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The convergence of the secant method is superlinear

The purpose of this document is to show the following theorem:

Theorem 1.1 Let {z1}5° be the sequence produced by the secant method. Assume the sequence con-
verges to a root of f(x) =0, i.e., Tk — Too, [(To) = 0. Moreover, assume the root xo is regular,
ie., /(o) # 0, and f"(x) is continuous in the neighborhood of x. Denote the error in the kth step
by By, =2 — Too-

Under these assumptions, we have

By~ C’E,gpr\/g)/2 ~ CEL%®  for some constant C. (1)

The theorem is implied by the following lemmas.

Lemma 1.2 Under the assumptions and notations of the theorem:

1 [ (7)

E ~ - ————Fp 1By 2
k41 2 Flrm) k—1L0k (2)
Proof: Using the definition of z1, we find
Tp — Tl
Pt = ke =t = = M)y ®

We can replace z,11 by  + Ej and z; by zx_1 + Er_1, so that

Too + B — oo — B
f(xoo + Ek) - f(xoo + Ekfl)

Ek+1 :xoo'i_Ek:_f(xoo"'Ek) — Too- (4)

To simplify this expression, we apply the Taylor expansion of f(z. + Ej) and f(xo + Ex—1) about
Toot

flonet ) = floe) + /(@) By + 5" (20c) B + O(ER), )
Fooe+ Bict) = J(a) 4 /o) Bis + 3 f" (woe) By + O(BLy). )
Subtracting f(ze + Ex—1) from f(zs + Ek):
P+ Bi) — F (et i) = f0) By~ Ba) + 3 () (B — ) + O(BR) ~ O(B{_y). (1)

Since O(E})—O(E}_,) is of a smaller order than Ej, and Ey_1 we omit this term. Using Ef — E7_| =
(Ey — Ex—1)(Ex + Ex—1), we organize the above expression as

f(@o + Bi) = f(o + Bi-1) = (Ex — Be-1)(f'(wo0) + f"(200) (Bk + E—1))- (8)
The left of (8) appears at the right of (4), so we derive the following expression
Ep —E,_

E ~FE,— freo + F . 9
o Y [ C R o oy ) )
Using a Taylor expansion for f(x. + Ej) about 2 (recall f(z) = 0) we have
l 1en
e} ) o0 E
Ek+1 ~ Ek *Ek f (m )+ 2f (33 ) k (10)

f'(@oo) + 5/ (200) (Bk + Ex—1)
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Now we put everything on the same denominator:

(7o) + %f”(IDO)(Ek + Er-1) = f(7e0) — %f”(SCOO)Ek

E ~F 5
SR F'(@o0) + 2 f"(200) (By + Ex—1)

which can be simplified as

5" (200) B 1
F'(@o0) + 5/ (200) (Bk + Eg—1)

Ey1 = Ey (12)

Because E; — 0 as k — 00, 5 f” (%) (Ex 4+ Ej—1) is negligible compared to f'(z«), so we omit the
second term in the denominator, to find the estimate

N lf//(xoo)
2 f'(zo0)

o EpEj_y. (13)
n

Lemma 2.1 Assume there exists a positive real numberr (rate of convergence) such that Ey11 ~ AE},
for some constant A. Then 1+ 1/r =r.

Proof: We can write

1 1/r
Ek+1 ~ AE}; and Ek ~ AE,:_l or (AEk> ~ Ek—l- (14)

Now we can replace the expressions for Ep and Fj_; in the statement of Lemma 1.2:

1 1/r i, i,
Eji1 ~C (A) E/ By~ BELTVT, (15)
where B, C' are constants. Together with the assumption that Ey 1 ~ AE}, we obtain E;H/T 2 %Eg.
In particular, it follows that 1 + 1/r = r and the lemma is proven. |

Proof: [Theorem 1.1] The number r satisfies the following equation
1 2 2
l+-=r=r+l=r"=r"—r—-1=0. (16)
r

The roots of 12 —r —1 =0 are r = LQ‘/E We take the positive value for r. |
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