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ABSTRACT. The Hodge filtration on the cohomology of a non-singular complete intersection
of hypersurfaces in a projective space is described in terms of meromorphic forms with poles
along the union of these hypersurfaces. The components of the Hodge decomposition of a
complete intersection are identified with the components of a graded module, which in the
case of hypersurfaces reduces to the Jacobian algebra.

1.INTRODUCTION

Explicit constructions of differential forms for studying cohomology classes of non-
singular hypersurfaces in a projective space can be traced back at least to Gauss. More
recently, differential forms on non-singular hypersurfaces were investigated in the works of
P.Griffths, B.Dwork and N.Katz (cf. also [ABG]) in the late 60’s and were used for rather
diverse purposes. Among other things, it was shown in Griffiths’ work that the cohomology
classes of meromorphic forms with poles along a non singular hypersurface correspond to
the cohomology classes of the forms on the latter. Moreover the Hodge filtration on the
middle dimensional cohomology of a non-singular hypersurface corresponds to the filtra-
tion of the space of meromorphic forms given by the order of the pole. Griffiths’ theory is
quite explicit and it allows one to identify the Hodge spaces HP'? of middle dimensional
cohomology of a hypersurface Q(zo, ..., zny1) = 0 in CP™"! with the graded components
of the Jacobian algebra of Q(zo, ..., 2n+1), i.€.

oQ oQ

C[Zo, ...,Zn+1]/(azo,..., 92 o

(1.1)

Recently, Griffiths’ theory was used successfully for the calculations of the Picard-Fuchs
equations of families of hypersurfaces (cf. [M]) in weighted projective spacs and for partial
verification of conjectures of mirror symmetry. Also, motivated by mirror symmetry, in
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[HY] this correspondence between the Hodge spaces and the components of the Jacobian
algebra was used to a) interpret the duality of components of Hodge decompostion as the
duality in the Jacobian algebra (1.1) and b) construct on the latter, in the case when
Q(zo, ..., zn+1) = 0 is a Calabi Yau manifold, a natural representation of the Lie algebra
Slg(C) .

A relation between the holomorphic forms on a complete intersection in a complex
manifold and the forms with logarithmic singularities on the complement contains in a
work of Deligne (cf. [D]). For a complete intersection V,, of dimenision n given in CP"*!
by:

Q1(207 ) Zn-l—r) = 07 ) QT‘(ZO7 ) Zn—l—r) = 07 (12)

one can interpret H™%(V,,) as the space of forms on the complement to the union of r
hypersurfaces, each given by one of r equations (1.2) which have the pole of order 1 along
each of r components of the union. In fact, Griffiths’s theory can be generalized to complete
intersections and this was outlined in [LT] in order to obtain Picard Fuchs equations for the
families of complete intersections (cf. also [KT] for further calculations using this method).

One of the purposes of this paper is to provide a justification of the method used in
[LT]. Another is to describe a module associated with a complete intersection in a projec-
tive space (over C|[zo, ..., zn+r] in the case when the latter is given by equations (1.2)) the
components of which, similar to the components of the Jacobian algebra in hypersurface
case, correspond to the components of the Hodge decomposition of the complete intersec-
tion. This module for a complete intersection (1.2) is a quotient of Cluy, .., U, 20, --Zntr+1]
where the weights of the variables are determined by the degrees of defining equations. In
particular for » = 1 the algebra is different from the Jacobian algebra (though is closely
related to it c¢f. Example 1 in section 4).

We shall start by describing the correspondence between the cohomology classes from
components of Hodge decomposition of complete intersections (1.2) and classes of mero-
morphic forms on the complement to the union of r hypersurfaces, each of which is given
by one of the defining equations of a complete intersection (1.2). We also give a proof of
Dolbeault lemma (cf. [G1] App.). Then we shall describe the module whose components
correspond to the Hodge spaces of a complete intersection (1.2). Finally we shall give ex-
amples of calculations of the components of Hodge decomposition in some particular cases
to illustrate the above. The issues of duality and the sl(2, C) representation mentioned
above will be discussed elsewhere.

I am grateful to J.Teitelbaum for useful discussions of material in this work which came
out from our joint paper [LT].

2. MEROMORPHIC FORMS ON PROJECTIVE SPACE WITH
POLES ALONG A DIVISOR WITH NORMAL CROSSINGS

Let D =UV; (i = 1, ...r) be a divisor in CP"™*" for which V; are irreducible components
given by the equations Q;(zq, ..., Zn4r) = 0 (i = 1,..,7) . Let A*(CP™"" — D) be the
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space of meromorphic forms of degre s on CP™ " holomorphic outside of D. Forms from
A(CP™" — D) can be written in homogeneous coordinates zy, ...., z, 1, of CP"" as a
sum of the forms (cf. [G], th.2.9):

1
(e}
o .Ov 201 <o npr it S0 <<y Sntrip g [S(— 1) Y25, Py o (20, -

ceny Zn_|_7n_|_1)](—1)j1+"'j"+’”+1_5d2’i1 AL A dZis (21)

where

YisidegQ; = degP; +s+1 (2.2)

an‘aj::wjn+rfs
In particular a form of top degree n + r is a sum of the forms

P vees Zpdr -
(Zos,l ’Zs:r >Q ,Q=3(—1)%adzo A ...dzo N dzpsr,

1 - r

degP = ¥;s;degQ; — (n+ 1+ 1). (2.3)

Similarly a form of degree n +r — 1 is a sum of the forms:

1 Z - ~ ~
W&Q(—l) +J [ZZPJ — ZjPi]dZ() VANPIAN le AL A de VANPIVAN dZn_Hn,

YisidegQ; = degP, + (n +r) (2.4)

The spaces A° have a natural filtration defined by the ”order of the pole” defined as
follows. Let
A (CP"" — D)

be the space of forms of degree s the sum of the orders of which along irreducible com-
ponents of D does not exceed I. A form (2.1) belongs to Af(CP"™"" — D) iff ¥s; < I
Since

H""(CP"™" — D,C) = A" (CP""" — D)/dA™*"~1(CP""" — D) (2.5)

according to algebraic deRham theorem (cf. [Gr]), the filtration on A™+"(CP"*" — D)
defines an increasing filtration on the cohomology of the complement to D by setting

F'H™ T (CP™" — D)

to be the image of A}™"(CP"*" — D) in (2.5).

Now let us assume that V' C CP™"" is a non-singular complete intersection of non-
singular hypersurfaces Vi, ..., V,.. Let H"(V,,, C)( be the primitive part of the cohomology
i.e. the kernel of the cup product H™(V,C) — H"™2(V,C) with the cohomology class
h € H%(V,C) dual to the hyperplane section of V.

The following lemma provides a link between the vector spaces of meromorphic forms
with poles along certain components of U="V} and cohomology of V:
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Lemma 2.1. The following exact sequence takes place:
OrZr AT (CP™Y — VUL UV UV U UV) @ AT HCP™T — UL UV, —

— AMTT(CP"T — ViU ..UV, = H"(V,C)y =0 (2.6)

The left homomorphism in (2.6) is the direct sum of the » maps induced by inclusion
CP""" —V,U...UV, C CP"" —ViU...UVj_1 UVjy1U...UV, and the differential w — dw.

The proof is based on the following:

Lemma 2.2. Let V be a complete intersection in CP™". Then there is a spectral

sequence EY'? = @HI(CP"""—V; U...UV; ) abutting to the primitive cohomology H"(V)g
where the direct sum is over all collections of indices 1 <7y < ... <17, < n.

Proof of lemma 2.2. Recall that the cohomology of a union of spaces V; (i = 1,...,n)
can be found using Gysin spectral sequence ([D],[GS]):

EP? = @H(V; N .0 V) = HPHMV UL UY,) (2.7)

where direct sum is taken over all collections of i;’s (1 < ip < ... <1, < n). Applying this to
V; = CP" —V} we obtain the spectral sequence as in 2.7 abutting to H?T4(CP" ™" —V, C).
On the other hand the sequence:

— H(CP""") - H(CP""" - V) - H™?"(V) - HTY(CP"™") — (2.8)

shows that the primitive part of H*(V) is isomorphic to H*~2"(CP™™" — V) ((2.8) can be
viewed as exact sequence of the pair (CP"*", CP"*" —V) in which H*(CP""", CP"*" V)
is replaced using excision and Poincare duality by H'=2"(V)).

Proof of lemma 2.1. One has E"? = 0 in the following cases: a) ¢ > n + r (because
CP"™™" — UV, is an n + r-dimensional Stein manifold and b) if p > ». This implies
that Ey""" = ELtr = g2 (CP™" — V) = H*(V). On the other hand Ey""" =
H*(CP™ —ViU... .UV, /(@H™ " (CP" — VU ...V4_1 U Viy1...UV,) and the result
follows from (2.5).

The Hodge filtration on H™(V, C)y i.e. the filtration: FPH™(V,C)o = @;>,H*" "4 (V )
and the filtration by the order of the pole on A"*"(CP"*" — D) in (2.6) correspond to
each other. More precisely one has the following;:

Theorem 2.3. In the sequence (2.6)
Im(FI (AT (CP™" — UV;)) = F"9(H™(V, C), (2.9)
The subspace of H"*"(CP""" —UI="V;) of cohomology classes the image of which belongs

to Fn~4+t1H"(V, C) is generated by the subspace F9t"~!H"+"(CP"*" — UiZ"V;) and the
classes of forms which are holomorphic along one of the hypersurfaces V;.
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The proof (as in [G]) is based on the following lemma of Dolbeault (cf. [G1]):

Lemma 2.4. Let X be a complex manifold and Qg( be the sheaf of closed holomorphic
p-forms. There is a canonical isomorphism:

Y9 H1(OP) — FIHPTI(X, C) (2.10)

onto the subspace of classes in HP19( X, C) of Hodge filtration q. Moreover the coboundary
operator 0, : HP~1(Q%) — HP(Q%) of the exact sequence:

0—0% =04 = QU -0 (2.11)
(the right homomorphism is the differential) corresponds to the embedding:

Fq+1Hp+q<X’ C) — FquJrq(X, C)

Proof of Lemma 2.4. The truncated holomorphic deRham complex
D7 Q% — QT — L= QEmX 0 (2.10)

has hypercohomology H" = F¢(H" (X, C) (cf. [D], ch. 3 ). On the other hand the complex
(2.10) is quasiisomorphic to the complex:

Q10— ... (2.11)

and the hypercohomology of the latter is isomorphic to H q(QS’(). The second part of
the lemma follows from surjectivity of the map of the hypercohomology HP*4(D?) —
HP4(Q4% ) = HP(Q9) corresppndingto the morphism of the complexes:

D1 — Q% — 0 (2.12)
(by abuse of notation we denote by Q% the complex which has a single non zero term Q%).

Remark 2.5 If X is Kahler and h € H?(X, C) is the Kahler class then h belongs to
H'(QL) because a Kahler class is clearly in F H?(X). Hence the primitive part of H9(Q%)
can be defined as the kernel of the multiplication by h which is the composition of the

cup product in cohomology and the exterior product on coefficients: H q(Qp )@ H 1(Ql) —
Hat1 (Qp+1).

Proof of the Theorem 2.3 Let D = U] D; be a divisor with normal crossings in
a compact complex manifold X such that each of r components D; (i = 1..r) is smooth.
Let Qg((kD(ilv__is)) be the sheaf of closed meromorphic p-forms holomorphic outside of
D;, U...UD;_ and having a total order of poles along the components D;, , ..., D, of divisor
D at most k.
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Step 1. One has the following exact sequence:
0 — QP ((0)D(g)) — SPT((1)D(1y) — .. = ST ((r — 1) D)) —

— P ((r)D) = Q8 — 0 (2.13)

Here @Qp”((k:)D(s)) denotes the direct sum over all possible choices of s components of
D of the sheafs of meromorphic p 4+ r forms with a) the total order of poles along the
components of D not exceeding k and b) having the order of the poles not exceeding 1
over each of chosen s components of D. The middle maps &Q(sD(s)) — &Q((s+1)Dypr)
are defined by assigning to a collecton of the forms wj;, ;. the collection of the forms

Wiy, Gors = E(—l)kwjl _____ Gurrjoss- Yo define the last non-trivial map in (2.13) note that

a form from QP*7((s)D;,.. ;) is closed only if it is logarithmic (i.e. for some choice of
coordinates z1, .., z, 4, belongs to C|z1, ..., 2,4+,] submodule generated by % cf. [D] ch.3).

Indeed a form w = Ef—z where ¢; has no summand divisible by dz; has

dz; N\ ¢;

o
Z;

dw =% (2.14)

Hence dw = 0 implies that its component having a pole of order 2 along z; = 0 is zero.
That is ¢; = 0 i.e. the form w is logarithmic. The right homomorphism in (2.13) is just
the residue of a logarithmic form defined by:

dZi dZi5
Res - ¢(2’1, ) Zn—l—r) = ¢|z11:0,...,zis:0 (2-15)

le is

The exactness of (2.13) in the middle terms is straightforward. In order to show exactness
of (2.13) at the term QP*7((r)D) (the only part of (2.13) which is used below) we need
to verify that if Resw = 0 and dw = 0 then w is holomorphic along one of components of
D. Tt follows from (2.15) that Resw = ¢(z1, ..., 2n1+r) = 0 on V ie. ¢ belongs to the ideal
generated by z1,...,2,.. Hence it is a sum of the forms divisible by one of z; + = 1,...,r.
Therefore w is sum of the forms holomorphic along one of components of D.

Step 2. We are going to show that on X = CP"™"" the sequence (2.13) applied to
D = UV, implies that
HY@QPE . (r —1)D)o — HI Q% ((r)D)o — HI(Q%)o — 0 (2.16)
where subscript 0 designates the primitive part of the cohomology group. That is, the
kernel multiplication by h € Hl(QlcP,LH) induced by the product H4(QP(sD))@H(Q) —
HO QP+ (sD)). Let Wy, (7 (sD) be the m-th term of the filtration on QPt7(sD)
induced by the weight filtration on logaritmic forms. The exactness of (2.16) follows from
the vanishing:

HO (W, (O (= D(Vi, U UV D))o =0 (pg=n).  (217)
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We shall prove (2.17) by showing that N; = Hq“(ﬂfl(fl’g;nw (logD))) satisfies N; > Nj4q
((logD) indicates logarithmic along D forms). For [ = 0 we have Ny = Hq“(fl’(’jppw)o =0
which proves (2.17). To verify the equality among N; let us consider the exact sequence:

VVZ(QIH-T(ZogD» — OWi (QIH‘T(ZogD) — @1§¢1<___<¢l+1§rﬂl€/:7;{.lnvil+l —0 (2.18)
(cf. [D] 3.1.5). From (2.18) we obtain:

HIH (Wi (P77 (log D))o — HITH (Wit (2777 (log D))o — HIH QYT o
i NNV

The latter group is zero because the primitive cohomology of a complete intersection is
trivial in all dimensions except the middle one (and p+qg+r -1l #n+r -1 -1 =
dimV;, N...NV;,,, ). Hence Nj > N, ;.

Step 3. Let us consider the exact sequence:
0 — QY((k)D) = QY((k)D) = QY ((k+1)D) = 0 (2.19)

in which the right homomorphism is the exterior differential. The corresponding exact
cohomology sequence gives the isomorphism:

HI(Q* (k4 1)D)) = HIL(QY((k)D), (2.20)
for any ¢ > 0 because of vanishing H4(Q!((k)D)) (cf. [B] p.246).

Step 4. In follows from (2.20) that
HY(QP((r)D) = HO(QP+* (g +7)D)) = HO(Q"*"((q + r)D)) = HO(Q"*"((q + 1) D).
Hence we obtain the surjection:
FItT (AT (CP™" — UV;)) — FP(HPT(V, C))

and the theorem follows.

Remark 2.6.The case ¢ = 0 of this theorem is a consequence of (3.1.5) of [D] (and
does not require Bott’s vanishing theorem). The latter establishes the following. Let X be
a compact complex manifold, Y be a divisor with normal crossings and Y; be the disjoint
union of [-fold intersections of components of Y and i, : Y — X the embedding. Let
Q% (< Y >) be the logarithmic complex and let W be its weight filtration. Then the
residue map provides the isomorphism of complexes (cf. [D] ch.3):

Res : GriV (Qx (< Y >)) = i1 Q%, 1]

In particular if V = NZ¥D; is a non-singular complete intersection, then for I = k we
have an isomorphism of components of degree n + 1: Gr,ZV(QTé‘;InH <UD; >) — Q’&H_k.
The left sheaf is isomorphic to the sheaf of meromorphic form on CP™"" — UD; having
the total order of the pole not exceeding k£ modulo forms whose polar sets are a proper

subsets of UD;. Hence the space of its global sections is identified via the residue map
with HO(QE ).
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3. A QUOTIENT MODULE OF A COMPLETE INTERSECTION.

We continue to work with a non-singular complete intersection V' given by the equations
(1.2) of degrees d; = degQ;.

Let S = klz1, ..., Zngrt1), R = k[21, oy Zngrt1] ®k k[u1, ..., uy]. For the most part R will
be considered as a S-module. We shall call the grading by the degree relative to u (resp.
relative to z) u- (resp. 2-) grading. Let Ly : R — Rk =1,....,n+r + 1 be given by

Ly : F — Y202 0(F) ) 0uioQi )0z, (3.1)
On a monomial in variables wuq, .., u,, the operator L; acts as follows:

a , 80,
Li(ui*..uy Fs, 5. (205 3 Zntrt1)) = E;;gsiuil...ufﬁl...ui’“aTI:F(zO, s Znart1)  (3.2)

Let M; : R — R (i = 1,..r) be the operator of multiplication by ;. Operators L; and
Mj, are homomorphisms of S-modules.
Let us define Q(V') as the cokernel of the map

==L, @ M RMTTT 5 R, (3.3)

It follows from (3.2) that a) Ly, are homomorphisms of graded S-modules (of (u, z) bidegree
equal to (1,d — 1)) and b) clearly that M; are homomorphisms of S-modules of degree 0.
Hence Q(V) is a direct sum of graded S-module and can be viewed as a bigraded vector
space which is a graded S-module with respect to z-grading.

Let us consider two gradings deg; and degs on R. We put:

degiu; = 1,degiz; = 0,degou; = —d;,degoz; =1 (3.4)

(deg; is u-grading mentioned above). This bigrading on R defines the bigrading on Q(V)
(L (resp. M;) has degr =1 (resp. 0) and degs = —1 (resp. d;)).

Let Q(V) = ®(I) € Q(V) be the image of the principal ideal I of R generated by the
element ug - ... - u,

Proposition 3.1. The Hodge space HP""~P(V') canonically isomorphic to the space of
the elements of Q which have deg; equal to p 4+ r and degy is —n —r — 1.

Proof. The space FPY"(A™"(CP™"" — UV;) can be identified with the component
of R = Cluy, ..., Ur, 20, ..., Zntr+1) the polynomials for which deg; = p + r and degy, =
—(n+r+ 1) via the correpondence:

Py

Tyeees Sr S "

Ysit.sr=ptr As et = Dugtu Py (3.5)
Qs

According to theorem 2.3 the space HP"" P is the quotient of FPT7 (A" (CP"1" — UV;)
by a subspace spanned by
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a) forms holomorphic along a component V; (i =1, ..r)

b) exact forms; and

c¢) forms which have pole filtration p + r — 1.

The quotient of bigraded component R,4, —,—,—1 by the subspace corresponding to
a) in (3.5) is naturally identified with the corresponding component of the principal ideal
I(R) generated by uj...u,. Similarly the quotient of I(R)p4r —n—r—1 by the subspace
correponding to ¢) via identification of forms and the components of R becomes identified
with the bigraded component of the quotient of I(R) by the subspace spanned by the
images of M; (i = 1,...,7). Finally from the identity:

1 N N
d(2317___7sr e . Ek<l(_1)k+l[Zszl,..,s,«,l — Zszl,..,sr,l]dZO Ao ANdzg AN AN

1 cee r
QSiPsl,....,sT,k : an/aZk D apsl,...,sr,k/axk
RO AT e T4 QT QY

it follows that HP"~P(V') is isomorphic to the component of the quotient of I(R) by the
space spanned by the images of M; and Lj. The latter is the component of Q(V).

NdZgy) = Q8 DT Rkt

(3.6)

Remark. Though the theorem of section 2 provides an identification of the meromor-
phic forms with the cohomology of V' in the middle dimension the proposition does not
identify a bigraded component of Q(V') with a subspace in cohomology of V. The com-
ponents of Q(V') are identified with the graded vector space associated with the Hodge
filtration. In particular, vanishing of an element in Q(V') does not mean that the corre-
sponding form defines a trivial cohomology class but rather that the corresponding form
is cohomologous to one with a smaller order of the pole.

4. EXAMPLES

1. In a number of cases the quotient module defined above for a complete intersection
(1.2) or some of its graded components can be identified with components of the related

algebra:
0Q; 0Q);
Cluq, .., ur, 20, ...,zn+r]/(2ui£, ...,Euii
820
with bigrading defined by (3.4). This is so in the case r = 1 (hypersurfaces). Indeed the
image of Ly : R — R coincides with the image of multiplication by ug—i. The bigrading
(3.4) is equivalent to the u,x bigrading (i.e. components of both bigrading coincide).
Moreover the evaluation at 1 identifies the components of the algebra :

2@
Oz,

,Q1, - Qr) (4.1)

azn—l—r

) (4.2)

Clu, 20, -y Zntr)/(cooyu

with the components of the Jacobian algebra (1.1).
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The component of Q(V') of bidegrees deg; = p,dega = —n — 1 and deg; = p+ 1,degs =
—n — 2 can be identified with the components of the same bidegree of the quotient algebra
(4.1) because in this case Ly again coincidse with the multiplication. This can be used for
a fast calculation of the basis of the Hodge spaces in the cohomology. For example for V'
given by

RX+E 4+ +25+2=0

X0z + A121 + X223 + Agz3\azi = 0 (4.3)
;Lozg + [lef + [LQZ% + [L3Z§ + ,u42’z =0

one obtains the following basis (using for example Macaulay ([Mc|) command “k-basis”):
2, .2 2, .2 2, .2 2. .2 2.3
UL UUZ R0 2y , U1 UU3 21 2, UTU2UZ 222y, U U2U3Z32 , UTU2US 2} (4.4)

2. Let us consider the case r = 2,n = 4, degQ = degQ2 = 3 which was studied in [LT].
The subspace of Q(V) of elements for which degy = p —2 (p > 2) and degs = —6 (and
which according to the lemma can be identified with the Hodge component HP~2°=P(V/))
is a quotient of the component of R of polynomials the degree of which relative to x;’s is
3p — 6 and relative to u1,uz is p. The component of R of elements of having deg relative to
u1, ug equal to p can be identified with @;—}S and its intesection with the ideal I (Q(V))
is isomorphic as an S-module to SP~1. ®~1(I(R) N R, .) belongs to ®F=SI(R),_1 . "2
I(R)p,«. The latter can be considered as a free S-module of rank 6(p —2) +2(p — 1) =
8p—14. Hence the p-component of Q(V') as S-module is the cokernel of the map S%—14 —
SP~1 given by the matrix (B,, Q11,, Q21,) where B, is given on p.33 [LT]. Hence the p-
component of Q(V) as S-module is the cokernel of the map S®~1* — SP~1 given by the
matrix (B, Q11p, Q21,) where B, is given on p.33 [LT].
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