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HODGE GENERA OF ALGEBRAIC VARIETIES, II.SYLVAIN E. CAPPELL, ANATOLY LIBGOBER, LAURENTIU MAXIM, AND JULIUS L. SHANESONAbstra
t. We study the behavior of Hodge-theoreti
 genera under morphisms of 
omplexalgebrai
 varieties. We prove that the additive �y-genus whi
h arises in the motivi
 
ontextsatis�es the so-
alled \strati�ed multipli
ative property", whi
h shows how to 
ompute theinvariant of the sour
e of a proper surje
tive morphism from its values on various varietiesthat arise from the singularities of the map. By 
onsidering morphisms to a 
urve, weobtain a Hodge-theoreti
 analogue of the Riemann-Hurwitz formula. We also study the
ontribution of monodromy to the �y-genus of a smooth proje
tive family, and prove anAtiyah-Meyer type formula for twisted �y-genera. This formula measures the deviationfrom multipli
ativity of the �y-genus, and expresses the 
orre
tion terms as higher-generaasso
iated to 
ohomology 
lasses of the quotient of the total period domain by the a
tionof the monodromy group. By making use of Saito's theory of mixed Hodge modules, wealso obtain formulae of Atiyah-Meyer type for the 
orresponding Hirzebru
h 
hara
teristi

lasses. Contents1. Introdu
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2 SYLVAIN E. CAPPELL, ANATOLY LIBGOBER, LAURENTIU MAXIM, AND JULIUS L. SHANESON5. Atiyah-Meyer type 
hara
teristi
 
lass formulae. 29Referen
es 331. Introdu
tionIn the mid 1950's, Chern, Hirzebru
h and Serre [14℄ proved that if F ! E ! B is a�ber bundle of 
losed, oriented, topologi
al manifolds su
h that the fundamental group ofB a
ts trivially on the 
ohomology of F , then the signatures of the spa
es involved arerelated by a simple multipli
ative relation: �(E) = �(F )�(B). A de
ade later, Atiyah [2℄,and respe
tively Kodaira [30℄, observed that without the assumption on the a
tion of thefundamental group the multipli
ativity relation fails. Moreover, Atiyah showed that thedeviation from multipli
ativity is 
ontrolled by the 
ohomology of the fundamental groupof B.The main goal of this paper is to des
ribe in a systemati
 way multipli
ativity propertiesof the Hirzebru
h �y-genus (and the asso
iated 
hara
teristi
 
lasses) for �brations of alge-brai
 manifolds. We extend the results of Chern, Hirzebru
h and Serre in several di�erentdire
tions. First, we show that in the 
ase when the Chern-Hirzebru
h-Serre assumptionof the triviality of the monodromy a
tion is ful�lled, the �y-genus is multipli
ative. Sin
eby the Hodge index theorem, the signature of a K�ahler manifold is one of the values ofthe �y-genus, this theorem 
an be viewed as an extension of the Chern-Hirzebru
h-Serreresult in the algebrai
 
ase. Se
ondly, we 
onsider �brations with non-trivial monodromya
tion, and prove a Hodge-theoreti
 analogue of the Atiyah signature formula. We alsoderive a formula for the �y-genus of E in whi
h the 
orre
tion from the multipli
ativity ofthe �y-genus is measured via pullba
ks under the period map asso
iated with our �brationof 
ertain 
ohomology 
lasses of the quotient of the period domain by the a
tion of themonodromy group. For some manifolds F serving as a �ber of the �bration in dis
ussion,as well as in the 
ase when one is interested in the value of polynomial �y yielding thesignature, the quotient of the period domain is the 
lassifying spa
e of the monodromygroup and our 
orre
tion terms 
oin
ide with those of Atiyah. In fa
t, the Atiyah terms arethe appropriate Novikov type higher-signatures, and our 
orre
tion terms are extensions ofthese Novikov invariants to the algebrai
 
ategory. We indi
ate that re
ently establishedbirational properties of higher genera [6, 7, 35℄ are valid also for \the 
orre
tions to mul-tipli
ativity" that we introdu
e here. Analogous formulae for the asso
iated Hirzebru
h
hara
teristi
 
lasses are also dis
ussed.We now present in more detail the 
ontent of ea
h se
tion and summarize our mainresults.In Se
tion 2, we study the behavior of �y-genera under maps of 
omplex algebrai
 vari-eties. We �rst 
onsider a morphism f : E ! B of 
omplex algebrai
 varieties with B smoothand 
onne
ted, whi
h is a �ber bundle in the (strong) 
omplex topology, and show thatunder 
ertain assumptions on monodromy the �y-genera are multipli
ative (
f. Lemma2.6 and Lemma 2.7). Su
h multipli
ativity properties of genera were previously studied
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ertain spe
ial 
ases in 
onne
tion with rigidity (e.g., see [26, 27, 33℄). For instan
e,Hirzebru
h's �y-genus is multipli
ative in bundles of (stably) almost 
omplex manifoldswith stru
ture group a 
ompa
t 
onne
ted Lie group (the latter 
ondition implies trivialmonodromy), and in fa
t it is uniquely 
hara
terized by this property. The proof of ourmultipli
ativity result uses the fa
t that the Leray spe
tral sequen
es of the map f arespe
tral sequen
es in the 
ategory of mixed Hodge stru
tures. The latter 
laim is a 
onse-quen
e of Saito's theory of mixed Hodge modules (e.g., see [37℄), and is dis
ussed in somedetail in x2.3.In Se
tion 2.5, we 
onsider proper morphisms that are allowed to have singularities, andextend the above multipli
ativity property to this general strati�ed 
ase. More pre
isely,we prove that, under the assumption of trivial monodromy along the strata of our map, theadditive �y-genus that arises in the motivi
 
ontext satis�es the so-
alled \strati�ed mul-tipli
ative property" (
f. Proposition 2.11 and Corollary 2.13). This property shows howto 
ompute the invariant of the sour
e of a proper surje
tive morphism from its values onvarious varieties that arise from the singularities of the map, thus yielding powerful topo-logi
al 
onstraints on the singularities of any algebrai
 map. It also provides a method ofindu
tively 
omputing these genera of varieties. A similar result was obtained by Cappell,Maxim and Shaneson, for the behavior of interse
tion homology Hodge-theoreti
 invari-ants, both genera and 
hara
teristi
 
lasses (see [10℄, and also [9℄). Su
h formulae were �rstpredi
ted by Cappell and Shaneson in the early 1990's, see the announ
ements [12, 43℄,following their earlier work on strati�ed multipli
ative properties for signatures and asso
i-ated topologi
al 
hara
teristi
 
lasses de�ned using interse
tion homology, 
f. [11℄ (see also[[8℄, x4℄, and [46℄ for a fun
torial interpretation of Cappell-Shaneson's L-
lasses).In the spe
ial 
ase of maps to a smooth 
urve, and under 
ertain assumptions for themonodromy along the strata of spe
ial �bers, in x3.2 we obtain a Hodge-theoreti
 analogueof the Riemann-Hurwitz formula [29℄. The proof uses Hodge-theoreti
 aspe
ts of the nearbyand vanishing 
y
les in the 
ontext of one-parameter degenerations of proje
tive varieties.The 
ontribution of monodromy to �y-genera is studied in Se
tion 4. This 
an be appliedto 
ompute the summands arising from singularities in the above formulae. For simpli
ity,we �rst 
onsider a smooth proper map f : E ! B of smooth proje
tive varieties (thus a�bration in the strong topology), and 
ompute �y(E) so that the (monodromy) a
tion of�1(B) on the 
ohomology of the typi
al �ber is taken into a

ount (see Theorem 4.1). Theproof uses the Hirzebru
h-Riemann-Ro
h theorem [26℄ and standard fa
ts from the 
lassi
alHodge theory. Our formula (4.2) is a Hodge-theoreti
 analogue of Atiyah's formula for thesignature of �ber bundles [2℄, and measures the deviation from multipli
ativity of the �y-genus in the presen
e of monodromy. In Se
tion 4.3, this deviation is expressed in terms ofhigher-genera asso
iated to 
ohomology 
lasses of the quotient of the total period domain bythe a
tion of the monodromy group. As a 
orollary of our formula (4.2), we point out that ifthe a
tion of �1(B) on the 
ohomology of the typi
al �ber F preserves the Hodge �ltration,then the �y-genus is still multipli
ative, i.e., �y(E) = �y(B) � �y(F ). This assertion is falsein the non-
ompa
t 
ase (see Example 2.9 (2)). As a byprodu
t of the proof of Theorem4.1, we obtain a Hodge-theoreti
 analogue of Meyer's formula for twisted signatures [31℄



4 SYLVAIN E. CAPPELL, ANATOLY LIBGOBER, LAURENTIU MAXIM, AND JULIUS L. SHANESON(see Corollary 4.6). At the end of Se
tion 4, we present several interesting extensions ofthese Hodge-theoreti
 Atiyah-Meyer formulae to more general situations, where we allowthe spa
es involved to be singular and/or non-
ompa
t.In Se
tion 5, we extend some of the above mentioned results on �y-genera to Atiyah-Meyer type formulae for the 
orresponding Hirzebru
h 
hara
teristi
 
lasses. The proofsare mu
h more involved, and use in an essential way the 
onstru
tion of Hirzebru
h 
lassesvia Saito's theory of mixed Hodge modules (
f. [8℄). At this end, we point out that many ofour formulae for genera 
an be obtained from the 
orresponding formulae for 
hara
teristi

lasses. However, we 
hose to present the results for genera �rst, sin
e they 
an be provenby using only standard fa
ts of 
lassi
al Hodge theory, thus be
oming a

essible to a wideraudien
e.It is 
on
eivable that many of our results remain valid in a more general 
ontext (e.g.,for 
ompa
ti�able 
omplex analyti
 varieties). However, for simpli
ity, we present here ourAtiyah-Meyer type results in the algebrai
 setting.We have tried to make this paper as self-
ontained as possible. For this reason, in x2.2we provide ne
essary ba
kground on Saito's theory of mixed Hodge modules, and in x3.1we re
all Deligne's formalism of nearby and vanishing 
y
les. However, we assume reader'sfamiliarity with 
ertain aspe
ts of Deligne's Hodge theory ([17, 34℄).In a future paper, we will 
onsider extensions of our monodromy formulae to the singularsetting, both for genera and 
hara
teristi
 
lasses. One possible su
h extension makesuse of interse
tion homology [22, 23℄ and the BBDG de
omposition theorem [5, 15℄. Thisapproa
h is motivated by the 
onsiderations in [10℄ (where the 
ase of trivial monodromywas 
onsidered), and by an extension of the Atiyah-Meyer signature formula to the singular
ase, whi
h is due to Banagl, Cappell and Shaneson [3℄.A
knowledgements. We are grateful to J�org S
h�urmann for reading a �rst draft of thiswork, and for making many valuable 
omments and suggestions for improvement. Wethank Mark Andrea de Cataldo, Alexandru Dim
a and Nero Budur for many inspiring
onversations on this subje
t, and Joseph Steenbrink and Shoji Yokura for 
ommenting ona preliminary version of this work.2. Hodge genera and singularities of maps2.1. Hodge genera. De�nitions. In this se
tion, we de�ne the Hodge-theoreti
 invari-ants of 
omplex algebrai
 varieties, whi
h will be studied in the sequel. We assume reader'sfamiliarity with Deligne's theory of mixed Hodge stru
tures [17℄.For any 
omplex algebrai
 variety Z, we de�ne the �
y-genus in terms of the Hodge-Delignenumbers of 
ompa
tly supported 
ohomology of Z (
f. [16℄). More pre
isely,�
y(Z) =Xp  Xi;q (�1)i�php;q(H i
(Z; C ))! yp = Xi;p�0(�1)i�pdimCGrpFH i
(Z; C ) � yp;where hp;q(H i
(Z; C )) = dimCGrpF (GrWp+qH i
(Z) 
 C ), with F � and W� the Hodge and re-spe
tively the weight �ltration of Deligne's mixed Hodge stru
ture on H i
(Z). Similarly,



HODGE GENERA OF ALGEBRAIC VARIETIES, II. 5we de�ne the �y-genus of Z, �y(Z), by using the Hodge-Deligne numbers of H�(Z; C ). Of
ourse, for a 
omplete variety Z we have that �y(Z) = �
y(Z). If Z is smooth and proje
tive,then ea
h 
ohomology group H i
(Z; C ) = H i(Z; C ) has a pure Hodge stru
ture of weight i,and the above formulae de�ne Hirzebru
h's �y-genus (
f. [26℄). Note that for any 
omplexvariety Z, we have that �
�1(Z) = ��1(Z) = �(Z) is the usual Euler 
hara
teristi
, wherefor the �rst equality we refer to [21℄, pp. 141-142. Similarly, �0 and �
0 are two possibleextensions to singular varieties of the arithmeti
 genus.The 
ompa
tly supported �y-genus, �
y, satis�es the so-
alled \s
issor relations" for 
om-plex varieties, that is: �
y(Z) = �
y(W ) + �
y(Z n W ), for W a 
losed subvariety of Z.Therefore, �
y 
an be de�ned on K0(V arC ), the Grothendie
k group of varieties over Cwhi
h arises in the motivi
 
ontext.More generally, we 
an de�ne �y-genera on the Grothendie
k group of mixed Hodge stru
-tures K0(mhs) = K0(Dbmhs), where we denote by mhs the abelian 
ategory of (rational)mixed Hodge stru
tures. Indeed, if K 2 mhs, de�ne(2.1) �y([K℄) :=Xp dimCGrpF (K 
 C ) � (�y)p;where [K℄ is the 
lass of K in K0(mhs). This is well-de�ned on K0(mhs) sin
e the fun
torGrpF preserves exa
tness. For K� a bounded 
omplex of mixed Hodge stru
tures, we de�ne[K�℄ :=Xi2Z(�1)i[Ki℄ 2 K0(mhs)and note that we have: [K�℄ =Xi2Z(�1)i[H i(K�)℄:In view of (2.1), we set(2.2) �y([K�℄) :=Xi2Z(�1)i�y([Ki℄):In this language, we have that: �
y(Z) = �y([H�
 (Z;Q)℄)and �y(Z) = �y([H�(Z;Q)℄);where H�
 (Z;Q) and H�(Z;Q) are regarded as bounded 
omplexes of mixed Hodge stru
-tures, with all di�erentials equal to zero.2.2. Basi
s of Saito's theory of mixed Hodge modules. Even though the theory ofmixed Hodge modules is very involved, in this se
tion we give a brief overview adapted toour needs, and we show some qui
k appli
ations in the following se
tions. The standardreferen
es for the algebrai
 
ase are Saito's papers [38℄ and [37℄, x4, but see also the book[34℄, Chapter 14, for a brief survey.We re
all that for any 
omplex algebrai
 variety Z, the derived 
ategory of bounded
ohomologi
ally 
onstru
tible 
omplexes of sheaves of Q -ve
tor spa
es on Z is denoted by
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(Z), and it 
ontains as a full sub
ategory the 
ategory PervQ(Z) of perverse Q -
omplexes.The Verdier duality operator D Z is an involution onDb
(Z) preserving PervQ(Z). Asso
iatedto a morphism f : X ! Y of 
omplex algebrai
 varieties, there are pairs of adjoint fun
tors(f �; Rf�) and (f !; Rf!) between the respe
tive 
ategories of 
ohomologi
ally 
onstru
tible
omplexes, whi
h are inter
hanged by Verdier duality. For details, see the books [20, 40℄.M. Saito asso
iated to a 
omplex algebrai
 variety Z an abelian 
ategory MHM(Z), the
ategory of mixed Hodge modules on Z, together with a faithful forgetful fun
torrat : DbMHM(Z)! Db
(Z)su
h that rat(MHM(Z)) � PervQ(Z). For M� 2 DbMHM(Z), rat(M�) is 
alled theunderlying rational 
omplex of M�.We say that M 2MHM(Z) is supported on S if and only if rat(M) is supported on S.Saito showed that the 
ategory of mixed Hodge modules supported on a point 
oin
ideswith the 
ategory of (graded) polarizable rational mixed Hodge stru
tures. In this 
ase,the fun
tor rat asso
iates to a mixed Hodge stru
ture the underlying rational ve
tor spa
e.Sin
e MHM(Z) is an abelian 
ategory, the 
ohomology groups of any 
omplex M� 2DbMHM(Z) are mixed Hodge modules. The underlying rational 
omplexes of the 
oho-mology groups of a 
omplex of mixed Hodge modules are the perverse 
ohomologies of theunderlying rational 
omplex, that is, rat(Hj(M�)) = pHj(rat(M�)).The Verdier duality fun
tor D Z lifts to MHM(Z) as an involution, in the sense that it
ommutes with the forgetful fun
tor: rat Æ D Z = D Z Æ rat.For a morphism f : X ! Y of 
omplex algebrai
 varieties, there are indu
ed fun
torsf�; f! : DbMHM(X) ! DbMHM(Y ) and f �; f ! : DbMHM(Y ) ! DbMHM(X), ex-
hanged under the Verdier duality fun
tor, and whi
h lift the analogous fun
tors on thelevel of 
onstru
tible 
omplexes. Moreover, if f is proper, then f! = f�.Let us give a rough pi
ture of what the obje
ts in Saito's 
ategory of mixed Hodgemodules look like. For Z smooth, MHM(Z) is a full sub
ategory of the 
ategory of obje
ts((M;F ); K;W ) su
h that:(1) (M;F ) is an algebrai
 holonomi
 �ltered D-module M on Z, with an in
reasing\Hodge" �ltration F by 
oherent algebrai
 OZ-modules;(2) K 2 PervQ(Z) is the underlying rational sheaf 
omplex, and there is a quasi-isomorphism � : DR(M) ' C 
K in PervC (Z), where DR is the de Rham fun
torshifted by the dimension of Z;(3) W is a pair of (weight) �ltrations on M and K 
ompatible with �.For a singular variety Z, one works with lo
al embeddings into manifolds and 
orresponding�ltered D-modules with support on Z. In this notation, the fun
tor rat is de�ned byrat((M;F ); K;W ) = K.A 
omplex M� 2 DbMHM(Z) is mixed of weight � k (resp. � k) if GrWi HjM� = 0for all i > j + k (resp. i < j + k), and it is pure of weight k if GrWi HjM� = 0 for alli 6= j + k. If f is a map of algebrai
 varieties, then f! and f � preserve weight � k, andf� and f ! preserve weight � k. If M� 2 DbMHM(Z) is of weight � k (resp. � k), thenHjM� has weight � j + k (resp. � j + k).



HODGE GENERA OF ALGEBRAIC VARIETIES, II. 7If j : U ,! Z is a Zariski-open subset in Z, then the intermediate extension j!� (
f. [5℄)preserves the weights.Following [37℄, there exists a unique obje
t QH 2MHM(point) su
h that rat(QH ) = Qand QH is of type (0; 0). In fa
t, QH = ((C ; F );Q ;W ), with grFi = 0 = grWi for alli 6= 0, and � : C ! C 
 Q the obvious isomorphism. For a 
omplex variety Z, de�neQHZ := a�ZQH 2 DbMHM(Z) with aZ : Z ! point the map to a point. If Z is smoothof dimension n, then QZ [n℄ 2 Perv(QX ) and QHZ [n℄ 2 MHM(Z) is a single mixed Hodgemodule (in degree 0), expli
itely des
ribed by QHZ [n℄ = ((OZ ; F );QZ [n℄;W ); where F andW are trivial �ltrations so that grFi = 0 = grWi+n for all i 6= 0. So if Z is smooth of dimensionn, then QHZ [n℄ is pure of weight n. By the stability of the intermediate extension fun
tor,this shows that if Z is any algebrai
 variety and j : U ,! Z is the in
lusion of a smoothZariski-open subset, then the interse
tion 
ohomology module ICHZ := j!�(QHU [n℄) is pureof weight n.More generally, if V is a polarized variation of Hodge stru
tures of weight k with quasi-unipotent monodromy at in�nity1 de�ned on a Zariski-open subset U of Z, then V 
orre-sponds to a smooth mixed Hodge module VH [n℄ on U (i.e., the asso
iated rational 
omplexis a lo
al system) of weight k + n, whose underlying perverse sheaf is V[n℄ (see [36℄, Thm.5.4.3, [38℄, x2, [34℄, Thm. 14.30). So the twisted (middle-perversity) interse
tion homology
omplex ICHZ (V) := j!�(VH [n℄) is a mixed Hodge module, pure of weight k + n.The following result is impli
it in the work of Saito.Proposition 2.1. Let Z be a n-dimensional irredu
ible proje
tive variety, and V a polar-ized variation of Hodge stru
tures of weight k (with quasi-unipotent monodromy at in�n-ity) de�ned on a Zariski-open dense subset of Z. Then the interse
tion 
ohomology groupIHj(Z;V) 
arries a pure Hodge stru
ture of weight j + k.Proof. Let aZ : Z ! point be the 
onstant map to a point. Sin
e aZ is proper, aZ� preservesthe weights. The 
laim follows from the isomorphismIHj(Z;V) �= H j�n(Z; ICHZ (V)) �= Hj�n(aZ�ICHZ (V));by noting that aZ�ICHZ (V) is a pure 
omplex of weight n + k, thus Hj�n(aZ�ICHZ (V)) isa pure Hodge module of weight j + k supported over a point. Sin
e over a point mixedHodge modules are exa
tly the (graded) polarizable mixed Hodge stru
tures, the latter isa Hodge stru
ture of weight j + k. �The following 
orollary will be needed in the sequel:Corollary 2.2. Let Z be a smooth 
omplex proje
tive algebrai
 variety, and V a polar-ized variation of Hodge stru
tures of weight k de�ned on Z. Then the 
ohomology groupHj(Z;V) 
arries a pure Hodge stru
ture of weight j + k.1This 
ondition is automati
ally satis�ed if V is a variation of Z-Hodge stru
tures, by the monodromytheorem, [34℄, Thm. 11.8.



8 SYLVAIN E. CAPPELL, ANATOLY LIBGOBER, LAURENTIU MAXIM, AND JULIUS L. SHANESONRemark 2.3. More generally, if the variety Z in Proposition 2.1 and Corollary 2.2 isnot ne
essarily 
ompa
t, and if V is a polarized variation of Hodge stru
tures or, moregenerally, an admissible variation of mixed Hodge stru
tures (for a de�nition, see [34℄, Def.14.47 and the referen
es therein) on (a Zariski-open dense subset of) Z, then the asso
iated(interse
tion) 
ohomology groups 
arry natural mixed Hodge stru
tures.2.3. Spe
tral sequen
es of mixed Hodge modules. In this se
tion, we justify the 
laimthat 
ertain Leray-type spe
tral sequen
es (e.g., the Leray spe
tral sequen
e of an algebrai
morphism, or the hyper
ohomology spe
tral sequen
e) are in fa
t spe
tral sequen
es ofmixed Hodge stru
tures.From the general theory of spe
tral sequen
es, sin
e the 
ategory of mixed Hodge modulesis abelian, the 
anoni
al �ltration � on DbMHM(Z) preserves 
omplexes of mixed Hodgemodules. Therefore, the se
ond fundamental spe
tral sequen
e ([34℄, xA.3.4) for any (leftexa
t) fun
tor F sending mixed Hodge modules to mixed Hodge modules, that is, thespe
tral sequen
e(2.3) Ep;q2 = HpF (Hq(M�)) =) Hp+qF (M�);is a spe
tral sequen
es of mixed Hodge modules.Note that the 
anoni
al t-stru
ture � on DbMHM(Z) 
orresponds to the perverse trun-
ation p� on Db
(Z). However, Saito ([37℄, Remark 4.6(2)) 
onstru
ted another t-stru
ture0� on DbMHM(Z) that 
orresponds to the 
lassi
al t-stru
ture on Db
(Z). By using thet-stru
ture 0� in the 
onstru
tion of the se
ond fundamental spe
tral sequen
e above, one
an show that the 
lassi
al Leray spe
tral sequen
es are in fa
t spe
tral sequen
es of mixedHodge stru
tures.Example 2.4. Leray spe
tral sequen
es.(1) Let Z be a 
omplex algebrai
 variety. Then for F� a bounded 
omplex of sheaves with
onstru
tible 
ohomology on Z, we have the spe
tral sequen
e with the E2-term given by(2.4) Ep;q2 = Hp(Z;Hq(F�)) =) H p+q(Z;F�):This spe
tral sequen
e is indu
ed by the natural �ltration on the 
omplex F�, and if F�underlies a 
omplex of mixed Hodge modules, then the spe
tral sequen
e is 
ompatible withmixed Hodge stru
tures: this follows by using the t-stru
ture 0� de�ned in [37℄, Remark4.6(2), and the fundamental spe
tral sequen
e (2.3) for F = �(Z; �) = (aZ)�, together withthe fa
t that mixed Hodge modules over a point are (graded polarizable) mixed Hodgestru
tures.Similarly, by taking F = �
(Z; �) = (aZ)! together with the t-stru
ture 0� above, the
ompa
tly supported hyper
ohomology Leray spe
tral sequen
e(2.5) Ep;q2 = Hp
 (Z;Hq(F�)) =) H p+q
 (Z;F�):is a spe
tral sequen
e in the 
ategory of mixed Hodge stru
tures, provided F� underlies abounded 
omplex of mixed Hodge modules.



HODGE GENERA OF ALGEBRAIC VARIETIES, II. 9(2) Let f : E ! B be a morphism of 
omplex algebrai
 varieties. The Leray spe
tralsequen
e for f(2.6) Ep;q2 = Hp(B;Rqf�QE ) =) Hp+q(E)is a spe
tral sequen
e of mixed Hodge stru
tures: this follows by using 0� on DbMHM(B),and the example above applied to F� = Rf�QE , that underliesM� = f�QHE 2 DbMHM(B).Similarly, there is a 
ompa
tly supported version of the Leray spe
tral sequen
e for f inthe 
ategory of mixed Hodge stru
tures, namely(2.7) Ep;q2 = Hp
 (B;Rqf!QE ) =) Hp+q
 (E):By using the usual t-stru
ture on DbMHM(B), hen
e the perverse t-stru
ture on Db
(B),we obtain that the perverse Leray spe
tral sequen
e for f ,(2.8) Ei;j2 = H i(B; pHj(f�F�)) =) H i+j (E;F�)is a spe
tral sequen
e in the 
ategory of mixed Hodge stru
tures, provided F� underlies abounded 
omplex of mixed Hodge modules.Remark 2.5. In the quasi-proje
tive setting, a di�erent proof of the fa
t that the spe
tralsequen
es (2.6) and (2.7) are spe
tral sequen
es of mixed Hodge stru
tures was given byArapura in [1℄.2.4. Multipli
ativity properties of �y-genera. In this se
tion we use the above spe
tralsequen
es in studying multipli
ative properties of the Hodge-theoreti
 genera. We �rstprove the following:Lemma 2.6. Let E, B, F be 
omplex algebrai
 varieties with B smooth and 
onne
ted,and let p : E ! B be an algebrai
 morphism su
h that p is lo
ally trivial in the strong(
omplex) topology of B, with �ber F . Assume that the lo
al systems Rjp�C E are 
onstantfor ea
h j (e.g., �1(B) = 0). Then�y(E) = �y(B)�y(F ):If moreover, all E, B and F are smooth, then�
y(E) = �
y(B)�
y(F ):Proof. Consider the Leray spe
tral sequen
e of p, that isEp;q2 = Hp(B;Rqp�C E ) =) Hp+q(E)In the 
ategory of algebrai
 varieties this is a spe
tral sequen
e of mixed Hodge stru
tures(
f. x2.3).Sin
e the lo
al systems Rqp�C E are 
onstant, the 
orresponding variations of mixedHodge stru
tures are trivial as the natural morphism H0(B;Rqp�C E ) ! (Rqp�C E )y is amixed Hodge stru
ture isomorphism for any y 2 B. Then we have Hp(B;Rqp�C E ) =Hp(B) 
 (Rqp�C E )y as mixed Hodge stru
tures, and there are mixed Hodge stru
tureisomorphisms(2.9) Ep;q2 = Hp(B)
Hq(F )
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e all di�erentials in the Leray spe
tral sequen
e are mixed Hodge stru
ture mor-phisms, thus stri
t with respe
t to the Hodge and weight �ltrations, by [17℄, Lemme 1.1.11we get a spe
tral sequen
e for the Hodge 
omponents of a given type (k; l):(2.10) E(k; l)p;q2 := GrkFGrWk+lEp;q2 =) GrkFGrWk+lHp+q(E)Now let ek;l be the Euler 
hara
teristi
 of Hodge-type (k; l), i.e., for a 
omplex algebrai
variety Z we de�ne ek;l(Z) =Xi (�1)ihk;l(H i(Z)):By the invarian
e of Euler 
hara
teristi
s under spe
tral sequen
es, from (2.9) and (2.10)we obtain ek;l(E) = Xi (�1)idim (�p+q=iE(k; l)p;q2 )= Xr+t=k;s+u=l er;s(B)et;u(F ):The multipli
ativity of �y follows by noting that for a variety Z,�y(Z) =Xk;l ek;l(Z) � (�y)k:The 
laim about the multipli
ativity of the �
y-genus follows by Poin
ar�e Duality, by notingthat if Z is a smooth 
omplex algebrai
 variety of dimension n, then �
y(Z) = (�y)n�y�1(Z).Indeed, the Poin
ar�e duality isomorphism takes 
lasses of type (p; q) in Hj
 (Z) to 
lasses oftype (n� p; n� q) in H2n�j(Z), where n = dimZ. �By noting that for any b 2 B, (Rjp!C E )b �= Hj
 (F ; C ), a similar argument applied to the
ompa
tly supported Leray spe
tral sequen
e (2.7) of the map p, yields the followingLemma 2.7. Let E, B, F be 
omplex algebrai
 varieties with B smooth and 
onne
ted,and 
onsider p : E ! B an algebrai
 morphism su
h that p is lo
ally trivial in the strong(
omplex) topology of B with �bre F . Assume that the lo
al systems Rjp!C E are 
onstantfor ea
h j (e.g., �1(B) = 0). Then�
y(E) = �
y(B)�
y(F ):Remark 2.8. The same argument 
an be used to show that the results of the above lem-mas hold for the Hodge-Deligne polynomials (or the E-fun
tions) de�ned by E(Z; u; v) =Pk;l ek;l(Z)ukvl (and similarly for the E-fun
tions E
(Z; u; v) de�ned by using the 
om-pa
tly supported 
ohomology).2 In parti
ular, these results hold for the weight polynomialsW (Z; t) := E(Z; t; t) and respe
tively W
(Z; t) := E
(Z; t; t) 
onsidered in [19℄. In fa
t,Lemma 2.6 is modeled after [19℄, Theorem 6.1.2Note that �y(Z) = E(Z;�y; 1), and similarly, �
y(Z) = E
(Z;�y; 1).



HODGE GENERA OF ALGEBRAIC VARIETIES, II. 11Example 2.9. (1) As an example, 
onsider the 
ase of the Hopf �bration de�ning C Pn .Then �y(C Pn) = �
y(C Pn) = 1 + (�y) + � � � + (�y)n, �
y(C n+1 n f0g) = (�y)n+1 � 1,�
y(C �) = �y� 1, and by Poin
ar�e Duality, �y(C n+1 n f0g) = 1� (�y)n+1, �y(C �) = 1+ y.Thus the multipli
ativity for both �y and �
y holds.(2) Let p be the Milnor �bration of a weighted homogeneous isolated hypersurfa
e singu-larity at the origin in C n+1 , that is, F = fp = 1g ,! E = C n+1 n fp = 0g ! B = C � , forp a weighted homogeneous polynomial in n + 1 variables, with an isolated singular pointat the origin. In this 
ase, the monodromy is an algebrai
 morphism of �nite order, so itpreserves the �ltrations in H�(F ; C ). In other words, ea
h Rjp�QE is a (non-
onstant) lo
alsystem of mixed Hodge stru
tures (note that this is not the 
ase for general singularities).The mixed Hodge stru
ture on H�(F ;Q) is known by work of Steenbrink [44℄. It turns outthat even in this spe
ial 
ase, the �y-genera are not multipli
ative (but see Se
tion x4 forthe 
ompa
t 
ase). Here is a 
on
rete example: let p(x; y) = x3 � y2 de�ning the 
uspidal
ubi
 in C 2 . Then, in the notations above and by [44℄, the (mixed) Hodge numbers of Fare h0;0(H0(F )) = 1, h1;0(H1(F )) = 1, h0;1(H1(F )) = 1 and h1;1(H1(F )) = 0 (note thatH2(F ) = 0 sin
e F is aÆne of 
omplex dimension 1). Therefore, we obtain that �y(F ) = y,so by Poin
ar�e Duality it follows that �
y(F ) = (�y) � �y�1(F ) = �1. It also follows easilythat �
y(E) = y2 + y, �
y(B) = �y � 1, and �y(E) = 1 + y, �y(B) = 1 + y.Remark 2.10. The assumption of trivial monodromy is 
losely related to, but di�erentfrom the situation of \algebrai
 pie
ewise trivial" maps 
oming up in the motivi
 
ontext(e.g., see [8℄). For example, the formula in Lemma 2.7 is true (without any assumptionon monodromy) for a Zariski lo
ally trivial �bration of possibly singular 
omplex algebrai
varieties (see [16℄, Corollary 1.9, or [8℄, Example 3.3). Note also that if all spa
es involvedare smooth, then a Zariski lo
ally trivial �bration is a lo
ally trivial �bration in the 
omplex(strong) topology, and the monodromy a
tion is trivial.2.5. �
y-genera and singularities of maps. In this se
tion, by analogy with the resultsof [9, 10℄, we dis
uss the behavior of the �
y-genus under proper morphisms of algebrai
varieties, and show that �
y satis�es the strati�ed multipli
ative property in the sense of[12℄. The result will be further re�ned in x3, in the 
ase of maps onto 
urves.Let f : Xn ! Y m be a proper map of 
omplex algebrai
 varieties of indi
ated dimensions.Su
h a map 
an be strati�ed with subvarieties as strata, i.e., there exist �nite algebrai
Whitney strati�
ations X of X and S of Y , su
h that for any 
omponent S of a stratumof Y , f�1(S) is a union of 
onne
ted 
omponents of strata of X , ea
h of whi
h is mappingsubmersively to S. This implies that fjf�1(S) : f�1(S) ! S is a lo
ally trivial map ofWhitney strati�ed spa
es (see [24℄, xI.1.6). For simpli
ity, we will assume that f is smoothover the dense open stratum (e.g., the latter is 
onne
ted). We denote by F the general�ber of f , and by FS the �ber of f above the singular stratum S 2 S.We 
an now prove the following formula, showing the deviation from multipli
ativity ofthe �
y-genus in the 
ase of a strati�ed map (
ompare with results in [9, 10℄):



12 SYLVAIN E. CAPPELL, ANATOLY LIBGOBER, LAURENTIU MAXIM, AND JULIUS L. SHANESONProposition 2.11. Let f : X ! Y be a proper surje
tive morphism of (possibly singular)
omplex algebrai
 varieties. Let S be the set of 
omponents of open strata of Y in a strati-�
ation of f , and assume �1(S) = 0 for all S 2 S. For S 2 S, de�ne �̂
y( �S) indu
tively bythe formula: �̂
y( �S) = �
y( �S)� XW<S �̂
y( �W );where the sum is over all W 2 S with W � �S n S. Then:(2.11) �
y(X) = �
y(Y )�
y(F ) + XS2S;dimS<dimY �̂
y( �S) � ��
y(FS)� �
y(F )� :Proof. Note that by the additivity of �
y-genera, we have that �̂
y( �S) = �
y(S). Next, byadditivity and multipli
ativity for lo
ally trivial �brations with trivial monodromy (
f.Lemma 2.7), it is easy to see that:�
y(X) = �
y(Y )�
y(F ) + XS2S;dimS<dimY �
y(S) � ��
y(FS)� �
y(F )� :The result follows. �Example 2.12. Smooth blow-upLet Y be a smooth subvariety of 
odimension r+1 in a smooth variety X. Let � : ~X ! Xbe the blow-up of X along Y . Then � is an isomorphism over X nY and a proje
tive bundle(Zariski lo
ally trivial) over Y , 
oresponding to the normal bundle of Y in X of rank r+1.The formula in Proposition 2.11 yields(2.12) �
y( ~X) = �
y(X) + �
y(Y ) � (�y + � � �+ (�y)r) :Note that this formula also holds without any assumption on monodromy, by using insteadRemark 2.10 and the fa
t that ��1(Y ) is a Zariski lo
ally trivial �bration over Y with �berC Pr (see [16℄, x1.10).In the notations of Proposition 2.11, we also obtain the following fa
t whi
h was 
laimedin [10℄:Corollary 2.13. Let f : X ! Y be a proper surje
tive morphism of 
omplex proje
tivealgebrai
 varieties, and assume �1(S) = 0 for all S 2 S. Then with the obvious de�nitionfor �̂y( �S), the following holds:(2.13) �y(X) = �y(Y )�y(F ) + XS2S;dimS<dimY �̂y( �S) � [�y(FS)� �y(F )℄ :Remark 2.14. More generally, by Remark 2.8 and additivity, both formulae (2.11) and(2.13) above are satis�ed by the Hodge-Deligne polynomial E
(�; u; v) de�ned by means of
ompa
tly supported 
ohomology. In other words, the polynomial E
(�; u; v) satis�es thestrati�ed multipli
ative property.



HODGE GENERA OF ALGEBRAIC VARIETIES, II. 132.6. �y-genera and mixed Hodge modules. In this se
tion, by using Saito's theory ofmixed Hodge modules we derive some easy additivity properties of �y-genera of 
omplexesof mixed Hodge stru
tures. We begin with a 
onsequen
e of the fa
t that mixed Hodgemodules over a point are just (graded-polarizable) mixed Hodge stru
tures:Lemma 2.15. Let Z be a 
omplex algebrai
 variety, and aZ : Z ! pt be the 
onstant mapto the point. For any bounded 
omplex M� of mixed Hodge modules on ZH p(Z;M�) := Hp((aZ)�M�) and H p
 (Z;M�) := Hp((aZ)!M�)are mixed Hodge stru
tures. In parti
ular, if M is a mixed Hodge module on Z whoseunderlying rational 
omplex is the perverse sheaf F�, then the hyper
ohomology groupH p(Z;F�) (and resp. H p
 (Z;F�)) is the rational ve
tor spa
e underlying H p(Z;M) (andresp. H p
 (Z;M)), hen
e the former is a rational mixed Hodge stru
ture.As a 
orollary, we obtain some very useful fa
ts for the global-to-lo
al study of �y-genera.If Z is a 
omplex algebrai
 variety, and i : Y ,! Z is a 
losed immersion, with j : U ! Zthe in
lusion of the open 
omplement, then there is a fun
torial distinguished triangle forM� 2 DbMHM(Z), lifting the 
orresponding one from Db
(Z) (
f [37℄, p. 321):(2.14) j!j�M� !M� ! i�i�M� [1℄!In parti
ular, by taking hyper
ohomology with 
ompa
t supports in (2.14) and togetherwith Lemma 2.15, we obtain that the following long exa
t sequen
e is a sequen
e in the
ategory of mixed Hodge stru
tures:(2.15) � � � ! H p
 (U ; j�M�)! H p
 (Z;M�)! H p
 (Y ; i�M�)! � � �Therefore,(2.16) �y([H �
 (Z;M�)℄) = �y([H �
 (Y ;M�)℄) + �y([H �
 (U ;M�)℄):As a 
orollary of (2.16), by indu
tion on strata we obtain the following additivity property:Corollary 2.16. Let S be the set of 
omponents of strata of an algebrai
 Whitney strati�-
ation of the 
omplex algebrai
 variety Z. Then for any M� 2 DbMHM(Z),(2.17) �y([H �
 (Z;M�)℄) =XS2S �y([H �
 (S;M�)℄):Remark 2.17. By taking M� = QHZ in (2.17), we obtain the usual additivity of the �
y-genus (re
all that �
y is de�ned on the Grothendie
k group of 
omplex varieties). This is a
onsequen
e of the fa
t that Deligne's and Saito's mixed Hodge stru
tures on 
ohomology(with 
ompa
t support) 
oin
ide. The latter assertion 
an be seen by 
onstru
tion if thevariety 
an be embedded into a manifold, but in general it is a very deep result of Saito,see [39℄.Ea
h of the terms in the sum of the right-hand side of equation (2.17) 
an be further
omputed by means of the Leray spe
tral sequen
e for hyper
ohomology (
f. x2.3).
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 variety, M� 2 DbMHM(Z), and �x an algebrai
 Whitney strati�-
ation with respe
t to whi
h F� := rat(M�) 2 Db
(Z) has 
onstru
tible 
ohomology. Let Sbe the set of 
omponents of strata, and �x S 2 S. Then S is a non-singular 
omplex alge-brai
 variety. Moreover, ea
h 
ohomology sheaf Hq(F�) on S is a lo
al system underlyinga variation of mixed Hodge stru
tures. We �rst prove the following extension of Lemmas2.6 and 2.7 (in fa
t, the latter follow from this for some distinguished 
hoi
es of M�):Proposition 2.18. Assume the lo
al systems Hj(F�) are 
onstant on S for ea
h j 2 Z,e.g. �1(S) = 0. Then(2.18) �y([H �(S;M�)℄) = �y(S) � �y([H�(F�)x℄)and(2.19) �y([H �
 (S;M�)℄) = �
y(S) � �y([H�(F�)x℄);where [H�(F�)x℄ 2 K0(mhs) is the 
omplex (with all di�erentials zero) of mixed Hodgestru
tures 
orresponding to stalk 
ohomologies of F� at a point in S.Proof. This is a 
onsequen
e of the fa
t that the spe
tral sequen
es (2.4) and (2.5), appliedto the variety S and to the 
omplex F�jS, are spe
tral sequen
es of mixed Hodge stru
tures.By our assumption, the variations of mixed Hodge stru
tures Hq(F�) on S are trivial,hen
e by (2.4) and as in the proof of Lemma 2.6 there are mixed Hodge stru
ture isomor-phisms(2.20) Ep;q2 = Hp(S)
 V q;where V q := Hq(F�)x �= H0(S;Hq(F�)), for any x 2 S.Now let ek;l be the Euler-
hara
teristi
 of Hodge-type (k; l), i.e., for a bounded 
omplexK� of mixed Hodge stru
turesek;l([K�℄) =Xi (�1)ihk;l([Ki℄):Sin
e all di�erentials in (2.4) are mixed Hodge stru
ture morphisms, an argument similarto that in Lemma 2.6, yields thatek;l([H �(S;M�))℄) = Xr+t=k;s+u=l er;s([H�(S)℄) � et;u([V �℄):Formula (2.18) follows by noting that�y([K�℄) =Xk;l ek;l([K�℄) � (�y)k:Formula (2.19) follows similarly, by working instead with the spe
tral sequen
e (2.5). �



HODGE GENERA OF ALGEBRAIC VARIETIES, II. 15Remark 2.19. It follows from the dis
ussion in x2, that for any x 2 S, we have:�y([H�(F�)x℄) = �y([i�xF�℄);where ix : fxg ,! S is the in
lusion of the point.Altogether, Corollary 2.16 and Proposition 2.18 yield the following global-to-lo
al for-mula:Theorem 2.20. Let S be the set of 
omponents of strata of an algebrai
 Whitney strat-i�
ation of the 
omplex algebrai
 variety Z. Assume that for M� 2 DbMHM(Z) withunderlying 
omplex F� 2 Db
(Z), the lo
al systems Hj(F�) are 
onstant on ea
h pure stra-tum S 2 S for ea
h j 2 Z, e.g. �1(S) = 0 for all S 2 S. Then(2.21) �y([H �
 (Z;M�)℄) =XS2S �
y(S) � �y([H�(F�)xS ℄);for some points xS 2 S.3. A Hodge-theoreti
 analogue of the Riemann-Hurwitz formulaIn this se
tion, we apply the above formalism and properties of �y-genera to the study ofHodge-type invariants for a proje
tive morphism onto a 
urve. We �rst re
all the de�nitionof nearby and vanishing 
y
le fun
tors.3.1. Vanishing and nearby 
y
les. LetX be a (separated and redu
ed) 
omplex analyti
spa
e of dimension n + 1, and f : X ! � be a holomorphi
 map onto the unit dis
 in C ,whi
h is smooth over the pun
tured dis
 ��. The total spa
e X is homotopy equivalentto X0 = f�1(0) by a �ber-preserving retra
tion r : X ! X0. So the in
lusion it : Xt =f�1(t) ,! X followed by this retra
tion yields the spe
ialization map rt : Xt ! X0.Let i0 : X0 ,! X be the in
lusion map, and de�ne the 
anoni
al �ber X1 byX1 := X ��� ~;where ~ is the 
omplex upper-half plane (that is, the universal 
over of the pun
tured dis
via the map z 7! exp(2�iz)). Then X1 is homotopy equivalent to any smooth �ber Xt off . Let k : X1 ! X be the indu
ed map.De�nition 3.1. The nearby 
y
le 
omplex is de�ned by f (QX ) := i�0Rk�k�QX 2 Db
(X0):By using a resolution of singularities, it 
an be shown that  f (QX ) = Rrt�QXt , for t 6= 0small enough. The vanishing 
y
le 
omplex �f (QX ) 2 Db
(X0) is the 
one on the 
om-parison morphism QX0 = i�0QX !  f (QX ), that is, there exists a 
anoni
al morphism
an :  f (QX )! �f(QX ) su
h that(3.1) i�0QX !  f (QX ) 
an! �f(QX ) [1℄!is a distinguished triangle in Db
(X0).



16 SYLVAIN E. CAPPELL, ANATOLY LIBGOBER, LAURENTIU MAXIM, AND JULIUS L. SHANESONIn fa
t, by repla
ing QX by any 
omplex in Db
(X), we obtain in this way fun
tors f ; �f : Db
(X) ! Db
(X0). It is well-known that if X is lo
ally a 
omplete interse
tion(e.g., X is smooth), then  fQX [n℄ and �fQX [n℄ are perverse 
omplexes. This is just aparti
ular 
ase of the fa
t that the shifted fun
tors p f :=  f [�1℄ and p�f := �f [�1℄ takeperverse sheaves on X into perverse sheaves on the 
entral �ber X0 (
f. [40℄, Thm. 6.0.2).Remark 3.2. The above 
onstru
tion of the vanishing and nearby 
y
les 
omes up in thefollowing global 
ontext (for details, see [20℄, x4.2). Let X be a 
omplex algebrai
 (resp.analyti
) variety, and f : X ! C a non-
onstant regular (resp. analyti
) fun
tion. Thenfor any t 2 C , one 
an 
onstru
t fun
torsF� 2 Db
(X) 7!  f�t(F�); �f�t(F�) 2 Db
(Xt)where Xt = f�1(t) is assumed to be a non-empty hypersurfa
e, by simply repeating theabove 
onsiderations for the fun
tion f�t restri
ted to a tube T (Xt) := f�1(�) around the�ber Xt (here � is a small dis
 
entered at t). At least in the algebrai
 
ontext, the tube(whi
h is an analyti
 spa
e) 
an be 
hosen so that f : T (Xt) nXt ! �� is a topologi
allylo
ally trivial �bration, where �� := � n ftg. In the analyti
 
ontext, for this to be trueone needs to assume, for example, that f is proper on the tube T (Xt).Of parti
ular importan
e is the fa
t that the nearby and vanishing fun
tors 
an be de�nedat the level of Saito's mixed Hodge modules [36, 37℄. More pre
isely, if f is a non-
onstantregular (resp. holomorphi
) fun
tion on the 
omplex algebrai
 (resp. analyti
) spa
e X,then one has fun
tors  f ; �f :MHM(X)!MHM(X0), 
ompatible with the 
orrespond-ing perverse 
ohomologi
al fun
tors on the underlying perverse sheaves by the fun
torrat :MHM(X)! PervQ(X)whi
h assigns to a mixed Hodge module the underlying Q -perverse sheaf. In other words,rat Æ  f = p f Æ rat, and similarly for �f . As a 
onsequen
e of this fa
t, if X is smooth,for ea
h x 2 X0 we have 
anoni
al mixed Hodge stru
tures on the groups(3.2) Hj(Mx;Q) = Hj( fQX )x; ~Hj(Mx;Q) = Hj(�fQX )x;where Mx denotes the Milnor �ber of f at x.By the identi�
ation in (3.2), we note that Supp(�fQX ) � Sing(X0) (see [20℄, Example4.2.6 and Prop. 4.2.8). Then we have the following vanishing result (e.g., see [40℄, Example6.0.13), whose proof we in
lude here for 
ompleteness of the exposition:Lemma 3.3. Assume X is smooth and f : X ! � is proper. If s := dimC Sing(X0), thenH j (X0; �fQX ) = 0; for j =2 [n� s; n+ s℄:Proof. Sin
e X is a smooth 
omplex manifold of dimension n+1, it follows that QX [n+1℄is perverse on X. Therefore p�fQX [n + 1℄ = �fQX [n℄ 2 Perv(X0). If � := Sing(X0), thenSupp(�fQX ) � � yields that �fQX [n℄j� 2 Perv(�), see [20℄, Cor. 5.2.5. The proof followssin
e (noting that X0 and � are 
ompa
t)H j (X0; �fQX ) �= H j�n(X0; �fQX [n℄) �= H j�n(�; �fQX [n℄j�) = 0 for j � n =2 [�s; s℄;



HODGE GENERA OF ALGEBRAIC VARIETIES, II. 17where the vanishing follows from [20℄, Proposition 5.2.20. �3.2. A Riemann-Hurwitz formula for �y-genera. Let f : X ! C be a surje
tiveproje
tive algebrai
 morphisms from a smooth (n+1)-dimensional 
omplex algebrai
 varietyonto a smooth algebrai
 
urve. Let �(f) � C be the 
riti
al lo
us of f . Then f isa submersion over C� := C n �(f), hen
e lo
ally di�erentiably trivial (by Ehresmann's�bration theorem). For a point 
 2 C we let X
 denote the �ber f�1(
).We want to relate the �
y-genera of X and respe
tively C via the singularities of f ,and to obtain a stronger version of Prop. 2.11 in our setting. The out
ome is a Hodge-theoreti
 version of a formula of Iversen, or of the Riemann-Hurwitz formula for the Euler
hara
teristi
 (e.g., see [20℄, Cor. 6.2.5, Remark 6.2.6, or [29℄, (III, 32)), see Theorem 3.4and Example 3.6 below. The proof uses the additivity of the �
y-genus, together with thestudy of genera of singular �bers of f by means of vanishing 
y
les at a 
riti
al value.Theorem 3.4. Let f : X ! C be a proje
tive algebrai
 morphism from a smooth (n+ 1)-dimensional 
omplex algebrai
 variety onto a non-singular algebrai
 
urve C. Let �(f) � Cbe the set of 
riti
al values of f , and set C� = C n �(f). If the a
tion of �1(C�) on the
ohomology of the generi
 �bers Xt of f is trivial (e.g., �1(C�) = 0), then(3.3) �
y(X) = �
y(C) � �
y(Xt)� X
2�(f)�y([H �(X
;�f�
QX )℄)Proof. Under our assumptions, the �bers of f are 
omplex proje
tive varieties, and �bersover points in C� are smooth. By additivity, we 
an write:�
y(X) = �
y(X�) + X
2�(f)�y(X
);where X� := f�1(C�). Then by Lemma 2.6, we have that �
y(X�) = �
y(C�)�y(Xt), whereXt is the smooth (generi
) �ber of f .Now let 
 2 �(f) be a 
riti
al value of f and restri
t the morphism to a tube T (X
) :=f�1(�
) around the singular �ber X
, where �
 denotes a small dis
 in C 
entered at 
.By our assumptions, f : T (X
) ! �
 is a proper holomorphi
 fun
tion, smooth over ��
 ,with �bers 
omplex proje
tive varieties, that is, a one-parameter degeneration of 
omplexproje
tive varieties. Then there is a long exa
t sequen
e of mixed Hodge stru
tures (e.g.,see [32℄, Thm. 1.1):(3.4) � � � ! Hj(X
;Q ) ! H j (X
; f�
QX )! H j (X
;�f�
QX )! � � � ;where H j (X
; f�
QX ) 
arries the limit mixed Hodge stru
ture de�ned on the 
ohomologyof the 
anoni
al �ber (usually denoted X1) of the one-parameter degeneration f : T (X
)!�
 (e.g., see [34℄, x11.2). However, a 
onsequen
e of the de�nition of the limit mixed Hodgestru
ture is that (
f. [34℄, Cor. 11.25)dimC F pHj(X1; C ) = dimC F pHj(Xt; C );
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 �ber of the family (and of f). Therefore,�y(X1) := �y([H �(X
; f�
QX )℄) = �y(Xt):With this observation, from (3.4) we obtain that for a 
riti
al value 
 of f the followingholds: �y(X
) = �y([H �(X
; f�
QX )℄)� �y([H �(X
;�f�
QX )℄)= �y(Xt)� �y([H �(X
;�f�
QX )℄):By additivity and Lemma 2.6, this yields (3.3). �Remark 3.5. The key point in the proof of the above theorem was to observe that in aone-parameter degeneration of 
omplex proje
tive manifolds the �y-genus of the 
anoni
al�ber 
oin
ides with the �y-genus of the generi
 �ber of the family. Note that this fa
tis not true for the 
orresponding E-polynomials, sin
e, while the Hodge stru
ture on the
ohomology of the generi
 �ber is pure, the limit mixed Hodge stru
ture on the 
ohomologyof the 
anoni
al �ber 
arries the monodromy weight �ltration.Example 3.6. If X is smooth and f has only isolated singularities, then(3.5) �
y(X) = �
y(C)�
y(Xt) + (�1)n+1 Xx2Sing(f)�y([ ~Hn(Mx;Q)℄);where Mx is the Milnor �ber of f at x. Indeed, if f has only isolated singular points, thenea
h 
riti
al �ber X
 has only isolated singularities and the 
orresponding vanishing 
y
les�f�
QX are supported only at these points. Then (3.5) follows from the identi�
ation in(3.2) and the vanishing of Lemma 3.3.Remark 3.7. In the spe
ial 
ase of the Euler 
hara
teristi
 � = ��1, the formula inTheorem 3.4 and in the example above holds for any proper analyti
 morphism onto a
urve, without any assumption on the monodromy (see [20℄, Cor. 6.2.5). This followsfrom the multipli
ativity of the Euler 
hara
teristi
 � under �brations, the additivity of
ompa
tly supported Euler 
hara
teristi
 �
, and from the fa
t that � = �
 (
f. [21℄, pp.141-142).We will extend the formula of Example 3.6 to the 
ase of general singularities. By (3.3),it suÆ
es to restri
t f over a small dis
 �
 
entered at a 
riti
al value 
 2 �(f) and to studythe polynomial �y([H �(X
;�f�
QX )℄). Re
all that the �bers of f are 
omplex proje
tivealgebrai
 varieties, whi
h are smooth over points in �
 n f
g.Fix an algebrai
 Whitney strati�
ation of X
 with respe
t to whi
h �f�
QX is 
on-stru
tible. For ea
h q 2 Z and ea
h pure stratum S � Sing(X
), Hq(�f�
QX ) is a lo
al
oeÆ
ient system on S with stalk ~Hq(MS;Q), where MS is the lo
al Milnor �bre at apoint in S. Then, a

ording to Theorem 2.20, for M� = �fQX [n℄ and by assuming trivialmonodromy along all strata S � Sing(X
), we obtain�y([H �(X
;�f�
QX )℄) = XS�Sing(X
)�
y(S) � �y([ ~H�(MS;Q)℄);
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al Milnor �bre of f at a point in S.All these fa
ts yield the following general result:Corollary 3.8. Let f : X ! C be a proje
tive algebrai
 morphism from a smooth (n+ 1)-dimensional 
omplex algebrai
 variety onto a non-singular algebrai
 
urve C. Let �(f) � Cbe the set of 
riti
al values of f , and set C� = C n �(f). Assume ea
h spe
ial �ber X
 hasan algebrai
 strati�
ation with respe
t to whi
h the 
orresponding vanishing 
y
le 
omplexis 
onstru
tible, and moreover the monodromy along ea
h pure stratum is trivial. If thea
tion of �1(C�) on the 
ohomology of the generi
 �bers Xt of f is trivial, then(3.6) �
y(X) = �
y(C) � �
y(Xt)� X
2�(f) XS�Sing(X
)�
y(S) � �y([ ~H�(MS;Q)℄)4. The presen
e of monodromy. Atiyah-Meyer formulae for the �y-genus.In this se
tion we prove Hodge-theoreti
 analogues (in the 
ategory of 
omplex algebrai
varieties) of the Atiyah formula for the signature of a �bre bundles in the presen
e ofmonodromy [2℄, and of Meyer's twisted signature formula [31℄. We �rst state and prove ourformulae in the 
ontext of smooth proje
tive varieties, then point out several interestingextensions to more general situations.4.1. Hirzebru
h 
lasses of 
omplex proje
tive manifolds and the Hirzebru
h-Riemann-Ro
h theorem. Re
all that if X is a smooth 
omplex proje
tive variety, itsHirzebru
h 
lass eT �y (TX) 
orresponds to the (un-normalized) power serieseQy(�) := �(1 + ye��)1� e�� 2 Q [y℄[[�℄℄; eQy(0) = 1 + y:In fa
t, eT �y (TX) := td�(X) [ 
h�(�y(T �X));where td�(X) is the total Todd 
lass of X, 
h� is the Chern 
hara
ter, and �y(T �X) :=Pp�pT �X �yp is the total �-
lass of (the 
otangent bundle of) X. Hirzebru
h's 
lass appearsin the generalized Hirzebru
h-Riemann-Ro
h theorem (
f. [26℄, x21.3, but for the versionneeded here see also [47, 8℄), whi
h asserts that if E is a holomorphi
 ve
tor bundle on Xthen the �y-
hara
teristi
 of E, whi
h is de�ned by�y(X;E) :=Xp�0 �(X;E 
 �pT �X) � yp =Xp�0  Xi�0 (�1)idimH i(X;
(E)
 �pT �X)! � yp;with T �X the 
otangent bundle of X and 
(E) the 
oherent sheaf of germs of se
tions of E3,
an in fa
t be expressed in terms of the Chern 
lasses of E and the tangent bundle of X,3 For X smooth and proje
tive, �y(X;OX) agrees with the Hodge-theoreti
 �y-genus de�ned in the �rstpart of this paper. Indeed, by Deligne's theory, one has the following equality for the Hodge numbers:hp;q = dimCHq(X;�pT �X).
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isely(4.1) �y(X;E) = ZX �
h�(E) [ eT �y (TX)� \ [X℄:In parti
ular, if E = OX we have that�y(X) = ZX eT �y (TX) \ [X℄:Also note that the value y = 0 in (4.1) yields the 
lassi
al Hirzebru
h-Riemann-Ro
htheorem (in short, HRR) for the holomorphi
 Euler 
hara
teristi
 of E, that is (
f. [26℄),�(X;E) = ZX (
h�(E) [ td�(X)) \ [X℄:4.2. �y-genera of smooth proje
tive families. Let f : E ! B be a smooth propermap of smooth 
omplex proje
tive varieties. By Ehresmann's theorem, f is a di�erentiable�bration. The 
ohomology groups Hk(Eb) of �bers �t into a lo
al system Rkf�QE . By aresult of GriÆths, this lo
al system underlies a weight k (geometri
) variation of Hodgestru
tures on B su
h that the Hodge stru
ture at b 2 B is just the Hodge stru
ture wehave on Hk(Eb). Let Hk := Rkf�QE 
Q OB:This is a holomorphi
 bundle with a 
at 
onne
tion 5 : Hk ! Hk
OB 
1B, and it admits a�nite de
reasing �ltration fFpkgp by holomorphi
 sub-bundles satisfying GriÆths' transver-sality 
ondition 5(Fpk) � Fp�1k 

1B . Set Hp;k�p := GrpFHk. This is a holomorphi
 bundle,not ne
essarily 
at, of rank hp;k�pb := dimHp;k�p(Eb; C ). The numbers hp;k�pb for b 2 B,remain 
onstant in the family sin
e they depend upper-semi
ontinuously on b.One of the main results of this se
tion is the following:Theorem 4.1. Let f : E ! B be a smooth proper map of smooth 
omplex proje
tivevarieties. Then the Hirzebru
h �y-genus of E 
an be 
omputed by the following formula:(4.2) �y(E) = ZB �
h� (�y(f)) [ eT �y (TB)� \ [B℄;where �y(f) :=Pp;q�0(�1)qHp;q � yp 2 K(B)[y℄ is the K-theory �y-genus of f .Before proving the theorem, we make few remarks and state some immediate 
onse-quen
es.Remark 4.2. (1) Formula (4.2) shows the deviation from multipli
ativity of the �y-genusof �ber bundles in the presen
e of monodromy. The right-hand side of (4.2) is a sum ofpolynomials, one of the summands being �y(B) ��y(F ). Indeed, the zero-dimensional pie
eof 
h�(�y(f)) is �y(F ).
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 analogue of Atiyah's signature formula (
f. [2℄,(4.3)) in the 
omplex algebrai
 setting. Indeed, if y = 1, then by [47℄, Remark 3, and inthe notation of [2℄ x4, eT �1 (TB) = dimBYi=1 �itanh(12�i) =: eL(B);where �i are the Chern numbers of the tangent bundle of B. Moreover, it is known that�1(E) = �(E) is the usual signature (
f. [26℄), and in a similar fashion one 
an show that(�1)qHp;q is the K-theory signature Sign(f) from [2℄. In other words, the value at y = 1of (4.2) yields �(E) = ZB �
h�(Sign(f)) [ eL(B)� \ [B℄:(3) In [2℄, Atiyah pointed out that the non-multipli
ativity examples for the signature ofholomorphi
 �brations Z ! C having dimCZ = 2, dimCC = 1, with non-trivial monodromya
tion on the 
ohomology of the �ber G, also show the non-multipli
ativity of the Toddgenus. Examples of non-multipli
ativity in higher dimensions 
an be obtained as follows.Let D ! C be an arbitrary holomorphi
 �ber bundle with �ber F and having a trivialmonodromy. Then the Todd (and hen
e �y) genus is non-multipli
ative for the �brationZ �C D! D, sin
e Z �C D also �bers over Z with �ber F and trivial monodromy, and(4.3) Td(Z �C D) = Td(F )Td(Z) 6= Td(F )Td(C)Td(G) = Td(D)Td(G)More su
h examples 
an be obtained via standard 
onstru
tions, e.g. �ber or dire
t produ
tsof Atiyah examples, or higher dimensional examples as above.(4) Theorem 4.1 
an be extended so that we allow E and F to be singular. We 
an alsodis
ard the 
ompa
tness assumption on the base B, but in this 
ase we need to allow
ontributions \at in�nity" in our formula; see the dis
ussion at the end of this se
tion forpre
ise formulations of these general results.An immediate 
orollary of Theorem 4.1 is the following:Corollary 4.3. Under the assumptions of the above theorem, if moreover Rkf�QE is alo
al system of Hodge stru
tures for ea
h k, i.e. the monodromy a
tion of �1(B) on the
ohomology of the �ber preserves the Hodge �ltration, then(4.4) �y(E) = �y(B) � �y(F );where F is the typi
al �ber of the family.Proof. Indeed, if Rkf�QE is a lo
al system of Hodge stru
tures, the GriÆths transversality
ondition for the 
at 
onne
tion 5 : Hk ! Hk 
OB 
1B redu
es to 5(Fpk ) � Fpk 
 
1B.It follows that all bundles Fpk , when
e the bundles GrpFHk = Hp;k�p, are 
at. Sin
e therational Chern 
lasses in positive degrees of 
at bundles are trivial (
f. [28℄), we obtain
h� Xp;q (�1)qHp;qyp! =Xp;q (�1)qrank(Hp;q)yp = �y(F ):
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orollary is false in the non-
ompa
t 
ase, e.g., for the Milnor�bration of the 
uspidal 
upid that was already 
onsidered in x2.4 (in general, the mon-odromy of a weighted homogeneous hypersurfa
e singularity is an algebrai
 morphism, thusindu
es a morphism of mixed Hodge stru
tures in 
ohomology).(2) An example of �bration with the a
tion as in Corollary 4.3 
an be given as follows. LetG be a �nite group of biholomorphi
 maps a
ting freely on the smooth proje
tive varietiesE and F , so that the a
tion on the 
ohomology of F is non-trivial. If we let G a
t diagonallyon E � F , then the �bration:(4.5) (E � F )=G! E=Ghas F as its �ber, the monodromy a
tion 
oin
ides with the a
tion of G on the 
ohomologyof F , and it preserves the Hodge �ltration on H�(F ) sin
e the monodromy transformationsare biholomorphi
.Remark 4.5. Higher �y-genera. If X is a smooth proje
tive variety, � := �1(X), and� 2 H�(B�;Q ), we de�ne higher �y-genera of X by the formula(4.6) �[�℄y (X) := ZX �u�(�) [ eT �y (TX)� \ [X℄;where u : X ! B� is the 
lassifying map of the universal 
over of X.Under the assumptions of Corollary 4.3, formula (4.2) 
an be rephrased in terms ofhigher �y-genera as follows. From the 
lassifying spa
e des
ription of ea
h of the bundlesHp;q, it is 
lear that 
h� (Hp;q) is indu
ed from an universal 
hara
teristi
 
lass 
h�(Hp;q) 2H�(BGL(r; C );Q ), where r = rankHp;q. Moreover, the assumption that the a
tion of�1(B) preserves the Hodge �ltration, hen
e the (p; q)-type, yields that the 
lassifying mapB ! BGL(r; C ) for Hp;q fa
tors (up to homotopy) as B u! B� v! BGL(r; C ), where uis the 
lassifying map of the universal 
over of B, and v is indu
ed by the monodromya
tion. It follows that 
h� (Hp;q) = u�(v�
h�(Hp;q)). Set �p;q� := v�
h�(Hp;q). Then theChern 
hara
ter of the K-theory �y-genus of f 
an be written as
h�(�y(f)) = u� Xp;q (�1)q�p;q� � yp!Then in the notation of (4.6) and under the assumptions of Corollary 4.3, formula (4.2)asserts that �y(E) 
an be written as a Hodge polynomial in higher genera of B, namely(4.7) �y(E) =Xp;q (�1)q�[�p;q� ℄y (B) � yp:However, sin
e we assumed that ea
h Hp;q is a 
at bundle, we have that �[�p;q� ℄y (B) =hp;q(F ) � �y(B), and the equation (4.7) yields the multipli
ativity of Corollary 4.3.



HODGE GENERA OF ALGEBRAIC VARIETIES, II. 23We now return to the proof of Theorem 4.1.Proof. Re
all from x2.3 that the Leray spe
tral sequen
e of the map f , that is,(4.8) Ep;q2 = Hp(B;Rqf�QE ) =) Hp+q(E);is a spe
tral sequen
e of mixed Hodge stru
tures. In fa
t all mixed Hodge stru
turesinvolved in the 
ase of a smooth proje
tive family are pure (and by a result of Deligne, theLeray spetral sequen
e of f degenerates at E2). Indeed, the lo
al systems Rqf�QE underliegeometri
 variations of pure Hodge stru
tures (thus admissible in the sense of Steenbrink-Zu
ker-Kashiwara; see [34℄, Theorem 14.49 and the referen
es therein), and it is known(e.g., from Saito's work [37℄, see also [34℄, Theorem 14.50) that the 
ohomology of a smoothproje
tive variety with 
oeÆ
ients in su
h a variation admits a pure Hodge stru
ture.By de�nition, we have�y(E) =Xi;p (�1)idimGrpFH i(E; C ) � (�y)p =Xp �p(E) � (�y)p;where we let �p(E) := Pi(�1)idimGrpFH i(E; C ) be the Euler 
hara
teristi
 asso
iatedto the exa
t fun
tor GrpF . Sin
e the di�erentials in the Leray spe
tral sequen
e of f aremorphisms of (mixed) Hodge stru
tures, thus stri
t with respe
t to the Hodge �ltrations,it follows that �p(E) = Xk;l (�1)k+ldimGrpFHk(B;Rlf�C E )= Xl (�1)l Xk (�1)kdimGrpFHk(B;Rlf�C E )!= Xl (�1)l�p(B;Rlf�QE ):Therefore, �y(E) = Xp  Xl (�1)l�p(B;Rlf�QE )! � (�y)p= Xl (�1)l Xp �p(B;Rlf�QE ) � (�y)p!= Xl (�1)l�y(B;Rlf�QE ):So, we redu
ed the problem to the following setting, whi
h is a Hodge-theoreti
 analogueof the situation 
onsidered by Meyer [31℄: B is a smooth proje
tive variety, Vl := Rlf�QEis a geometri
 variation of pure Hodge stru
tures of weight l on B (in fa
t, for what follows,one may repla
e Vl by a weight l polarized variation of Hodge stru
tures on B, or moregenerally, by an admissible variation of mixed Hodge stru
tures), and we 
onsider the �y-genus of B twisted by Vl , that is, �y(B;Vl), whi
h en
odes the Hodge numbers of the
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ed by an admissible variation) Hodge stru
tures on the 
ohomologygroups Hk(B;Vl), k 2 Z�0.If we let, as before, Hl := Vl 
Q OB be the 
at bundle asso
iated to Vl , then we have anisomorphism Hk(B;Vl 
 C ) �= H k (B; 
�B 
OB Hl);and the Hodge �ltration on Hk(B;Vl 
 C ) is indu
ed by the �ltration F � on the de Rham
omplex that is de�ned by GriÆths' transversalityF p(
�B 
OB Hl) := hFpl Hl 5! 
1B 
Fp�1l Hl 5! � � � 5! 
iB 
 Fp�il Hl 5! � � � iThe asso
iated graded is the 
omplexGrpF (
�B 
OB Hl) = �
�B 
OB Grp��F Hl; GrF5�with the indu
ed di�erential.Then �p(B;Vl) = Xk (�1)kdim GrpFHk(B;Vl 
 C )= Xk (�1)kdim GrpFH k(B; 
�B 
OB Hl)(�)= Xk (�1)kdim H k (B;GrpF (
�B 
OB Hl))= �(B;
�B 
OB Grp��F Hl);where (�) follows from [[34℄, Theorem 3.18 (iv)℄ and the fa
t proved by M. Saito that(Vl ;
�B 
OB Hl) is a 
ohomologi
al (mixed, if Vl is repla
ed by an admissible variation)Hodge 
omplex in the sense of Deligne (re
all B is smooth and 
ompa
t; see also [34℄,Theorem 10.9 for the 
ase of a pure polarized variation).The last term in the above equality 
an be 
omputed by using the invarian
e of theEuler 
hara
teristi
 under spe
tral sequen
es. In general, if K� is a 
omplex of sheaves ona topologi
al spa
e B, then there is the following spe
tral sequen
e 
al
ulating its hyper-
ohomology (e.g., see [20℄, x2.1):Ei;j1 = Hj(B;Ki) =) H i+j (B;K�):Assuming �(B;K�) is de�ned, it 
an be 
omputed by�(B;K�) =Xi;j (�1)i+jdim Hj(B;Ki) =Xi (�1)i�(B;Ki)Therefore the twisted �y-genus �y(B;Vl) 
an be 
omputed as follows (where we negle
tthe 
up produ
t symbol or repla
e it by \�" where there is no danger of 
onfusion):�y(B;Vl) = Xp �p(B;Vl) � (�y)p
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�B 
OB Grp��F Hl) � (�y)p= Xi;p (�1)i�(B;
iB 
Grp�iF Hl) � (�y)p(HRR)= Xi;p (�1)i�ZB 
h�(Grp�iF Hl)
h�(
iB)td�(B) \ [B℄� � (�y)p= ZBXi;p �
h�(Grp�iF Hl) � (�y)p�i� � �
h�(
iB)td�(B) � yi� \ [B℄= ZB  Xs 
h�(GrsFHl) � (�y)s! � td�(B)Xi 
h�(
iB) � yi! \ [B℄= ZB  Xs 
h�(GrsFHl) � (�y)s! � td�(B)
h� (�y(T �B)) \ [B℄= ZB  Xs 
h�(GrsFHl) � (�y)s! � eT �y (TB) \ [B℄:Coming ba
k to the 
omputation of �y(E), we obtain that�y(E) = Xl (�1)l�y(B;Rlf�QE )= Xl (�1)l ZB  Xs 
h�(GrsFHl) � (�y)s! � eT �y (TB) \ [B℄= ZB  Xl;s (�1)l
h�(GrsFHl) � (�y)s! � eT �y (TB) \ [B℄= ZB  Xl;s (�1)l
h�(Hs;l�s) � (�y)s! � eT �y (TB) \ [B℄= ZB  Xp;q (�1)q
h�(Hp;q) � yp! � eT �y (TB) \ [B℄: �As an important 
orollary of the proof of Theorem 4.1 we obtain the following Hodge-theoreti
 analogue of Meyer's signature formula [31℄:Corollary 4.6. Let Z be a smooth proje
tive variety and V be a geometri
, or polarized (ormore generally, an admissible) variation of (mixed) Hodge stru
tures on Z, with asso
iated
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at bundle with \Hodge" �ltration (V;F�). Then the twisted �y-genus �y(Z;V) 
an be
omputed by the formula(4.9) �y(Z;V) = ZZ �
h�(H
y(V)) [ eT �y (TZ)� \ [Z℄;where H
y(V) is the K-theory Hodge polynomial 
hara
teristi
 of V de�ned byH
y(V) =Xp GrpFV � (�y)p:It is now easy to see, with minor 
hanges in the proof of Theorem 4.1, that we have infa
t the following general result:Theorem 4.7. Let f : E ! B be a quasi-proje
tive surje
tive morphism of 
omplex alge-brai
 varieties, with B smooth and proje
tive. Assume that the sheaves Rsf�ZE, s 2 Z arelo
ally 
onstant on B. Then the �y-genus of E 
an be 
omputed by the following formula:(4.10) �y(E) = ZB �
h� (�y(f)) [ eT �y (TB)� \ [B℄;where �y(f) :=Pi;p(�1)iGrpFHi � (�y)p 2 K(B)[y℄ is the K-theory �y-genus of f .Proof. Indeed, by our assumptions of f , the lo
al systems Ls := Rsf�QE , s 2 Z, underliegeometri
, hen
e admissible variations of mixed Hodge stru
tures (see [34℄, Thm. 14.49).Therefore, formula (4.9) applies to ea
h of these variations. The rest follows from the Lerayspe
tral sequen
e of the map f (
f. (2.6)), by noting as in the proof of Thm. 4.1, that�y(E) =Ps(�1)s�y(B;Ls). �Remark 4.8. As stated in [31℄, Meyer's formula for the signature �(Z;L) of a Poin
ar�elo
al system L (that is, a lo
al system equipped with a nondegenerate bilinear pairingL
L ! RZ ) on a 
losed oriented smooth manifold Z of even dimension involves a twistedChern 
hara
ter and the total L-polynomial of Z (as opposed to Atiyah's formula [2℄, wherean un-normalized version of the L-polynomial is used). More pre
isely ([31℄),�(Z;L) = ZZ �f
h�([L℄K) [ L(Z)� \ [Z℄;where [L℄K is the K-theory signature of L, L(Z) is the total Hirzebru
h L-polynomial of Z,and f
h� := 
h� Æ 2 is a modi�ed Chern 
hara
ter obtained by 
omposition with the se
ondAdams operation. Similarly, following [27℄, p.61{62 (see also [41℄, x6), we 
an reformulateour Hodge-theoreti
 Atiyah-Meyer formulae in terms of the normalized Hirzebru
h 
lassesT �y (TZ) 
orresponding to the power seriesQy(�) := eQy(�(1 + y)) � (1 + y)�1 = �(1 + y)1� e��(1+y) � �y 2 Q [y℄[[�℄℄;
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hara
ter, 
h�(1+y), whose value on a 
omplex ve
torbundle � is 
h�(1+y)(�) = rk�Xj=1 e�j(1+y);for �j the Chern roots of �. (In this notation, Meyer's modi�ed Chern 
hara
ter is simply
h�(2).) For example, in the notations of Corollary 4.6, formula (4.9) is equivalent to(4.11) �y(Z;V) = ZZ �
h�(1+y)(H
y(V)) [ T �y (TZ)� \ [Z℄:A similar formula 
an be obtained for �y(U ;V), the twisted �y polynomial asso
iatedto the 
anoni
al mixed Hodge stru
ture on H�(U ;V), for U any smooth (not ne
essarily
ompa
t) 
omplex variety and V an admissible variation of mixed Hodge stru
ture on U .(The existen
e of su
h mixed Hodge stru
tures follows for example from Saito's theory,see also [34℄, Thm. 14.50 and the referen
es therein.) In this 
ase, in order to obtain a
ohomologi
al mixed Hodge 
omplex whose Hodge �ltration indu
es the Hodge �ltrationon H�(U ;V 
 C ), we need to use the twisted logarithmi
 de Rham 
omplex asso
iated tothe Deligne extension of V on a good 
ompa
ti�
ation of U . More pre
isely, let (V;5) bethe 
orresponding ve
tor bundle on U with its 
at 
onne
tion and Hodge �ltration. Thenwe 
an 
hoose a smooth 
ompa
ti�
ation j : U ! Z su
h that D = Z nU is a divisor withnormal 
rossings, and for ea
h half-open interval of length one there is a unique extensionof (V;5) to a ve
tor bundle (�VI ; �5I) with a logarithmi
 
onne
tion on Z su
h that theeigenvalues of the residues lie in I (
f. [18℄). If we set �V := �V [0;1), then the twistedlogarithmi
 de Rham 
omplex 
�Z(logD) 
 �V is quasi-isomorphi
 (on Z) to Rj�V 
 C ,and the �ltration F� on V extends to a �ltration �F� � �V sin
e the variation of mixedHodge stru
tures was assumed to be admissible. As before, by GriÆths' transversality, we
an �lter the logarithmi
 twisted de Rham 
omplex, and Saito proved that this be
omespart of a 
ohomologi
al mixed Hodge 
omplex that 
al
ulates H�(U ;V). By repeating thearguments in the proof of Theorem 4.1, we obtain the following formula, analogous to (4.9),involving 
ontributions at in�nity (i.e., forms on Z, with logarithmi
 poles along D):(4.12) �y(U ;V) = ZZ  
h�(H
y(�V)) [ 
h�(Xi 
iZ(logD) � yi) [ td�(Z)! \ [Z℄:This explains why under the assumptions of Corollary 4.3, the multipli
ativity of the �y-genus fails in the non-
ompa
t 
ase (
f. Remark 4.4).In view of formula (4.12), we 
an obtain an even more general Atiyah type result for analgebrai
 map f as in Theorem 4.7 by dropping the 
ompa
tness assumption on its targetB. We leave the details as an exer
ise for the interested reader.
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tion, we de�ne higher �y-generaof variations of Hodge stru
tures whi
h 
orrespond to 
ohomology 
lasses of the quotientsof Gri�ths period domains (
f. [25℄). These higher genera are analogous to the previously
onsidered higher genera 
orresponding to the 
ohomology 
lasses of the fundamental group(
f. Remark 4.5), and for some types of variations of Hodge stru
tures 
oin
ide with thelatter. These 
lasses allow to obtain a formula for the �y-genus of a �bration in termsof 
hara
teristi
 
lasses of the base, whi
h yields the multipli
ativity in a variety of 
asesin
luding the 
ase of trivial monodromy group.Let (B;V) be a pair where B is a K�ahler manifold and V is a (integer) polarized variationof pure Hodge stru
tures of weight k. If V is the stalk of V at a point in B, let � = �1be the type of the bilinear form Q on V (i.e. Q(x; y) = �Q(y; x)), and �V be the partitiondimV =Pp+q=k hp;q where hp;q = dimHp;q. Let D�V be the 
lassifying spa
e of pure Hodgestru
tures of type (�; �V ). This spa
e is a subset in the 
ag manifold (
onsisting of 
ags inV satisfying the Riemann bilinear relations) and in parti
ular it is the base of the universal
ag bundle F�V := � � � � Fp � � � � (rankFp =Pi�p dimH i;k�i) having the 
ags as its �ber,and also for the bundles Hp;k�p whi
h are the quotients Fp=Fp+1.Let �� be the monodromy group 
orresponding to V. This is a subgroup in the subgroupof GL(dimV;Z) 
onsisting of transformations preserving Q. The group �� a
ts on D�;�V andsome subgroup � � �� of �nite index a
ts freely on D�;�V . The pair (B;V) de�nes the periodmap: � : B ! D�;�V =�:The a
tion of the group � on V and D�;�V indu
es the a
tion on the total spa
e of F�Vso that the proje
tion F�V ! D�;�V is �-equivariant. The latter map indu
es the lo
allytrivial �bration: F�V =� ! D�;�V =� and, moreover, for any hp;q 2 �V the bundle Hp;q overD�;�V des
ends to a bundle over the quotient D�;�V =�.De�nition 4.9. Let � 2 H�(D�;�V =�). The higher genus �[�℄y is given by:�[�℄y = ��(�) [ eTy(B)[B℄:Among variations of Hodge stru
tures one 
an single out those for whi
h, in the 
ase� = �1 there are at most two non-vanishing Hodge numbers, and for � = +1 if p 6= q thenall hp;q = 0 ex
ept for at most two of them for whi
h one has hp;q = 1. In this 
ase, theperiod domain is simply-
onne
ted sin
e it is the Siegel upper-half plane for � = �1 andSO(2; hp;p)=U(1)�SO(hp;p), i.e. the quotient by the maximal 
ompa
t subgroup, for � = +1(
f. [13℄, p.145). In this 
ase the period map fa
tors as B ! B�1(B) ! D�;�V =� = B(�)(the latter is the 
lassifying spa
e of �), and the �[�℄y 
oin
ides with the higher-�y genus
onsidered in [7℄ (see also Remark 4.5). We shall refer to su
h variations as topologi
alvariations of Hodge stru
tures.Next we shall 
onsider a geometri
 variation of Hodge stru
tures arising from a smoothproper map of smooth proje
tive varieties f : E ! B (or of 
ompa
t K�ahler manifolds). TheK�ahler 
lass !E of E indu
es the K�ahler 
lass !F on ea
h �ber F , whi
h is left invariantby the monodromy of this �bration. In parti
ular the Hodge form on Hk(F ) (given by



HODGE GENERA OF ALGEBRAIC VARIETIES, II. 29Q(�; �) = (!dimF�2kF [ � [ �)[F ℄) is a monodromy invariant. The primitive 
ohomology ofF yields a polarized variation of pure Hodge stru
tures, and the fundamental group �1(B)a
ts via the monodromy representation on �kHkprim(F ) and also on QkD(�1)k ;�k , where �kis the partition of dimHk(F )prim =Pp+q=k dimHp;q(F )\Hk(F )prim. Let �� be the quotienton �1(B) by the kernel of this a
tion, and � be a subgroup of �nite index a
ting freely.Theorem 4.10. Let f : E ! B be a smooth proper map of smooth proje
tive varieties,and � : B ! (Yk D(�1)k ;�k)=�be the total period map. Let �k be the proje
tion of the target of � on the k-th 
omponent,and let �p;q� = ��k(
h�(Hp;q)) be the pull ba
k to the quotient of the total period map of theChern 
hara
ter of the bundle Hp;q. Then �y(E) is given by the formula (
ompare with(4.7))(4.13) �y(E) =Xp;q (�1)q�[�p;q� ℄y (B) � yp:The proof follows from the formula (4.2) similarly to the way (4.7) was derived from (4.2).Remark 4.11. If � = 1 (i.e., the monodromy group �� is trivial or �nite) we obtainmultipli
ativity. More generally, if the Hp;q are monodromy invariant then the period mapis homotopi
 to the map to a point and again one has multipli
ativity.Remark 4.12. Fibrations for whi
h the �bers are 
urves or K3 surfa
es indu
e topologi
alvariations of Hodge stru
tures and hen
e the �y-genus of the total spa
e 
an be expressedin terms of Novikov's type �y-genus as in Remark 4.5. On the other hand, for �brationswith �bers of higher dimensions one needs the generalization of the higher �y-genus ex
eptfor very spe
ial 
ases.Remark 4.13. The generalization of the higher �y-genus given in de�nition (4.9) has thestrong birational invarian
e property of higher genera 
orresponding to twisting by the
ohomology 
lasses of the fundamental group. More pre
isely, we have the K-equivalen
erelation among pairs (B1;V1) and (B2;V2) generated by the elementary K-equivalen
ef1 : X ! B1; f2 : X ! B2 su
h that f �1 (V1) = f �2 (V2). The monodromy groups � and totalperiod domains D of V1 and V2 are the same, and for any � in H�(D=�) the �[�℄y -genera of(Bi;Vi) 
oin
ide. This follows from the push-forward formulas in the same way as in [7℄.We shall dis
uss 
hara
terization of su
h generalized twisted �y invariants elsewhere.5. Atiyah-Meyer type 
hara
teristi
 
lass formulae.In this se
tion, we present 
hara
teristi
 
lass versions of the above Atiyah-Meyer for-mulae for the �y-genus. The proofs of these 
hara
teristi
 
lass formulae are mu
h moreinvolved, and make use of Saito's theory of mixed Hodge modules and the 
onstru
tionof the motivi
 Hirzebru
h 
lasses (
f. [8℄), whi
h we re
all here. For full details on this
onstru
tion, the reader is advised to 
onsult [8, 10℄.
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omplex algebrai
 variety. Then for any p 2 Z one has a fun
tor of triangulated
ategories grFp DR : DbMHM(Z)! Db
oh(Z)
ommuting with proper push-down, where Db
oh(Z) is the bounded derived 
ategory ofsheaves of OZ-modules with 
oherent 
ohomology sheaves. If QHZ 2 DbMHM(Z) de-notes the 
onstant Hodge module on Z, and if Z is smooth and pure dimensional thengrF�pDR(QHZ ) ' 
pZ [�p℄ 2 Db
oh(Z). The transformations grFpDR(M) are fun
tors of trian-gulated 
ategories, so they indu
e fun
tors on the level of Grothendie
k groups. Thus, ifG0(Z) ' K0(Db
oh(Z)) denotes the Grothendie
k group of 
oherent sheaves on Z, we obtainthe following group homomorphism 
ommuting with proper push-down:(5.1) grF��DR : K0(MHM(Z))! G0(Z)
 Z[y; y�1℄;[M ℄ 7!Xp  Xi (�1)i[Hi(grF�pDR(M))℄! � (�y)p:We 
an now make the following de�nitions (see [8, 10℄)De�nition 5.1. The transformation M̂HTy is de�ned as the 
omposition of transforma-tions 4:(5.2) M̂HTy := td� Æ grF��DR : K0(MHM(Z))! HBM2� (Z)
 Q [y; y�1℄;where td� is the Baum-Fulton-Ma
Pherson Todd 
lass transformation [4℄, whi
h is linearlyextended over Z[y; y�1℄. Note that M̂HTy 
ommutes with proper push-forward.Remark 5.2. Let K0(Z) be the Grothendie
k group of 
omplex algebrai
 ve
tor bundleson Z. If Z an algebrai
 manifold, the 
anoni
al map K0(Z) ! G0(Z) indu
ed by takingthe sheaf of se
tions is an isomorphism, and the Todd 
lass transformation of the 
lassi
alGrothendie
k-Riemann-Ro
h theorem is expli
itly des
ribed by td�(�) = 
h�(�)td�(TZ)\ [Z℄.De�nition 5.3. The Hirzebru
h 
lass of an n-dimensional 
omplex algebrai
 variety Z isde�ned by the formula(5.3) eTy�(Z) := M̂HTy([QHZ ℄):Similarly, if Z is an n-dimensional 
omplex algebrai
 manifold, and V a polarized variationof Hodge stru
tures on Z, we de�ne twisted Hirzebru
h 
hara
teristi
 
lasses(5.4) eTy�(Z;V) = M̂HTy([VH ℄);where VH [n℄ = ((V;5);F��;V[n℄) is the smooth mixed Hodge module on Z 
orrespondingto V, with F�� := F� (e.g., see [34℄, Thm. 14.30 and the referen
es therein).4The spe
ial 
ase of the transformation M̂HTy at y = 1 was previously used by Totaro [45℄ for �ndingnumeri
al invariants of singular varieties, more pre
isely Chern numbers that are invariant under smallresolutions.



HODGE GENERA OF ALGEBRAIC VARIETIES, II. 31By [[8℄, Lemma 3.1 and Theorem 3.1℄, the following normalization holds: if Z is smoothand pure dimensional, then eTy�(Z) = eT �y (TZ) \ [Z℄, thus eTy�(Z) is an extension to thesingular setting of (the Poin
ar�e dual of) the un-normalized Hirzebru
h 
lass.We 
an now prove the following Meyer-type formula for the twisted Hirzebru
h 
hara
-teristi
 
lassesTheorem 5.4. Let Z be a 
omplex algebrai
 manifold of pure dimension n, and V a polar-ized variation of Hodge stru
tures on Z with asso
iated 
at bundle with \Hodge" �ltration(V;F�). Then(5.5) eTy�(Z;V) = �
h�(H
y(V)) [ eTy�(TZ)� \ [Z℄ = 
h�(H
y(V)) \ eTy�(Z);where H
y(V) is the K-theory Hodge polynomial 
hara
teristi
 of V.Proof. Let VH [n℄ = ((V;5);F��;V[n℄) be the smooth mixed Hodge module on Z 
orre-sponding to V, with F�� := F� the in
reasing �ltration on the D-module V. It followsfrom Saito's work that there is a �ltered quasi-isomorphism between (DR(VH ); F��) andthe usual �ltered de Rham 
omplex (
�Z(V); F �) with the �ltration indu
ed by GriÆths'transversality, that is:F p
�Z(V) : hFp 5! 
1Z 
 Fp�1 5! � � � 5! 
iZ 
Fp�i 5! � � �i :Therefore,eTy�(Z;V) = td� Xp  Xi (�1)i[Hi(grF�pDR(VH ))℄! � (�y)p!= td� Xp  Xi (�1)i[Hi(grpF
�Z(V))℄! � (�y)p!= td� Xp  Xi (�1)i[
iZ 
Grp�iF V℄! � (�y)p!= Xp Xi (�1)i td�([
iZ 
Grp�iF V℄) � (�y)p(GRR)= Xp Xi (�1)i 
h�(
iZ 
Grp�iF V) [ td�(Z) \ [Z℄ � (�y)p= Xp Xi �
h�(Grp�iF V) � (�y)p�i� [ �
h�(
iZ) � yi� [ td�(Z) \ [Z℄=  Xq 
h�(GrqFV) � (�y)q! [ Xi 
h�(
iZ) � yi! [ td�(Z) \ [Z℄= 
h�(H
y(V)) [ 
h�(�y(T �Z)) [ td�(Z) \ [Z℄= 
h�(H
y(V)) [ ~Ty�(TZ) \ [Z℄;
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ation of the 
lassi
al Grothendie
k-Riemann-Ro
h theorem.�Remark 5.5. More generally, Saito [37℄ showed that an admissible variation of mixedHodge stru
tures on a smooth variety Z (e.g., a geometri
 variation of mixed Hodge stru
-tures), with underlying lo
al system L, gives rise to a smooth mixed Hodge module on Z,
all it LH [dimZ℄, with L[dimZ℄ as its underlying perverse sheaf. Then one 
an de�ne asin (5.4) twisted Hirzebru
h 
hara
teristi
 
lasses asso
iated to su
h admissible variations.Note that Theorem 5.4 remains true in this greater generality, i.e., we 
an let V be a geo-metri
 variation of (mixed) Hodge stru
tures, or more generally, an admissible variationof mixed Hodge stru
tures. Then if Z is 
omplete, Corollary 4.6 
an be obtained fromTheorem 5.4 by pushing forward to a point via the 
onstant map Z ! pt.J�org S
h�urmann [42℄ 
ommuni
ated to us that the following Atiyah-type result 
an beobtained as a dire
t appli
ation of the Verdier-Riemann-Ro
h formula for a smooth propermorphism (
f. [8℄, Cor. 3.1(3)), if one makes the identi�
ation Hp;q ' Rqf�(�pT �f ), with T �fthe dual of the tangent bundle Tf to the �bers of f (
f. [34℄, Proposition 10.28). However,the proof we give here is based only on the de�nition of the Hirzebru
h 
lasses and onTheorem 5.4 in the 
ontext of geometri
 variations of Hodge stru
tures.Theorem 5.6. Let f : E ! B be a smooth proje
tive morphism between 
omplex algebrai
manifolds. Then the following holds:(5.6) f� eTy�(E) = 
h� (�y(f)) \ eTy�(B);where �y(f) =Pp;q�0(�1)qHp;q � yp is the K-theory �y-genus of f .Proof. Sin
e f is proper and the transformation M̂HTy 
ommutes with proper pushdowns,we �rst obtain the following:(5.7) f� eTy�(E) = f�(M̂HTy([QHE ℄)) = M̂HTy([f�QHE ℄):Now let �� be the natural trun
ation on DbMHM(B) with asso
iated 
ohomology H�.Then for any 
omplex M� 2 DbMHM(B) we have the identi�
ation (e.g., see [20℄, p.95-96; [40℄, Lemma 3.3.1)(5.8) [M�℄ =Xi2Z(�1)i[H i(M�)℄ 2 K0(DbMHM(B)) �= K0(MHM(B)):In parti
ular, if for any k 2 Z we regard H i+k(M�)[�k℄ as a 
omplex 
on
entrated in degreek, then(5.9) �H i+k(M�)[�k℄� = (�1)k[H i+k(M�)℄ 2 K0(MHM(B)):Therefore, if we let M� = f�QHE , we obtain that(5.10)f� eTy�(E) =Xi2Z(�1)iM̂HTy([H i(f�QHE )℄) =Xi2Z(�1)iM̂HTy(�H i+dimB(f�QHE )[�dimB℄�):



HODGE GENERA OF ALGEBRAIC VARIETIES, II. 33Note that H i(f�QHE ) 2 MHM(B) is the smooth mixed Hodge module on B whose under-lying rational 
omplex is (re
all that B is smooth)(5.11) rat(H i(f�QHE )) = pHi(Rf�QE ) = (Ri�dimBf�QE )[dimB℄;where for the se
ond equality we refer to [34℄, Example 13.20. In this 
ase, ea
h of the lo
alsystems Ls := Rsf�QE underlies a geometri
 variation of Hodge stru
tures.Altogether, (5.10) be
omes(5.12) f� eTy�(E) =Xi2Z(�1)i eTy�(B;LHi );where, by analogy with De�nition 5.3, LHi [dimB℄ := H i+dimB(f�QHE ) is the smooth mixedHodge module whose underlying perverse sheaf is Li[dimB℄.Our formula (5.6) follows now from Theorem 5.4 and Remark 5.5. �Remark 5.7. If B in the above theorem is also 
omplete, then by pushing (5.6) down toa point via the 
onstant map B ! pt, we get ba
k the result of Theorem 4.1.An immediate 
orollary of Theorem 5.6 is the following extension of [[10℄, Cor. 3.12℄,whose proof imitates that of Corollary 4.3.Corollary 5.8. Under the assumptions of the above theorem, if moreover Rkf�QE is alo
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