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Abstract. Multivariable Alexander invariants of algebraic links calculated in terms of
algebro-geometric invariants (polytopes and ideals of quasiadjunction). The relations with
log-canonical divisors, the multiplier ideals and a semicontinuity property of polytopes of
quasiadjunction are discussed.

1. Introduction

This paper is concerned with two interrelated issues. The first is an algebraic cal-
culation of multivariable Alexander invariants of the fundamental groups of links
of plane curves singularities f1(x, y) - - - f»(x, y) with several branches or more
precisely the corresponding characteristic varieties. The second is the effect of
Hodge theory on the structure of these invariants.

Characteristic varieties are attached to a topological space X whose fundamental
group admits a surjection on a free abelian group Z" . They can be defined as follows
(cf. [12]). To a surjection onto Z" corresponds the abelian cover X for which Z"
is the group of deck transformations. Consider H;(X, C) as a module over the

group ring of Z" and let ® be the map in a presentation C[Z"]™ iC[Z’ " —
Hi(X,C) —> 0 of C[Z"]-module H,(X, C) by generators and relations. The i-th
Fitting ideal of H; (X, C) is the ideal generated by the minors of order n — i + 1 in
the matrix ®. The ring C[Z"] can be viewed as the ring of regular functions on the
torus C*” and the i-th characteristic variety of X is defined as the zero set in this
torus of the i-th Fitting ideals of the module H; (f( ,0).

In the case when X is the complement to a link L with r-components the
group H (S — L, Z) is isomorphic to Z” . The first Fitting ideal is a product of a
power of the maximal ideal M of the point in C*" corresponding to the identity
element of the torus and a principal ideal generated by a polynomial A(#q, ... , t)
(cf. [3]). The latter is called the Alexander polynomial of L. In particular, the first
characteristic variety has codimension 1 in C".Fori > 1 the characteristic varieties
may have a higher codimension. For any positive 7’ < r and surjection H(S> —
L,7)— Z’/, one has the Alexander polynomial of r" variables and characteristic
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varieties in C*” which can be found from those of r variables (cf. [27]). The one
variable Alexander polynomial can be obtained from this construction applied to
the surjection H; (S®> — L, Z) — Z given by evaluating the total linking number of
loops with L.

If r = 1, all Fitting ideals are principal and their generators yield a sequence of
polynomials A; € C[z, r~'] (defined up to a unit of the latter) such that A;,1|A;.In
the case when L is the link of a singularity f = 0, both the algebraic calculation of
Alexander invariants and their relation to the Hodge theory are well known. Indeed,
the corresponding infinite cover of § — L is cyclic, it can be identified with the
Milnor fiber of the singularity, and in this identification the deck transformation
is the monodromy operator of the singularity. The group H' of the Milnor fiber
supports a mixed Hodge structure with weights 0,1 and 2, with the identification N :
W/ W1 — Wy given by the logarithm of an appropriate power of the monodromy
(cf.[24]). All Hodge groups are invariant under the action of the semisimple part of
the latter. Let i, (cf. [24]) be the dimension of the eigenspace of this semisimple
part acting on the space H”-9. These numbers determine the Jordan form of the
monodromy as follows. The size of the Jordan blocks of the monodromy does not
exceed 2 and the number of blocks corresponding to an eigenvalue ¢ of size 1 x 1
(resp. 2 x 2) is equal to hé’o + hg’l (resp. h?’o). As a consequence:

A =T]a o,
(9]

where
he'+hgt 42000 =26 - 1) if 1 <i <h)°
agi={n+h =G —1=nd" it <i<hd+h0+ )"
0 if i > hY +h 0+ n)!

All A; can be calculated algebraically in terms of a resolution of the singularity.
For A this follows from A’Campo’s formula for the ¢-function of the monodromy
(cf.[2]) and for A; and i > 2 from Steenbrink’s calculation of the Hodge numbers
of Mixed Hodge structure on the cohomology of the Milnor fiber (cf. [24]).

Multivariable Alexander polynomials were studied extensively from a topolog-
ical point of view. They can be found either from a presentation of the fundamental
group 71 (S — L) using Fox calculus or using an iterative procedure based on the
fact that algebraic links are iterated torus links (cf. [26,5], cf. also [20] where an
upper bound for the set of zeros of the multivariable Alexander polynomial was
obtained algebraically).

In this paper we describe an algebraic procedure for calculating the charac-
teristic varieties. In fact we study a finer than characteristic variety invariant of a
singularity having a given algebraic link. This invariant is a collection of polytopes
in R”. These polytopes are equivalent to the local polytopes of quasiadjunction
introduced in [15] but are more convenient in the local case. We show that the
characteristic varieties are algebraic closures of the images of the faces of these
polytopes of quasiadjunction under exponential map: exp : R” — C*".In the case
r = 1, polytopes of quasiadjunction are segments having 1 as the right end and faces
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of quasiadjunction are points in [0,1] which are the left ends of these segments.
These points are elements of the Arnold-Steenbrink spectrum of the singularity.
(The analogy is going further: we prove in 4.1 a semicontinuity property of faces of
quasiadjunction extending one of well known semicontinuity properties of spectra
([25], [28]). Description of characteristic varieties via faces of quasiadjunction is
obtained by expressing the mixed Hodge structure on the cohomology of the abelian
covers of S3 branched over the link of singularity in terms of certain ideals in the
local ring of singularity (ideals of quasiadjunction). These ideals are the key in-
gredient in the description of the characteristic varieties of the fundamental groups
of the complements to curves in P? (cf. [13,15]) and are generalizations of the
ideals of quasiadjunction in » = 1 case (cf. [11,17]). The ideals of quasiadjunction
(in both » = 1 and r > 1) cases are closely related to more recently introduced
multiplier ideals (cf. [19] and Remark 2.6). On the other hand, following an idea
of J. Kollar (cf. [10]), we show how log-canonical thresholds of certain divisors
can be found in terms of polytopes of quasiadjunction studied here and in [15] (cf.
Sect. (4.2)).

In section 4 we point out the effect of the Hodge theory on the homology of
the infinite abelian covers of the complements to links. Note that these homology
groups typically are infinite dimensional. We show that the intersections of the torus
of unitary characters of Z" with irreducible components of the space of characters
appearing in the representation of Z" on H (X, C) have natural decomposition into
a union of two connected subsets compatible with the Hodge decomposition of
the finite abelian covers and illustrate such decomposition by explicit examples. I
thank J. Cogolludo for sharing with me his results on Fox calculus calculations in
example 2.

Finally note, that polytopes and ideals of quasiadjunction considered here have
a natural generalization for arbitrary hypersurface singularities with applications
generalizing [14]. We shall return to this elsewhere.

2. Invariants of singularities
2.1. Characteristic varieties of algebraic links

Let X, as in Introduction (cf. also [12,15,20]), be a finite CW complex such that
H\{(X,Z) =7" .Letty, ..., t, beasystem of generators of the latter. The homology
H; ()~( , C) of the universal abelian cover X has a structure of A = CH|(X,Z)] =
Cl1, tl_l, R tr_l]-module. Let F;(X) be the i-th Fitting ideal of H; ()~(, ()]
considered as a A-module, i.e. the ideal generated by (n —i + 1) x (n —i + 1)
minors of the matrix of a map ® : A”™ — A" such that Coker® = H (X, 0).

We shall view CJtq, tfl, R tr_l] as a ring of regular functions on a torus
C*" so that the set of zeros of an ideal F;(X) is a subvariety of C*" denoted V; (X).
The maximal possible i is called the depth of V;. A translated subgroup of C*" is an
irreducible component of an intersection of codimension one submanifolds given
by tf‘ . t,Z’ = A(l; € Z). The following is a local analog of results of [1].

Proposition 2.1. The characteristic varieties of algebraic links are unions of trans-
lated subgroups.
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Proof. Recall that an algebraic link can be obtained from a trivial knot by iteration
of cablings X; — --- — Xy where X is a complement to a small tube about
the unknot, and the complement X, to a link L, is obtained from the complement
X1 to the link L, via replacing X, 1 by a space X,,—1 Uyr, Y,—1. Here ¥, _;
is one of two standard model spaces: the complement in a torus 7}, either to a torus
knot or to the union of the axis of the torus and the torus knot (cf. [26]). The union
is taken by identifying the boundary of a tube about L,,_; with 97,,. It follows from
[26] that for the homology of the universal abelian cover X, we have:

Hi(Xy) = Hi(Xy—1) ® H(Yy—1)

(cf.p.118 and p. 119 in [26] for two possible cases of cablings). We can assume by
induction that the characteristic varieties of X n—1 and f’n 1 are the unions of trans-
lated subgroups. We have Vi (X,) = Supp(AkHl (Xn)) (cf. [15]) AFH, (X ) has
a filtration with successive factors A’ H; (X n-1)® AR H, (Yn 1). Hence by [22],
Vk(X ) =nN;V; (Xn DUV l(Yn 1).In partlcular if V; (Xn 1) and Vi _ ,(Y,, 1)
are unions of translated subgroups, then so is Vk(Xn)

2.2. Ideals of log-quasiadjunction

Let B be a small ball about the origin O in C? and let C be a germ of a plane curve
having at O singularity with r branches. Let fi(x,y)--- f-(x,y) = 0 be a local
equation of this curve (each f; is assumed irreducible). An abelian cover of type
(my, ... ,m;)of dB (resp. B) is the branched cover of d B (resp. B) corresponding
to a homomorphism 71 (0B —9dBNC) - Z/m|Z & - - - & Z/m,Z (resp. the cone
over the abelian cover of d B). Such cover of 9 B is the link of complete intersection
surface singularity:

le,...,mr : Z}inl :fl(xsy)$"' ’Z:’.Vlr =fr(x,)’) (1)
The covering map is given by p : (z1,...,2r, X, y) = (X, ).
An ideal of quasiadjunction of type (ji, ..., jrlmy,...,m;) (cf. [13,15]) is

the ideal in the local ring of the singularity of C (i.e. O € C?) consisting of germs
¢ such that the 2-form:

jl. J;d /\d
wp = PNy @)

extends to a holomorphic form on a resolution of the singularity of the abelian cover
ofaball B of type (m1, ... ,m,),i.e.aresolution of (1) (we suppress dependence of
Wp ON ji, ..., jrymi,...,m).In other words, ¢z]' - - -z} belongs to the adjoint
ideal of (1) (cf. [18]). In particular the condition on ¢ is independent of resolution.
We always shall assume that 0 < j; <myq,...,0 < j, <m,.

An ideal of log-quasiadjunction (resp. an ideal of weight one log-quasiadjunction)
of type (ji, ..., jrlmi, ... ,m;) is the ideal in the same local ring consisting of
germs ¢ such that wg extends to a log-form (resp. weight one log-form) on a resolu-
tion of the singularity of the same abelian cover. Recall (cf. [4]) that a holomorphic
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2-form is weight one log-form if it is a combination of forms having poles of order
at most one on each component of the exceptional divisor and not having poles of
order one on a pair of intersecting components. These ideals are also independent
of a resolution. This follows from the following. Let @ be a holomorphic n-form
on a complex space X € CV, dimX = n with isolated singularity at x € X and let
B, be a ball about x in CV having a radius 7.  extends to a form of weight k on
aresolution of X, for which the exceptional divisor has at worst normal crossings,
if and only if for sufficiently small R > r > 0 one has

f wA @ < Cllog r|f
Br—B,

In particular for k = 0 one obtains Lemma 1.3 (ii) from [18]. The general case fol-
lows, for example, by interpreting the above integral as an integral over the neighbor-
hood of the exceptional locus in a resolution of x € X and reducing it to the integral

over the boundary of Br — B,. Local calculations near intersection of kK components

oo dzy--dzandz-dz

show that the contribution fr§z151,...,rSstl,OSZkHSLOSanI W <
Cllog r|k which yields the estimate as above (similarly to [18]). This character-
ization gives independence of a particular resolution for both the ideals of log-

quasiadjunction and the ideals of weight one log-quasiadjunction.

It is shown in [15] that an ideal of quasiadjunction A(jy, ..., j-lmi, ... ,m;)

is determined by the vector:

j] +1 jr +1

(Pt ), )
ni nm;

This is also the case for the ideals of log-quasiadjunction and weight one log-
quasiadjunction. Indeed, these ideals can be described as follows. For a given em-
bedded resolution 7 : V — C? of the germ fi --- f, = 0 with the exceptional
curves Ey, ..., Ex, ..., Es let ai; (resp. ck, resp. ex(¢)) be the multiplicity of
the pull back on V of f; (i = 1,...,r) (resp. dx A dy, resp. ¢) along Ej. Then
¢ belongs to the ideal of quasiadjunction of type (ji, ..., j-lm1,...,m;) if and
only if for any k

ntl +"'+ak,r]rm+1 >ag1+-taky —e(@)—ca—1 (4

r

Ak, 1

(cf. [15]). Similar calculation shows that a germ ¢ belongs to the ideal of log-

quasiadjunction corresponding to (ji, ..., j-lmy,...,m,) if and only if the in-
equality
ji+1 Jr+1
a1 —— + -+ ag >ap1+-t+agy —e(@) —ce—1 (5)

mi my

is satisfied for any k. Moreover, a germ ¢ belongs to the ideal of weight one
log-quasiadjunction if and only if this germ is a linear combination of germs ¢
satisfying inequality (5) for any collection of k’s such that corresponding compo-
nents do not intersect and satisfying the inequality (4) for k outside of this col-
lection. We shall denote the ideal of quasiadjunction (resp. log-quasiadjunction,
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resp. weight one log-quasiadjunction) corresponding to (ji, ..., j-lmi, ... ,m;)
as AGt, - Jrimy, ..., my) (resp. A"(iy oo, rlmy, oo, my),
resp. A'(ji, ..., jrlmi, ... ,m;)). We have:
AGt, oo, jrlmy, ..., my)
gA/(jla"‘ »jrlml,--- 7mr) gA”(jla"‘ 7jr|mla"' 7mr)

Recall that both (4) and (5) follow from the following calculation (cf. [15], Sect. 2 for
complete details). One can use the normalization of the fiber product Vi, .. m, =
V X2 Vin,.....m, as aresolution of singularity (1) in the category of manifolds with
quotient singularities (cf. [16]). We have:

Viryomy =V

T T 6)
Voo m, — C2.
The preimage of the exceptional divisor of V — CZin \7,,,1,__, .m, forms a divisor
with normal crossings (cf. [24]), though the preimage of each component is re-

ducible in general (1n which case irreducible components above each exceptional

curve do not intersect!). The order of the vanishing of Wy on Vm. m, along Ej is
equal to:
...’;l~...m .ak' m...m .ord 7'[*
,_1(]1 —m + 1) mi i r N + 1 r Ek( (¢)) (7)
8k,1°* 8k,rSk 8k,1 " 8k,r " Sk
Ck.mlo..mr + ml...mr _1,
8k, 8k Sk 8k,1 " 8k,r * Sk
where gy ; = g.c.d. (m;, ar;) and sy = g.cd. (..., 2L, ...).

8k,i’
A consequence of (7) is that wy has an order of pole equal to one (resp. zero)

along the component Ej of the above resolution if and only if for such ¢ one has
equality in (5) (resp. (4) is satisfied).

Proposition 2.2. 1. Let A” be an ideal of log quaszad]unctlon There is a unique
polytope P(A”) such that a vector (]|+ J’+ 2y e P(A”) if and only if

A"ty ..., jrlmy, ..., m,) contains .A”.2

L If the Galois group G of p is abelian (as we always assume here) and, in particular, is
the quotient of H; (B — C N B, Z), then the Galois group of 51 (E;) — E; is G/(y;) where
for an exceptional curve Ey, yj is the image in the Galois group of the homology class of
the boundary of a small disk transversal to Ey in V. The components of ﬁ_l(Ei) corre-
spond to the elements of G/(y;, ... , ¥, . ..) where [ runs through indices of all exceptional
curves intersecting E;, while p; restricted on each component has (y;, ..., v, ...)/ (V)
as the Galois group. The points ﬁ_l (E; N Ej) correspond to the elements of G/(y;, v;)
and the points of ﬁ” (E; N E;) belonging to a fixed component correspond to cosets in
Wis oo s V- /Wi V)

2 je. asubsetin R given by a set of linear inequalities Ly > ks. We say that an affine
hyperplane in R” supports a codimension one face of a polytope if the intersection of this
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2. The set of vectors (3) for which A(j1, ..., jrlmi, ... ,my) #= A1y, Jrl
mi, ... ,m;) is a dense subset in the boundary of the polytope having as its
closure a union of faces of such a polytope. The closure of the set of vectors (3)
for which A'(ju, ..., jrimi, ... ,my) # A (1, ..., jrimi, ... ,my) is also a
union of certain faces of such a polytope.

3.The ideal A(jy, ..., j-\m1,...,m;) (resp. A'(ji,..., j-lmy,... ,m;) and
A", ..., jrlmy, ... ,m;)) is independent of the array (ji,..., Jjr|
mi, ... ,m;) as long as the vector (3) varies within the interior of the same
face of quasiadjunction.

We shall call the above faces the faces of quasiadjunction (resp. weight one faces
of quasiadjunction). Ay, will denote A(jy, ..., j-|lmi,...,m,) with correspond-
ing vector (3) belonging to the interior of a face of quasiadjunction X (similarly
for A%, and AY).

Proof. First let us describe the inequalities defining the polytope corresponding to
an ideal of log-quasiadjunction .A4” with the property described in /. For any ideal
B in the local ring of a singular point let ex (B) = mingep ordg, (*(¢)). Note that
¢ € A” (resp. ¢ € A)if and only if

ordg, (m*(#)) > ex(A) ®)

(resp. ordg, (w*(¢)) > ex(A)) for all k since if ¢ € A” it certainly satisfies (8) for
each k and vice versa if ¢ satisfies (8) for all k it also satisfies (5) for any k and
hence ¢ belongs to ideal A”. The same works for A. We claim that P(A") with
property [ is the subset of the unit cube which consists of solutions of the system
of inequalities in (x1, ..., X;):

X1+ F ap Xy > ag1 + o+ aky — ek(A”) — o — 1. )

In order to derive A” ¢ A"(ji,..., j-imy,...,m,;) for (3) satisfying (9) note
that if the array (ji, ..., jr-lmi,...,m,) satisfies (9) for all k and if ¢ € A",
i.e. we have e;(¢) > er(A”) then we also have (5) for all k and hence ¢ €
A", ..., jrlm, ... ,m;). Vice versa, if A”(ji,..., j-lm1,...,m,) contains
A" then for any ¢ € A” and k we have (5) and hence mingc 47ei(¢) satisfies the
same inequality. This proves the first part of the proposition. O

For the second part, let us notice that the boundary of the set of solutions of the
system (9) is the set of vectors (3) satisfying (9) for a proper subset S’ of the set of
exceptional curves S and the inequalities

Ak X1+ agpxe > ag) + o+ agy — e(A”) — e — 1 (10)

hyperplane with the boundary of the polytope has dimension » — 1. A face of a polytope is
the intersection of a supporting face of the polytope with the boundary. A codimension one
face of a polytope in R” is a polytope of dimension r — 1. By induction one obtains faces of
arbitrary codimension for original polytope (for r = 3 those are called edges and vertices).
The boundary of the polytope is the union of its faces.
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for k € S — &'. For an array (ji, ..., j-lmi,...,m,), with the corresponding
vector (3) in the boundary of P(A”), let E; be a component with k € S — &'.
If ¢ € A” is a germ such that e;(¢) yields equality in (5), then the form wy has
pole of order exactly one along Ey. Hence ¢ ¢ A(j1, ..., jrlmi,...,m;). Vice
versa,if A(jy, ..., jrlmy, ... ,m;) #A"(j1, ..., j-lmq, ... ,m,) then there ex-
ists a form wy having a pole of order exactly one along a component Ej. Hence,
since ex (¢) = min{ordg, ¥|¢¥ € A’(ji, ..., jrlmi, ..., m;)}, the corresponding
vector (3) belongs to the boundary of the polytope of A" (j1, ..., j-lmi, ... ,m;).
The vectors (3) corresponding to arrays having distinct ideals A and A" belong
to faces which are not in the intersection of a pair of codimension one faces cor-
responding to intersecting exceptional curves (i.e. vectors (3) for which one has
equality in (9) for a pair of indices such that Ex N E; # ).
Finally, 3 follows since the inequalities imposed by (3) on ordg, ¢ and defining the
ideals of quasiadjunction are the same for vectors in the interior of each face of
quasiadjunction.

Proposition 2.3. Any ideal of quasiadjunction is an ideal of log-quasiadjunction

(but for a different array (ji, ..., j-lmi, ... ,m;)) and vice versa.
Proof. Let A = A(j1, ..., jrlmi,...,m,) be an ideal of quasiadjunction and
let (j{,,... ., jllm},...,m)) be an array such that the corresponding vector (3)

belongs to the boundary of the set of solutions of the system of inequalities (for
any k € S):

ag1X1 + ... +agpXr = a1+ ...+ agr — ex(A) —cp — 1 (11D

We claimthat A = A" (j{, ..., j/lm/, ... m}).Indeedif ¢ € Athenordg, (¢) >
ex(A) together with (11) yields ¢ € A'(j{, ..., j/Im},... ,m}). To get the op-
posite inclusion A'(ji,..., j/lm},... ,m.) S A(ji,..., jrlmi, ... ,m;) no-
tice that the vector (3) corresponding to (ji, ..., j-lmi,...,m;) is in the in-
terior of the set of solutions of (11) since this vector cannot satisfy equality in
the system (11) because otherwise for ¢ such that e;(¢) = ex(A) we shall have

ak,l% + -+ ak,,% =ak1+ -+ axr — ex(¢) — ck — 1 contradicting to
¢ € A(j1, ..., jrlmi, ..., m.). Therefore for ¢ € A"(ji{,..., j/lm}, ..., m})
i1 .y
we shall have: ex (¢) > —ak,l% — —ak,,l'r"n—fl +ag1+--taky,—c—1>
1 r
ji+1 jr+1 - ; :
—ag = =~ e rak ot aky — o= lie g € AG, - vl
mi,...,my). O
Now let us show that any ideal of log-quasiadjunction, say A”(j{, ..., j/|
m', ... ,m),is an ideal of quasiadjunction. Let us choose the array (ji, ... , jr|
. . i1
mi, ... ,m;) so that for the corresponding vector (3) none of intervals —a % —
1
j/+1 j1+1 jr+1
~-—ak,,];n; +ag 1+ Fap,—ck—1>x > —ak,l%—o—ak,r’mt +ag,1+
-+ -4ak ,—cr—1 contains aninteger forall k. Then¢ € A”(j{, ..., jllm}, ... ,m})
is equivalent to ¢ € A(j1, ..., jrlmi, ..., m;).

The following description of the ideals of quasiadjunction is useful for explicit
calculations of the polytopes introduced above and their faces.
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Proposition 24. Let 7 : V. — C? be a composition of blow ups with the excep-
tional set Ey U --- U Ex such that w(|J E;) is the origin O. For a sequence of

positive integers a1, ... , o let I(aq, ... , o) = {¢ € Ogplordg, w*(¢) > o, i =
1,... k}.
1. There are germs ; € O¢ such that I (ay, .. . , ax) consists of ¢’s such that the

intersection index of ¢ = 0 and v = 0 is not less than ay.

2. For ¢;(A") in (8) we have the identity A" = I(e1(A”), ..., e (A")). Let for
such A" we have A" = A" (ji, ..., jrlmi, ... ,m;) and the faces of the poly-
tope of quasiadjunction containing corresponding vector (3) are the faces
corresponding to all exceptional curves E; where k € S'. Then A(jy, ..., j/|
my,...,mp) =1(..,ex(A") + e, ...)wheree, =1 fork € S and e, =0
otherwise.

3. AU, ..., jrlmy, ... ,m;) is the ideal generated by the ideals I(ej(A”) +
€1, ..., ex(A")+er) corresponding all possible arrays (€1, . .. , €;) where ¢; =
1ifi € S is such that there exists j € S’ with E; NE; # 0 and ¢ = 0
otherwise.

Proof. As ; one can take the local equation of the image of a transversal to E; in
its generic point. The rest follows from (8) and the definitions. O

Remark 2.5. The polytopes of quasiadjunction in this paper are somewhat different
than the local polytope of quasiadjunction of [15]. The latter polytopes are defined
as the equivalence classes of vectors (3) when two vectors are considered equivalent
if and only if the corresponding ideals of quasiadjunction are the same. The interior
of a polytope P(A) is the union of the local polytopes of quasiadjunction from
[15]. Vice versa, the convex polytopes in this section determine the local polytopes
of quasiadjunction in [15].

Remark 2.6. Recall that for a Q-divisor D on a non singular manifold X its multi-
plier ideal 7 (D) (cf. ([19]) can be defined as follows. Let f : ¥ — X be an em-
bedded resolution of D and f*(D) = —E.Then J (D) = f,(Oy(Ky — f*(Kx) —
LE])) where | E| is round-down of a Q-divisor. In this terminology one can de-

fine the ideals of quasiadjunction as follows. For an array (yy, ..., ¥r), (vi € Q)
let Dy, .., be given by equation f{" --- f;". Then J(Dy,.,,) = AGj, ..., j/
mi,...,m;) where y; = 1 — ’%1 fori = 1,...,r. This follows immediately
from (4).

2.3. Mixed Hodge structure of the cohomology of links of singularities and on the
local cohomology

Here we shall summarize several well known facts used in the next section. Coho-
mology of the link L of an isolated singularity x of a complex space X (dimX = n)
can be given a Mixed Hodge structure, for example using canonical identifica-
tion HX(L) = H{")‘C}(X ) with the local cohomology and using the construction of
mixed Hodge structure on the latter due to Steenbrink [23]. The Hodge numbers:
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h*P4 (L) = dimGr}Gr)', ,H* (L) have the following symmetry properties (cf. [9,
23]):

hkpq — h2n—k—l,n—p,n—q (12)
If E is the exceptional divisor for a resolution, then for k < n one has (cf. [9])

WPa(L)y = R*PUE) if p+g <k

hkPa (L) = n*P1(E) — k¥ hnmPnma(g) if ptg =k (13)

WPy =0 if p+qg >k

The mixed Hodge structure on cohomology of a link is related to the mixed Hodge
structure on vanishing cohomology of the Milnor fiber B via the exact sequence
(corresponding to the exact sequence of a pair):

0— H" (L) > H"(B) > H"(B) —> H"(L) — 0 (14)

which is an exact sequence of mixed Hodge structures (cf. [24] and (2.3) in [23]).

Steenbrink also put Mixed Hodge structure on the local cohomology H.(X)
([23]) where X is a resolution of X. In the case dimc X = 2 we have

H}(X) = Hom(H*™*(E), Q(-2)), (15)

where Q(—2) is Tate Hodge of type (2, 2). Since the Hodge and weight filtrations
on H!(E) have form:

HY E)=W, D Wy >0, HY (E)=F’>F' >F>=0
we have on Hg(f()
H}(X)=W4DW3DWa=0Hp(X)=F' > F> > F?=0.
Moreover
F'HY (L) = F'THY(E) = F?H} (X). (16)

One can use the following complex for description of this mixed Hodge struc-
ture:

0— A%(X) —» A% (X) — 0, (17)

where ~ ~
AL(X) = Qg(log E)/ Ry, Ap(X) = Q% (log E)/ Q5

with filtrations given by
F?AL(X) =0 for p <3, F2AL(X) = AR(X) for p = 3,
W3A%(X) = W1§2§~((log E)/sz§~(.

Since H3(E) = 0, the relations (13) and (15) yield that the complex (17)
completely determines '79 (and hence all Hodge numbers 7%P4 by (12)).
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3. Characteristic varieties and polytopes of quasiadjunction
3.1. Main theorem

We shall view the unit cube U/, considered in the last section and containing the
polytopes of quasiadjunction, as the fundamental domain for the Galois group
H'(S3— L, Z) of the universal abelian cover H'(S> — L, R) of the group H'! ($3—
L,R/Z) of the unitary characters of H 1(S3 = L,Z) (ie. the maximal compact
subgroup of Char(H,(S>—L,Z)) = H'(S* — L, C*)).exp : { — Char(H,(S> —
L, 7)) will denote the restriction of H'(S3 — L,R) — H'(S* — L,R/Z) on U.
For any sub-link L of L, ie. a link formed by components of L, we have
surjection (83 = L) —» 71(S? — L) induced by inclusion. Hence Char H, (83 —
L,7Z) is a sub-torus of CharH,(S® — L, Z)) (in coordinates in the latter torus
corresponding to the components of L it is given by equations of the form ¢, = 1
where subscripts correspond to components of L absent in L). Moreover, since the

homology of the universal abelian cover H;(S3 — L) surjects onto H;(S3 — I:), it
follows that V; (S>3 — Z) belongs to a component of Vi(S3 = L) (cf. 1.2.1 in [15]).
We shall call a character of 71 (S - L) (or a connected component of V; (§ - L))
essential if it does not belong to a subtorus CharH'(S? — L) for any sublink L
of L.

Let L,,,,....m, be the link of singularity (1) or equivalently the cover of s3
branched over the link L and having aquotient Hy,,, .. u, = Z/m|Z&- - -®Z/m\Z
of H,(S? — L, Z) as its Galois group. We shall view CharHy,, ... ,m, as a subgroup
of CharH, (S3 — L,Z). The group H,,,,... m, acting on Hl(Lml,,_’mr) preserves
both Hodge and weight filtrations.

r

Theorem 3.1. An essential character x € Char(H, (S3 — L, 7)) is a character
of the representation of Hy, . m, acting on Fl(Hl(Lml’__,,mr)) if and only if it
factors through the Galois group H,,, ... m, and belongs to the image of a face of
quasiadjunction under the exponential map.

The multiplicity of x in this representation of the Galois group is equal to
dim A%,/ As. where A%, (resp. As) is the ideal of log-quasiadjunction (resp. ideal
of quasiadjunction) corresponding to a vector (3) belonging to the face of quasi-
adjunction X.

A character x is a character of the representation of the Galois group of the
cover on WO(HI(Lmlw,mr)) if and only if it factors through the Galois group
Hpy, .....m, and it belongs to the image under the exponential map of a weight one
face of quasiadjunction.

yeee

yeee

crossings (e.g. (6)). The group Hy,, ... m, acts on both sheaves: SZ%/ (log E)
miy,..,mr
and 2
le,...,mr

We are going to identify the eigenspace of Qé (log E)/ Qé corre-
My, ,mp my,...,mp

sponding to the character y, which is the exponent of a vector (3) belonging to a
face of quasiadjunction X, with the quotient of ideals AY. /Ax .
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Nzl (e, y)dxady

First notice that any 2-form 4 is holomorphic on ‘N/ml,.‘, oy —

mp—1 myp—1
le "‘Zr'

E = Vy,.....m, — p since it is a residue of a holomorphic (r 4 2)-form on crt+? —
Viuy,....m, - It is an eigenform corresponding to the character x such that x (y;) =
exp(2m -1 "1’7m—1’71) (here y; € H (s 3L, Z) are the generators corresponding
to the componentls of the link L).

Vice versa, any 2-form, holomorphic on V,,;, .., — p,is aresidue of r +2-form
D21, ,2r,X,Y)AZI A AdZr AdX Ay
. @ =)@ = fr@y) - .
of ¢ into a sum of monomials corresponds to the decomposition of the form into
sum over characters.

given by

where ¢ is a polynomial. Decomposition

z{l '~~zf"¢dxAdy

Secondly a form is log-2-form (resp. holomorphic 2-form) if

Tomi=T mp—1
z Zr
and only if ¢ (x, y) is in the ideal of log-quasiadjunction (resp. quasiadjunction)
corresponding to (rfl—‘l, ey an’r). These ideals do not coincide if and only if (3)

belongs to a face of quasiadjunction.
2. Hodge and weight filtration on cohomology of link. Now we want to identify
QZV (log E)/ QZV with F'H'(Lyy,. . .m,). (16) yields that the latter
r mj

my,...,m .my

is isomorphic to F 2Hg(‘7m1 .m,). Using description of the Hodge filtration on

yeee

Hg(f/ml,_,_ .m,) from (2.3) it can be identified with the hypercohomology of the
complex 0 — AL (Vi ..m) — 0 ie. with HO(Qé (log E)/Qé ).
my,...,mp my

s My

Since by the Grauert-Riemenschneider theorem H 1 (Q%/ ) = 0 we see that

my,...mp

the latter space is isomorphic to HO(Q%7 (log E))/ HO(Q%7 ) and the
my,...,mr my,...,mr

claim follows.
3. Conclusion of the proof. Similarly to the above, it follows that a character
X is a character of the representation of H,,,, . ., on WoH! (Lm,,....m,) ifitis a
character of this group acting on W,/ W, (Q%/ (log E )/ 9%7 ) (cf. (2.3)).
m my my,...,mr

In other words x = exp(zfn%,... ,an%) where A'(ji, ..., jrlmy, ... ,m;) #
A", ..o, jrlmy, ..., my) de. (r{%’ ,%)belongs to a face of weight one log

quasiadjunction. Moreover, the dimension of the x-eigenspace of the action of the
Galois group of the cover on WoH' (L, ... .m,) is equal to dim AY /A5 where X
is the face of weight one log-quasiadjunction to which the x belongs. O

3.2. Essential components of characteristic varieties

Theorem 3.1 allows one to describe essential components of characteristic varieties.
Indeed, each component of V;(S3 — L) is a torus translated by a point of a finite
order in CharH, (S® — L, Z) (cf. 2.1) and each such sub-torus is Zariski closure of
the set of points of finite order in it. It follows from [21] that an essential character
of finite order belongs to Vi(S? — L) if and only if it is a character of Hy,, . m,
on Hi(Ly,,... m,) for some array (m1, ... ,m,). A character x appears as either a
character on Wy H'! (Lpm,,....m,),in which case according to 3.1 it is an exponent of a
vector in a face of quasiadjunction, or y is a characteron Wi/ Wo H 1 (Lm,,....m,),1n
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which case either x or j is a character of the Galois group acting on H0(W;/ Wp).
In each of the cases, the multiplicity of the character is dim. A%, / Ay, where ¥ is the
face of quasiadjunction to exponent of which y belongs. If £, will denote the local
system on S% — L corresponding to the character y then this multiplicity is equal to
todim H' (L ) as follows from arguments in [21]. On the other hand, dim H I x)
is the depth of the characteristic variety to which x belongs. We obtain therefore:

Proposition 3.2. For £ = (x,....,x,) € Uleté = (1 —xi,....1—x,). For
a face of quasiadjunction ¥ let ¥ = ¥ or ¥ = X U X depending on whether
A5 /As = 0 or not. Then the Zariski closure of exp(X) is a component of the
characteristic variety of depth diim Ay /Ay + dim AL /Ag + dim Ay, /A5 Vice
versa, any essential component of V;(S3 — L) has such a form.

3.3. Quasiadjunction and higher Alexander polynomials

We shall show that in the case r = 1, information from the faces and ideals of
quasiadjunction determines all Hodge numbers 477 of the Milnor fiber of f = 0
considered in the introduction and in particular all Alexander polynomials A; (cf.
Introduction). The idea of relating the constants of quasiadjunction to the Hodge
theory appeared first in [17] where the case of the first Alexander polynomial A
was studied.

For r = 1 each polytope of quasiadjunction is a segment [«, 1]. k is called (cf.
[11]) the constant of quasiadjunction (resp. log-quasiadjunction and weight one
quasiadjunction).

Proposition 3.3. 1. ¢ is an eigenvalue of the monodromy acting on the Milnor fiber
of f ifandonly if ¢ or ¢ is equal to exp 27 k; for some constant of quasiadjunction
K.

2. If ¢ = exp2mk; and k; is a weight one constant quasiadjunction then h?’o =

dim A}, / A, and hé’o = dim A, / Ay, . In particular hg’o = 0, unless the corre-

sponding k; is a weight one constant of quasiadjunction.
Proof. ¢ # 1 such that ¢™ = 1 is an eigenvalue of the monodromy of the Milnor
fiber of f if an only if it is an eigenvalue of the Galois group of actingon H'(L,,) =
H{lsmgvm} (Vin) where V,, is given by z* = f (cf. (1)). On the other hand, the exact
sequence

0 = Hiingy,) (Vi) = HXM (Vi) > HXM (V) —

(cf. (14)) in which M (V,;,) is the Milnor fiber of V,,, shows that the Hodge structure
on H'(L,,) is isomorphic to the Hodge structure induced from HCZ(M (Vin)) on
Ker(T, — I). Indeed kerj = kerT, — I since T, — I = Var o j (cf. [23], (2.4);
recall also that Var : H2(M(V,,)) — HC2 (M (Vy,)) is an isomorphism as a conse-
quence for example of a well known relation between the Seifert form and variation
operator).

The result follows since the Hodge structure on HCZ(M (Vin)) is determined by
the Hodge structure on the Milnor fiber of f = 0 via a Thom—Sebastiani type
theorem (cf. [24]). O
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4. Properties and applications of polytopes of quasiadjunction
4.1. Semicontinuity

Theorem 4.1. 1. Let C; be a family of plane curve singularities in a ball B with r
branches such that the limit curve has r branches as well. Then the number of
components of V1(C;) does not exceed the number of components of V1(Cop).

2. The total volume of all codimension one faces of quasiadjunction is semicon-
tinuous, provided that the volume of each face is calculated with respect to the
measure on the hyperplane containing this face in which the measure of the
simplex containing no integral points is equal to ﬁ

Proof. Firstnotice that the intersection form on H; of the smoothing of the complete
intersection surface singularity which is an abelian cover of B branched over C; (i.e
the singularity (1)) embeds into the intersection form of the singularity which is the
is the dimension of the radical of this intersection form. In particular we have
bi(Ly,... n(Ct)) < b1(Ly,... 2(Cp)). On the other hand b1 (L,,,.. ») = kn" '+
n"~14. .. foralmostall n as follows from [21] where k is the number of components
in V1 (C) since the number of points of order n on a torus of dimension / translated
by a point of finite order is ! for almost all n. Hence k = lim,, _, oo W which
yields the first part.

Similarly, asymptotically the number of the points in the lattice (%, cee %) cu
which belong to codimension one faces of quasiadjunction is the total volume
of the faces. On the other hand this number of the points is dim F 1H12(M ) ie.
the dimension of the Hodge filtration F' on the subspace of the cohomology of
the Milnor fiber consisting of monodromy invariants. Similarly to [25] for the
Milnor fibers M; and My of the smoothings of abelian covers of B having type
(n, ..., n) and branched over C; and Cy respectively we have: dim F!HZ (M;) —
dim F'H?(My) = dim F'H; (R®) which yields the second part. O

4.2. Log canonical divisors

Recall ([10]) that a pair (X, D) where X is normal and D is a R-divisor such that
Kx + D is R-Cartier is called log-canonical at x € X if for any birational morphism
f Y — X, with Y normal, in the decomposition

Ky = f*(Kx + D)+ » a(E.X,D)E (18)
E

for each irreducible E having center at x onehasa(E, X, D) > —1.This coefficient
is called discrepancy of divisor D on X along E.

Proposition 4.2. The local ring O¢ of a singularity fi --- f, = 0 at the origin O
of C? considered as the ideal in itself is an ideal of log-quasiadjunction. Let P
be the corresponding polytope of log-quasiadjunction. Let D; be the divisor in C?
with the local equation f; = 0 near the origin.
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Then for {(y1, ..., yr)} € R the divisor yi Dy + - -+ + y, D, is log-canonical at
(0,0) € C? ifand only if (y1 + 1, ... , y, + 1) belongs to the polytope P.

Proof. Let us consider the polytope given by inequalities (11) in which one puts
er(A”) =0,ie.

ag X1+ akpxr Z a1+ tag, —cp — 1 (19)
Let (ji, ..., jrlm1, ..., m,) be such that the corresponding vector (3) belongs to
the boundary of this polytope. Then 1 € A”(j1, ..., j-lm1,...,m,) and hence
A"ty ..., jrlmil, ..., m,) is the local ring of the origin.

If 7 : V — C? is an embedded resolution J'r*(fly1 -+« fy"dx A dy) has as the
order of vanishing along Ey:

agay1r+ -+ ak Ve + Ck

i.e.the discrepancy along each Ej isnotless than —1 ifand only if (y1+1, ... , yp+
1) satisfies (19).

Remark 4.3. If r = 1 the polytope of quasiadjunction P described above has as its
face (i.e. the end) the constant of quasiadjunction (cf.[11] for a definition) x| and one
obtains that the log-canonical threshold co(f) of f = 0 satisfies: co(f) + 1 = k1.
This result is due to J. Kollar (cf. ([10]) Prop. 9.8).

Remark 4.4. Mixed Hodge structure on cohomology of universal abelian covers. It
seems at the moment very little is known about the Hodge theory on cohomology
of complex manifolds which are not finite CW-complexes. Theorem 3.1 gives some
hints what one may and may not expect. It yields a decomposition of the torus of
unitary characters into a union of connected subsets (faces of quasiadjunction or
their conjugates) in which the characters appearing on certain Hodge and weight
type on a finite level are dense. These subsets are not algebraic subvarieties. In par-
ticular one cannot expect filtrations on the cohomology of infinite abelian covers
with Galois-invariant Hodge and weight filtrations. Results of [15] yield decompo-
sition of the torus of unitary characters of the fundamental group of the complement
to an affine algebraic curve similar to the one given by Theorem 3.1 and reflecting
the Hodge theory on H! of the infinite abelian cover of this complement.

5. Examples
5.1. Links of Ordinary singularities
Let us consider the link of the singular point of L1 - - - L, = 0 where L; are distinct

linear forms on C? (the Hopf link with » components). The faces of quasiadjunction
are

X oxi1+--4+x=1, (=1,...,r—2) (20)
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This follows directly since a resolution is achieved by single blow up and the
multiplicity of L; on the exceptional curve is equal to 1 (i.e. the coefficients ay ;
in (5) are all equal to 1). Moreover, if M is the maximal ideal in the local ring of
the origin, then the ideal of quasiadjunction Ay, corresponding to the face (20) is
M1 and Ay, = Ay, = M =271 'We have dim M!~1/M! = . Hence, if x is
a character of the fundamental group having multi-order (my, ... , m,) and given
on the generators y; € H1(S> — L, Z) corresponding to the components of L by

x(vi) = expnv/—1x;) where Xx; =1 21

then the dimension of the eigenspace Hl’O(Lml,_, .my)y 18 —1 —1.The conjugate
character x has the same multiplicity r — 1 —/ on H 0.1 (Lpm,,....m,). Therefore the
character in (21) has on H%! (Lm,.....m,) multiplicity / — 1 and its multiplicity on
H! (Lm,.....m,) is equal to r — 2. In particular, the characteristic variety has only
one essential component V,_». This is well known from the calculations using the
Fox calculus (cf. [12] for r = 3).

5.2. Singularity (x> + y3)(y% + x°) (cf. also [6])

A standard sequence of blow ups lead to the resolution V for this singularity pictured
on Fig. 1 (Ey, E, are the exceptional curves in the last blow up and B, B; are the
branches of the singularity).

Wehave eg, (x) =35, ¢eg,(y) =2, eg,(x) =2, eg,(y) = 5and hence e, (x2+
y%) = 10, eE, (y2 +x) = 4, eEz()c2 + ) = 4, eEz(y2 + x%) = 10. Moreover,
eg,(dx Ndy) = eg,(dx N dy) = 6 (the orders of all functions and forms on
C? meant to be calculated on the chosen resolution V). As in (1), Vin,.m, 1s the
abelian branched cover: z|'' = x2 + y°, 25> = x> + y%. A form wj given by (2)
admits a holomorphic extension over the preimages of the curves E1 and E; on the
normalization le,mz of V X2 Viu,,m, if and only if

10(j14rl —1)+4(jzmtl —1)+eE1(¢)+7zo 22)

mj

1 i+ 1
4(ﬂ_1)+10(”4r —1)+e52(¢)+730

m my

E, | | E, L

Fig. 1. Resolution of (x2 + y5)(x5 + yz)
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Fig. 2. Faces of quasiadjunction for (x2 + yS)(x5 + y2)

(cf. (5)). Similar inequalities should be written for other exceptional curves but
calculation shows that the inequalities expressing the condition that wg extends
over the preimages of remaining exceptional curves in Fig. 1 follow from (22).

The quotient A”(ji, j2lm1, m2)/A(j1, jalmi, mp) # 0 if and only if there ex-
ists a function ¢ for which (22) is satisfied and such that a left hand side in at least one
of inequalities (22) is zero. Since the possibilities for e, (¢) are 0, 2,4,5,6,7, ...,
the faces of quasiadjunction are subsets of the lines:

10x1 +4x, =7,5,3,2,1

4x1 4+ 10xp =7,5,3,2,1

The value eg, (¢) = 5 (i.e.¢ = x)fori = 1 does not yield a face of quasiadjunction
since it implies that eg, (¢) = 2 and no pairx; = ]’ln—ﬂ Xy = % in the unit square
satisfies inequalities (22) with such e, (¢). Similarly, eg,(¢) = 5 also does not
yield a face of quasiadjunction. .
Next let us consider pairs (%, %
from the first inequality in (22) that ¢ is a non zero in A" (j1, ja|m1, m2)/A(j1, jal
m1, my) only if eg, (¢) = 0 and hence the lowest order term of ¢ is a constant (i.e.
this is the only case when wy has a pole of order 1 along Ey). Hence the second
inequality in (22) is 4x; + 10x> > 7 and hence only “the half” of the segment
10x1 4+ 4x2 = 7 in the unit square is the face of quasiadjunction. Similarly “the
half” of the segment 4x; + 10x; = 7 is also the face of quasiadjunction.
On the other hand for a pair (%, %) on the segment 10x; 4+ 4x, = 5,
assuming that wy has a pole of order one along Ey, the first inequality (22) yields
that the lowest order term of ¢ is ay, a € C* and the second one in (22) is satisfied
for any pair (% %) on 10x; + 4x2 = 5 in the unit square. Therefore the
segment 10x; 4+ 4x; = 5 is a face of quasiadjunction. Similar calculations show
that we obtain the diagram of faces of quasiadjunction given on Fig. 2. Moreover,

) satisfying 10x; 4 4xp = 7. It follows
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the points B, C, D, E, F are the only ones for which one has dim A"/ A = 2 (for
the remaining points on the faces of quasiadjunction this dimension is 1).

Exponential map takes the union of the faces of quasiadjunction and their con-
jugates into the union of of translated subgroups tlzt25 +1=0and t15t22 +1 =0 (and
coincides with the union of translated maximal compact subgroups of the latter).
V> consists of exponents of the points of the following types:

(a) Points where dim A"/ A = 2 (corresponding characters appear on holomorphic
part); these are the points B, C, D, E, F.

(b) Conjugates of the points in (a) (corresponding characters appear on anti-holo-
morphic part).

(c) Points belonging to faces of quasiadjunction and having conjugates on faces
of quasiadjunction as well; corresponding characters appear with multiplicty
one on both the holomorphic and anti-holomorphic parts; these are points
H,G,K,L,M, N (N is the conjugate of M.)

(d) Conjugates of the points in (c).

We obtain that V> consists of all (twenty) points of intersection of two translates
t12t25 +1=0and t15t22 + 1 = 0 except the point (—1, —1).

The eigenspace in H'(L) corresponding to the character exp 2miA) =
(—1, —1) consists of the weight zero classes in Hl(L)(,l),]) since in this case
A" /A is generated by 1 and w; has poles of order 1 along E;, E» and C1, C; i.e.
the weight of w; is two.
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