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ABSTRACT. Motivated by the question of whether braid groups are CAT(0), we investi-
gate the CAT(0) behavior of fundamental groups of plane curve complements and certain
universal families. If C is the branch locus of a generic projection of a smooth, complete
intersection surface to P?, we show that 71 (P?\C) is CAT(0). In the other direction, we
prove that the fundamental group of the universal family associated with the singularities
of type Eg, E7, and FEs is not CAT(0).

1. INTRODUCTION

The purpose of the present article is to investigate the properties of complex plane curve
complements and their fundamental groups via the lens of geometric group theory. On
the one hand, plane curve singularities bear an intimate connection with the topology of 3-
dimensional iterated torus link complements (see, for example, [EN16]). On the other hand,
work going back to Zariski [Zar36] and Moishezon [Moi81] highlights the close relationship
between fundamental groups of many plane curves complements and braid groups. More
generally, it turns out that Artin groups, as natural generalizations of braid groups, are also
related to the fundamental groups of some specific plane curves (cf.[ABCAMM18, Theorem
2.6]). Since both braid groups, more generally Artin groups and 3-manifold groups (with
or without boundaries) are well-studied objects in geometric group theory for the richness
of their intrinsic geometry, fundamental groups of plane curve complements form a natural
setting to explore commonalities between these two classes.

Fundamental groups of plane curve complement fit into the larger class of quasi-projective
groups, i.e. fundamental groups of smooth, quasi-projective varieties. Both classes are
broad, and restrictions on such groups can often be quite subtle. Nevertheless, some of
the topological constraints described above are reflected even in the larger quasi-projective
setting. For example, Friedl-Suciu [FS14] have shown that if a quasi-projective group G is
isomorphic to the fundamental group of a compact 3-manifold N with empty or toroidal
boundary, then N is a graph manifold. In this sense, G also resembles the fundamental
group of an iterated torus link complement, as in the case of a plane curve singularity.

Geometrically, results of Leeb [Lee95] imply that graph manifolds with non-empty bound-
ary (and hence iterated torus link complements) admit Riemannian metrics of nonpositive
curvature. In particular, their fundamental groups are CAT(0) in the sense that they admit
proper, cocompact actions on CAT(0) spaces. CAT(0) geometry, introduced by Gromov
[Gro87], is a natural extension of the concept of a nonpositive curvature to general met-
ric spaces and conjecturally, braid groups are CAT(0) as well. Motivated by the intrinsic
connections between 3-dimensional graph manifold groups, braid groups, and CAT(0) ge-
ometry, in this paper, we focus on the relation between fundamental groups of plane curve
complements and CAT(0) geometry. Our principal goal is to provide both positive and
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negative results in this vein, as well as raise some questions for further investigation. In the
positive direction, we show

Theorem A. Let C < P? be a plane curve.

(1) Fiz O € PA\C and let L be the union of singular fibers from the projection of the
blowup Blo(P)\C — P. If Blo(P*)\(C U L) fibers with finite monodromy, then
71 (Blo(P?)\(C U L)) is CAT(0).

(2) If C is the branch locus of a generic finite map X — P2, arising from a smooth
complete intersection surface X < PN, then m (P?\C) is CAT(0).

For background on blowups and construction of the fibration described in part (1), see
Sections 2.1 and A.1 in the Appendix. The first part of this theorem will be known to the
experts, and in this case Blp(IP?)\(C U L) is the total space of a punctured P*-bundle over a
punctured P! admitting a complete Riemannian metric of nonpositive sectional curvature.
The second part of this theorem relies on a result of Robb [Rob97] concerning fundamental
groups of the complements to branching curves of generic complete intersections.

In the negative direction, our obstruction for a group to be CAT(0) comes from the previ-
ous work of the third author [Zhu23|, generalizing methods of [LIP21]. We consider examples
of quasi-projective varieties whose fundamental groups are extensions of free groups of finite
rank. First, we exhibit a free-by-free group with infinite monodromy, which is not CAT(0),
derived from the union of a 3-cuspidal quartic curve and a collection of lines (Theorem 4.2).
This braid monodromy was first studied by Catanese-Wajnryb [CWO04], and in this case,
we compute the monodromy explicitly.

The second set of non-CAT(0) examples arise as monodromy groups associated with
simple singularities of curves. Such singularities are enumerated by root systems R of type
A, (n>=1), D, (n>4) or B, (6 <n <8). If Ug is the corresponding semi-universal
deformation space, then m(Ug) is isomorphic to the Artin group Ar. The deformation
space Ug is the base space of a fiber bundle Vi whose fibers are smooth affine curves.
Consequently, m1(Vg) is an extension of Ag by a free group of finite rank.

Theorem B. Let R be one of the root systems Fg, E7, or Eg and let Vi be the total space
of the affine family over the semi-universal deformation of the simple singularity of type R.
Then w1 (VRg) is not CAT(0).

A crucial ingredient here is a result of Wajnryb [Waj99], which states that for these
three root systems, the geometric monodromy is not injective. In contrast, Perron—Vannier
[PV92] showed that when R = A, or D,, the geometric monodromy is injective. At this
time, the authors do not know whether 7;(Vg) is CAT(0) in these cases.

Acknowledgments: The third author would like to thank Matthew Durham, Jose Ignacio
Cogolludo-Agustin, and Chenxi Wu for useful discussions.

2. PRELIMINARIES ON PLANE CURVE COMPLEMENTS AND CAT(0) GROUPS

In this section, we review some necessary material on computing fundamental groups of
plane curve complements. We refer the reader to the Appendix for a more comprehensive
overview of the topology of plane curves. We also recall basic definitions and properties of
CAT(0) spaces and groups, introduce the LIP property, and describe the main obstruction
we will use to show certain group extensions are not CAT(0).



2.1. The Zariski—van Kampen Theorem.

(See Appendices A.1 and A.2 and [Lib21] for additional details). The blow-up Bl P? of P2
at a point O admits a fibration over P! with P'-fibers. Given a plane curve C and O ¢ C,
we obtain a (singular) fibration from the complement of the plane curve Blp(P?)\C — P*
with finitely many singular fibers, and whose generic fibers are complements P\ {z1, ..., 24}
to a finite set of points of cardinality d, where d = deg(C). Let L = U {L; be the union
of lines corresponding to the singular fibers. After removing L, we get a (locally trivial)
punctured sphere bundle over a punctured sphere:

(1) P'\{x1,....z4} = Blo(P*)\(C'U L) > P"\{y1, ..., yn},

where n is the number of singular fibers.
If n > 1, the long exact sequence of homotopy groups for (1) gives rise to a short exact
sequence on my:

1 —m(P\{z1, ..., za}) = m(Blo(P*)\(C U L)) = m(P\{y1, s yn}) — 1.

We have 1 (PM\{x1,...,24}) = Fy_1 and 7 (P"\{y1,...,yn}) = F,_1, where Fy denotes the
free group on k generators. Substituting in the sequence above yields

(2) 1—-Fy 1 —»mBlo(PP)\(CUL))—F, 1 —1

This short exact sequence is actually split since F;,_1 is free. Thus the fundamental group
of the complement of C' U L is a semi-direct product:

T (Blo(P*)\(C v L)) = Fa1 %, Fy1,

where p is given by a lift of the induced mi-representation p: F,_1 — Out(F;_1).

If we rewrite 7T1(IP>1\{:U1, coyxg}) as {g1,---, 94l ]_[?:1 gi = 1), and wl(}P’l\{yl, .y Yn}) as
{t1y s tn| [T ti = 1) then we get a presentation

71 (Blo(P?)\(CUL)) = <gi,tj, 1<i<d, 1<j<n

n
t.
Remark 2.1. Here, and throughout, for any group G and elements g,h € G, we will use

the notation h9 := ghg™'; and for the inverse of g, we will use the notation g.

Filling in the singular fibers is equivalent to killing the generators ¢; on the level of 71. On
the other hand, since O ¢ C' blowing up at O does not affect the fundamental group of the
complement, i.e. 71(Blo(P?)\C) = 71 (P?\C). It follows that 71 (P*\C) has presentation:

7 (P2\C) = <gi, 1<i<d

d
[1oi=1.9i=p(t;)(9:), 1<i< n>

i=1

Since Blp(P?)\(C U L) is the total space of a fiber bundle, we also have a monodromy homo-
morphism ¢ : 71 (P'\{y1, ..., yn}) — Mod(P\{z1, ..., 24}), where for any finite type surface S,
Mod(S) denotes the mapping class group of S. The representation p defined above factors
through ¢, thus restricting the possible free-by-free groups arising as 71 (Blo(P?)\(C u L)).
In Section 4.1, we will present an example of the computation of the monodromy homomor-
phism and fundamental group of the complement along the lines of the above description.



2.2. CAT(0) groups and the LIP property.

Let X be a proper geodesic metric space. Given any three points p,q,r in X, we can find a
geodesic triangle A = A(p,q,r) with p,q,r as its vertices. By the triangle inequality, there
exists a unique triangle A’ = A’(p’, ¢/,r") = R? with the same side lengths as A, and a map
f:A — A’ mapping p,q,r to p’,¢’,r’, respectively, and restricting to an isometry on each
edge. We call A" a comparison triangle and f a comparison map.

Definition 2.2. A proper, geodesic metric space X is called CAT(0) if the following holds.
Given a geodesic triangle A = A(p,q,7) € X with comparison triangle A’ = A'(p/, ¢/, ") <
R? and comparison map f: A — A/, for any t; € [p,q] and ts € [p,r] we have

dx (t1,t2) < dp2(f(t1), f(t2))-

The notion of a CAT(0) space generalizes the concept of nonpositive curvature to more
general metric spaces. Many results, such as the Cartan-Hadamard theorem, extend natu-
rally to CAT(0) spaces. In particular, CAT(0) spaces are geodesically convex and therefore
contractible. As in the case of curvature, being CAT(0) is a local notion and comes with
an analogous local-to-global principle. Thus, if a space is simply connected and locally
CAT(0), it is globally CAT(0). It is not difficult to show that CAT(0) spaces, the product
of two CAT(0) spaces with the £>-metric is again CAT(0) [BH99).

Definition 2.3. A group G is CAT(0) if it acts properly and cocompactly on a CAT(0)
space by isometries.

Examples of CAT(0) spaces include simplicial trees and nonpositively curved Riemannian
manifolds. Accordingly, examples of CAT(0) groups include free groups, free abelian groups,
and hyperbolic surface groups. Conjecturally, all Artin groups are CAT(0) as well, but this
has only been verified in specific cases and is open even for finite type Artin groups such as
braid groups B,, n > 7.

Llosa-Isenrich-Py [LIP21] studied when a surface-by-surface group is CAT(0) if both
base and fiber genus are at least 2. They derived a necessary condition on the algebraic
monodromy: it is either injective or has finite image. In [Zhu23], the third author extended
their results by introducing the following definition and general obstruction for an extension
to be CAT(0).

Definition 2.4 (Property LIP). A group @ has Property LIP if, for every infinite normal
subgroup N < @, there is an infinite finitely generated subgroup Ny < N so that the
centralizer Cg(Np) is finite.

Theorem 2.5 (Theorem 1.5, [Zhu23]). Suppose G fits into a short exact sequence
1-R->G—->TI->1

where R is finitely generated and has trivial center, and QQ has Property LIP. Then if G is

CAT(0), the algebraic monodromy p:Q — Out(R) either has finite image or finite kernel.

Remark 2.6. The initial version of this theorem assumed that R is a surface group, but
later, the author realized that the proof in [Zhu23] only requires R to be finitely generated
(see [Zhu23]-p.4649, the eighth line from the bottom), have a trivial center (see [Zhu23,
Remark 3.2] and the proof of [LIP21, Lemma 30] to make the theorem work.

Although the definition of Property LIP is easy to state, a simple criterion which guar-
antees it holds is provided by the following.
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Proposition 2.7 (Theorem 1.8, [Zhu23]). If Q is acylindrically hyperbolic, then @Q has
Property LIP.

We recall that a group is called acylindrically hyperbolic if it admits a nonelementary
acylindrical action on a hyperbolic geodesic metric space. Since the precise definition of
acylindrical action will not figure prominently in the sequel, we will not review it here, and
instead refer the reader to [Osil6].

3. POSITIVE RESULTS

In this section we explore several infinite families of curves C' for which 71 (P?\(C U L))
or 71 (P2\C) is CAT(0). The first class consists of those with finite monodromy. For these,
we show that 71 (P?\(C' u L)) is CAT(0) and moreover that the total space Blo(P?\(C U L)
in fact admits a complete, finite-volume nonpositively curved Riemannian metric. The
second class of examples is derived from Robb’s computation of the fundamental group of a
branching curve for a generic projection of a complete intersection surface. We will deduce
Theorem A as a combination of Proposition 3.2 and Theorem 3.6.

3.1. Finite monodromy.

As a consequence of Theorem 2.5, the existence of a CAT(0) extension group results in
a dichotomy for the monodromy, namely that it either be finite or have finite kernel. In
this section, we investigate the fundamental groups of plane curve complements with finite
monodromy.

Example 3.1. For n > 2, consider the family of plane curves given by the equation
2"l — " = 0.

This curve has a single multiple cusp of order n at [0:0: 1]. The projection onto x has one
singular fiber at x = 0, hence the base of fibration is a twice-punctured sphere while the
fiber is an n-punctured sphere. This yields the extension

1-F, 1 >G—->Z—>1

with monodromy isomorphic Z/nZ, and acts by cyclically permuting the punctures of the
fiber.

For plane curves with finite monodromy we prove:

Proposition 3.2. Let C < P? be a plane curve and suppose 71 (Blo(P?)\C) fits into a short
exact sequence

1 — F, - m(Blo(P*)\C) - F,, — 1

with finite monodromy. Then w1 (Blo(P*)\C) is CAT(0). Moreover, Blo(P?\C) admits a
finite-volume Riemannian metric of nonpositive curvature.

This will be an easy consequence of the next two lemmas.
Lemma 3.3. Suppose G fits into a short exact sequence
1-F,—-G—->F,—1

with finite monodromy H < Out(F),). Then G is the fundamental group of a compact, NPC
2-complex X whose universal cover is a product of trees.
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Proof. By the (Nielsen) realization theorem for Out(F;,) due independently to Culler [Cul84],
Khramtsov [Khr85] and Zimmermann [Zim81], there exists a rank n graph I' realizing H
by isometries (here the metric assigns a fixed positive length A to each edge of I'). Let R,,
be a wedge of m circles, and let T}, be the universal cover of R,,. Consider the orthogonal
product X’ =T x T, which is locally CAT(0) since each of the factors are. Then F, acts
on X' by isometries via H on the I'-factor and by deck transformations on 7T},,. The action
is free, proper and cocompact, since it is on the second factor and I' is compact. Thus,
the quotient X is locally CAT(0) and has a fundamental group of G by construction. The
universal cover of X is I' x T,., which is a product of trees. ]

Lemma 3.4. Let X be the total space of locally trivial Sy j-bundle over Sy, with | > 1.
Then X is determined up to equivalence by the monodromy homomorphism p:m(So;) —
Mod(So,x)-

Proof. Since Sy, is homotopy equivalent to a wedge of [ — 1 circles, any such bundle is de-
termined up to equivalence, via the clutching construction, by a homomorphism 71 (Sp;) —
7o Diff (S2, {p1, ... pr}) := Mod(So x)- O

We are now ready to prove Proposition 3.2.

Proof of Proposition 3.2. That 1 (Blo(P?)\C) is CAT(0) follows directly from Lemma 3.3.
For the second part, we know that Blo(P?\C) is the total space of a locally trivial Sp ,1-
bundle over So,+1, where Sp . denotes the k-punctured 2-sphere. The monodromy group
H is a finite subgroup of the mapping class group of Sp,+1. By the solution to the Nielsen
realization problem for punctured surfaces [Zie81, Theorem 11.14], we can find a finite-
volume hyperbolic surface V' homeomorphic to Sp,4+1 which realizes the action of H by
isometries.

Now let W be any finite-volume hyperbolic surface homeomorphic to Sg,+1. The uni-
versal cover of both So,4+1 and Sp.m+1 can be identified with the hyperbolic plane HZ2.
Mimicking the construction in the proof of Lemma 3.3, we consider the product V x H?,
and let m (W) =~ F,, act by isometries on V and by deck transformations in the second
component. Again the action is free and proper. The quotient X is therefore a Riemann-
ian manifold whose universal cover can be identified with H? x H?, hence is nonpositively
curved.

By construction, X is the total space of an isotrivial Sp,41-bundle over Sp,,41. In
particular, X is finitely covered by a product V x W’ where W’ is the finite cover of W
corresponding to the kernel of the monodromy homomorphism. Since V' and W have a
finite volume, this implies V' x W’ has finite volume, and thus that X does as well. The
fact that X is homeomorphic to Blp(P?\C) follows from Lemma 3.4. O

3.2. Branch loci of complete intersections.

For n > 3, let X — P" be a smooth surface and consider a projection m: X — P2. This
will exhibit X as a branched cover over P2, branched along a singular curve C'  P2. For a
generic projection, C' will have only cusps and nodes.

The branching curve of a generic projection of a smooth cubic surface in P? is a sextic
with six cusps on a conic. Zariski [Zar29] showed that in this case the fundamental group of
the complement is 71 (P*\C) = Z/2 % Z/3 =~ PSLy(Z). Zariski famously used this calculation
to show that the moduli space of irreducible sextics with six cusps in P? is disconnected
(for sextic curves with six cusps not on a conic, the fundamental group is Z/6).
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Moishezon [Moi81] generalized Zariski’s result by calculating the analogous fundamental
group for generic projections of a smooth hypersurface in P? of arbitrary degree d. For these,
the complement of the branch curve C has fundamental group 71 (P*\C) = By/Z(By), where
By is the braid group of the disk on d strands, and Z(By) is its center. This quotient can
be identified with a finite index subgroup of the mapping class group of Sy g41.

Recall that the braid group By maps onto the symmetric group Sy with kernel the
pure braid group P;. The abelianization of By is Z, and is obtained by sending each of
the standard positive Artin generators to 1 € Z. The center Z(By) = Z is generated by the
square of the “long braid,” and since it is a positive braid, it maps to d(d—1) € Z. Moreover,
it is itself a pure braid, and after passing to Py we have a splitting Py =~ Py 4 x Z(Bg) where
Py 4 is the kernel of the restriction of the abelianization map of B; to P;. Thus the image
of P; in the quotient By/Z(By) is simply Py 4.

Robb extended Moishezon’s result to the case where X < P™ is a smooth, complete inter-

section of codimension greater than 1 [Rob97]. Let z1,...,24—1 be the standard generators
of By. For d = 4, define
(3) Ed = Bd/ «[.Tg, (:1:3:1:1)713:2(9633;1)]»

where (-) indicates normal closure. Robb shows that the center of By is isomorphic to
Z®Z/2. Let n and p be the generators of Z and 7Z/2, respectively. By the adjunction
formula and Riemann-Hurwitz, the degree deg(S) will be even and a multiple of d = deg(X).

Define an integer
dee(S) 7 even
m = d

deg(S)
489 g odd

Robb’s extension of Zariski and Moishezon’s result is the following.

Theorem 3.5 ([Rob97]). Let X < P" be a smooth, non-degenerate complete intersection
of codimension greater than 1. Suppose C' < P? is the branch locus of a generic projection
X — P2, and let C, be a generic affine portion of C. Then for some e € {0,1},

T (CNC,) = By and 71 (P\C) = By/n™ u®>.

One knows that PSLa(Z) is CAT(0); indeed it is virtually free. Conjecturally, the braid
group By for all d > 1 is CAT(0), and this has been verified for d < 7 [BM10, HKS16, Jeo23].
A result of Bowers—-Ruane [BR96] implies that if GxZ"™ is CAT(0), then G is CAT(0). Hence,
by the remarks above concerning P; and Z(By), we see that if By is CAT(0) then B;/Z(By)
is as well. We now show that both of the groups B, and Ed/<nmue> appearing in Theorem
3.5 is CAT(0). In fact, we will prove:

Theorem 3.6. For any d > 4, Ed 1s virtually abelian. In particular, both groups 7r1((C2\C’a)
and 71 (P?\C) appearing in Theorem 3.5 are CAT(0).

The second statement will be implied by the first, as a consequence of the following easy
lemma.

Lemma 3.7. Suppose G is finitely generated and virtually abelian. Then G acts properly
and cocompactly on a CAT(0) space.

Proof. Let H < G be a finite index normal subgroup isomorphic to Z". Then G fits into a
short exact sequence

(4) 1-H=7Z"-G5F -1,
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where F' is a finite group. From the extension in (4), we obtain an algebraic monodromy
homomorphism p: F' — GL,,(Z), making Z" into an Z[F'|-module. Let F’ be the image of p.
The space of marked, flat n-dimensional tori is the symmetric space X, := SL,(R)/SO,,(R).
Since F’ is a finite subgroup of GL,(Z) and X,, is a CAT(0) space, we can find a marked,
flat n-torus 7' on which F’ acts by isometries. Thus we obtain an explicit lattice A < R"
and a homomorphism p:G — N(A), where the latter is the normalizer of A in Isom(R").
The image G’ of p acts effectively on R™ by isometries.

On the other hand, the kernel of p is a finite normal subgroup K < G, hence K n H = {1},
and K maps injectively to F. Choose a sufficiently high-dimensional closed Euclidean disk
D¥ on which F acts effectively by isometries and consider the product X = R” x D¥. Then G
acts via p on R™ and by factoring through ¢ on D*. This action is effective by construction,
and proper since each point stabilizer is conjugate to subgroup of F'. ]

Proof of Theorem 3.6. Smce By is the quotient of By by a commutator, the abelianization
of By factors through Bd Hence, their abelianizations are equal and isomorphic to Z. Let
Pd Bd be the finite-index subgroup which is the image of P; under the quotient. We
know that P; splits as a product Py g x Z(Bg) = Py 4 x Z, where PO .d lies in the kernel of
the abelianization map. It follows that Pd also splits as a product PO 4 X Z, where 7Z lies in
the center Z (Pd) Since Pd has finite index in Bd, it is enough to show that PQ .d 1s virtually
abelian by Lemma 3.7.

Robb [Rob97, Proposition 2.2] proves that ]507d is generated by elements vy,...,v4_1, 1
subject to relations

o 12 =1.
e For all i # j, [vs,v;] = {
o [u,v;] =1 for all i.

1 |i—j|=>2
poli—jl=1

This implies ]’50761 is a central extension
1—>Z/2—>]30d—>Zd_1—>1

Since p has order 2, the subgroup generated by the squares of the v; and p has finite index
and is isomorphic to Z%! @®7/2. Thus PO 4, and hence Bd, is virtually free abelian. ]

4. NEGATIVE RESULTS

We now turn to examples of quasi-projective groups that are not CAT(0). First, we
present a detailed example showing that the complement of the 3-cuspidal quartic together
with the singular fibers under a (non-generic) projection does not have CAT(0) fundamental
group. In general, complements of reducible plane curves will not be CAT(0), and this is
an example of this phenomenon. Second, we consider the family of curves arising from the
universal deformation of an isolated plane curve singularity of ADE type. In the case of
FEg, E7, and FEg, we use a result of Wajnryb to show that the fundamental group of the
universal family is not CAT(0), proving Theorem B.

4.1. The real 3-cuspidal quartic.

If d < 3, Mod(P'\ {1, ..., z4}) is finite, hence the image of the monodromy homomorphism is
necessarily finite. In this section, we will closely examine an explicit example of a 3-cuspidal
quartic (i.e. d = 4) curve C whose braid monodromy is infinite. Although 7 (Blo(P?)\C) =
71 (P2\C) will be finite and thus CAT(0), we will nevertheless show that m; (Blo(PP?)\(C U
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L)) is not CAT(0), where L is the union of singular lines arising from a particular non-
generic projection. We closely follow the exposition of the real 3-cuspidal quartic curve
from Catanese and Wajnryb, [CW04, Section 4].

A 3-cuspidal quartic is an irreducible plane curve of degree 4 having 3 ordinary cusps
as singularities (see Example A.1 in the Appendix for a more complete description of its
construction). Any two such curves are equivalent up to equisingular deformation, and
Zariski showed that the fundamental group of the complement of the 3-cuspidal quartic is
B3(S?), the braid group of the sphere on 3 strands. If C' = P? is an irreducible quartic
curve that is not a 3-cuspidal quartic, then the fundamental group 71 (P*\C) is abelian (cf.
[Dim12, (4.3)]).

Example 4.1 ([CWO04], Section 4). The following is a real quartic with three cusps:
27
C={F(z:y:2]= (a:2 + yz)2 + 232+ 9:cy2z + ZyQZQ = 0}.

Since O :=[0:1:0] ¢ C, we can define a projection ¢c:C — P! after blowing up at O,
which projects [z : % : 2] = [z : 2] away from O. For any t € P!, ¢¢ is ramified at ¢ if and
only if there exists p € Cy such that %—l;(p) = 0. There are two such ramification points:

a double tangency at y4 = [1 : 0] and a single tangency y, = [—1 : 1]. There are 2 more
singular fibers from y; = [%9 : 1] (double cusp), y4 = [0: 1] (cusp).

Let L = uf;lLi be the union of the four singular fibers. After deleting L, let the
generators of 1 (PY\{y1,---,34}) corresponding to y1, y2 and y3 be 71, T and 73, respectively.
In the chart z # 0, we choose a basepoint on the positive real axis and orient these generators
so that they follow a path in the upper half plane, go counterclockwise around exactly one

of the punctures (all of which are real), and then go back to the basepoint in the upper half-

plane. Since C has degree 4, we have a fiber bundle P!\{z1, ..., 24} — Blo(P?*)\(C U L)) 2,
P™\{y1,...,y4} as in the setting described above.

iR

=
{

[e3}

FI1GURE 1. A choice of generating set for the fundamental group of the fiber
at a point along the positive real axis in the base. The punctures x1, z2, 3
and x4 correspond to aq, a, B1 and (o, respectively.
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FIGURE 2. From left to right, the three 4-stranded braids correspond to 7y,
79, and 73. The strands of each braid correspond to x1, xo, x3, x4 in left to
right order, and match the colors in Figure 1.

.

S

DOV

Along the positive real axis, the fiber contains two real punctures and two purely imagi-
nary ones. We order the punctures and choose representatives for simple loops around the
pure imaginary punctures «y for x1, ao for xo, and the real punctures 51 for xg, By for x4
as in Figure 1. The 7; act as the following braids in terms of the standard Artin generators

{Ui}?:f

T = 030303_1

To = 020102_1
Ty = oi’ag’.

These braids are pictured in Figure 2. In terms of the chosen basis {aq, s, f1, 52} for
71 (P\{z1,...,24}) the algebraic monodromy is given by:

TiQ —— Qp Toia —> a1 32815200 T3: Q) > Q10 Q00
g —> aofoftnftn  ag— a1 Baca B Pt Qg > Q1001010200
p1— b1 B — Baa1Po B1 —> Baf318231 B2
B — aofaciz Bt B2 — B2 B > Ba 318231 P21 P2

where, for ease of notation, we have used @ to denote a~!. After an easy simplification, the
fundamental group of the complement of the 3-cuspidal quartic curve, 71 (P?\C), is

{a1, aslad = 82 asaiag = 1) = B3(S?),

which is finite, and, in particular, CAT(0).
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Combined with the results of Section 2.1, we obtain a presentation m; (Blo(P?)\(CUL)) =
(S|R), where

S = {alaOZZaBlaBQlevTQ)T?)}v

O[Il-l _ ozl,o/f _ ?152,&1-3 _ agqazm;
0451 _ 512125200704527: aglﬁzﬁﬁz,a? _ a?laQ;
R= 1'12181, 1'220/132’ 1'3: 25162;
;1 _ 0632'82, 272 = Bo, ;3 _ 65261525
ajazf1fe = 1.

Solving for 81 = ffaazaq, we can simplify the above presentation to the following:

S ={a1, a2, B2, 11,72, T3},

s T2 _ (R .~ =~ \« T3 __ Q10201 ,

al' = ay, a7 = (Ba000n) 162La = o ;

_ T _ poefaaz om0 ondedifBa T3 oo,
R=1< o =0 0 = y0” = T

3 =y, B = o, By = (Badialy)™21%

Now we consider the geometric monodromy of the associated punctured sphere bundle

P\{x1, ... 24} — Blo(F2)\(C U L) & P'\{y1, .., ya}.
By [FM11, Proposition 2.7], there is an isomorphism
Mod(So.4) = (Z/2Z x Z/27Z) x PSLy(Z),

while
By(S?) = (727 x Z,/27) x SLy(Z)

Let ¢:T% — T?/{t) = Sp4 be the quotient map, where ¢ is the hyperelliptic involution.
Identify the torus 72 with a quotient of the unit square (rotated by 7/4) as in Figure 3. With
respect to the usual group structure on T2, the involution ¢ can be identified with —I and
the ramification locus on T? consists of the four points A1 = (1/2,1/2)7, Ay = (0,1/2), By =
(0,0)7, By = (1/2,0)7, which cover the branch points x1, 2, x3, 24 as in Figure 1.

These points generate the 2-torsion subgroup Z/27x 7/27 < T?, and are preserved by the
action of SLo(Z). Translations of the torus by these four elements comprise the normal Klein
four subgroup in the semi-direct product decompositions of Mod(Sp4) and B4(S?) above.
Thus, the product of two elements (vy, M), (v, M) € B4(S?) = (Z/27 x 7,/27) x SL(2,7Z)
is given by

(Ul,Ml) . (UQ,MQ) = (Ul + M1 . vz,Mle)
where A € SLy(Z) acts on v € Z/27 x Z/2Z via reduction mod 2.
The generators of SLy(Z) are the two Dehn twists

11 10
=) r-()

both of which fix B;. We can relate these to the standard Artin generators of By(S?) as
follows. Each positive half-twist generator in Sp4 lifts to a map of T 2 which is isotopic
one of these two Dehn twists, but fixing different pairs of the ramification points. To fix

notation, let
i 0
o= ()= (1)
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FIGURE 3. Representation of T 2 with the 4 ramification points of ¢ at A,
AQ, Bl, and BQ

be the two generators of Z/27 x 7,/27, thought of translations on 72. The three generators
01,09, o3 then correspond to the following pairs group elements

g1 = (O,S)

02 = (fL‘,I) ’ (OvT) ’ (x’l) = (x’T) ’ (337[) = ($+y +$,T) = (y,T)

03 = (yv-[) : (075) ’ (ya-[) = (yaS) : (yv-[) = (y+:c+y,S) = (an)

Now we can compute the image of the three generators of the fundamental group of the
base space, 71, 72,73, in the braid group B4(S?), in terms of matrices:

2,9) - (y,T°%) - (x, )
=(x+z+y ST?)- ( -1
=(y+y,ST*S™) = (0, ST3S )
y,T)-(0,8)- (y, T

= (y,TS)- (y,T") = (x+y, TST™)
0,8%) - (z,5%) = (x,5%

T = 0305’03

Ty = 02010, Sl =

o~ o~ o~ o~ o~ o~

3—01‘73

Recall that SLy(Z) = Z/4Z 797 L/6Z = (A) *(_p, {(B), where

a- (8 g)m-(0 )

Thus, A?> = B3 = —T and



13

Substituting these above, we obtain
71 = (0,(AB)(AB*)*(AB)™") = (0, ABAB®*AB*ABA)
72 = (2 +y,(AB)*(AB)*(AB*)™") = (z +y,AB*AB*A)
3= (z, (AB)ﬁ)
Observe that
758 = (2 +y, AB(AB*AB*A)BA) = (v +y,I) - 11,
and
o3 = (z +y,AB*AB*A) - (z,(AB)°) = (z,(BA)’B) .
It follows that (71,72, 73) = {91, 92, g3), where
g = (x+yI)=n73,
9= (0.(AB)?4) = g1y = 7}
g3 = (w, (BA)3B) = T9T3.

The images of (AB?)2A,(BA)3B € SLy(Z) under the projection to PSLy(Z) generate
a free group of rank 2. Indeed, each has infinite order, and since they start and end in
different letters, their inverses do too. Thus no cancellation occurs after taking products.
It follows that {(g2,g3) = F>. Now observe that g; commutes with both g, and g3; hence,
the image of the monodromy is isomorphic to Z/27Z x F». The extension of the fundamental
group

1 — F3 — 1 (Blo(P*)\(C Ui, L)) — F3 — 1,

with infinite monodromy Z/2Z x F5 and infinite kernel of the monodromy. Clearly, F3 has
the LIP Property and trivial center, so by Theorem 2.5, we have the following theorem:

Theorem 4.2. The fundamental group of the complement of the union of 3-cuspidal quartic
and the singular fibers, 71 (Blo(P?)\(C U L)), is not CAT(0).

When we fill in all the singular fibers, 71(Blo(P?)\C) is finite and hence CAT(0), while
here 71 (Blo(P?)\(C U L) is not. A natural question is whether adding back a subset of the
singular fibers makes a difference.

Let Lg be the union of the two fibers containing cusps. Since the fibers coming from
tangencies depend on the projection, a reasonable modification is to add back the fibers
coming from tangencies, i.e., setting 7o = 1 and 7773 = 1. The presentation of the
fundamental group becomes 1 (Blo(P?)\Lg) = (S|R), where

S = {a1, a2, B2, 71}

T1 B~ A~ o T1 Qa0 ,
of' = ay, o = (Bo@ody) ™72, ]t = ag12,;
_ TI _ poefag _ aiaz20afB2 T ajas,
R=1< ol =p, Qi = Q syt =
T _ 202 pT1 _ (B = = \&2d
o = Q7 T, 0y = (52042061) 2012,
Using that o' = aq and a]' = a5'***, it follows that ajasaq = asaqag, and by a; =

(Bodiodr; )72, we obtain )
o = o 2011
In particular, we can solve for (5 in terms of aq, a9, so <a1,92,ﬁ2> — (a1, a). By 0/2'1 _

ajasg

o = 11001 and ajaoa) = aoaqaa, it follows that ozgl = .
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Therefore 71 commutes with «; and ag. The existence of the projection onto (11) =~ 7Z
then implies

1 (Blo(P)\(C U L)) = (11) x (o, an) = Z x 1 (Blo(P?)\C)

where (a1, az) = m (Blo(P?)\O) since killing 7 is equivalent to filling all the singular fibers.
In particular, since 71 (Blo (P?)\C) is finite, 71 (Blo (P?)\(C U Lo)) is CAT(0) by Lemma 3.7.
Thus, we have proved

Proposition 4.3. Let C be the 3-cuspidal quartic, and let Lo be the union of the two
singular fibers containing cusps. Then m (Blo(P*)\(C U L)) is CAT(0).

In contrast, given any plane curve complement with infinite monodromy, deleting non-
singular fibers in addition to the singular fibers will make the resulting complement, not
CAT(0). Indeed, deleting a nonsingular fiber creates an additional generator in the funda-
mental group of the base that acts trivially on the fiber. In particular, the new monodromy
will have the same monodromy but an infinite kernel. For some examples of curves with
infinite monodromy, we reference several results obtained by Moishezon:

Theorem 4.4 (Theorems 1, 2, and 3, [Moi81]).

(i) Let C be an irreducible plane curve of degree d that is either smooth or rational with
nodes as the only singularities. Then, for a generic projection, the image of braid
monodromy is the full Artin braid group By.

(ii) Let C' be a union of d lines in general position. Then, for a generic projection, the
image of braid monodromy is the pure braid group Pj.

As a quick application of Theorem 4.4, we obtain the following corollary, giving infinitely
many examples of non-CAT(0) plane curve complements. Similar considerations apply to
case (ii) above.

Corollary 4.5. Let C be an irreducible plane curve of degree d = 4 that is smooth or
rational with nodes as the only singularities, and let L = U} L; be the union of singular
fibers for a generic projection. Then m1(Blo(P*)\(C U L)) is not CAT(0).

Proof. For d > 4, Mod(Sy ) is infinite, and by Theorem 4.4(i), in this case the braid
monodromy is all of By. Since both compositions By — By(S?) and By(S?) — Mod(Sp 4) are
surjective, it follows that the geometric monodromy p:71(So,,) — Mod(Sp4) is surjective.

However, as Mod(Sp 4) is not free, p cannot be injective. We conclude that 7 (Blo (P?)\(C'u
L)) is not CAT(0) by Theorem 2.5. O

4.2. Rational cuspidal curves with higher order singularities.

Flenner and Zaidenberg [FZ96] classified rational cuspidal curves C'  P? with at least 3
singularities, one of which has multiplicity deg(C) —2. A study of fundamental groups of
these curves was initiated by Artal Bartolo [AB97]. Unlike the case of simple cusps, we
will show that in this case, the fundamental group of the complement does not need to be
CAT(0).

Let C be a rational cuspidal curve of degree d. In the special case where there are exactly
three cusps with one multiplicity of d — 2, there are, in fact, only 3 singular points, which
can be enumerated as follows. For each triple (d,a,b) € Z* with d > 3 a > b > 0 and
a+ b= d— 2, there is exactly one curve Cy,p have three cusps, each of whose germs is a
single Puiseux pair of type (d —1,d — 2), (2a + 1,2) and (2b+ 1,2), respectively. The case
Cy4,1,1 is the tricuspidal quartic discussed in section 4.1.
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Recall that for integers p, ¢, > 0 the triangle group 7}, 4, has presentation:

() Tpgr =<,y 2" =y = (yz)" =1)
If % + % + % > 7 (resp. = 7, resp. < 7) then there exists a tessellation of the sphere

S? (resp. Euclidean plane E2, resp. hyperbolic plane H?) by triangles with those interior
angles, and T}, 4, is the group of orientation-preserving symmetries of that tessellation.

Theorem 4.6 ([ABI7]). Let C = Cqqp as above and let 2n+ 1 = ged(2a + 1,20+ 1) for
some n = 0.

(i) If n =0 then m (P?\C) is finite cyclic.

(i) If n >0 and (d,a,b) is (4,1,1) or (7,4,1), then w1 (P\CO) is a finite group.

(i4i) Otherwise, n >0 and 71 (P*\C) is a central extension

(6) 17— 7['1<IP)Q\C) i T2,2n+1,d—2 — 1.

It is not difficult to see that the triangle group appearing in case (iii) must be hyperbolic.
Central extensions of this form are 3-dimensional cocompact lattices with one of two types
of Thurston geometries, namely the product geometry H? x R or é\ﬂg(R), the geometry
associated to the universal cover of the Lie group SLa(R).

Since H? x R is CAT(0), any cocompact lattice with this geometry will be CAT(0). On
the other hand, gfg(]R) is not CAT(0), and moreover any cocompact lattice of this type
cannot act properly cocompactly by isometries on a CAT(0) space. This is because for a
group acting properly and cocompactly on a CAT(0) space, an infinite central subgroup
must virtually split off as a direct factor as a consequence of the flat torus theorem [BH99,
Theorem I1.7.1]. Any cocompact lattice with SL, (R) is a central extension by Z which is
not virtually split. Since central extensions of group G by Z are classified by elements of
H?(G;Z), the two geometries are distinguished by whether the extension cocycle associated
to the short exact sequence in (6) has finite order or not:

Lemma 4.7. Let T = T, 4, be a hyperbolic triangle group with p,q,r < . Suppose « €
H2(T;7Z) and let G be the extension of T corresponding to oc. Then G is virtually split if
and only « has finite order.

Proof. If ais virtually split, we can find a finite index subgroup «: 7" < T such that *(a) = 0.
The existence of the transfer 7: H*(T";Z) — H?(T;Z) implies that

[T:T"] - a=7(a) = 7(0) = 0,

so « has finite order. Conversely, assume « has finite-order, and let 7" < T a finite-index
torsion-free subgroup, which exists by Selberg’s lemma. Observe that 77 =~ T" < PSLy(R)
is a cocompact, torsion-free lattice, hence is isomorphic to the fundamental group of a
hyperbolic surface 3. Since T' consists of orientation-preserving isometries, X is orientable
and H*(T';Z) = 7. Hence (*(a) = 0 so G, is virtually split. O

Theorem 4.8. Let C = Cy,p and let 2n+1 = ged(2a+1,2b+ 1) for somen > 0. If n >0
and (d,a,b) is neither (4,1,1) nor (7,4,1), then 7 (P*\C) is not CAT(0).

Proof. Let T' = T 25,41,4—2. Since 2n+1 = ged(2a+1,2b+1) and 2(d—1) = (2a+1)+(2b+1)
we can write
2(d—1) = 2w(2n + 1)
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for some integer w > 0. From (5), the presentation of T is given by
T =(zy|a® =y**" = (y2)" 2 = 1)

Let A=2% B =y?"*"! and C = (yz)? 2, which we can regard as 2-cells for the presentation
2-complex of T'. From the Hopf formula for Hs(T') (cf. [Brol2, Theorem 5.3]), one readily
computes that Ho(T) =~ Z and generated by an element A given in terms of A, B, C,

—(2n+1)(d—2)A—-2(d—2)B+2(2n+1)C, dodd
A= —Cn+)(d=2) 4 (g 9
——5——A—(d—-2)B+(2n+1)C, d even
By the universal coefficient theorem, H?(T') has rank 1, generated by the dual cocycle A*.
By Lemma 4.7, we conclude that the extension in (6) will be virtually split if and only if
the extension cocycle evaluates to 0 on A.

Let 1 be the generator of the central Z subgroup appearing in sequence (6). In the proof
of [AB97, Corollary 1], it is shown that in terms this presentation we have

A= 262 =pu, B= y2n+1 _ ’u—n’ C = (yl’)d_2 _ Mw.

Thus, evaluating the extension cocycle on A substitutes A = 1, B = —n, C = w, whence
we obtain d/2 when d is even and d when d is odd. Since d > 3, neither of these vanish, so
the extension is not virtually split, and thus not CAT(0). O

Theorem 4.8 shows that there exist infinitely many irreducible plane curves such that
the fundamental group of the complement is not CAT(0). On the other hand, it is known
that é\lig (R) is quasi-isometric to H? x R, hence up to quasi-isometry, even these examples
resemble CAT(0) groups.

4.3. Semi-universal deformations of ADE singularities.

Recall (cf.[Gre07], Chapter II, Cor.1.17), that for a germ X given by f(z1,--,an) = 0
with an isolated singularity at the origin, the semi-universal deformation X — C" of f
can be given as the map induced by projection X © C" xC™ — C™ where X is the hy-
persurface F(z,t) = f(z) + Y] t;g;(x) with g;(z) being a C-basis of the Tjurina algebra
C{z1,-, xn}/{f, %, “e (%—i} In the case of a weighted homogeneous singularity f = 0, the
Tjurina algebra coincides with the Milnor algebra. Moreover, the complement to the dis-
criminant of F' (i.e. the subset of C™ where F(x,t) = 0 is smooth, which is also weighted
homogeneous if f is) is a retract of the complement to the corresponding hypersurface in
C".

We consider here semi-universal deformations of germs corresponding to simple singu-
larities of plane curves, which are indexed by a root system R of type A,, D,, Eg, Er,
or Es. Accordingly, we have polynomials fr(z) and Fr(z,t) as in the preceding discus-
sion. For example, in the Eg case one has a germ fg,(z) = 23 + 23, with Fg,(x,t) =
wz{’ + a:% + t1 + toxq + t3xe + t4x§ + tsx120 + tﬁxlx%. Let Ur < C" be the complement of
the discriminant locus of Fg, and let Vg < C" x C7 be its pre-image. The projection
wr: Vg — Ug is a locally trivial fiber bundle with the fiber diffeomorphic to an affine curve
Ckg.

Topologically, C'r is homeomorphic to the interior of a surface with boundary having first
Betti number p(R) and b(R) boundary components, where u(R) is the Milnor number and
b(R) is the number of branches of singularity corresponding to R. The germs of functions
having simple singularities can be chosen to be weighted homogeneous, i.e. generic linear

11 .12

combinations of monomials: x}'x:? where 12—11 + 5722 = 1 for appropriate weights (w1, ws), in
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which case p(R) = (w1 — 1)(wz — 1) (cf. [Dim12]). The number of branches b(R) coincides
with the number of irreducible factors of the germ or, alternatively, the number of connected
components of the strict transform of the germ in a resolution of its singularity. For example,
w(Eg) = (3—1)(4—1) =6, and b(Eg) = 1.

Setting g(R) = u(R) + b(R) — 1, we see that m1(Cr) = Fy(g), the free group on g(R)
generators. On the other hand, the base space Ug is biholomorphic to the quotient of the
finite affine hyperplane complement corresponding to R by the Weyl group Wg. According
to Deligne’s work, this quotient is a classifying space for Ag, the Artin group of type R.
Since C is also aspherical, this implies the total space Vg is aspherical as well. In particular,
m2(Ug) = 1 and one has a short exact sequence

1 — Fyry — m1(Vr) Amn)s, Ar—1

The locally trivial fiber bundle wr: Vg — Upg induces a geometric monodromy homomor-
phism ¢p: Ap — Mod(CR), where Mod(CR) is the mapping class group of Cg fixing the
boundary pointwise. It was shown by Perron-Vannier [PV92] that ¢g is injective when R
has type A,, or D,,. In contrast, Wajnryb showed that ker ¢ is infinite when R = FEg, E7,
or Fg. In all cases, the standard Artin generators map to Dehn twists on the surface, hence
the image of the geometric monodromy is necessarily infinite. We will leverage these to
facts to show that 71 (Vg) cannot be CAT(0) in these cases.

4.4. Wajnryb’s theorem and non-CAT(0) families.

Definition 4.9. Let A be an Artin group. A representation ¢: A — Mod(S) is called
geometric if each of the standard Artin generators is sent to Dehn twists about simple
closed curves on S.

Theorem 4.10 (Theorem 3, [Waj99]). Let R be the Artin group associated to either Eg,
E;, or Eg. There does not exist an injective geometric representation ¢: A — Mod(S) for
any S.

Let 71,72 be essential simple closed curves on a finite type surface, and let 7', be the
Dehn twist along v;, ¢ = 1,2. We may assume that +; and 2 are in general position and
have been isotoped to have a minimal number of intersections. The subgroup generated by
{T,,T,,} is determined as follows

Z27 |’71 N '72‘ =0
<T’717T"/2> = B3> h/l M 72| =1
F27 |71 M 72| =2

where Bs is the 3-strand braid group of the disk. Under a geometric representation, each
of the standard Artin generators for the Fg, E7 or Eg type must go to a non-separating
simple closed curve of S. A regular neighborhood of the collection of curves giving the
representation for Eg must look as in Figure 4.

Wajnryb uses the natural Garside structure on these groups to show that any such repre-
sentation cannot be injective by finding an explicit element in the kernel of ¢. Specifically,

let {a1,...,as} be the standard Artin generators of Fjg as in Figure 4. The Garside element
is A = (azaqagaiazas)®. Wajnryb finds a factorization A = bc and shows that
(7) ¢(baicaibay) = ¢(arbaicard)

but that bajcaiba; # ajbaica1bin Ag,. By aresult of van der Lek [vdL83] (see also [Par97]),
for any root system R containing Eg there is an injection Ag, into Ag. Wajnryb then argues
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ay

a2 as Qa4 as

FIGURE 4. The Dynkin diagram of Eg and the surface with boundary CFg,
associated with it, along with the curves which define the geometric repre-
sentation of Ag,.

that for any geometric representation ¢ of Agr, Equation 7 must still be satisfied, hence ¢
cannot be injective either. This takes care of the cases R = E7 and R = Eg. The following
appears as Theorem B in the introduction.

Theorem 4.11. Let R be the root system of type Eg, Fr, or Eg and let Vi be the universal
family associated to the singularity of type R. Then w1 (VR) is not CAT(0).

Proof. Let G = m1(VR). The center Z = Z(AR) of Ag is infinite cyclic and virtually splits
off as a direct factor. That is, there exists a finite index subgroup A’ < Ag such that Z < A’
and A’ =~ P’/ x Z. Explicitly, the abelianization map a: Ag — Z is obtained by sending every
positive Artin generator to 1 € Z. Since the center is generated by a positive word, its image
under « is a nontrivial positive integer n € Z. Thus, we may take A’ = a_l(nZ), which has
finite index in Ag, and contains Z as a retract. In particular, we can take P’ = ker(a) to
obtain A’ = P’ x Z.
If V' is the cover of Vi corresponding to G’ = (7r); 1 (A’) we have an extension

1 N Fg(R) N G/ (ﬂR)* A/ N 1

Since G’ < G has finite index, if G is CAT(0) then G’ is too. Under the monodromy action
¢, the center of Ar acts by a multi twist along the boundary of Cr. In particular, since
Z(AR) is free, there is a splitting 0: Z — G’ such that o(Z) is central in G’. Since Z is
clearly still a retract of G, we obtain a direct product decomposition G’ = H' x o(Z). By
a result of Bowers-Ruane [BR96], G’ is CAT(0) if and only if H' is.

By construction, H’ fits into a short exact sequence

1= Fypy— H — P —1

We claim that this extension satisfies the hypotheses of Theorem 2.5 and that the restriction
of the monodromy ¢ to P’ contains the nontrivial infinite kernel found by Wajnryb. This
will imply H’ is not CAT(0), and thus that G is not CAT(0) either. First, Fyg) has
trivial center as g(R) = 2. Secondly, as P’ n Z = 1, P’ maps isomorphically onto a finite
index subgroup of Ar/Z. The latter is acylindrically hyperbolic by a result of Calvez—Wiest
[CW17]. Thus, P’ is itself acylindrically hyperbolic and has the LIP property by Proposition
2.7.

Finally, we verify that the restriction of ¢ to P’ has infinite kernel. Since F, g(R) 1s torsion-
free, any torsion element of H' injects into P’ < Ar/Z. On the other hand, by [Bes99,
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Theorem 4.5], any torsion element of Ar/Z is conjugate to the image of a positive word.
Since P’ = ker o, this means it is torsion-free. As Ap is torsion-free, it suffices to show that
P’ contains an element of ker ¢. Recall from Equation (7) and the discussion above that
AR contains elements ay, b, ¢ satisfying

¢(barcarbay) = ¢p(arbaica;b) and  bajcaiba; # aibaycarb.

In particular, this means g = (balcalbal)(albalcalb)_l € ker ¢. On the other hand, ¢ is
clearly in the commutator subgroup of Ag, which is just kera = P’. O

APPENDIX A. BACKGROUND FROM THE ALGEBRAIC GEOMETRY OF PLANE CURVES

A.1l. Fundamental groups of complements. We give a brief overview of the topology
of plane curves for non-experts, including some classical results on the numerical invariants.
We also describe a construction that associates with each plane curve, a locally trivial
fibration, such that the fundamental group of the total space is an extension of a free group
by another free group.

A.1.1. Pencils of lines. Let C = P? be a plane curve and let O = [a : b: ¢] be a point in
P2\C. The lines in P? containing O are parametrized by a projective line B = Z(ax+by+cz)
in the Grassmannian of lines in P2, which is itself isomorphic to P? and classically called
the dual plane P, Since each line L = Z(lyx + loy + l3z) passing through O satisfies
lia + lob + lsc = 0, we can identify the line L with the point [l1 : I3 : 3] € B. To O one
associates a map p : P2\{O} — B (called the projection with center at O) that assigns to
P € P?\{O} the unique line in P? containing O and P. If one identifies (non-canonically) B
with a line in ]P’Q\{O} then this map assigns to ) the unique intersection point of the line
OP with B. The projection of the complement to O is a holomorphic map that cannot be
extended to a map of P? but can be extended to the map of the Hirzebruch surface Fy that
is the blow-up Blp(IP?) of P? at O. The fibers of this extension are projective lines, while
the fibers of p are affine lines.

For b e B, let Lj be the line passing through O and b. The restriction of this projection
to C gives a (ramified) covering pc : C' — B such that for generic b € B the corresponding
line L intersects C' at smooth points only and transversally. In this case, the number of
preimages is equal to the degree d of C. For arbitrary b € B, the sum of the intersection
multiplicities of Ly with C is equal to d. The intersection multiplicity is greater than one
if either the line L; contains a singular point of C' or it is tangent to C. If the order of
tangency of L is greater than 2, it is called a flex (if the order of tangency is greater than
3, a higher-order flex), and if L; contains more than one point of tangency, it is called a
multiple tangent (a bitangent if this number is 2).

Information about the special fibers of pencils of lines is contained in the classical Pliicker
formulas (cf. [Kle77]). For example, if C' contains as singularities only ¢ ordinary nodes
and & ordinary cusps (i.e. the singularities having local equation y? = z? and 2% = 33,
respectively) and the pencil contains only the lines that either have a tangency of order
2 and are transverse to the lines of the tangent cones of all singular points (such pencils
are called generic) then the number d¥ of the lines in the pencil containing fewer than d
intersections with C is

(8) d" =d(d—1) — 3k — 26

It is convenient to describe the singular fibers of non-generic pencils in terms of the dual
curve of C, i.e. the curve C'V in P?” that is the projective closure of the set of points
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formed by the lines tangent to C' at its smooth points. Singularities of C'V correspond to
the flexes and multiple tangents of C' (cf. [Kle77]) while the ordinary flexes (resp. ordinary
bitangents) of C' correspond to the ordinary cusps (resp. ordinary nodes) of C'V. Thus the
pencil in P? consisting of the lines containing O corresponds to a line P¥ in P?" whose
special fibers of the pencil corresponding to the intersection points of PY with C'V or a line
in P2” corresponding to the pencils in P? centered at the singular points of C'.

The numerical data of non-generic pencils can be obtained using the remaining Pliicker
formulas for curves with ordinary nodes cusps, flexes, and bitangents (the number of the
latter two denoted by ¢ and 7, respectively) are given by

(9) d=d"(d" —1)—3u—2r,
(10) L= 3d(d—2) — 66 — 8k,
(11) K =3d"(d" —1) — 67 — 8.

The symmetry of the 4 equations in (8)—(11) reflects the duality relation CV" = C (cf.
[K1eT7]).

Example A.1. Let C be a cubic curve with one node (e.g. 3?2z = 23 — 222) and thus
numerical invariants 6 = 1,k = 0. Then d¥ = 4,. = 3,7 = 0. Hence, C'V is a 3-cuspidal
quartic. It has no nodes and, by duality, has one bitangent corresponding to the node of
C. There are 3 lines in P? connecting the node of C' with the intersection point of one of 3
pairs of inflectional tangents of C'. A pencil in P?” corresponding to either of these 3 lines
L; in P2, has 4 special fibers containing respectively two tangency points (this line in P2
corresponds to the node of C'), two cusps (the line corresponding to the intersection point in
P2 of two inflectional lines), one cusp (this fiber corresponds to the intersection point of L;
with remaining inflectional tangent) and finally, the fiber corresponding to the intersection
point of L; with C' outside of the node and containing one simple tangency point.

A.1.2. Braid monodromy. Let S € B be the set of singular values, and let L = ugegLs be
the set of singular lines. Then po : C\L — B\S is an unramified covering space, and the
restriction of p:P?\(C'u L) — B\S (also denoted p) is a locally trivial fibration. Both its
base and fibers are complements to a finite set of points in P': this is the set S ¢ B in
the former case and O U pal(b) < Ly, be B\S in the latter. Fix a basepoint by € B\S, a
point zg € Xo = p~(by) and let ip: Xg — P?\(C U L) be the inclusion. Since S # &, B\S is
aspherical, hence the long exact sequence of the fibration determines an extension

(12) 1 - 1 (Xo, 20) 225 1 (P\(C U L), 20) 2% 71 (B\S, by) — 1

The identification of 71(B\S,by) with the free group can be made by a choice of simple
closed curves {vs | s € S} in B\S based at by but otherwise disjoint, and which circle each
puncture in S. Similarly, a choice {0; | 1 < i < d} of loops in X based at zy give an
identification 1 (Fy, fo) with the free group Fj.

The extension can be described as follows. Let 7:[0,1] — B\S represent a loop based
at by (i.e. satisfying v(0) = (1) = by). Pulling back p:P*\(C U L) — B\S via v yields
a punctured P'-bundle over the interval [0,1] which is trivial since [0,1] is contractible.
A trivialization ®:4*(P?\(C u L)) — [0,1] x X such that ®¢: Xy — Xp is the identity
determines an orientation-preserving diffeomorphism ®;: Xo — Xy. We can assume this
diffeomorphism is the identity outside of a sufficiently large disk containing pal(bg) (we
may choose xg sufficiently close to O so that it also lies outside this disk). The isotopy class
of this diffeomorphism is independent of homotopy class of v rel endpoints, as well as the
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choice of trivialization. The group of isotopy classes of diffeomorphisms of the disk with d
punctures is the braid group By.

Definition A.2. The homomorphism [:m1(B\S,by) — By into the braid group assigning
the braid B(v) € By corresponding to the class of isotopy of the above diffeomorphism is
called braid monodromy associated to C.

Example A.3. Braids corresponding to singular fibers of the pencil. Each fiber p~1(s),s € S
contains either a singular point of C' or a tangency point. Let 5 be a path in B connecting
bo and s (avoiding other points in S). Then p~!(s) N C contains fewer points than p~!(bg)
and one can show that there is a 1-complex (vanishing fold) such that extension of the
diffeomorphism of pairs I x (7~ 1(bg), C np~t(bg) — (P?,C) well defined over I with removed
preimage of 1, to the map of 1 x (77 %(bg),C n p~!(by) contracts this complex to a point.

If s corresponds to a point with multiplicity 2 or a simple tangency point, then this
vanishing fold is just a segment that gets contracted to a point as one moves along v from
bp to s. In this case, it is called the vanishing cycle. Denote it 05 and let (s) be a loop that
is union of v5\Dg N 75 where Dy is a small disk centered at s, the boundary of D oriented
counterclockwise, and then returning back to by along ;. The braid monodromy assigns to
v(s) some power of the Dehn twist about 5. More precisely, if the projection looks locally
as a projection of y* = 22 onto z-axis, the braid corresponding to s is the k-th power of
the Dehn twist, and the braid is conjugate to a’f where a; is one the standard generators
of the braid group (cf.[Moi81], [CA11]).

Theorem A.4 (Zariski-van Kampen). Let C < P? be an algebraic curve, P € P\C' and

with the same notation as above, let B:m1(B\S,by) — By be the braid monodromy. Then:

(a) The split extension (12) is determined by p:m1(B\S,by) — Aut(Fy), where ¢ is the
composition of 8 and the Artin representation pa: Bg — Aut(F,) (c¢f. [FM11])

(b) Choose be B,b + by. Then the group m (P*\p~*(S U b) U C) has the following presen-
tation (N =|S|)

(13) m(B\p (S Ub) U C) =ty bty x| 2 = Bi(:)
(here j =1, N,i=1,--d)

(¢) (complements to projective and affine curves) If s € B\S then m (P2\O) (resp. m1(CA\C)
where C? = P2\p~1(b))) has the following presentation:

(14) 71’1(P2\C) = {:Cl, cee ,xd\ﬂj(xi) =Tj,T1Xq = 1}
resp.
(15) m(CNC) = {x1,..., zal Bj(x;) = x5}

The fundamental group m1(F;\C) where Fy is the blow-up of P? at P has expression
similar to (14) The only change was the replacement of Artin’s braid group with the braid
group of spheres. Blow-up does not change, of course, the fundamental group.

A.2. Generic projections. Let V be a smooth surface in PV, Let H = PN=3 c PM\V be
a linear subspace. The Schubert subvariety B of the Grassmannian of linear /N —2-subspaces
in PV containing H can be canonically identified with P2. Extending the construction in
A.1.1, one can consider the map p: PV \H — B assigning to a point P the linear subspace
of PV spanned by P and H and its restriction py : V — B to V. For a Zariski open subset
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in B, the corresponding linear subspaces are transverse to V and intersect V at d = deg(V)
points. The complement is called the branching curve Cy of py .

For H in a Zariski open set in the Grassmannian of linear subspaces PV =3 < PV, the
branching curve Cy is reduced, and singularities of Cy are ordinary cusps and nodes.
Projections corresponding to any subspace H in this set are called generic. The singularities
of Cy can be described in terms of the ramification curve R (i.e. the curve R c V formed
by critical points of py ), as the singularities of the image of projection py|r: R — B. Note
that py|gr is almost never generic as a map of curves (since generic projections of curves
have nodes as the only singularities, while cusps of Cy are unavoidable for almost all V).

Branching curves of generic projections form an important class of plane singular curves,
and their fundamental groups have been extensively studied. For past results on funda-
mental groups of the complements to the branching curves to generic projections, as well
as more recent calculations, see [FT12] and the references therein.

A.2.1. Duals of rational nodal curves. Let Cq  P? be a rational curve of degree d having
only nodes as singularities. Such a curve can be obtained as a generic projection of the
smooth rational normal curve in P4, i.e. the image of P! under the embedding z; = s,
for [s:t] € PL. It has (d;)—nodes. It follows from (8) and (9) that the dual curve C) has
degree 2d — 2, 3d — 6 cusps, and 2(d — 2)(d — 3) nodes.

Theorem A.5. [Zar36] The fundamental group w1 (P*\Cy) is isomorphic to By(S?), the
braid group of sphere on d strands.

Note that B4(S?) =~ By/(01+04-203_104—2--01). When d = 3, Cy is a quartic with 3
cusps and no nodes, and 71 (P?\Cy') = B3(S?) is a finite group of order 12.

REFERENCES

[AB97] E. Artal Bartolo. Fundamental group of a class of rational cuspidal curves. Manuscripta
Math., 93(3):273-281, 1997.

[ABCAMM18] Enrique Artal Bartolo, José Ignacio Cogolludo-Agustin, and Jorge Martin-Morales. Wirtinger
curves, artin groups, and hypocycloids. Revista de la Real Academia de Ciencias Ezactas,
Fisicas y Naturales. Serie A. Matemdticas, 112(3):641-656, 2018.

[Bes99| Mladen Bestvina. Non-positively curved aspects of Artin groups of finite type. Geom. Topol.,
3:269-302, 1999.
[BH99] Martin R. Bridson and André Haefliger. Metric spaces of non-positive curvature, volume 319

of Grundlehren der mathematischen Wissenschaften [Fundamental Principles of Mathemat-
ical Sciences]. Springer-Verlag, Berlin, 1999.

[BM10] Tom Brady and Jon McCammond. Braids, posets and orthoschemes. Algebr. Geom. Topol.,
10(4):2277-2314, 2010.

[BRI6] Philip L. Bowers and Kim Ruane. Boundaries of nonpositively curved groups of the form
G x Z". Glasgow Math. J., 38(2):177-189, 1996.

[Brol2] Kenneth S Brown. Cohomology of groups, volume 87. Springer Science & Business Media,
2012.

[CA11] José Ignacio Cogolludo-Agustin. Braid monodromy of algebraic curves. In Annales
mathématiques Blaise Pascal, volume 18, pages 141-209, 2011.

[Cul84] Marc Culler. Finite groups of outer automorphisms of a free group. Contributions to group
theory, 33:197-207, 1984.

[CWO04] Fabrizio Catanese and Bronislaw Wajnryb. The 3-cuspidal quartic and braid monodromy of
degree 4 coverings. Projective varieties with unexpected properties, pages 113-129, 2004.

[CW1T] Matthieu Calvez and Bert Wiest. Acylindrical hyperbolicity and Artin-Tits groups of spher-

ical type. Geom. Dedicata, 191:199-215, 2017.



[Dim12]
[EN16]
[FM11]
[FS14]

[FT12]

[FZ96]
[Gre07]
[Gro87]
[HKS16]
[Jeo23]
[Khrs5]
[Kle77]
[Lee9s]
[Lib21]
[LIP21]
[Mois1]
[Osil6]
[Par97]
[PV92]
[Rob97]
[vdL83]
[Wajo9]
[Zar29]
[Zar36]
[Zhu23]
[Zie81]

[Zim81]

23

Alexandru Dimca. Singularities and topology of hypersurfaces. Springer Science & Business
Media, 2012.

David Eisenbud and Walter D Neumann. Three-dimensional link theory and invariants of
plane curve singularities.(am-110). 2016.

Benson Farb and Dan Margalit. A primer on mapping class groups (pms-49). Princeton
University Press, 2011.

Stefan Friedl and Alexander I Suciu. Kéhler groups, quasi-projective groups and 3-manifold
groups. Journal of the London Mathematical Society, 89(1):151-168, 2014.

Michael Friedman and Mina Teicher. On fundamental groups related to degeneratable sur-
faces: conjectures and examples. Annali della Scuola Normale Superiore di Pisa-Classe di
Scienze, 11(3):565-603, 2012.

Hubert Flenner and Mikhail Zaidenberg. On a class of rational cuspidal plane curves.
Manuscripta Math., 89(4):439-459, 1996.

GM Greuel. Introduction to singularities and deformations. Springer Monographs in Math-
ematics/Springer, 2007.

M. Gromov. Hyperbolic groups. In Essays in group theory, volume 8 of Math. Sci. Res. Inst.
Publ., pages 75-263. Springer, New York, 1987.

Thomas Haettel, Dawid Kielak, and Petra Schwer. The 6-strand braid group is CAT(0).
Geom. Dedicata, 182:263-286, 2016.

Seong Gu Jeong. The seven-strand braid group is CAT(0). manuscripta mathematica,
171(3):563-581, 2023.

Dmitrii Gennad’evich Khramtsov. Finite groups of automorphisms of free groups. Mathe-
matical notes of the Academy of Sciences of the USSR, 38:721-724, 1985.

S Kleiman. Enumerative theory of singularities, real and complex singularities (proc. ninth
nordic summer school/navf sympos. math., oslo, 1976). MR, 58(27960):297-396, 1977.
Bernhard Leeb. 3-manifolds with(out) metrics of nonpositive curvature. Inventiones mathe-
maticae, 122:277-289, 1995.

Anatoly Libgober. Complements to ample divisors and singularities. Handbook of Geometry
and Topology of Singularities 11, pages 501-567, 2021.

Claudio Llosa Isenrich and Pierre Py. Mapping class groups, multiple Kodaira fibrations,
and CAT(0) spaces. Math. Ann., 380(1-2):449-485, 2021.

B. G. Moishezon. Stable branch curves and braid monodromies. In Anatoly Libgober and
Philip Wagreich, editors, Algebraic Geometry, pages 107-192, Berlin, Heidelberg, 1981.
Springer Berlin Heidelberg.

D. Osin. Acylindrically hyperbolic groups. Trans. Amer. Math. Soc., 368(2):851-888, 2016.
Luis Paris. Parabolic subgroups of Artin groups. J. Algebra, 196(2):369-399, 1997.

Bernard Perron and Jean-Pierre Vannier. Groupe de monodromie géométrique des singu-
larités simples. C. R. Acad. Sci. Paris Sér. I Math., 315(10):1067-1070, 1992.

Arthur Robb. On branch curves of algebraic surfaces. Singularities and Complexr Geometry
(Beijing, 1994), Amer. Math. Soc./Int. Press Stud. Adv. Math, 5:193-221, 1997.

Harm van der Lek. The homotopy type of complex hyperplane complements. PhD thesis,
University of Nijmegen, 1983.

Bronislaw Wajnryb. Artin groups and geometric monodromy. Inventiones mathematicae,
138:563-571, 1999.

Oscar Zariski. On the problem of existence of algebraic functions of two variables possessing
a given branch curve. American Journal of Mathematics, 51(2):305-328, 1929.

Oscar Zariski. On the poincaré group of rational plane curves. American Journal of Mathe-
matics, 58(3):607-619, 1936.

Kejia Zhu. Conditions on the monodromy for a surface group extension to be CAT(0).
Proceedings of the American Mathematical Society, 151(11):4643-4651, 2023.

Heiner Zieschang. Finite groups of mapping classes of surfaces, volume 875 of Lecture Notes
in Mathematics. Springer-Verlag, Berlin, 1981.

Bruno Zimmermann. Uber homdomorphismen n-dimensionaler henkelkérper und endliche
erweiterungen von schottky-gruppen. Commentarii Mathematici Helvetici, 56:474-486, 1981.



24

DEPARTMENT OF MATHEMATICS, TUFTS UNIVERSITY
Email address: Corey.Bregman@tufts.edu
URL: https://sites.google.com/view/cbregman

DEPARTMENT OF NIATHEMATICS, STATISTICS AND COMPUTER SCIENCE, UNIVERSITY OF ILLINOIS AT
CHICAGO

Email address: 1ibgober@uic.edu

URL: http://homepages.math.uic.edu/ libgober/

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA AT RIVERSIDE
Email address: kzhumath@gmail . com
URL: https://sites.google.com/view/kejiazhu



