

around a n; € N1+. Here, k is the exponent in (4.1). In view of [51, Prop. 9.9], we can choose such
partition of unity so that each p; has first derivatives with norm O(r~1) and

> p(By) < pd(NY). (4.2)
J
Then, Taylor expanding ¢ to the second order around each n;, we obtain
[ du < 3 ‘ [ expli0Totog ) ) ) ) it
1 j J

+O([¥llco lellca Xr?uz(NT)).

Next, we use a change of variables sending B; to Ny~ and apply (2.5) and (2.6). More precisely, let
t=—logr,x; = gz, & = rAVp(n;), and ¥;j(n) = (¥p;)(Ad(g9—+)(n)n;). Then, the ;" term in
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the above sum can be rewritten as follows:

[ expli oty ) ) dit = [ et m)isy (o) it
J 1

Note that, since the geodesic flow scales the first derivatives of p; by a factor of e™?, each 9; has

C'-norm O(||¢)||o1). Hence, since each z; belongs to €2, (4.1) implies that

i)\go(n)¢ dut Al "Fq " 0 Alr2
e n) du, <a |r a g o 4+ |A|r*.

J

Finally, in view of Sullivan’s shadow lemma (cf. [51, Theorem 3.4]), we have that pu%(B;) < r°.

This concludes the proof in light of (4.2). The decay exponent obtained in this manner is k/(2+ k),
with k as in (4.1). O

4.2. Polynomial non-concentration estimates. We recall here well-known non-concentration
estimates for PS measures. The first estimate is a direct consequence of Sullivan’s shadow lemma.

Proposition 4.3 (Sullivan’s Shadow Lemma, cf.[89]). For all y € Q and all r > 0, we have
pl(N,F) =< 1,
where ¢ is the critical exponent of I.

We also recall the following quantitative decay property of the measure of hyperplane neighbor-
hoods with respect to PS measures from [25|. Recall that N is an abelian group which we identify
with its Lie algebra nt 2 R via the exponential map. In light of this identification, the following
result shows that PS measures (or, more precisely, their shadows ) are non-concentrated in the
sense of Definition 1.1. This will allow us to apply Theorem 1.3 in the proof of Theorem 1.9 as well as
provide quantitative estimates on separation of frequencies arising over the course of implementing
the strategy discussed in the introduction.

Theorem 4.4 (|51, Theorem 12.1]). There exist constants C > 1 and o > 0 such that for all
e,r >0, 2 €Q, and all affine hyperplanes L < N+, we have that

pE(N N LED) < Ce*p(N,),
where LE") denotes the er-neighborhood of L in N*.

Remark 4.5. The reference |51, Theorem 12.1| shows that, in the more general setting of geomet-
rically finite groups, one has p(N; N LED) < t(e)V (x)p(N;T), for a function t(¢) — 0 as € — 0
and for a function V' (z) that is uniformly bounded above and below on compact sets. The proof
is much simpler in the case I' is convex cocompact and in fact yields the apriori stronger bound
t(e) < Ce®. In fact, when I' is convex cocompact, Theorem 4.4 can be deduced directly from the
fact that PS measures give 0 mass to proper subvarieties of the boundary ([33, Corollary 9.4]) using
the argument in [52, Section §|.

4.3. Proof of Theorem 1.9. The remainder of the section is dedicated to the proof of the esti-
mate (4.1). We fix £ € R?, 2 € Q, and ¢ € C’Cl(Nfr) Our argument is dynamical in nature using the
self-similar structure of the measures p¥ under the geodesic flow, cf. (2.5) and (2.6), to implement
the strategy described in the introduction.

Partitions of unity and flow prisms. As a first step, we find convenient partitions of the space
by flow boxes. Namely, we refer to sets of the form PN - x for r,s > 0 and z € G/T as flow
bozes. We say that a collection of sets {.S;} has multiplicity bounded by a constant C' > 1 if for all
x: ) . 1g,(x) < Cly,s,(x). Let ¢ denote the smaller of 1/2 and the injectivity radius of G/T" and set

e =/ €M (4.3)

The following lemma provides an efficient cover of €2 by “thin flow boxes" in the unstable direction.
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Lemma 4.6. The collection {PfNLJEr ‘T X E Q} admits a finite subcover Be such that #B: <t

5/3, where 0 is the critical exponent of T'. Moreover, Be has uniformly bounded multiplicity on
3
Q; d.e forallzeQ, ) BeB; 1p(z) <r 1.

Proof. Let Q denote a cover of G/I" by flow boxes of the form PN, - z, where ¢ is a fixed lower
bound on the injectivity radius of G/T" as above. With the help of the Vitali covering lemma, such
cover can be chosen to have multiplicity Cg > 1 depending only on the dimension of G. We will
build our collection of boxes B¢ by refining this cover as follows.

Let Q° denote the collection of boxes @ € Q such that Q@ N Q # (). By convex cocompactness,
we have that #Q° =r 1. For each Q € Q°, we fix some zgQ € @ N Q. Then, we can find a finite set
of points {u; : i € Ig} C N;[ such that the points z; := u;xg belong to Q. Moreover, these points
can be chosen so that the balls N;g - z; provide a cover of N N,© - zg with uniformly bounded
multiplicity thanks to the Vitali covering lemma applied to N 7.

With this notation, we define B¢ as follows:

Be = {P N} -uing i€ Ig,Q e Q'}.
This bounded multiplicity in particular implies that
L& X #IQ - Z Mx L /"L$Q(N+)
ZEIQ

This estimate implies the desired the bound on the cardinality of B¢ in light of (4.3). To bound the
multiplicity of B, let = € {2 be arbitrary, and note that for Ag := Ujer, N, f “u;TQ, we have

— 0
2 1@ = D D L g (8) € ) Lagle) < #Q" <r L.
BeB; QeQlicly QeQP
O
Let B¢ be the finite cover provided by Lemma 4.6 and let P denote a partition of unity subor-
dinate to it. For each p € P¢, we denote by B, the element of B¢ containing the support of p. In
particular, such partition of unity can be chosen so that for all p € P¢, we have

Ipllor < €2, (4.4)

Moreover, by Lemma 4.6, we have
#Pe < #Be <r €7 (4.5)

Transversals. We fix a system of transversals {7),} to the strong unstable foliation inside the boxes
B,. Since B, meets () for all p € P¢, we fix some y, in the intersection B, N (2. In this notation, we
write

By=PFP N yp, T,=P -y (4.6)
We also let M,, A,, and N, be neighborhoods of identity in M, A and N~ respectively so that
P =M,A,N,.

Saturation. Fix ¢t > 0 to be chosen so that e’ is a small positive power of ||£]|; cf. (4.38). Using
our partition of unity, we can write

/ Mep(n) dptt(n
Ny

Here, we are using the fact that, since x € €, then the restriction of the support of u% to N
consists of points n € N;" with nx € Q (or equivalently, that ginz € Q) and that >_,p(y) =1 for
all y € Q.

= [ vtmptoms) ducn) (@)

PEP:
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Our first step is to partition the integrals on the right side of (4.7) over Nfr into pieces according
to the flow box they land in under flowing by g¢. To simplify notation, we write
Xy i= gy (4.8)
We denote by Nf (t) a neighborhood of Nfr defined by the property that the intersection
B, N (Ad(ge) (N, (1)) - i)

consists entirely of full local strong unstable leaves in B,. We note that since Ad(g;) expands N
and B, has radius < 1, Nfr (t) is contained inside N;. Since 1) is compactly supported inside Nf,
we have

Xy (n)(n) = xy+y(n)e(n),  YneNT. (4.9)
For simplicity, we set
Eo=e'e Wy(n) = P(Ad(g)n), A= Ad(g) (N (1)
For p € P¢, we let W, ; denote the collection of connected components of the set
{ne Ay :nx; € B,}.
In view of (4.9), changing variables using (2.5) yields

Z /N+ En )p(genz) dusy = e —dt Z /new (&) be(n)p(nay) dpl,. (4.10)

pEP: pPEPe,WEW ¢

Centering the integrals. It will be convenient to center all the integrals in (4.10) so that their
basepoints belong to the transversals T}, of the respective flow box B,; cf. (4.6).
Let I, denote an index set for W, ;. For W € W, ; with index £ € I,;, let n,, € W, m,, € M,,
¢ € N, and t,, with |t,¢| < ¢ be such that
Tl = Tpg - Tt =N, MpeGt,, " Yp € T,. (4.11)
Note that since z and y, both belong to 2, we have that
Ty €€, n, Yp € L. (4.12)
For each such ¢ and W, let us denote W, = Wn;} and set

Xp,t(t,m) := exp(i(&, mnp ). (4.13)
Changing variables using (2.5) and (2.6), we can rewrite the right side of (4.10) as follows:

DY / 6 gy (m)p(na) di ()

pEPg WeW,

o0t Z Z / Xp,e(t,n) i (nn, o) p(na, ) dugp’e(n). (4.14)

pEPe Lel,, T MEW

Mass estimates. We record here certain counting estimates which will allow us to sum error terms
in later estimates over P¢. Note that by definition of N;"(j), we have UPGPE,WGWp,t W C A;. Thus,
it follows that

oo (We) <l (A) = @ pt (N (1) < e (N) < e (N7, (4.15)
pEP: eIt
where the last inequality follows since N; () C N, using the doubling property of PS measures [51,

Proposition 3.1]. We also used the fact that the partition of unity P¢ has uniformly bounded
multiplicity.
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Weak-stable holonomy. Fix some p € P¢. Recall the points y, € T, and n,p € N, satisfy-
ing (4.11). Let
Do =T, M it - (4.16)

The product map N~ x A x M x Nt — @ is a diffeomorphism on a ball of radius 1 around the
identity; cf. Section 2.2.5. Hence, given £ € I,,;, we can define maps ¢, and p, from W, to NT and
P~ respectively by the following formula

np,y =y (n)e(n). (4.17)

We suppress the dependence on p and ¢ to ease notation. Then, ¢y induces a map between the
strong unstable manifolds of x,, and y,, also denoted ¢, and defined by

be(nzp ) = de(1)yp-

In particular, this induced map coincides with the local weak stable holonomy map inside B,,.
Note that we can find a neighborhood W, C N7 of identity of radius < ¢ such that

be(We) € W), (4.18)

for all £ € I,;. Moreover, by shrinking the radius ¢¢ of the flow boxes by an absolute amount
(depending only on the metric on G) if necessary, we may assume that all the maps ¢y are invertible
on W,. Hence, we can define the following:

p; (n) =57 (67 (n)) € P~,  pu(t,n) i= Joe(n) x (67 (n)n, ),
Xpo(t,1) 1= Xpu(t, ¢, (n)), pe(n) = p(p, (n)ny,), (4.19)

where J¢,; denotes the Jacobian of the change of variable ¢y; cf. (2.9).
Changing variables in the right side of (4.14), we obtain

S Rttt i, = 3 | et )Gt mpntn) du,. (420)
tel,, ?EWe tel, .’ We
P P

Phase formula. The following lemma provides a formula for the stable holonomy maps ¢, defined
above (4.18) which are responsible for the oscillation of x,¢ along N*. The elementary proof of
this lemma is given in Section 4.4.

Lemma 4.7. Let p, , be as in (4.16) and let wp ¢ € n~ be such that n, , = exp(wy). Define vectors
Zpp €M7 by

Zp g = —etpv‘fmp_% W p- (4.21)

Then, for every n = exp(v) € N1J72, we have

2
. v
log qﬁzl(n) = etf’vf*”(”)mp,g' (v + | 2” Zp7g> ,

where log @_l(n) is viewed as an element of n and 7, N;;Q — Ry s given by

2 2
(% z
Te(v) = log <1 + (v, 2p0) + W) _
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It will be convenient for our estimates to simplify the expression for 7y by removing the quadratic

term. This is the reason for our choice of flow boxes of width = [|£]|~/% along the strong unstable

manifold. In what follows, to simplify notation, we set

2
v
To(v) = —tpe +1og (1 + (v, 2,0)) Ly(v) := e_”(”)mpl : (U + H2Hzp,g> . (4.22)

Recall the centering points n,, defined in (4.11). The following corollary provides a first step

towards linearizing the phase in the oscillatory functions x, ¢ by replacing 7, in Lemma 4.7 with 7

in (4.22).

Corollary 4.8. With the same notation as in Lemma 4.7, we have for all n = exp(v) € W, that
Xp,f(tv n) = ap,@(t’ n) + O(e_t)’

where

ap,@(t7 n) = eXp(i<§ta np,€>) X exXp (Z<€t7 Fe(U))) . (423)

Proof. Recall from (4.19) and (4.13) that x,(t,n) = exp(i{&, ;' (n)n,e)). We also recall that
& = e '€, Then, for all n = exp(v) € W,, we have that

2
IXp.e(t;n) = ape(t,n)| < [JolI” & ITe(v)]

Since W, has radius < ¢¢ < ||§H_1/3 (cf. (4.3)), we have that both v and T'y(v) have norm < ||£|| /3.
In particular, the upper bound above is O(e™*) as desired. O

Let us summarize our progress so far. To simplify notation, set

Po0(t,m) = P,0(t,n) X po(n). (4.24)

Then, in light of (4.7), (4.10), (4.14), (4.20), and Corollary 4.8, we find that

/N+ e &) ip(n) dut = =0 Z /W Z apo(t,n)Ype(t,n) duyy + O (e™). (4.25)

pePe " We el

Cauchy-Schwarz. We are left with estimating integrals of the form:

/ U,t,n) dul , Uylt,n) = ay(t,n),elt,n). (4.26)
Wo el

By Cauchy-Schwarz, we get

U, (t,n) du,
'/Wp P Yp

We begin by noting the following apriori bounds on V¥ :

< ty, (W) /W U, (t,m)[* duy, (4.27)
P

lpell g,y <1 1ol g,y < #pe (4.28)
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Partitioning the support. Using [51, Proposition 9.9], we can find a cover {A4;} of W, with balls
of radius

r =gl (4.29)
centered around u; € W, N supp(uy, ) and satisfying >, py (4;) < pyy (Wy). By the triangle

inequality® we have

/ @, (t,n)[* dpstt < Z/ 1 dpy . (4.30)
Wp
For k,0 € 1,;, we let

Yre(t,n) ==, (t,n),(t, n), ag(t,n) :=a,,(t,n)a,(t,n).

Expanding the square, we get

Z/ S dpt <3 S

j ktEl,,

/ ay,o(t, n)pe(t,n) duy, | -

]

Using (2.5) and (2.6), we change variables in the integrals using the maps taking each A; onto N;.
More precisely, recall that A; is a ball of radius r around u; such that u;y, € Q. Letting

—logr, Y} =gruzy,  a),,(tn) = age(t, Ad(g-r)(n)uy),
L o(tn) = Yt Ad(g—r) (n)u;), (4.31)

we can rewrite the above sum as

2. 2

j kel

/+a£7g(t, n)lbi’g(t,n)d,uzz . (4.32)

1

/ ay o(t,n) Y e(t,n) duy

J

<>y

j kel

One advantage of flowing forward by g, is that it provides smoothing of the amplitude functions
Yy . In particular, it follows by (4.4) that

[¥de] 0 < Iellen xr x N < wllc gl .

Applied to the right side of (4.32), we obtain

/Wpr L) dpt =S 3 / a (),

7 k@elpt

+ O16llea €178 12 i (W,)). (4.33)

Linearizing the phase. We now turn to estimating the sum of oscillatory integrals in (4.33).
Recall that u; denotes the center of the ball A; for each j and let v; € n* be such that

uj = exp(vj).
Then, given n = exp(v) € Aj, and recalling the maps I'y in (4.22), we get
Le(v) = Te(v;) + D(Te(v))) (v = v7) + O(r?),

where D(I'y) denotes the derivative of I'y.
The following elementary lemma uses the explicit expression for I'y in (4.22) to simplify the form
of Drg(’l)j).

Lemma 4.9. For all £ and j, we have

DUy(vj) = e ), + O(|l€] 7).

4Cauchy—Schvvarz allows us to have a non-negative integrand which in turn enables this step.
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Let
biﬂ =1 - <€_Tk(vj)mp,k _ e—Tz(vj)mp7£> ) (4.34)

Recall that & = e !¢ so that ||&]|r? = e~*. Hence, by absorbing the constant terms into the
absolute value, we obtain from (4.33) and Lemma 4.9 that

/ (1) dut

P

="y N / exp(i(by, 4, v))dpy; | + O((e” LT T Nl €OV iy, (W)

J kLelyy 1
(4.35)
Proof of Lemma 4.9. Recall the definition of the vectors z,, € n~. To simplify notation, set
1
(V) = ————.
( ]) 1+ <Uj, Zp7g>

In particular, e~ (%) = e’ Xg(v;). Then, using the formula for Ty in (4.22), we obtain

2
Vs
—Ae(vj) (vj'z;@—i—” ;” Zp0 - z )—i—Id—i—ng v].

DF@(U]') = etf”[ /\g (’Uj)mp,g

Here, we are viewing v; and z, ¢ as (d x 1)-column vectors and use v;- and zf) , to denote the transpose
of v; and z,y respectively. Now, observe that

(vj, Zpe) 2
M(vj)v; =v; — : vi = v; + O(||lv;|7).
( J) J J 14 <’Uj,Zp,£> J J (H JH )
The lemma now follows upon recalling that exp(v;) belongs to W, so that ||v;]| < [|€]|7*/% in view
of our choice of flow boxes; cf. (4.3) and the discussion around it. O

Separation of frequencies. To apply Theorem 1.3, it will be important to understand the distri-
bution of the frequencies bfg - To this end, we have the following lemma which allows us to avoid
studying the separation of the holonomy matrices m,, .

Lemma 4.10. For all j, k, ¢, we have
[Bi]| > el e — ey
where 17(vj) and Ti(v;) are defined in (4.22).
Proof. In what follows, to simplify notation, we let
My = My ks o 1= e e, Qk = ckmy,

with the similar notation for the index ¢ in place of k defined analogously. The lemma is evident
when ¢; = ¢y. Hence, we may assume without loss of generality that c; > ¢y, and recall that these
functions are non-negative by definition; cf. (4.23).

Recall the elementary estimate |lg-v|| > [v]|/||g™"|| for any invertible linear map g and any
vector v € R?. This estimate implies the following lower bound:

. el _ &
ol = e~ qoi = | _rgin;;f,; il

That Id — g—imgmlzl (and hence Qr — Qy) is invertible follows at once from the following estimate
on the norm of its inverse. Recall that the rotation matrices mj; and my have spectral radius 1.
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In particular, since ¢; < ¢, we may use the power series expansion of Id — @), for matrices ) with
spectral radius < 1, to get that
n

c c c
(Id — —émgmlzl)_l < Z (Z) =+
n>0 \F Ck —Ct

Ck

The lemma follows by combining the above two estimates. O

To proceed, we recall that ¢,,,m,, and n,, = exp(w),¢) parametrize respectively the geodesic
flow, M, and strong stable coordinates of the transverse intersections of the expanded horospherical
disk g,ngr x with a fixed transversal T}, of the flow box B,. We also recall that z,, = etﬂfm;;wp,g
and 7y(vj) = e'et /(1 + (vj, 2p0)-

Lemma 4.10 motivates the definition of the following subset of Iit parametrizing pairs (k, ¢) for

which the frequencies b{c ;, are too small. Namely, we set

Small := {(k,z,j) ; Hb{#H < 1}. (4.36)

Roughly speaking, elements of C}, correspond to points v; lying in a small neighborhood of a
hyperplane orthogonal to m;}wmg — m;iwp,k. Theorem 4.4 will then provide us with a counting
estimate on C} ¢. This is done in the following lemma.

Lemma 4.11. Let o > 0 be the exponent provided by Theorem 4.4. Then, for every fized k,l € 1,4,

we have
(e}

—-1/6 ¢t
e
SRy [ T Ry,
j:(k,2,5)€Small Hmp,gwp,ﬁ - mp7kwp,kH

Proof. Let j be such that (k,£,j) € Small and recall that & = e~ ¢ and r = ||§H71/2. To simplify
notation, we also let

-1 -1
Up,g 2= M, Wy g — M, (W .
Then, Lemma 4.10 and a direct calculation show that

Jefoe — ctrk - etnetion (v ug )| < €72 e

Let €1 = ||§||71/2 '/ ||uke||- It follows that v; belongs to a neighborhood of radius O(e;) around an
affine hyperplane L parallel to the kernel of the linear functional v — (v, uy ).

Recall that A; denotes the ball of radius 7 around exp(v;) € W), and that W, has radius < ||§ ||71/ 3,

It follows we can find a radius €3 < H§||_1/ % such that

U 4,crernng,
4:(k,£,5)€Small

where L(€+7) denotes the (e1 + r)-neighborhood of L. Furthermore, by the bounded multiplicity of
the cover {A;} of W, and the fact that each A; has measure =< 7° (cf. Proposition 4.3), we get that

Z r < y, U Aj

j:(k,2,7)ESmall j:(k,2,7)ESmall
Hence, Theorem 4.4 implies that the above sum is O(py (W,)(e1 + 7)%/€5), which concludes the
proof since r < €7. O

To apply Lemma 4.11, we need the following counting estimate on close by vectors of the form

m;}wp,g. It is a consequence of Theorem 4.4.
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Lemma 4.12. For every k € I,; and n > 0, we have
i {6 €lpy: Hm;;wp,g - m;,{:w,,,kH < ng‘"} < (e IgImTm " e, (4.37)
where o > 0 is the exponent provided by Theorem 4.4.

Proof. Let By denote the set on the left side of (4.37) and let ¢ be some element of By. Then, by
M-invariance of the norm, we have®

[ lwpell = Nlwpell | < 1177

In particular, the vectors w,, with ¢ € By, all belong to a neighborhood of width < [|£||™" of the
sphere S of radius ||w, k||, around the origin in the norm metric.
The next ingredient is to note that the points w, ¢ are separated by an amount >> e~!. This follows

by a similar argument to the proof of [51, Proposition 9.13|%. In particular, there is €; < ([|¢]|™"+e7)
and ey < e~ such that

where N - S is the e;-neighborhood of S.
To conclude the proof, let g denote the shadow of the PS measure on N~ -y, defined analogously
to the measures yy in (2.4). The above discussion implies that

uy, (N - S)
min 5 (Ne; - exp(w,.e)y,)

By (4.12), the points exp(w,¢) - y, all belong to Q. In particular, by Proposition 4.3, we have
ot

#Br <

sz (N;t . exp(wmg)yp) =e”
On the other hand, by [25, Lemma 3.8|, we have that N, - S has measure O($)”. The lemma now

follows. O
Reduction to L?-flattening. To simplify our error terms, we make the following choices:
n=1/12, e =¢|"/*. (4.38)
In view of Lemmas 4.11 and 4.12, we introduce the following notation:
Close,, := {(k:,ﬁ) € Iit : Hm;’%wp’g - m;}gwmkH < Hfon}. (4.39)

We also define the following set of indices parametrizing measures u;‘j for which many of the fre-
P

quencies b{; , are close together. Let J denote the index set for the indices j of the measures u*;
, y

P
and set

Bad, := {j €T #{(k0) € I, : (k,0,5) € Small} > [|g]~/* x (e + #1 ,t)#lp,t} . (4.40)
The following corollary allows us to estimate estimate the part of the sum corresponding to Bad,,.

Corollary 4.13. We have the following counting estimate on Bad,:

—a /48
Nt <l i (W),
j€Bady

5This estimate is again done to bypass studying the separation of the rotation matrices w,_¢.

6This proof is based on injectivity radius considerations along with the fact that g; expands the stable manifold by
e’ in backward time.

"Note that, similarly to the case of affine subspaces in Theorem 4.4, this estimate can be deduced from the fact that
PS measures give 0 mass to proper subvarieties of the boundary using the argument in [52, Section §].
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Proof. The corollary will follow from an application of Markov’s inequality to the estimates in
Lemmas 4.11 and 4.12 as follows. First, we note that

S P Lgman(k, 4 5)

je] (kr‘e)elz,t
== Z Zrélsmall(k7£7.j)+ Z ZTJHSmaH(k7£7j>'
(k,£)eClose, j€T (k)¢ Close, j€T
@ (11)
Then, by Lemma 4.12 and our choices in (4.38), the first sum is estimated as follows:
(1) < (7" €17 x e H Lyt (W) < (€172 x 41, ppuit (W)

For the second sum, we use Lemma 4.11 and the definition of Close, to get

(I1) < [[&[| 7100 o s 12 it (W) < [IE]I72 x HI2 palt (W,).

Hence, the corollary follows by Markov’s inequality. O
To simplify notation, we set
By o= maxc{ 6] 71", g~/ . (4.41)
For w € R%, we let
vii= g |yr s Di(w) = /N . e duy;(n). (4.42)

Then, by (4.33) and Corollary 4.13, we obtain
[l dig, =17 S5 0L+ O ((bller + 1) x By x #1215, (W,)) - (443)
Wp
j¢Bad, ke,

For each j, the sum on the right side of the above estimate can be viewed as an average, when
properly normalized, over Fourier coefficients of the measure v;. Moreover, Corollary 4.13 guarantees

that the frequencies bi , are sampled from a well-separated set. Hence, this average can be estimated
using the L2-Flattening Theorem, Theorem 1.3.

The role of L2-flattening. Let 1, > 0 be a small parameter to be chosen using Lemma 4.14 below.
Note that the total mass of v;, denoted |v;], is ,u (N F). For each k € I,;, define the following set,

which roughly speaking, consists of frequencies Where v; is large:
B kyne) 1= {£ € Loy 5500, )| > €7 vyl } (4.44)

Then, splitting the sum over frequencies according to the size of the Fourier transform 7; and
reversing our change variables to go back to integrating over A;, we obtain

DYDY Wj(bi,g)\<<< max  #B(j, k,m2) + |7 #1 ,t) #lpitty,(Wp),  (445)

i¢Bad,, kel
j¢Bady k(€1 JEBady ke lp.e

The following key counting estimate for B(j, k,72) is a consequence of the L?-flattening theorem,
Theorem 1.3.

Lemma 4.14. For every e > 0, there is n2 > 0 such that for all j ¢ Bad, and k € 1,4, we have

H#B(j k) <o €177 5 /(e + #1,)#D,0,
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where a > 0 is the exponent provided by Theorem 4.4. Here, no is the constant provided by Theo-
rem 1.3 (denoted by 0 in the notation of the theorem).

Proof. Recall the definition of the frequencies bj % 0 (4.34). The rough idea behind the proof is

that. since j ¢ Bad,, the frequencies b} )0 ATe well-separated. This allows us to apply Theorem 1.3
to the set of frequencies where the Fourier transform is large to conclude that the sets B(j, k, n2)
are relatively small in size.

More precisely, Theorem 4.4 and Theorem 1.3 imply that there exists 2 > 0, depending on ¢
(but not on the index j), such that the set

Q = {b{;j RS B(]ak7772)}
can be covered by O.(||€]|°) balls B; of radius 1/2.
Let B; denote the set of indices £ € B(j, k, ) such that bi ¢ € Bi. In particular, we have

#B(j, k,m2) <Y #B. (4.46)

Moreover, we note that for ¢, ¢y € B;, we have that bi,h — bi’b = biﬂl. Since B; has radius 1/2,
we get that Hsz’le < 1. Hence, recalling the definition of the sets Small in (4.36), and letting
Small; denote the set of pairs (p,q) € Ig’t with (p,q,j) € Small, we obtain
#B? < #Small;.
On the other hand, since j ¢ Bad,, then by definition, we have that
#Small; < [|€] 78 x (e + H#1,)# .
Since the sum in (4.46) has at most O(||¢]|°) terms, this estimate completes the proof. O

Combining estimates and concluding the proof. Recall that « is the exponent provided by
Theorem 4.4. Let 72 > 0 be the exponent provided by Lemma 4.14 when applied with € = «/200
and let k be defined as follows:

k =min{1/24,«/200,72} . (4.47)
Then, by combining (4.25), (4.27), (4.43), (4.45), and Lemma 4.14, we obtain the following bound:

/N+ &M (n) dpg(n) <r ([9ller +1) x €7

( ot Z Myp #Ip tt+e —36t/4 Z /j’y (#Ip t)3/4>

The first sum on the right side is Or(1) in hght of (4.15) and the fact that ty, (W) =< pig (W) for

all £ € I,;. That the second sum is also Op(1) is proved in the following lemma. This concludes
the proof of Theorem 1.9 apart from Lemma 4.7 which is proved in the next section.

Lemma 4.15. For every p € (1,00), we have that

o—0t/p Z H ) (#1,4) UP 1.
PEP:
Proof. Indeed, letting ¢ be such that 1/p 4+ 1/q = 1, we obtain by Holder’s inequality that
1/q 1/p
o—t/p Z ,U ) (#1, )1/p < e 0t/p Z Nyp W,) X Z ,uyp o)t

PEP: pEPe PEPe
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Since iy, (Wy) =< pg (W) for all £ € L4, it follows by (4.15) that

e "y (W)l <r 1.
pG'Pg

Moreover, Proposition 4.3 implies that pg (W) = ||§||_6/3. Hence, the lemma follows in light of
(4.5). O

4.4. Explicit formula for stable holonomy maps and Proof of Lemma 4.7. In this section,
we give explicit formulas for the commutation relations between stable and unstable subgroups
which we need for the proof of Lemma 4.7.

Consider the following quadratic form on R**2: for z = (x;) € R%+2,

Q(z) = 220zqs1 — |21]* — -+ — |z4|*.

Let SOg(Q) = SO(d+1,1) be the orthogonal group of Q; i.e. the subgroup of SLg,2(R) preserving
Q. Then, we have a surjective homomorphism SOg(Q) — G = Isom™ (H*!) with finite kernel.
The geodesic flow is induced by the diagonal group

A= {gt = diag(e’, Ig,e7 ") : t € R} ,
where 1; denotes the identity matrix in dimension d.
For z € R%, viewed as a row vector, we write z! for its transpose. We let ||z|® := z - z, and

z - = denotes the sum of coordinate-wise products in the standard basis on R?. Hence, Nt can be
parametrized as follows:

1 =z llzl®
2 d
Nt=dnt(@):=10 1, 2t |:z€R*}. (4.48)
0 0 1

The group N~ is parametrized by the transpose of the elements of NT. Recall that M = SOg4(R)
denotes the centralizer of A inside the standard maximal compact subgroup K = SOg441(R) of G.
In particular, M is given by
M = {m(0) :=diag(1,0,1) : O € SO4(R)}.

Finally, we recall that the product map N~ x A x M x N* — G is a diffeomorphism near to the
identity.

We are now ready for the proof. Recall from (4.17) that ¢y(n) is defined to be the element of Nt
satisfying np,, € N=AM¢y(n). In particular, qbzl(n) is the unique element of N7 satisfying

n(p, )" € N"AM¢; ' (n).

Hence, in view of the explicit parametrization above, in order to compute qbzl(n), it suffices to
compute the top row of the matrix n(p;Z)_1 and to note that

s s GS”tz
N ef e’z 2
gn (x)=10 I =z ;
0O o e’

for all s € R and 2 € R?. This allows us to extract the N* component from the top row of n(p; 2)—1
by scaling it suitably so that the top left entry is 1. In particular, the claimed formula follows by a
direct calculation upon recalling from (4.16) that p, , = exp(wp,e)my (9, ,-

5. SELF-CONFORMAL MEASURES: PROOF OF THEOREM 1.12

Throughout this section we fix ®, 3.4, and v satisfying the assumptions of Theorem 1.12. To
simplify our notation we will denote the Gibbs measure p,, by p.
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5.1. The Gibbs property and bounding the Fourier transform by an average. Let £ €
R4\ {0}. The first step in our proof is to bound |fi(£)| from above by an average of the Fourier
transform over multiple frequencies using (2.1).

Let us define the following partition of ¥4 depending upon &:

Ag = {b €Wa: sup |Dfp(z)| <67** and sup ||Dfy-(2)| > lél_z/g}-
z€[0,1)4 z€[0,1]¢

For a word b € W4 we let up, denote the normalised restriction of uyp to the cylinder Xy, i.e.
M|Xb
Hb 1= .
1(Xp)

For each b € Wy we also fix a point xp, € X3, arbitrarily. Given & € R?\ {0} and a word b € Wy
we let

Ub¢ = Si‘g”z/?)ﬂba

where S)¢j2/s R? — R? is given by Siepers (@) = |€][2/3 - z. We then have the following key
decomposition of the Fourier transform using the Fourier transforms of pyp, ¢ at random frequencies
sampled using the derivative matrices:

Proposition 5.1. If ¢ € R4\ {0} and n(¢) = |clog ||€||] for some constant ¢ > 0, we have
OIS 3 u) Y walaw) | (D o) e )|+ 0N

be A, acA"(&)
a~b

Proof. Applying (2.1) and then splitting our integral over cylinder sets Xy we have

/ 274 {:1: / Z 27rz§fa( ) d,LL(.T)

acA™®)
-y ¥ / )2 L@ ()
beAs acA™(©)
a~
= 3 ) Y [ a0 g (o)
beA¢ acA"(&)

a~~b
In the penultimate line we used that for a point « € X}, we have a ~~ x if and only if a ~» b. Using
our assumption P(¢) = 0, we see that the Gibbs property (1.4) gives a constant C' > 0 such that
|wa(x)| < C for all x € X. Using this inequality together with the fact our potential 9 is C'* we can
show that for any =,y € X4 we have

|wa () — wa(y)| = [wa(w)[|1 — 5V Ua@N=5nvalo)| g — ). (5.1)
Thus for any b € A¢ and z € Xy, we have
|wa(z) — wa(ww)| < [1€]7>*
since |z — xp| < |€]72/3 by Lemma 2.2. Thus

S ) 3 [ wal)e R dyay ()

b€A§ ac A"(&)
a~b

= > ulXp) Y wa(:zsb)/ezm(g’fa(”ﬂ)> dpn () + O(||€]|2/3).
beA¢ acA™()

a~>
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Now, towards the claim, we need to linearize fa(x) for z € X} using the value of the derivative
at xp € Xp. For this purpose, given ¢ € [0, 1] let 2y = xp, + t(x — xp,). Using this notation we have

1
fata) = folew) + ([ Donfadt) (@ =) (52
By Lemma 2.1 we have

Dz, fa = Dy, fall < S[léli]d 1D fa(@)|| - [lz: — zn ] = O(||€] 7>/
xe|0,

because |lz; — xp | < [|€]]72/3 for all ¢ € [0,1]. This in turn implies that for z € X}, we have

1
[([ Dt Day fudt) (@ = )| < 1l =l < €~
Thus by (5.2) we have

fa(@) = fa(@b) + Day, fa(z — ap) + O(|[€]| 7).

By the 1-Lipschitz property of x +— e and Cauchy-Schwartz inequality, we have for the matrix
Ap = Dy, fa and a vector vy = fa(2n) — Dy, faZp that

[ meen — micaneion gy )| < ¢ sup [1fale) ~ Apz o] <[],

r€Xp

Thus we have proved:

[ @)= 3 p00) 3 walan) [ R i (a) 4 ()

be A, acA™&)
a~b

Taking absolute values and applying the triangle inequality this implies:

/ezm<§,m> du(x) < Z M(Xb) Z wa(xb) /627ri<§,Dxbfaa;> dub(w)

beA¢ acA™E)
a~b

+O([gl77?).

Recalling the definition of up ¢ = S|T§H2/3“b’ where S)¢j2/3(2) = £]|2/3 - &, and taking the transpose
of the matrices appearing in our inner product yields:

il 2mi((Day, fa)T —575,) _
/ T dpar) < Y7 p(Xu) Y walen) / eI dpp ()| + O(€] M)
be A, acA"(&)
a~b
. '3 _
= Y %) Y unton) e (D i )| + O
beA; acA"(&)
a~b
This completes the proof. O

5.2. Affine non-concentration of the averaged measures. To successfully apply Theorem 1.3
to to the measures uy, ¢ appearing in Proposition 5.1, we need to show that they are uniformly affinely
non-concentrated and that the non-concentration parameters can be taken to be independent of b
and £. This property is guaranteed by the following proposition.

Proposition 5.2. Assume that p is uniformly affinely non-concentrated. Then there exists ¢ :
(0,00) — (0,00) satisfying the following:
(1) §'(e) — 0 as e — 0.
(2) For every £ # 0, b € A¢, x € supp(ube), 0 <7 < 1, ¢ > 0 and affine hyperplane W < R?
we have

bW 0 B(x,7)) < 8'(e)u(B(x, 7))
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Proof. Fix £ # 0 and b € A¢. Let r € (0,1] and € > 0. Then for any x € supp(up¢) and affine
hyperplane W < R? there exists V < R% and y € X3, such that

Mb,ﬁ(W(er) N B(SIZ, 7’)) = Mb(v(€'||§||_2/37“) a B(y7 r- Hé”*Z/S))
_ il (VI 0 By, - 1€ 7)

1(Xp)
_ p(VEIEITD A By, r - [1€]72/))
- 1(Xb)
_ dOuBly,r- €I

(Xp)

Where in the final line we let 6 : (0,00) — (0,00) be as in the definition of uniformly affinely
non-concentrated. Therefore to complete our proof it remains to show that

u(By,r - [1€17*7%))
1(Xp)
which by the definition of uy ¢ is equivalent to

u(Bly, - [IE17%%)) < n(Xp N By, 7 - [€]727)). (5.3)

Recall that Diam(Xyp) < [|€]|72/3 since b € Ae. Tt follows from this observation and the Strong
Separation Condition that that there exists £ € N depending only upon the underlying IFS such
that one of two cases must occur:

(1) Xpa C B(y, r”§H72/3) NXyC Xbl:-"vb\b\fk
(2) There exists a € A* and a* € A* such that Xpaar C B(y,7]|€]|7%%) N X4 C Xpa.
In the first case, it follows from the quasi-Bernoulli property of p (2.2) that

(X N By, [€172%)) = pu(Xa) > 1( Xy, by_) = 1n(By, 7lIE]I72).

Again appealing to the quasi-Bernoulli property of u, in the second case we have

M(Xb N B(yvr : H5||_2/3)) > M(Xbaa*) > ,U/(Xba) > M(B(y,r\|£||_2/3)

Thus (5.3) holds and our proof is complete. O

< pbe(B(z, 1)),

for some a € AF.

5.3. Spectral gap and non-concentration of frequencies. We now fix the parameter ¢ appear-
ing in Proposition 5.1. We assume that c is sufficiently small that

|(Dsaww)) ,5‘2/3\\ > ¢/ (5.4)

for any a € A% and b € W, with a ~» b. The final part we need for our proof of Theorem 1.12
is the following proposition. It is in the proof of this proposition that we will use our spectral gap
assumption.

Proposition 5.3. There exists v > 0 such that for any b € A¢ and integer n € N satisfying
||§H1/6 <n< ||fH1/3 we have

5 wnlew)uae) (| (Do o5 ) = 011

acA™®)

a~b
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Proof. Let n € N satisfy ||€[|'/® < n < ||€]|*/3. Observe that

[(Das 1) iz | € frn+ 1 @(Hxal foso-an(o))| - |1 € om 1)
& log| ﬁ Nai(farssecan (@0))] € T
=1
for
Ine = [log([|¢]|7"/n), log([|€] 73 (n + 1))].

Thus we have

n(£)

> walob)Xnni <H(Dxbfa)T||£ﬁz/3H)= > walon)x, e (102 | T] Aas(Farsran (0))
aeA”];O acAn©) i=1

(5.5)
By the mean value theorem

1
Liel =< = < |78,
Tngl < = < I
We replace I, ¢ with an interval fn,g that contains I, ¢ and is of length 1€]7% where

d <min{1/6,—clogp}.

Here p € (0,1) is as in the definition of spectral gap and c is as in (5.4). We let h, ¢ be a smooth
mollifier approximating x; . such that hne > Xj , , el < €170 and ||h” el < I€]° as in

[13, 80|. Using Fourier inversion we have the following

n(§)
Z wa(l‘b)XIn,g log HAai(fai+1~--an($b))
=1

aEAn(g)
a~b
n(§)
< Z Wa(2b)hne | log H)‘ai(fai+1...an($b))
acAn(&) =1
a~b
o~ —QWinlog‘HTL('g)‘)\a_(fa_ o (ﬂfb))\
= Z wa(l'b) hn,{(n)e i=1 iUajyq..an dn
acA™E) —o0
a~b
n(§)
B Z wa(T / hné H|)\al Jaiir. an(xb))|2mnd77
aEAn(€> =1
a~b

0~ n
= [ RS, 1) wn)in
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Let © > 0 be some parameter such that our spectral gap bound can be applied for |n| > ©. Splitting
the integral above we have:

/ e (1) £5€) (1) () iy = / e (1) £5) (1) () + / e (1) £2) (1) ()
-0 In|<© [n|>©

<Jme(0)] + / e (1) 259 (1) ()
[n|>©

<le[7 + / e (N)£24E) (1) () iy
[n|>©

Applying our spectral gap bound we have

125 1|0 < 9" )

for some v € (0,1). Since n(§) = |clog|[£]|], this gives us:

[ e 23wy
In|>©

< / e (1™ Ol di
[n|>©

<|eferesr / el dn.
[n|>©

Using integration by parts it can be shown that

7 "
|hne(n)] < W(thé 1+ [P ell1)-
Substituting this bound into the above yields:
— [
H&IIClog”/ |, ()] Iml* diy <|!§H“°gp/ 5 (1nelly + (177 ell) dn
n|>6 m>e 1+ (1]
<€ (I ells + 17 eln)
<[lgfP+eteee.
In the penultimate line we used that v € (0,1) thus fln\>® % dn < 1. In the final line we used
that [|hnell1 < [|€17° and [|A2 [ly < [|€]°. By the definition of § we know that & + clog p < 0. This
completes the proof of this proposition. O

5.4. Proof of Theorem 1.12. Equipped with the propositions above we can now prove Theorem
1.12. By Proposition 5.1, we have

~ . '3 _
BEI< D uw(Xp) D walzp) |Ine ((Dxbﬁl)T”ﬂw3 +O([lg] 73,
beA; ac A&
a~b
Thus to prove our result it suffices to show that
. '3 _
S k(X)X unlon) e ((Daf s )| = O 5.6
be A, acA™(&)
a~b

for some 1 > 0.
Let « be as in Proposition 5.3. Applying Theorem 1.3, we can assert that there exists 7 > 0 such
that for each b € Ay, if we let

Bad¢p := {n € Z:|n| < [€]Y3,3n € RY such that ||n| € [n,n + 1] and |fpe(n)| > ||§H_T}
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then
#Badep = O, (|[]"?). (5.7)
We emphasise that the underyling constants in (5.7) do not depend upon b or £. This follows from

Proposition 5.2 which asserts that the non-concentration parameters can be taken to be independent
of b and &. By our choice of ¢ we know that

> |jé)/e

D, aTL
H( »J) el

for all b € A¢ and a ¢ A satisfying a ~» b. Therefore we can apply Proposition 5.3 to the
frequencies appearing in (5.6). In particular, using this proposition and (5.7) we have

> ulXp) Y walwp)

it (D fa)T 5 >‘
o (Do i

beA¢ acA™E)
a~b
3
< Z (Xp) Z Z wa(xb)X[n,n—l—l] <H(Dxbfa)T||€’2/3
bEAg nEBad&b aeA”(f)
a~
+ Z ,U(Xb) Z wa(fﬂb) Hb ¢ <(Da:bfa)T||§”2/3 X(UneBads,b[n,nH])c (Dmbfa)TW
bEA{ aeA”(&)
a~b
<Y pXe) > e+ D] (X)L walw)llE] T
bEAg nEBadgyb bEA§ acA™E)

a~b
< (Ilel="2 + gl =)
In the final line we used the trivial estimates:

Z u(Xp) =1 and Z wa(zp) < 1.
bEAg aeA”(&)
a~b

Therefore, (5.6) holds and our proof is complete.

6. NON-CONFORMAL SYSTEMS: PROOF OF THEOREM 1.19

6.1. Outline of the argument. We begin this section by outlining our proof of Theorem 1.19.
Given a frequency ¢ € R? we will begin by picking a dominant direction 1 < i* < d such that
maxi<i<q |&| = |&+|. Without loss of generality we can take i* = 1. We will then disintegrate our
stationary measure in this direction to express it as an integral of random measures. Each of these
random measures will be of the form pu, x d,,, where puy, is a probability measure on [0, 1] and d,,
is simply a Dirac mass supported on a point zy, € [0, 1],

The fact that our random measures are of this form and max;<;<4 |&| = |£1| will mean that to
prove Theorem 1.19, it is sufficient to show that a typical up will have polynomial Fourier decay.
This will be done by using the strategy employed throughout this paper.

To this end, we will bound fip(&1) from above by an average of Fourier transforms over a set of
measures and a set of frequencies. We will show that the measures appearing in this average are all
uniformly affinely non-concentrated and the underlying non-concentration parameters can be taken
to be independent of the measure (Proposition 6.4). We will also show that the set of frequencies
appearing in this average typically satisfy a non-concentration property (Proposition 6.8). We will
then apply Theorem 1.3 to prove the desired Fourier decay result.
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The major difference in our proof when compared to Theorem 1.12 is that the measures up are no
longer self-conformal measures and only satisfy a weaker form of dynamical self-conformality (see
Lemma 6.1). It is a consequence of this weaker form of self-conformality that we do not consider a
single transfer operator in our analysis, but instead must consider a family of transfer operators and
how they behave under random compositions. Here we will rely heavily on work on the first and third
authors [13], which establishes that a spectral gap typically exists for these random compositions
under the third assumption of Theorem 1.19.

The aforementioned technique of disintegrating a stationary measure in terms of simpler, albeit
random, measures has its origins in a paper of Galicer et al [35]. It has subsequently been applied to
problems relating to absolute continuity of self-similar measures [46, 78], normal numbers in fractal
sets [1], and Fourier transforms of fractal measures [12].

6.2. Beginning our proof and disintegrating pu. Let us begin our proof of Theorem 1.19 by
fixing a restricted product IFS {Fz},, 4 satisfying the assumptions of this theorem and a probability
vector p = (pg)aea. To ease our notation we will denote the corresponding stationary measure
by p instead of pp. Let us also fix { € R Without loss of generality we will assume that
maxi<i<q |§| = |£1]. Thus to prove our result it suffices to show that

() <&l (6.1)
for some 1 > 0. Our first step towards proving (6.1) is to disintegrate our measure u. This is done
in Proposition 6.2 after introducing the necessary notation.

Let m: A — Ay x -+ x Ay be the map given by 7(ay,...,aq) = (ag,...,aq). We define B = 7(A)
and define a new probability vector q = (q;);c5 by the formula

G= ) e

a:m(a)=b

We let @ be the probability measure on BY corresponding to q. Given b = (by,...,bg_1) € B we
define £ : [0,1]%71 — [0,1]%7! to be the contraction given by

Fy(wr,...,za1) = (£ (@), £ (2a1)).

Given b € B, we let A; = {a € A; : (a,b) € A} . For b = (b;) € BY, we also define &y, = [, Az,
and let xp, € [0,1]%"! be the point given by the formula

Tp = lim (F%1 o--- OF%H)(O)

n—oo

We define a Bernoulli measure on Y, according to the rule

mp([al,...,an)) = H%

i=1 qlT

and mp : Xp — [0, 1] according to the rule
mh(a) = lim (f{) oo f{1))(0).
n—oo
We let
Xp = mp(Bp) and pp, := Tpmp.
We remark that it follows from the second assumption in Theorem 1.19 that #.4; > 2 for all beB.
Consequently, there exists v € (0,1) such that
max max Pab <. (6.2)
beB a€A; qp

We let o : BN — BN be the left shift map given by o((5;)%2;) = (bi+1)2;. The following lemma
shows that the measures up, exhibit a form of dynamical self-conformality.
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Lemma 6.1. Let b € BN. Then for all n € N we have
o = > mp([a)) fatton b)-

aE.Agl ><~~'><.Agn

Proof. Let b € BY and n € N. By considering y, and Hon(by as weak star limits of weighted Dirac
masses we have

po=lim Y mp([a])ds, )

M—o00
acdy, X Ag,,
=Jimo 3T m(al)  DT mem(@dg,0
aE.AEl X"'Agn aleAB’n-kl X""AEM

=lim Y mp(fa))fa . e (@Ddg,

M—o00
aGAg XAE a'e A- X'AE
1 n M

= Z myp([a]) fation (b)-

achy XAy

O
The following proposition is our aforementioned disintegration result.
Proposition 6.2. We have
M:/ Hb X Oz, Q.
BN
Proof. Consider the Borel probability measure fi given by
ﬂ:/ Hp X 6mbdQ.
BN
We will show that i satisfies
= Z palapi. (6.3)

acA
Since the stationary measure p is the unique Borel probability measure satisfying this equation, our
result will follow.
Using Lemma 6.1, we have

im0, dQ = [ 57 (ol sy * 6, Q

aE.Agl
[ (o ottty % F 0s,0 40
BN
aEAgl
= [ 3 mullaDFg, (o * b, ) 40
aEAgl
Dap
:Z Z ? / _7Fa5 ('“U(b) X 5%(1;)) dQ.
tepacA; 1o Jbbi=b
In the final line we used that
Pap
mp([a]) = ==

£
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if by = b. Now using the fact that @ is a o-invariant product measure and Fs (ua(b) X (5%“))) does
not depend on the first digit of b, we have

ZZ ab/b B ab(ua(b)X5g<b>)dQ ZZ XQ‘/ 5 (b X 0zy) dQ

beB a€Ay beB a€ Ay

—ZZ%/ 5 i x 0, 4Q

beB aEA;

= [ Pl x 8s,) dQ

acA

= paFui.

acA
Thus, i satisfies (6.3) and our proof is complete. O

We finish this subsection by recording one consequence of Proposition 6.2 with regards to the

Fourier transform of u:
[ [ < ., daw)
BN

)1 = 6 ) =
/BN e2mi{(€i) o 7p) /eQﬂglx dpip dQ(b)‘

< /B ()| dQ(b). (6.4)

The significance of (6.4) is that it tells us that to prove (6.18) it is sufficient to show that outside
of a set of small Q measure, each up has polynomial Fourier decay.

6.3. Bounding the Fourier transform by an average. Let us now focus on up(£1). We show
in Proposition 6.3 that 1zp(£1) is bounded above by an expression involving an average of Fourier
transforms. Importantly Theorem 1.3 can be meaningfully applied to this average.

To this end, we let

n(&1) = [clog|&|] (6.5)

for some ¢ > 0 chosen to be sufficiently small that

—-1/3
> . .
Eﬁli%m?[é%'f N(2)] > € (6.6)

To each b € BY we associate the set
oo J
. —2/3 . -2/3
A= o€ UTT s Diamel(0.10) < & Diamt - (0.1) 2 &1
J: =
For each ¢ € Ag, p we pick Zc € T n(e)) 1 ([€]). Given b € BN and ¢ € Ag, p we let He o) (b),¢, D€
the pushforward of
Han (@) (b) 17 ey (1)
Honen) () (Tonten ) ([€]))

under z — {f/ ®2. The following statement bounds |5 (&1)| by an average of 1, J@b) ¢, taken over
all ¢ € A¢, 1, and a range of frequencies plus a polynomially small error.
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Proposition 6.3. For any b € BY we have

e Y ) D7 Mgnien oy (€D e gy (6 () (o)) | +O(a|7)

acA; | XX Ay (1) ceAg1 b

Proof. Fix b € BY. Using Lemma 6.1 we have

> m(la) / S e

aEA* X XAE n(€q)
1

(el = | [ 7 dun| =

We now split the latter integrals over cylinder sets determined by element of Ag, 1,

) my([a]) / AT dftgner) b)

€A X xAp
A= Ba(ey)

rigr f9 (x
= > my([a]) > M) A ey )

a€ Az, X x Ay ceAg, b T (1) iy (€])

Pn(er)
For each a € Ay X --- X A e, We can linearize fa(ll)(:c) around x. and use Lemma 2.1 to derive
n(&1
the bound
f (@) = £ (@e) + (f2)) (we) (@ — we) + O(&1] ™) (6.7)

for all z € ﬂgn(gl)(b)([c]). Here we have used the definition of Ag¢, . Applying (6.7) in the above we
have

e (1)
> mp([a)) Y T A ey
acdy xxdy c€A b T n(€1) iy (€]
n(&1
; (1)ys _
< > mp([a]) Y AT ey iy | + O(l6]H?)
aE.A* XX A n(ED) cEAg b ﬂ—a”(ﬁﬂ(b)([c})
1
1/3 1) _
T ) 3 oD | i
acA; x- ><Ag n(e1) C€A§1
B _ 1/3, (1) O(l¢,1-1/3
=Y mla) Y Mmoo () e smime (€7 DY @) | + O ).
acAy X x Ay 1) c€EAg b
n 1
This completes our proof. 0

6.4. Affine non-concentration of the averaged measures. In light of the above proposition,
to successfully apply Theorem 1.3 to prove Theorem 1.19, we need to show that each Fhe o (€1) (b) ¢
is uniformly affinely non-concentrated and the non-concentration parameters do not depend upon
our choice of measure. This fact is established in the following proposition.

Proposition 6.4. There exists C,a > 0 such that for any b € BY, & € R, ¢ € A b, T €
SUPP(Ke one1) (b) .6, ) ¥ € R, 7 € (0,1] and € > 0 we have

e g6 (b6, (B(@) N By, 1)) < Ce1g e )6, (Ba,1))-
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Proof. Let us fix b e BN, ¢, e R and ¢ € Ag b Let x € supp(,ucvgn(gl)(b),&), r € (0,1] and € > 0.
Then, by definition, for any y € R we have

e o6 b6, (B(@.7) N Bly, er))

oo ln ey (o) (B &7 € 0By -7 e 7))

o"(€1) (b)

Honen) () (Tonten v ([€])

_tgricopy(Bla- & 2 0 By e 7))

- Honen) () (Tonten ) ([€])

ey (B@ &) By er - 6777

Hon(&1) (b) (T pmien) (b) (le))

(6.8)

. . L —2/3 , —2/3
Where in the last line we have adopted the notation: 2’ = z-§ /° € ﬂgn(gl)(b)([CD andy =y-&§ 7.
We begin our proof by analysing the sets appearing in the numerator in (6.8). Without loss of
generality we can assume that 3 € Xgn@l)(b).

It is useful at this point to recall that the IFS { (51)} y satisfies the strong separation condition.
ac

Therefore, if X7 C R denotes the attractor for this IFS, we have f,gl)(X )N fé,l)(X 1) = 0 for distinct
a,a’ € A;. Therefore

mind ({0 (x1), /(x1)) > 0

It is a consequence of Lemma 2.2 afld this property that for a,a’ € A} we have
a (£ (x1), £3(X1)) = Diam (fanar|(0,1])) (6.9)
Since n(e;) ) ([d]) C £3(X1) for all d € U2, [T, A5, c.).1» (6:9) implies
AT e () ([A]), Tynicr) 1) ([d])) = Diam(fiana ([0, 1])) (6.10)
f ot ! o J _
forvilsi;iciid;d( z)U];lHHfil‘Afi:f::Zbe the unique sequence satisfying T yn(€1) (b) (d) = /. Since

x e an(gl)(b)([c]) the sequence d must begin with c. Let m € N be minimal such that

770”(§1>(b)([d17 s )dm]) C B(:C/, T 5;2/3)_
It follows from (6.10) that a bounded number of (di,...,d;,) € [[/~; A o satisfy
n(&1)+1

Ty (1o di]) N B 677%) 20, (6.11)

It also follows from (6.10) that there exists I € N depending only on our IFS, such that if d’ satisfies
(6.11) then d; = d] for all 1 < i < m — [. Therefore for such a (dj,...,d,,) we have

mgn(gl)(b)([dl, e ,dm]) = ma_n(gl)(b)([dll, e 7d;ﬂ])
Combining these observations we have
—-2/3
/’Lan(fl)(b) (B(x/7 - 51 / ) = mg—”(il)(b)([dlv cee 7dm]) (612)
Let us now consider B(y/, er - 51_2/3). Let e = (e;) € Ean@l)(b) be the unique sequence satisfying
T (e () (€) = ¥'. Let m’ > m be minimal such that

Tonten) by ([€1, - - - emr]) C B(y/, 67«§1—2/3).
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By an analogous argument to that given above, we must have
—-2/3
Honten by (B, eréy %) = Monen vy (let, - - env]). (6.13)

Using the fact that our IFS is uniformly contracting, it can be shown that m’ —m > |dloge™!| for
some d > 0 depending only on our IFS. Using this inequality and recalling the definition of v given
by (6.2), we have

Ngn(51)(b)(B(y,a 6T§1_2/3)) < ma"(ﬁl)(b)([eh cee em’])

<< mo_n(gl)(b)([el, ceey ern])ﬁ_dk)g/y

L Mignen iy (ld, - -, dp]) e 41087 (6.14)
In the last line we used that (eq,...,ey) must satisfy (6.11) therefore e; = d; for 1 < i < m —1
and so M n(e) by ([€15 - - -5 €m]) X Mgnie) 1 ([d1, - - -, dip]). Summarizing, it follows from (6.8), (6.12),

(6.13) and (6.14) that

fonen ) (B, &) N By er - 7))

Hon(&1) (b) (Wgn(én (b) ([c])
_ e (B er- &)
Hon(€) (b) (T mier) (b) ([c]))

e g iy ¢ (B(,7) N Bly, er)) <

gnien oy (B, &%)

,u(,msl)(b)(7T(,n<£1>(b)([c])) '

< E—dlogw

Taking o = —dlog~y, we see that to complete our proof it remains to show that

)

Honien) () (B, - &
L g gn B(x,r)).
'uo'"('gl)(b)(Tra"(&)(b)([c])) < (51)(b),§( ( ))

This is equivalent to
—2/3 —-2/3
Honien vy (B, 7 - & ) < Honn) (b) ey o, () (B 7 & ). (6.15)
It is useful to recall at this point that by the definition of A¢, v, we know that
. ~2/3
Diam (7, ey oy ([e])) = & 7%, (6.16)

Therefore, it follows from (6.10) that there exists 79 > 0 depending only on our IFS such that if

r < 1o then
—2/3 —2/3
’U'O'"(‘fl)(b)’ﬂon(gl)(b)([c])(B(x/7 r-. 51 / )) = ﬂan(§1)(b) (B(m/, r-. fl / ))

Therefore (6.15) holds for r < rg. For r > rg, one can appeal to (6.16) and the fact d begins with
c to show that

mo—n(ﬁl)(b)([dla s 7dm]) = mg”“l)(b)([c])'

It is also straightforward to show that
—2/3
:uo.n(fl)(b)|7ran(£1)(b)([c])(B($,,T & / )) = Mignien) 1y ([€])-

Thus (6.15) follows for r > ¢ by these observations and (6.12). This completes our proof. O
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6.5. Spectral gap and non-concentration of frequencies. The final step in the proof of The-
orem 1.19 is to show that the set of frequencies

{6/ () @) rae dy oy

appearing in Proposition 6.3 satisfy a non-concentration property. This is established in Proposi-
tion 6.8 below. The key ingredient is a spectral gap for certain random transfer operators (Propo-
sition 6.5).

More precisely, to each b € BY and b € R, we associate a transfer operator that acts on C1(U ):

L0y =3 mu(aDI(FD) @) h(ful)).

CLE.Agl

Iterating this formula we have

L oo @y = S (&)Y @R (@) (6.17)

aE.Agl X XABn

for any b€ BN, h € C1(U), n € Nand z € U.

n—1
The following statement asserts that a random operator EEU ®) 6. og®

" ,, has a spectral gap
for all b € BY outside of a small measure set. It is in the proof of this proposition where we use the
third assumption in Theorem 1.19.

Proposition 6.5. There exists p1 € (0,1) and © > 0 such that the following statements are true:
e For all n € N there exists Q,, € BN such that

o™ 1(b b n
12" oo £ < P B2 Bl

for allb € Q,, h € CY(U) and |b| > ©.
o There exists § > 0 such that Q, satisfies Q(Q°) < e~ for alln € N.

Sketch of proof of Proposition 6.5. We do not include a full proof of Proposition 6.5 because it is
essentially contained in [13]. See Theorem 3.2 and (3.9) from this paper. We give a rough outline of
the argument for convenience of the reader. The third assumption in Theorem 1.19 implies that the

IFS { fél) ta € Ag*} must satisfy the UNI property for some b € B. A large deviation argument

tells us that outside of an exponentially small measure set, for a typical b € BY, a significant
n—1 7%
proportion of the operators appearing in the composition ﬁg;’ ®) .o EZ(.;)D) will equal E,gg ),
The existence of the desired spectral gap for the single operator EZ(.Z ) goes back to Naud [64] and
Stoyanov [87]. By adapting Naud’s argument, the first author and third author showed in [13] that

if Eg ) appeared sufficiently many times within Eggnil(b)) 0--+0 £§§) then we have the desired

spectral gap. Combining this with our large deviation bound implies Proposition 6.5.
O

Remark 6.6. We remark that in [13] the separation assumption for our IFS is that fél)([(), 1])n

fé,l)([(), 1]) = 0 for distinct a,a’ € A;. This is a stronger assumption than the strong separation
condition. Nevertheless it is possible to adapt the arguments in [13| to weaken this assumption to

the strong separation condition.

Remark 6.7. We note that Proposition 6.5 gives a spectral gap in terms of the || - || norm instead
of the usual || - ||, norm. Despite the spectral gap being phrased in terms of this norm, it causes no
issues in our proof of Theorem 1.19.

Equipped with Proposition 6.5, we can now prove our non-concentration statement for frequen-
cies.
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Proposition 6.8. There exists £ > 0 such that for any b € Q,, ¢y, ¢ € Ag, p and n € N satisfying
‘51’1/6 <n< ’§1|1/3 we have

1/3), (1 _
> mla)xmaesn(@ 1) (@e)l) = Ol ™).
aEAgl ><--~><.A5n(§1)
Proof. The proof of Proposition 6.8 is analogous to Proposition 5.3. Thus, we only explain how the

random transfer operators appear in our analysis. This is the only point where the proof differs.
As in the proof of Proposition 5.3, we can replace X[, ,4+1] With a smooth function h, ¢, that

satisfies
1/3), (1 1
Xinn 11671 UY (o)) < o (log |(fa) ()

and for which we have useful bounds on the L' norm of its second derivative. Applying the above
and the Fourier inversion formula, we have the following:

S m(a) X €21 ()

aE.Agl Xoeee XAEn(gl)

< Y mp([a)haglog](fAY) (ze))

ac Ay X x Ay

n(€1)
T —2minlo (1)’azc
< > mp(la)) [ (e oG Gl gy
a€ A XAy
= S mp(a)) [ BV (ze) 72 d
b neM(fa”) (ze)l n
aE.Agl X XAEn(gl)
ho 1 —2mi
= [ hne(n) > m([a))| (F8) ()| 727 dn
aeAEl x ---><.A5n(§1)

— o€ -1
— [ Fe(£ Gy 00 £ (1) ) di,

where, in the last line, we used (6.17). The rest of our proof is identical to the proof of Proposition
5.3. We split out integral into two parts, one part that can be controlled using the bound |h, ¢(n)| <

ifn\ 0)|, and one part on which we use our assumption b € €2,y and the spectral gap guaranteed
£ (61)
by Proposition 6.5. U

6.6. Conclusion of the proof of Theorem 1.19. Recall that, by our assumption, we have
maxi<i<q |&| = [&1] and, hence. it suffices to show that (6.1) holds. By (6.4) and Proposition 6.3,
we have

)| < o0&~
+ / 3 mp([al) D Mgnien i) (D)t gmien o)., (€17 (27 (e))] dQ(D).

acAy ><---><Agn<§1> c€EAg b

So to complete our proof it is sufficient to show that

/ > mp([a)) > M) ) (D)o gren e, (€1 (A7) () dQ(D) < [€1]7

acAy X XAEn(gl) cEA¢ b

(6.18)
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for some 7 > 0. We begin by splitting our outer integral. Let {2, be as in Proposition 6.5. It
follows from this proposition that

/ > mp([a]) D M ) ([D)He gmen e, (€17 (187 (e))] dQ(D)

acAy x--xAy n(e1) cEAs b
<L &
+ / 3 ) ST e oy (0D e g i, (€72 (DY (2e)) dQ(D)
n(€1>aeAf XX Ap ceAg
n(1) b
= [&™™
— (1
/ D Mynen ) ([€]) > mi([a])| e grnen) (b 51(51 $(f87) (we))] dQ(b),
”1(51 CGAg b ae‘AEIX"'X'AE

n(€1)
(6.19)

for some 7y > 0. For each ¢ € A¢, b, b € BY and 7 > 0, we let
Badep,r := {n e Z:|n| <|&|Y? and 3¢ € [n,n + 1] satisfying ’Mc,o@b),&(é.” > |§1\_T}.

By Proposition 6.4, we know that each p,, o761 (b),£1 is uniformly affinely non-concentrated and that
the non-concentration parameters can be chosen independently of the measure. As such, we can
apply Theorem 1.3 to assert that there exists 7 > 0 such that

#Badc,b,T = OH(|§1‘H/2)5 (620)

where & is as in Proposition 6.8. Crucially the underlying constants in (6.20) do not depend upon
c, b or §. Using Proposition 6.8 and (6.6), we see that for any ¢ € Ag, p, and b € ¢,y we have

S ()t gnen e (67 (Y ()]

acA; s X Ag n(e1)
1

< ¥ Yoo (@) @ (Y ()

nEBadCbTaEA X+ ><Ab (1)

Y (DX e € U @)t e, (€1 (80 (@)
acA; X XAy neD) "
< > el Y me(ahlalT
nEBadc,b,T aG.AEI X---XAE 1)
n(€1
gy minte/2T (6.21)

In the last line, we used (6.20). Substituting (6.21) into (6.19), we have

/ > meweomyle) Y mula)le e e(& () (20)) dQ + |

n(§1) CE.Agl b aE.A* X X‘Ab n(ey)

< / 72T ST e 4y ([€]) dQ + |

Qnier) ceAg, b
< |€1 ‘f min{xk/2,7,m } .

Thus, (6.18) holds and our proof is complete.
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APPENDIX A. HIGHER DIMENSIONAL DAVENPORT-ERDOS-LEVEQUE CRITERION

The purpose of this appendix is to give the proof of the following:

Theorem A.1. Let u be a probability measure on R® with polylogarithmic Fourier decay. Then, i
almost every x is A-normal for any expanding integer valued matriz A.

The strategy of proof for Theorem A.1 is similar to that implemented by Queffélec and Ramaré
[73] for the one dimensional version of the DEL criterion. The third author and Jonathan Fraser
wrote a proof of Theorem A.1 in an unpublished note. We thank Jonathan for his permission to
include the argument here.

To prove Theorem A.1, we need the following Lemma.

Lemma A.2 (Lemma 7.3 [73]). Suppose (rn) C (0,00) is a sequence of reals such that y 5, <
oo. Then there is a subsequence N; — 0o, j € N, such that Zj’;l rN; < 00 and lim; e N]’V—jl =1.
Proof of Theorem A.1. Let u be a measure on the d-torus T¢ for which there exists some a > 0 and
C > 0 such that the Fourier transform satisfies |fi(£)] < C|log |||~ for all £ € R? with [£] > 1.
Also, let T(x) = Az mod 1, x € T for some A € Z¥?. Fix k € Z%\ {0} and for N € N write

|
Sn(z) = N Z exp(2rik - T"(x)),

n=1

where k has been suppressed from the notation. Weyl’s equidistribution criterion in T? (see e.g. [90,
Proposition 1.1.2]) says that (z,,) C T¢ is equidistributed in T¢ if and only if for any k € Z4\ {0} we
have imy_o0 + SN exp(2mik - x,) = 0. Thus it is enough to prove that Sy(z) — 0 as N — oo
for p almost every z. Note that from this one can deduce that the result holds simultaneously for
all expanding toral endomorphisms since such maps are represented by two dimensional matrices
with integer coefficients and so there are only countably many possibilities.

Let 7y := [|Sn(x)|? du(x). For each x € T? as A has integer entries, we know that exp(27ik -
T™(z)) = exp(2mi(A*)"(k) - x). Then we may estimate

1 N
= 2 [ exp(-2mik: (@) - () dua)

m,n=1

— 3 2 [ ew(o2mi((A)" (09 - (4)7(0) 1) dia)

m,n=1
1 9 N m-—1 R . oo
< N+szZ:M:1 [((A7)™ (k) = (A%)" (k)]

Let 04 = inf{|Az| : |x| = 1} be the smallest singular value of A, which is the same as the smallest
singular value of A*. Thus we have for any n € N and y € R? that |(A*)"y| > o7|y|. Since
o4 > 1, we have o] — oo as n — oo. Thus there exists ng € N such that whenever m,n € N with
m >n > ng, we have

1 O_m—n
0321+ 21+ m—n = m(—in :
oq—1 oy -1 o) —1
Thus for m > n > ng we can bound (o' " — 1)o}} > o' ", giving

(A7) (k) = (A7) (k)| > [[(A7)™ (k)| = [(AT)* (W)[| = (04" = Doglk| > 05"
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again, valid for m > n > ng. By the Fourier decay and |(A*)"y| > ol}|y| we obtain

N m-—1 N m—1
DD (A ™M (k) = (A" (K) < N(no — 1)+ D> Y A((A")™ (k) — (A%)" (k)|
m=2 n=1 m=2n=ng
N m—1
SN+ (log|(A%)™(k) — (A" (k)™
m=2n=ng

N m—1 1
— —
= N +log(og) Z > tm =)
m=2n=ng

= O(N + N*79),
Since a > 0 we have that > %_; S < oo. Thus by Lemma A.2 there is a subsequence N; — oo,
7 € N, such that Z;’il rn; < 0o and limj o0 NN = 1. In particular, the former condition yields
that

[ 318w, (@) dute) < o0
j=1

and so Sy; () — 0 for u almost every x as j — oo. Now we just check that the latter condition
actually yields Sy (x) — 0 for p almost every x as N — oo, which is what we need. Fix N € N and
find j € N such that N; < N < Nj; 1. This yields that

N
INSn(x) — N;Sn, ()] = ’ > exp(-2mik-T"(z))| < N = N; < Nj11 — Nj.
n=N,;+1
Hence
Nii1 — N
S ()] < IS, ()] + A=
J
which converges to 0 as j — oo at p almost every z. O

APPENDIX B. PROOF OF LEMMA 3.4
In this section we will prove lemma 3.4. Let us recall its statement.

Lemma B.1. Let (pg)aca be a probability vector and n € N, then

n!
Hpaa <n —1/2(#A-1)
HaE.A a acA

for any (ka)aen € N#A satisfying Y acaka = n. Here the underlying constants only depend upon
the probability vector.

Proof. Let (k})aeca be such that

T [ rir = T k! [1#:

(ka)aE.A ZaeAkG_n HQEA a- acA aG_A a acA

We claim that (k}),c4 must satisfy
ki € {|pan| — 10#A, ..., [pan] + 10#A} (B.1)
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for all a € A. Suppose for instance that k¥ < |pyn| — 10#.A for some a’ € A, then there must
exists a” € A such that £}, > |p,n] + 2. We have

n! k41 K, H

* ¥ o Y2 DL
(kG + Dk, — D! HaeA\{a' L S v

k?:;//pa/ *

= I Pa* (B.2)
(ka/ + 1)pa” acA a' a1€_£ “
k* ’
However, we have the following lower bound for W‘i’%:

k;”pa' > (Lpa”nJ + 2)pa’ > DPa/"Pa’M + Pt

2 > > 1. B.3
(ke + Vpar = ([parn] — 108 A)par = parpar — 102 Apyr (5:9)
Substituting (B.3) into (B.2) we have
n! k L K, — o n! .
* * a pa” H paa * H Do
(ka’ + 1)!(ka” - )' HaGA\{a’ a} k ! acA\{a’,a""} HaEA ka' aeA

However this contradicts our assumption that (k) was maximizing. The case where k¥, > [pyn| —
10# A follows similarly. Thus we have proved our claim.
We now claim that if (kq)aec4 satisfies

ko € {|pan| — 10#A, ..., [pan]| + 10#A} (B.4)
for all @ € A then

o L < g Lo (B.5)

Macakd! acA acaka! a€A
We remark that if (k,) satisfies (B.4) then

T k5 [1»%

aGA a acA

can be obtained from
H Pl

by multiplying the latter term a bounded number of times by terms each of which is bounded above
by

aEA a

maxaea {|pan] + 10#A} maxeea {pa}
minge A {LpanJ - 10#~A} minge A {pa} .
Since (B.6) is uniformly bounded from above our claim follows.
It follows from (B.5) that to prove our lemma we just need to show that the desired bound holds
for a specific (k,) satisfying (B.4). This we do now. Pick @’ € A arbitrarily, then by Stirling’s
formula we have

(B.6)

n! (”_zaeA\{a’} [pan]) H pl [pan]
(’I’L — ZaEA\{a’} Lpa’I’LJ)' HaEA\{G,} LpanJ' a acA\{a’}
i Zeea{ay e ps™

<

\/(n _ ZaEA\{a’}L anJ )(n _ ZaEA\{a’}L anJ)(n*ZaeA\{a/} [pan]) e\ {a'} \/ \_panj LpanJ [pan]
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The following bounds are straightforward to verify

[Pan] , (”*ZaeA\{a/} [pan])
(pan)m < 1 and (pa Tl) - Lp nJ) < 1. (B?)
LpanJ (Tl ZaEA\{a’} LpanJ) aEA\{a }
Substituting (B.7) into the above yields:
n' (’I’L ZaE.A\{a’} paTbJ Lp TL
Dy Dg
(n— ZaeA\{a/} [pan])! HaeA\{a/} [pan]!™® aGHa’}
< \/ﬁ
\/ (n = 2 acafary [Pan]) [ac 4\ fary vPaT
<<n_1/2(#“4_1).
Thus our result follows. O

APPENDIX C. PROOF OF PROPOSITION 1.14
The purpose of this section is to prove Proposition 1.14, which we recall here:

Proposition C.1 (Spectral gap). Let ® be a conformal IFS satisfying the strong separation condi-
tion and ¥ 4 be a subshift of finite type. Suppose that (D,X ) satisfies the UNI condition, then for
any C* potential 1 satisfying P(1) = 0, there exists 0 < p < 1 such that for all large enough |b|,
n €N and h € CY*(U), we have

1£5hlle < o [b]']| R 5.

In particular, if (D, 4) satisfies the UNI condition, then for any C potential 1 satisfying P(¢)) = 0
the triple (®,%4,%) has a spectral gap.

In our proof of this proposition we will make use of a uniform non-integrability condition intro-
duced in [56]. It follows from Proposition D.1 that this condition is equivalent to our UNI condition.
Thus in this section, by Proposition D.1 we may freely assume the existence of » > 0 and ¢y > 0
such that the following holds for any large n € N. For any € X4 and unit vector e € R%, there
exist aj,as € Wy N A" such that:

e For all y € B(x,r) we have
|0c (log |Aa, ()] — log [Aay (y)])] = €0

e For all y € B(x,r) we have a; ~ y and ag ~ v.

Without loss of generality we may assume that our (untwisted) transfer operator satisfies

D wa(x) =1 (C.1)

acA
a~~xT

for all x € X 4. This is permissible as one can conjugate our transfer operator by a multiplication
operator so that the resulting transfer operator satisfies (C.1). Moreover, it can be shown that if
this new operator satisfies the conclusion of Proposition 1.14, then our original transfer operator
also satisfies this conclusion. Thus there is no loss of generality in making this assumption. For
further details of this reduction we refer the reader to [64, Section 5.1].

Recall that U = |J,c 4 Ua is a choice of open set satisfying X¢ C U, where the U, are disjoint
open sets with f,(U) C U, for all a € A.

In our proof of Proposition 1.14 we will make regular use of the following set of functions: For
A >0 let

Ca:={uce CI(U) cu >0, || Dyu| < Au(z)}.
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We record here a useful property of the cone Cy4. If u € C4 then

e~ Ayl < u(z) < eAle=yl (C.2)
u

()
for all z,y € U.
We will also make regular use of the following lemma. It records various well known bounded
distortion estimates whose proofs we omit.

Lemma C.2. Let ® = {f,}aca be a conformal IFS satisfying the strong separation condition and
Y : U — R be a C' potential. Then there exists Cy,Cy,C3 > 0 such that the following statements
are true:

o For any x,y € Xo and a € A" we have

~—

wa (T
a(y

e~ Cilz—yl < < Crlz—yl

g

~—

e For any x € X¢ and a € A* we have

[ Dzwal| < Cowa(z).
e For any x € Xo¢ and a € A* we have

1Dy log [Aall| < Cs.

C.1. Construction of Dolgopyat operators. In what follows we will fix an IFS ® and a subshift
of finite type ¥4 such that the assumptions of Proposition 1.14 hold. We will also fix a C'! potential
1 satisfying P(v)) = 0. In this section we will denote the corresponding Gibbs measure by p.

In this section we will define a family of Dolgopyat operators (N;)jes, that will allow us to
prove Proposition 1.14 via properties of complex transfer operators. First of all, let us fix A > 1
sufficiently large such that

(C2 +2[b] + AJb]y") < Alb| (C.3)
and
(2Cy + 2C5|b| + 2A|b|y™) < A|b| (C.4)
for all |b| > 1 and n sufficiently large. This is slightly abusing notation with the matrix A defining
the subshift of finite type. Here v € (0, 1) is the uniform contraction factor in our IFS and Cs, C5 > 0
are as in Lemma C.2.
We now state the key proposition where the UNI condition manifests.

Proposition C.3. There exist ng = no(®,X4) € (0,1), D = D(®,X4) > 0, €1 = €1(P,X4) and
€2 = €2(P,¥a) > 0 such that for N € N sufficiently large, |b| > 1, H € Cypp|, and u € clU), ifu

satisfies |u| < H and ||Du| < A|b|H, then for any y € X there exists ¥’ € X4 N B (y, %) such

that
/I € aD
B (m, |b|> C B(y, ) )
and for which we have the following: there exists aj,as € W4 N AN such that a; ~ x and as ~> x

forallz € B (y, €|1bj|j) , and one of the following holds for all x € B (33’, ‘%2') :

0, (2) s (21 fay (2)) + 0 (2) Ny (@) P fa ()| (C.5)
< Noway () H (fay () + wa, () H (fay (7)),

0, (2) Ay (2) P fay (2)) + i (2) Ny (@) P fa ()| (C.6)
< Way (m)H(fm (x)) + NoWa, (x)H<fa2 (.1‘))
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The proof of Proposition C.3 will be given in Section C.3 below. Having found the parameters
no, D, €1, €2 in Proposition C.3, we can now define the family of Dolgopyat operators.

Definition C.4 (Dolgopyat operators (N;)jeg,). Assume [b| > 1 is fixed and N € N is a large
number so that Proposition 1.14 applies. We now define our Dolgopyat operators. We fix a maximal
set of points {y;};es() C Xa with some index set S(b) such that

1D e D
5 (.7 ) 8 (o ) =0

for distinct I,1" € S(b). By Proposition C.3, applied to y; for each I € S(b), we can always find a

€ aD
5 (st f) <8 (57)

and a word a; € A" satisfying a; ~» z for all z € B (yl, %) such that either (C.5) holds with

a; = a; or (C.6) holds with ay = a;. Let 9 € (0,1) be the value from Proposition C.3 and
fix n € [no, 1), then we can choose a C! function x : U — [n, 1] such that y(z) = 1 outside of
Ures () fa, (B(g, %')) and x(x) = n within Ujcg@) fa, (B(2], ﬁ)) Moreover, we can choose 7 in such

point z; € B (yl, %) satisfying

a way that ||D(x o fa)|| < |b] for all a € AN. We can also freely assume 7 > 1/2. We emphasize
that the function x only depends upon the pairs {(z], a;)};e5()- We let

B (:1:;, %) CcB (yl, %) and

a € AN satisfies a~zVreB (yl’ %)

& =< (x],a)1es0) :

Given J € &, we define the Dolgopyat operator /\/'b‘] on C'(U) according to the rule
N (H) = L§ (xH).

Crucially, Dolgopyat operators satisfy the following key properties, which we will prove using
Proposition C.3, the doubling property of the Gibbs measure u, and basic inequalities for complex
transfer operators.

Lemma C.5 (Key properties of Dolgopyat operators). There exists N € Ny A > 1 and p € (0,1)
such that for |b| sufficiently large the Dolgopyat operators (N;')jeg, on C1(U) satisfy the following
properties:

(1) The cone C | is stable under Ny for all J € &, that is, if H € Cap|, then
IDNG (H)|| < ABING (H) (2),  z € U.
(2) For all H € Cyp) and J € &,

/Wz;]ledu < p/\H\Qd/L

(3) Given H € Cyupp and u € CH(U) such that |u| < H and ||Dul| < A|b|H, there exists J € &,
such that

|Liyul <N (H)
and
ID(Lw)| < AlpING (H).

The proof of this lemma will be given in Section C.4 below.
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C.2. Reduction of spectral gap to Dolgopyat operators. Let us now show how Proposition
1.14 follows using Lemma C.5. Our proof is based upon arguments of Naud [64]. For the purposes
of brevity we will omit certain calculations from our proof.

Proof of Proposition 1.14. We start by proving that Lemma C.5 implies an L? decay statement.
Let u € C'(U) satisfy |lully < 1. Set H = |ulpl. Then H € Cyup and |u| < H, ||Dul| <
|b[||u|ly < Alb|H. Thus by the definition of L£; and iterating Lemma C.5(3), we get for all n > 1,
|L2Ny| < /\/é]"./\/’bjn_1 W NJVH and || DLPN | < A]b]./\/’bjnj\/l;]"_l . NJVH for some Ji,...,J, € &
Hence

[ an < [ AP A R A< o [ HP s )
X X X
Now we will show how (C.7) leads to a spectral gap. We will use the following well known inequal-
ities: Let u € C'(U). There exists C;,Co > 0 and p; € (0, 1) such that

(1) supgey || Do Ligull < Crbfl| Lgullco + pi | L5 ([[Dul])lloo

(i) [[Lhulloo < [ luldp+ Copf sup,ep [ Daull
We remark that the key inequality for complex transfer operators (i) was proved in [67] in the
symbolic setting and (ii) follows from the quasi-compactness of L;,.

Now we prove our spectral gap result. Fix h € C1*(U) with ||k, < 1. Using the above and the
Cauchy-Schwartz inequality, we have

L5 h(a)| < |CEY (LY R) ()] < L5N(1(L3 Rl (@)
< (LN R ()2

1/2
s( [0 i+ gt sup D12 ||)

1/2
<<</ |ILEN |2 dp 4 Cop?t Nyb|> .

In the penultimate line we used the second of the inequalities listed above. In the final line we
used the product rule, the first of the inequalities listed above, and the fact ||hl[, < 1 to assert that
sup,ey || Da| L3N R)?|| < [b]. Now using (C.7) we have

L3N R(@)| < (o + CoptNbl)* < max{p 4V, p}/ 20V b1 /2,
This implies
e e Y i S L R 1 (C38)
This establishes the sup norm part of our spectral gap bound. It remains to prove the derivative

part. Using the first of the inequalities listed above we have:

1
sup || DLV h|| < C |1 LEN (LEN R oo +
10| vetr 1o

< CUILEN(LE W) oo + PRILEY R,

The first term in the above can be bounded using similar ideas to those used above to establish
(C.8). The second term can be bounded by evaluating D, L7/ N'h, and bounding accordingly. O

O (IDLEY Rl

C.3. Proof of Proposition C.3. Let us now prove Proposition C.3. To this end we will need the
following two lemmas. Firstly, we need the following higher dimensional analogue of Lemma 5.11
from [64]:

Lemma C.6. Let Z C U be a set satisfying Diam(Z) < |—Z|. Let H € Cyp) and u € CY(U) satisfy
lu| < H and || Dul| < Ab|H. Then for ¢ sufficiently small, we have either |u(z)| < 3H(z) for all
z€Z, or|u(z)| > 1H(z) for allz € Z.
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Proof. The proof is same as in [64] and we include it for completeness. If xg € Z has |u(zg)| <
%H(:co), then at any x € Z, we have for all small enough ¢ > 0:

1 . 1 3
lu(z)] < |u(x) — u(zo)| + ZH(:E()) < Alb|diam (Z) ilelgH + ZH(IO) < (cA+ %)QACH(@«) < .
In the penultimate inequality we used (C.2). O

We also recall the following triangle lemma that follows from applying trigonometric identities:

Lemma C.7 (Triangle lemma). Let z1,29 > 0 be two complex numbers such that |z1/z2] < L and
21 — € > |arg(z1) — arg(z2)| > € > 0. Then there exists 0 < 6(L,€) < 1 such that

|21 + 22| < (1= 8)|z1] + |22].

Proof of Proposition C.3. Let N € N be large and [b] > 1. Let us also fix H € C 4 and u € C'(U)
satisfying the assumptions of Proposition C.3. Let y € X4. Let € > €2 > 0 be parameters that
only depend upon ® and X 4. Using properties of ® and the fact X 4 is topologically mixing, by the
strong separation of the IFS @, there exists D > D’ > 2 depending only on ® and X4 such that

there exists 2/ € X 4 satisfying
D ElD/
"eB(y, )\ B (y, 22

€9 e D
B (x',) CB (y,) .
0] 0]
Let By = B (y, %') , Bo =B (x’, %) Let B be the smallest ball containing B; U Bs. We can
assume that e; and e are sufficiently small that B C B(y,r). Here r is as in the uniform non-

integrability condition stated at the beginning of this section (recall that by Proposition D.1 this is
equivalent to our UNI condition). We remark that for any =1 € By and x2 € By we have

and

€ €

5 <z —wf < (D +2)- (C.9)

Let eg = ﬁg%ﬁ:‘)‘ Applying the uniform non-integrability condition stated at the start of this
section for this ey and y, we see that there exists aj, as € Wa N AYN such that

|0cq (log | Aa, ()| = log | Aa, ()])] = €0 (C.10)

and
a;~x and ag -~z

for all z € B(y, ).
Since our IFS is contracting, and we can choose €; to be small, we can assume that for m € {1, 2}

the set fa,, (B ) is sufficiently small so that we can apply Lemma C.6 and assert that for m € {1,2}
either |u(fa,, (2))] < 3H(fa, (z)) for all z € B or |u(fa, (z))] > TH(fan.(z)) for all 2 € B. If

[u( fan (2))| < 3H(fa,,(2)) for all z € B for some m € {1,2} then our result follows immediately.
Thus we will assume in what follows that

0 fan(2)] > {H (fa, (2)) (©1)

for all € B for m € {1,2}.
For z € B, we set

21(2) = wa, (2) Aay ()"l fa, (7)) and zay (2) = way ()| Aay (2)|Pul fas ().
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We claim that there exists M > 0 such that either |z;(z)|/|z2(x)] < M for all z € B or
|z2(x)/z1(z)] < M for all z € B. Using (C.11) and our assumptions on u we see that for all
x € B we have

z1(x)

zo(x)

dwa, () H (fa, (7))

wa, (2)H (fa, (7)) < BFACIR

dwa, () H (fay () —

If there exists zg € B such that

<

Wa, (xO)H<fa1 ({L’o))
Wag (€0) H ( faz (0))

then using (C.2), and Lemma C.2, for all z € B we have

<1

wa, () H (fa, (z))
Way () H (fas (7))

< Wa, (zg)e (2D+2)e1 (A+Ch) H((f  (20)) < 2(2D+2)e1 (A+C1)

wa2(x0)€ (2D+2)e1 A+01)H ( )) -

Here C; > 0 is as in Lemma C.2. Thus in this case we can take M := 4e
it can be shown that a suitable M’ exists such that if

wa, (2) H (fa, (%))
Wa, (2) H (fa, (7))

for all z € B then |2y(z) /21 (x)| < M’ for all # € B. This completes the proof of our claim.
For each m € {1,2} define the function g, : [0,1] = C by g1 (t) = zm(y +t(z' —y)). Then define
L, :[0,1] — C by

2(2D+2)e1(A+Cr) Similarly

1

v

[t g(s) .
Lm(t)—/o gm(S)d +lom

where lo ., satisfies e'om = 2., (y). Ly, is well defined as gy, (t) # 0 for all t € [0,1] and elm(®) = 2, (#)
forallt € [0,1]. Set ®(t) = Im(Ly(t))—Im(La(t)). Since the potential ¢ defining the Gibbs measure
is differentiable, we have:

, 91(t)  g5(t)
(I)()_Im< (t) g2()>
—m <3eowa1 y+ @ —y)|a’ —yH!Aal(ert( — y)|"Pu(fa, (y + (&' —y)))>
Wa, (Y + (2" — ) Aay (¥ + (2" — y)[Pulfa, (y + (2" —y)))

I

+

3

wa, (Y + (2" — y))ibOe, (l0g [Aa, (y + t(x" — y))[)2" — ylu(fa, (y + t(z" — y))))
wa, (y + 12" — y))ulfa; (y + (2" — y)))

1

+
3

Wa, y+t ! _y))|)‘a1(y+t(l‘ _y))|Z Dfal (y+t(=’ y))UDert (2" —y) fa1( _y)
wi(y + 1@ = y))Aa, (y + 1@ = 9))[Pu(fa, (y + H2' = y)))

(
gag oWay (¥ + 1(@" — y))l2’ = yll[Xay (y + (2" = y))[Pu(fay (y + t(2’ _y)))>

N
3

Way (Y + (2" — ) Aay (Y + (2" — y))|Pu( fay (y + (2" —y)))
Way (y + (2" — y))ibDe, (10g | Aa, (y + (2" — y))) |2’ — ylu(fay (y + t(2’ —y)))>
Wa, (y + t(z" — y))u(fay (y + (2" —y)))
Way y+t ! _y))|)‘az(y+t( ))|ibDfa2(y+t(a: y))UDert (2" —y) faz(ml _y)
Way (y + (" — y))[Aay (v + t(2" — ) [Pu(fa, (y + t(2" —y)))

'\4
3

-1

3
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Note that the first and fourth term are equal to 0 as we are taking imaginary parts of real numbers.
Thus after some cancellation we are left with the identity:

®'(t) = bllz" — yl| (9eo (log | Xa, (y + t(z" — y))| — log [Aay (y + t(z" — y))]))
Dy, t(a—) WDy () far (7' — )
+Im ;
u(far (y +t(z' —y)))
D foy (g4t =) WDy rt(a —y) far (7" — )
—Im ;
u(far (y +t(2' —y)))
By our assumptions on u and (C.11), we have

4A|b|H (fa, (y + (2" —y)))¥y"™ ]2’ — y
- H(fa, (y +t(2' —y))

Dfa1 (y+t(ﬂf'*y))uDy+t(x’fy)fa1 (DU/ - 3/)
u(fa, (y + (2" —y)))

= 4Ap|yN |2 — y|.

Similarly,
Dy, (yrt(a'—y) UDy 1 t(ar—y) fas (2" — Y)
u(fay (y + (2" —y)))

Appealing to bounded distortions it can be shown that there exists m > 0 depending only on our
IF'S such that

< 4AbyN |2 — y).

|0eq (10g [ X, (y + t(2" — )| = log [ Aay (y + (2" — y))])| < m, (C.12)
for any t € [0, 1] (see also (D.1)). Combining (C.10) and (C.12) with the above we have

(co = 8A7™) [blla’ — yll < [@'(1)] < (m +8AYN) [bll|2" —y].
Thus for N sufficiently large we have

€olb
MHSL" —yll < [@'(®)] < 2m|b][|2" — y].
Therefore ;
O | < (1) ~ 2(0)] < 2ma” — ]
y (C.9) we have
€1 ,
<l — y] < (D +2)
0] Ib\
This implies
€o€1

< [|®(1) = 2(0)] < 2m(D + 2)er.
Now choose €1 sufficiently small that (2m(D + 2) + €0/2)e; < 7 and let € = L. Suppose now that
®(1),®(0) € Ugez[2mk — €, 21k + €].

Since |®(1) — ®(0)] < 2m(D + 2)e; we cannot have ®(1) € [2rk; — €/,27k; + €] and ®(0) €
[27ky — €, 2mke + €'] for ki # ko. As we would then have

2m(D + 2)e; > (1) — B(0)| > 27 — 2¢' = 2 — %
which is not possible given our choice of €;. Therefore we must have
% < |®(1) — B(0)| < 2¢' = %.
Which is also not possible Recall now the definition of ®(t) = Im(L1(t)) — Im(La(t)), where for
m € {1,2} one defined L,, ft gm 8) ds+1lom and g (t) = zm(y+t(z’ —y)). It follows from the

above that we cannot have
larg(21(y)) — arg(za(y))| < €
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and
larg(z1(2)) — arg(za(2"))| < €
for both y and 2’ simultaneously.
Let us assume that

larg(z1(a”)) — arg(z ()] > €'
The other case when |arg(z1(y)) — arg(z2(y))| > € follows similarly. Appealing to the bound

|0c (log |Aa, ()] — log [Aa, (y)[)] < m

which holds for all y € U and unit vectors e € R%, it can be shown using a similar argument to that
given above describing how arguments change along paths that there exists e > 0 depending only

on our IFS such that if x € B ( |b|) CcB <y, o ) then

larg(z1(x)) — arg(z(x))| > €/2.
Applying Lemma C.7 and our assumption |u| < H, we can assert that there exists 79 = no(M,€’)
such that one of the following holds for all x € B (x' IGbQI): either

‘wal () Xy () Pu( fay () + way (%) Aay ()"l fag (:U))‘ < oWay (€) H (fay (€)) + wa, (2) H (fas (%)),

‘wal () Ay () Pu( fay () + way () Aay (2)"u( fag (év))’ < wa, (2) H (fa, (%)) + nowa, (2) H (fas (%)),

depending on whether |z1(z)|/|z2(z)] < M for all x € B (:c’ ‘Eb?‘) or |z2(x)|/|z1(z)] < M for all

r€eB <:c’, %) This completes our proof. O

C.4. Verifying Lemma C.5. Let us now verify all the parts of Lemma C.5. We first note that
Proposition C.3 gives the following immediate corollary:

Corollary C.8. Let N € N be sufficiently large and |b] > 1. If u € CY(U) satisfies |u| < H and
|Du|| < A|b|H, then there exists J € &, such that

[Civul < NG (H).

Notice the corollary above gives us the first part of item 3 from Lemma C.5. It remains to prove
the remaining parts.
We now prove the first part of Lemma C.5.

Proof of Lemma C.5(1). Let J € & and H € Cyp|. Then we have
-N—Z)J(H) = Z wa(x)X(fa(x))H(fa($))'

acAN
a~~T

Applying the product rule for differentiation this yields
DN (H) = ) Dywax(fa(@))H(fa()) + wa(@) Dax(fa) H(fa(x)) + wa(2)x(fa(x)) DuH (fa)-

acAN
a~x

We will focus on each of the terms appearing in this summation individually. Applying Lemma C.2
to the first term we have

| 3 Dewax(fale)H(fa@))]| < C2 Y wale)(fale)) H(fal@) < CoN (H) @),

acAN acAN
a~~xT a~~x
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Here (5 is as in the statement of Lemma C.2. For the second term, it follows by our assumptions
on x that

I wa(@)Dax(fa) H(fa(@))Il < b] Y wal@)H(fa(@))

ac AN ac AN
a~~T a~~»T

< 2|\ (H) ().

In the above we used that H = X < % < 2xH (recall y takes values in [, 1] and n > 1/2). For
the third term we have

| > wa@xUa@)DeH(f)| = || 3 wal@)x(fal@)Dsyr HD: fa
Fe peoy
< Y wa@)x(fa@) A H (fala))y"
acAN

< Ay NG (H)(2).
Combining the bounds collected above we have
IDNLH| < (Cs + 2(b] + Alp|y™) N (H).
Therefore (C.3) implies that for N sufficiently large
IDNG H|| < AJBIAG (H).
Thus the cone is preserved and our proof is complete. O

We now set out to prove the second part of Lemma C.5.

Proof of Lemma C.5(2). Applying the Cauchy Schwartz inequality and the fact x < 1, for all = €
X 4 we have

VT H (@) =1 Y wa(@)x(fa(@) H (fal@))?

acAN

< D wa@)x(fa(@)? ) wa(@)H(fa(@))?
g o

< Y wal@)x(fal@) D wal@)H(fa(2))”
A A

Using (C.1) and the fact x < 1, we see that the above implies the following bound for all x € X 4:
NG H (2)” < (LoH?) ().

If z € B(x], 3|b|) N X4 then x(fa,(x)) = n, by the definition of the Dolgopyat operators, thus for
these x the above implies that

NV H@)P = | Y wa(z) —wa (@)L —n) | | D wal@)H(falx))?

ac AN acAN
a~zT awzT

< K(L5 H?)(x)
where k € (0,1) is given by

k=1-—(1- min wa(x)}.
( n)aeAN,xEXA{ a( )}
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Here we have again used our assumption (C.1).
Combining the above bounds, we have

/W,;’HP@SR/ 5 EéVHQd,u—l—/ _ LyH?dp
Ures () B(=),313) (Uresm) B(a),3(3))°

/€2
Ty 3|b|)

:/szﬂ—(l—ﬁ)/ LY H? du
UlES(b)B(x;’;FH)

:/EéVHQd,u—(l—n)/ LY H? dp
Uresv) B(

In the final line we used (2.1). Therefore to complete our proof it suffices to show that there exists

6 > 0 such that
/UzES(b)B(l’f i

3787

LY H? dy > 5/H2du.

We start by remarking that since we choose {y};cg5p) C Xa to be a maximal set for which
B (yl, Fr ) NB (yl/, St ) = () for distinct I,1" € S(b), we must have

2¢1D
Xac |J B <yl|;|> (C.13)

1€S(b)

Moreover, using the doubling property of Gibbs measures, there must exists C' > 0 such that

(o(n52) sen(n(257))

Combining this bound with (2.1), (C.2), (C.13) and the fact LY H? € Capp| for N sufficiently large,

we have
2 N 112 N 112
/Hdu /LOHdu<Z/ 20 LY H? dp
1eS(b) yl’ Il

2¢1 D
461DA 1 . N 12
2w ( (y“ 0 >>Bm“ Lo H(w)

leS(b) (yh 1] )

< Ae1DA ;€2 . N 172
<e C Z ,u(B <:El,3|b‘ zeBmuqu Ly H*(x)

1€S(b) (y“ o] )

< 6461DAC ENHQ d,u

B Urese) Bz, | 1)
In the last line we used that B (azg, 6—2) C B (yl,

'3
3] ) Taking 6 = (e*1P4C) ! this completes
our proof. O

We will now show that the second part of the third statement in Lemma C.5 is satisfied and in
doing so complete our proof of this lemma.

Proof of Lemma C.5(3). We have

1D Lipull = 1| Y DowalAa(@)|Pu(fa(x)) + wa(@)DelXa| "u(fa(x)) + wa(@)|Aa(@)[* Dol fa)]-

acAN
a~T
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We will consider each of the three terms above individually. In what follows C5 and C3 are as in
the statement of Lemma C.2. Applying Lemma C.2 to the first term we have

1Y Dowalda(@)[Pulfa(@)ll < C2 Y wa(2)H(fa(x)).

ac AN ac AN
a~~T a~~T

Here we have used that |u| < H. Recalling that H < 2y H, the above implies
I Dewala(@)[Pu(fa(x))] < 200N H.

aceAN
For the second term, using Lemma C.2 and H < 2yH we have

I Z wa(2) Dy | Xa| Pu( fa ()| < Calb| Z wa(@)[u(fa(2))] S203|b|/\[bJH'

acAN acAN
a~~T a~~T

For the third term we have

1Y~ wa(@)Xa(@)[*Doul(fa)| = || D wal@)Aa(@)|"Dy,(@yuDs fal

acAN acAN
a~~T a~~xT

< Y wa(@)| Dy @yuln”

ac AN
a~~r

< 3 wale) AP (falx)y"

acAN
a~~T

< 2A[b]y" Ny H ().
In the final line we used H < 2yH. Summarizing the above, we have
Do LY < (2C5 + 2C5[b| + 2A[b]y™) NG H.
Which by (C.4) implies
1Dz L3l < AJpING H (x).
This completes our proof. O

APPENDIX D. EQUIVALENCE OF THE UNI CONDITIONS

In this section we will prove that our UNI condition is equivalent to the UNI condition stated
by Li and Pan [56]. To help with our exposition we recall its statement below. Our proof of this
proposition is based upon an argument of Avila, Gouézel and Yoccoz [9].

Proposition D.1. Let ® = {f, : a € A} be a conformal IFS (i.e. Dyf, = Mo(2)O4(x), v € RY,
for some A\o(z) € (—1,1) and Oy(z) € SO(d)) satisfying the strong separation condition and ¥ 4 be
a subshift of finite type. Assume that there exists €9 > 0 such that the following holds for infinitely
many n € N: There exists x € X g such that for any unit vector e € R there exists a, as € W4 N A"
such that:

o We have
|0c (10g [ Aa, ()] — log [Aay (x)])] = €o.
e a; v~ x and ag ~> .

Then there exists > 0 and €9 > 0 such that for any large n € N, any x € X4 and unit vector
ec Rd, there exist a;,as € Wa N A™ such that:

e For ally € B(x,r) we have
|0e (10g [Aay (y)| —10g [Aay (y)])] = €0
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e For ally € B(x,r) we have ay ~» y and ag ~> y.

Proof. Recall that U = (J,¢ 4 U is a choice of open set satisfying X¢ C U, where the U, are disjoint
open sets with f,(U) C U, for all a € A. We begin our proof by observing the following equality:

log |Xa(z)] = Z log | Aa; (faiys...an (7))

i=1

for any z € U and a € W4 N A" satisfying a ~» x. Consequently, for any unit vector e € R%, if we
apply the chain rule we have

n

i ‘)\(1" :Efa- ...a
fﬂ 4.4an(x) i L i41 n
Oe log [Aa()] = E - -e. D.1
Pl (i_l |)‘“i(faz‘+1-~an(l‘>)| > (D-1)

Now using the fact that our IFS is uniformly contracting and therefore || Dy fa,,,..a,| < 7" for
some v € (0,1), we can assert that for any = € U and a € W4 N A" satisfying a ~» x we have the
following for any 1 < m < n:

n

Dy [Aai| D faits..a
Fas g oan (@) Aa; i+1---0n
61 . . i+1 .
Delog [Aa(z)] (Z Aa; (faisr.an(@))] ) ’

< ,yn—m'

i=m
This is equivalent to

|0e 1og [Xa(2)| = De10g [Ny .an ()| <A™ (D.2)
for 1 < m < n. Equation (D.2) has two important consequences. The first is that for n sufficiently
large depending on ¢g, if
|0c (10g | Aa, ()] — log [Aa, (2)])] = €0 (D.3)

for some x € U and aj,as € Wy N A" satisfying a; ~» x and as ~~ x, then
€0
‘ae (log |)‘b181 (l’)’ - log |>\b2a2 (37)’)| > 5

for any by, by € Wy satisfying b; ~» a; and by ~» ay. Consequently, at the cost of swapping €g
with a potentially smaller constant, we can assume that the hypothesis of our lemma holds for all
n sufficiently large. The second consequence of (D.2) is that there exists r1 > 0 depending only on
our IFS and €, such that if (D.3) holds for some x € X4, a;, a3 € W4 N A" satisfying a; ~ x and
as ~» x and unit vector e € R? then for all y € B(x,71) we have

9e (10g | Aay (4)] — 1og Aas ()] = 5, (D4)

a; ~ y and ag ~ y.

Now let n € N be a large number and x € X4 be such that for all unit vectors e € R? there exists
aj,as € Wy N A" such that (D.3) is satisfied, a; ~» x, and ag ~~ x. Using that 3 4 is topologically
mixing and r; depends only on our IFS and €y, we can assert that there exists m € N depending
only on our IFS, ¥4 and ¢ such that for any 2’ € X4 there exists ¢ € W4 NA™ so that ¢ ~ 2’ and

fe(@") € B(x,r). (D.5)

For such an z/ and ¢ we have the following for any unit vector e € R? and aj,as € Wy N A"
satisfying a; ~ ¢ and ag ~ c:

‘86 (10g [Xaye(@’)| — log |)‘a26($,)‘) ‘
= |0e (log [Aa, (fe(2))| — log [Xa, (fe(2"))])]

i Dfai+1,1~~~an,1($)‘)\“ivl|Dmf“i+1a1"'a”’1 B i Dfal-_,'_l’?“an’g(m)|)\ai,2|D$fai+1,2...(ln,2 Dyf.-e
im1 |)‘a¢,1(fai+1,1...an,1(x))| i1 |)\ai,2(fai+1,2~-~arz,2(x))| e
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In the final line we used the chain rule and (D.1). If we let vy . = Dy fc - € then it follows from the
above and (D.1) that

9 (108 Maye(2')] 108 Pager (2)])| = [0, (108 ay (Jela)] — Tog Pay (JelDD)|. (D6)

The vector v, . is not necessarily of unit length and instead satisfies the lower bound ||vy (|| > £™
for some k € (0, 1) depending on the IFS.

Using our assumptions on x, we can assert that there exists aj,as € Wy such that a; ~ =x,
as ~» x and

9 vyre (10g [ Aa, (2)] = log |Aay (2)])] = 0.

Togr o]

Now using the above together with our lower bound for the norm of vy ., (D.4), (D.5), and (D.6),
yields that for this choice of aj,as we have ajc ~ 2/, asc ~ 2’ and
eor™

|86 (log ’)\a1c(x/)| — log [Aayer (1:/)|) ’ = 2

Summarizing the above, we have shown that for any n € N sufficiently large, for any x € X4 and
unit vector e € R% there exists aj,as € W4 N A" with a; ~» z, and as ~» z such that

Eolﬂm

[0 (log [Aa, ()] — log [Aa, () )] 2 —;
Appealing again to (D.2) as in the derivation of (D.4), it can be shown that there exists r > 0
depending only on our IFS and ¢y, such that for any n € N sufficiently large, for any = € X4 and

unit vector e € ]Rd, there exits aj,as € Wy N A" such that for all y € B(x,r) and a; ~ y, and
as ~» y, we have

E()Kvm
[0 (log [Aa, ()| —log[Aax (¥))] = —
Recalling that m and s only depend on our IFS, ¥4 and ¢y, we see that we can take EO’Zm as our
choice of ¢y. Taking r as chosen above completes our proof. ]
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