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Stringy FE-functions of Pfaffian—Grassmannian
double mirrors

Lev Borisov and Anatoly Libgober

ABSTRACT

We establish the equality of stringy E-functions for double mirror Calabi—Yau complete
intersections in the varieties of skew forms of rank at most 2k and at most n — 1 — 2k
on a vector space of odd dimension n.

1. Introduction

Mirror symmetry in its classical formulation is the statement that certain quantum field theories
defined using different Calabi—Yau manifolds differ by a switch between the so-called ITA and
IIB twists. This physical (or, more precisely, string-theoretical) phenomenon implies a vast array
of consequences for various invariants of the Calabi—Yau manifolds in question.

In recent years, there has been considerable interest in the so-called double mirror phe-
nomenon, which occurs when two different families of Calabi-Yau varieties { X, } and {Y,} share
the same mirror family. In the majority of known cases, these Calabi—Yau varieties are simply
birational to each other. There are, however, a few instances of non-birational Calabi—Yau double
mirror manifolds, of which the oldest and most prominent one is the example of Rgdland, called
the Pfaffian—Grassmannian correspondence. In this paper, we will explore the generalization of
this example to higher dimensions suggested by Kuznetsov; see [Kuzl4]. We will prove that the
stringy F-functions of the expected double mirror varieties coincide.

We will now describe the original example of Rgdland. Let V be a complex vector space
of dimension n = 7 and W be a generic subspace of dimension 7 of the space A2V" of skew
forms on V. With these data, one associates a complete intersection Calabi—Yau threefold
Xw C G(2,V) and another Calabi—Yau threefold Yy € PW which is the locus of degener-
ate forms. For a generic choice of W, these Xy and Yy are smooth Calabi—Yau threefolds with
Hodge numbers (hl’l, h1’2) = (1,50). Their double mirror status was first suggested by [Rod00]
and then further solidified by [BC09, HT07, Kuz06].

An analogous construction works for an arbitrary odd n > 5. We get two families of Calabi—
Yau varieties { Xy} and {Yyy } of dimension n —4, and we can try to verify various mathematical
consequences of their conjectural double mirror status. The most accessible such property is the
equality of their Hodge numbers. However, for n > 11, the Pfaffian side Yy is singular, so its
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Hodge numbers need to be generalized to the stringy Hodge numbers defined in [Bat98]. The
first important result of our paper is the following.

THEOREM (Theorem 2.4). For any odd n > 5, we have the equality of Hodge numbers of (n —4)-
dimensional varieties h?1( Xy ) = hE1(Yiy).

While the result of Theorem 2.4 is not particularly surprising, it requires an elaborate cal-
culation which involves the log resolution of the Pfaffian variety given in terms of the so-called
spaces of complete skew forms [Ber97, Tha99]. In the process, we end up calculating stringy
Hodge numbers of Pfaffian varieties by an inductive argument.

There is a way to further generalize the Pfaffian—-Grassmannian correspondence which we will
now describe. The Pfaffian—Grassmannian correspondence can be viewed as a particular case of
a more general correspondence between Calabi—Yau complete intersections Xy and Yjy in dual
Pfaffian varieties Pf (Qk, VV) and Pf(n—1—2k, V) for a vector space V of odd dimension n. Here
Pf (2k, V") is the kth secant variety of G(2,V) C PA*V. We define these varieties Xy and Yy
in Section 7 and eventually prove the following, rather more technical, result.

THEOREM (Theorem 7.7). The varieties Xy and Yy have well-defined stringy Hodge numbers.
Moreover, there holds h5;?( Xy ) = b5 (Yiy).

We chose to discuss the easier case of the Pfaffian—Grassmannian correspondence in more
detail, so that the reader can focus on it first and only then continue to the general case. In
Section 2, we define the varieties Xy and Yy, prove their basic properties, and formulate the
main result Theorem 2.4. We also recall the definition of stringy E-functions and discuss the case
of Zariski-locally trivial resolutions. In Section 3, we calculate a log resolution of the Pfaffian
variety in terms of the spaces of complete skew forms. It includes a delicate calculation of the
discrepancies of the exceptional divisors. Section 4 contains an inductive calculation of the stringy
E-functions of Pfaffians in odd-dimensional spaces. We get a remarkably simple formula for
it in Theorem 4.6. Section 5 finishes the argument by considering projections of the Cayley
hypersurface of Xyy. Section 6 describes the analogous construction in the case of even n. For
even n, the varieties Xy and Yy have different dimensions and can thus only be double mirrors
in some generalized sense. Moreover, it appears that the definition of stringy F-function needs to
be adjusted for such generalized double mirrors, since the usual stringy E-function does not work.

We then proceed with the definitions and arguments for the general case. In Section 7, we
define the varieties Xy and Yy, prove their basic properties, and formulate the second main
result, Theorem 7.7. Section 8 proceeds to prove Theorem 7.7 modulo some technical results
relegated to the appendix. Finally, in Section 9 we make a few concluding remarks with the focus
on open questions related to our construction.

2. Pfaffian and Grassmannian double mirror Calabi—Yau varieties

Let V be an n-dimensional complex vector space for an odd n > 5. Let W C A2VY be a
generic n-dimensional space of skew forms on V. With these data, we associate two Calabi—Yau
varieties Xy and Yy as follows:

e Xy is a subvariety of the Grassmannian G(2,V’) of dimension 2 subspaces T, C V. It is
defined as the locus of Ty € G(2,V) with wl,, =0 for all w € W.
2

e Yy is a subvariety of the Pfaffian variety Pf(V) C PA?V of skew forms on V whose rank is
less than n — 1. It is defined as the intersection of Pf(V) with PIW C PA%V.
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PROPOSITION 2.1. For a generic choice of W, the variety Xy is a smooth variety of dimension
n — 4 with trivial canonical class, and the variety Yy is a variety of dimension n — 4 with at
worst Gorenstein singularities and trivial canonical class.

Proof. To prove the first statement, observe that Xy is the intersection of n generic hyperplanes
in PA%2V with the Grassmannian G(2,V) in its Pliicker embedding. This intersection is smooth
by the Bertini theorem and has trivial canonical class by the adjunction formula and the formula
for the canonical class of G(2,V).

To prove the second statement, we recall the results of [BE77]. The variety Pf(V) is of
codimension 3 in PA?2VY. The resolution of the pushforward of the structure sheaf i+ Opt(vy In
PA2VV is given by the powers of the universal skew form as

0= 0(—n) — O (= n+ 1)) — 0 (-1(n—-1)"" — 0 — i0py = 0. (2.1)
Thus, the variety is Gorenstein, and by [Har77], we have
i*Kpf(V) = EXt3 (i*Opf(V), ) (—%n(n - 1))) .

The dual of the first map in (2.1) is, up to a twist, the third map, so we see that i Kppvy =
i*(f)pf(v)(—%n(n —3)) and

Kpiy =0 (—5n(n —3)) . (2.2)
Since PW is a generic subspace of codimension %n(n — 3) in PA%2VY, the Bertini theorem and
adjunction for Gorenstein varieties finish the proof. O

Remark 2.2. Dimension counts show that Yy is smooth for n < 9 and is singular thereafter.

Remark 2.3. It is easy to show that Xy and Yy are Calabi—Yau varieties in the strict sense,
namely, that H*(Xy, 0) = H(Yyy,0) =0 foralli = 1,...,n—5. This follows from the Lefschetz
hyperplane theorem for Xy and the exact sequence (2.1) for Yy .

Our interest in the varieties Xy and Yy stems from the observation of Rgdland [Red00]
that for n = 7, the corresponding families of Calabi—Yau threefolds have the same mirror family.
From the physicists’ point of view, this corresponds to the statement that the string theories with
targets Xy and Yy can be obtained from one another by analytic continuation in the Kahler
parameter space. We will not pretend to have a full understanding of the physical meaning of
this claim but will instead refer interested readers to [HT07] for more details. We refer to pairs
of such varieties as double mirror to each other, as indicated in the title of this section.

Double mirror Calabi—Yau manifolds are expected to be intimately related to each other. In
particular, their Hodge numbers are expected to be the same. In addition, one expects that the
bounded derived categories of coherent sheaves on Xy and Yy are equivalent. This, indeed,
has been verified independently in [BC09] and [Kuz06] in the n = 7 case, thus providing a rare
example of non-birational derived equivalent manifolds. For a sample of related problems in
dimension 2; see [KS16, Huy18, ADMI16].

It is reasonable to conjecture that the (n — 4)-dimensional varieties Xy and Yy are double
mirror to each other for arbitrary n. The mathematical consequences of this statement undoubt-
edly need to be adjusted due to the presence of singularities in Y. The string theory corrections
due to the singularities are not fully understood; however, there is a robust definition of stringy
Hodge numbers of singular varieties, due to Batyrev [Bat98]. With this in mind, it becomes
natural to conjecture and then prove the following result, which is the main focus of this paper.
The proof of the theorem is postponed until Section 5.
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THEOREM 2.4. For any odd n > 5, we have the equality of Hodge numbers of (n—4)-dimensional
varieties hP1( Xy ) = 4 (Yiy).

Remark 2.5. Stringy Hodge numbers coincide with usual Hodge numbers in the smooth case, so
B (Xw) = hP%( Xy ). However, the variety Yy is singular for n > 11, and the statement would
fail without this correction.

In the rest of this section, we recall the definition of stringy Hodge numbers of singular
varieties with log-terminal singularities following [Bat98] and describe the case of Zariski-locally
trivial log resolutions, which will be an important technical tool in our study of stringy Hodge
numbers of Yy .

Let Y be a singular variety with log-terminal singularities. Let : Y > Y bea log resolution
of Y, that is, a proper birational morphism from a smooth variety Y such that the exceptional
divisor Ule D; has simple normal crossings. It is assumed that Y is Q-Gorenstein, which allows
us to compare the canonical classes

Ky =m"Ky + ) oD

to define the discrepancies «;. The discrepancies satisfy a; > —1 by the log-terminality assump-
tion (see [CKMS88]). Recall that for any variety W (not necessarily projective), we can define
the Hodge—Deligne polynomial E(W;w,v) which measures the alternating sum of dimensions
of the (p,q) components of the mixed Hodge structure on the cohomology of W with compact
support [DK87] For a possibly empty subset J of {1,...,k}, we denote by D¢ the locally closed
subset of ¥ which consists of the points z € Y that he in D; if and only if j € J.

DEFINITION 2.6 ([Bat98]). The stringy E-function of Y is defined by
o uv — 1
Est(Y;’LL,'U) = Z E(DJ’U’U)HW
JC{1,...,k} jeJ
Thus defined, Fg(Y;u,v) does not depend on the choice of the log resolution of Y, which justifies
the notation. It is in general only a rational function in fractional powers of u and v. However,
in the case when FEg(Y’;u,v) is polynomial in u and v, we use

Ea(Yiu,v) = > (=)PHRE(Y )uPo?
p=0,g20

to define the stringy Hodge numbers hL?(Y).

Remark 2.7. 1t is not clear under what conditions the stringy Hodge numbers exist. Even in the 3-
dimensional Gorenstein case, one can have E-functions with nontrivial denominators; see [DRO1].
So the existence of stringy Hodge numbers of Yy is not known a priori. Rather, it is a consequence
of our calculation of its stringy FE-function.

In a number of cases, the log resolution of singularities Y — Y has an additional property
of having the open strata D9 form Zariski-locally trivial fibrations over the corresponding strata
in Y. This is the case when Y has isolated singularities, but it also occurs more generally.
Notably, this happens in the case of generic hypersurfaces and complete intersections in toric
varieties, as well as in the case considered in this paper. We discuss this phenomenon below.

DEFINITION 2.8. We call a log resolution 7: Y — Y as above Zariski- locally trivial if each DY is
a Zariski-locally trivial fibration over its image 7(D9) in Y.
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DEFINITION 2.9. Suppose that a singular variety ¥ admits a Zariski-locally trivial log resolution
m:Y — Y. For a point y € Y, define the local contribution of y to Eg(Y;u,v) to be

S(y;u,v) = Z E(D}mw—l(y);u,v)n(m;;zj:f_l.

JCA1,...k} jeJ

Remark 2.10. Thus defined, S(y;u,v) is a constructible function on Y with values in the field
of rational functions in fractional powers of u and v. Indeed, if y; and yo are such that the
set of J with m(D9) containing y; is the same as the set of J with m(D9) containing 32, then
S(y1;u,v) = S(y2; u,v). Moreover, this function is independent of the choice of a Zariski-locally
trivial resolution. This follows from the usual argument that involves the weak factorization
theorem [AKMWO02]. Last but not least, there holds

Ea(Yiu,v) =Y E(Yiiu,v)S(y € Yisu,v), (2.3)

where Y = | |, Y; is the stratification of ¥ into the sets on which S is constant. This follows
immediately from the multiplicativity of Hodge—Deligne E-functions for Zariski-locally trivial
fibrations; see [DK&7].

3. Log resolutions and discrepancies of Pfaffian varieties

In this section, we use the classical spaces of complete skew forms to construct log resolutions
of Pfaffian varieties. We describe these spaces in detail. In particular, we calculate the discrep-
ancies of the exceptional divisors, which are needed for the subsequent calculations of stringy
E-functions. It is a rather delicate calculation based on the interplay between the spaces of
complete skew forms on even- and odd-dimensional spaces.

Let V be a complex vector space of dimension n > 3. For now we do not assume that n is
odd. Consider the space PA?VY of nontrivial skew forms on V up to scaling. The loci of forms
of corank k > 0 are locally closed smooth subvarieties of PA2V" of codimension %k(kz —1). Note
that the rank n — k is always even. In particular, when n is even, PA?V" has an open stratum
for £k =0, a codimension 1 stratum for £ = 2 given by the vanishing of the Pfaffian of the form,
as well as lower-dimensional strata if n is large enough. When n is odd, there is an open stratum
for £k =1, a codimension 3 stratum for £ = 3, and possibly lower-dimensional strata.

For n large enough, the closures of the strata in the above stratification of PA?2VY are singular.
The space of complete skew forms provides a log resolution of this stratification. It is described
in the following proposition.

PROPOSITION 3.1. Consider the successive blowups of the loci of forms of rank 2 in PA2VY, then
of the proper preimage of the locus of forms of rank 4, and so on. At each stage, the center of
the blowup is smooth, so all of the blowups are smooth. The resulting space of complete skew

forms is a smooth variety PA2VV which parametrizes the (possibly trivial) flags
0CF'c--CF'=V

with FO of dimension 0 if n is even and 1 if n is odd, together with nondegenerate forms
Cw; € PA? (F”l/Fi)v. The map to PA2VV — PA2VY is given by interpreting a skew form
on F'/F'=1 as a skew form on F! =V.

Proof. See [Ber97, Tha99). O
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Remark 3.2. It is worth pointing out that in the statement of Proposition 3.1, the length of the

flag [ varies from point to point. For a closed point in PA2VV in general position, we have [ = 1,
and the image in PA?V" is a form of rank n — 3.

ProPOSITION 3.3. Let 0 < k < n be an integer such that n — k is even. The exceptional divisors
of IP’WV — PA2VY are described by requiring that a subspace of dimension n — k is present
in the flag F'*. They form a simple normal crossing divisor on IP’WV. The generic point of the
divisor that corresponds to the subspace of dimension k maps to the generic point of the locus
of forms of corank k. The discrepancy of the corresponding divisor is %k(k -1)-1.

Proof. From the iterated blowup construction, we see that the exceptional divisor is a simple
normal crossing divisor (see [Ber97]). The description of it at the set-theoretic level is clear as
well. The discrepancies are calculated based on the codimension of the (smooth) locus of the
corresponding blowup. d

A slight variation of this construction for odd n produces a log resolution of the Pfaffian
variety of degenerate forms on V.

PROPOSITION 3.4. For odd n, consider the sequence of iterated blowups of (proper preimages)
of loci of forms of rank 2, 4, and so on, up ton —5 in PA?V". Then consider the proper preimage

—

Pf(V') of the locus Pf(V) of forms of corank at least 3 on V. Then P/fiv) — Pf(V) is a log
resolution of Pf(V'). Points of Pf(V') are given by collections of flags

0OCF'c.--CcF'=V
with FO of dimension 3 together with nondegenerate forms Cw; € PA? (F anyoy i)v. The ex-

ceptional divisors D; of the map m — Pf(V) are indexed by j = 3,...,4(n — 1) and are
characterized by the existence of a subspace of dimension 2j — 1 in the above flag.

Proof. The smoothness is part of the statement of Proposition 3.1. The set-theoretic description
of the space is also clear. O

o —

Remark 3.5. We can also identify the space Pf(V') with the relative space of complete skew forms
(see [Ber97]) on the rank n — 3 universal quotient bundle @3 over the Grassmannian G(3,V).
Indeed, the map to PA2Q§’ is given by sending the form with the above data to F° and the skew
form on F'/F° = V/FY.

The canonical class of Pf(V') has been calculated in (2.2). We will now calculate the discrep-
ancies of the map 7: Pf(V) — Pf(V).

—

THEOREM 3.6. We have the following relation in the Picard group of Pf(V):
%(nfl)
K = 7 Kprv) + > (2% -5j+1)D;.
j=3

In particular, P{(V') has terminal Gorenstein singularities.

—

Proof. Consider the variety Z = Pf(V) x (3,1 F1(2,3, V) which parametrizes elements of P?(V)
together with a choice of a dimension 2 subspace inside the tautological space for the correspond-
ing point in G(3, V). This Z is simply the space of complete skew forms on the universal quotient
bundle Q3 1 over the partial flag variety F1(2,3,V). Points of Z are given by flags

OcFlcFlc...cF =V
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with dim F~! = 2 and dim F° = 3 together with the nondegenerate forms Cw; that belong to
PA? (FiH/Fi)v for i > 0. Of course, Z is a P2-bundle over Pf(V).

Note that Z maps to G(2, V). In fact, it is clear that this map passes through the space PA2QY
of skew forms on the universal quotient bundle over the Grassmannian G(2, V). Moreover, we can
view Z as the relative space of complete skew forms on Q2 over G(2,V’). We have the following
commutative diagram:

o —

Pf(V) <+— Z
4 \ hV

Pf(V) «— PA2QY <+— IP’AQQ:{F] —  PA%2QY
1 l 4

GB3,V) «— FIU2,3,V) — G2, V).

There are also natural morphisms PA2QY — Pf(V) and Pf(V) — PA%2V" which are not depicted
in the above diagram but which commute with all of the above morphisms.

Remark 3.7. The natural morphism PA%2QY — PA2QY is birational. Indeed, a (maximum)
rank n — 3 form on a fiber of ()2 has a 1-dimensional kernel, which defines the 3-dimensional
subspace in the flag. However, even though both varieties are smooth, the exceptional locus E of
(relative) forms of positive corank is not a smooth divisor. The blowup locus in PA2QY consists
of (relative) skew forms of corank at least 3 and is generically smooth and of codimension 3.

There are divisors E; on Z defined as the loci of the complete skew forms that have a filtration
subspace of dimension 2j — 1. The index j ranges from j = 3 to j = %(n — 1). We observe that
the E; are the exceptional divisors of the birational morphisms to IP’AQC)?{F1 and PA2QY. They
are also the preimages of the exceptional divisors D; of m — P{(V).

The discrepancies of the map m: Z — IF’A2Q})/7F1 can be calculated by Proposition 3.3, and
we get,

3(n=1)
Kz = mKpargy,, + > ((G—2)(2) —5) - 1E;
j=3
%(n—l)

= 3 Kpiav) — e (A2 QY p) —rank(A’Qyp)E+ Y (257 — 95 +9)E;

7j=3
%(n—l)
= w3 Kpiesy) — 3o (AQYr) —3(n—3)(n—4)é+ > (25°— 95 +9)E;
Jj=3
%(n—l)
= mKmeav) + (0= Dm5e1(Qsr) — s(n=3)(n— )+ D (27— 95 +9)E;  (3.1)

j=3
for m3: Z — F1(2,3,V). Here £ is the pullback to Z of the first Chern class of the universal
quotient bundle on IP’A2Q?3/7F1, which is also the same as the pullback of the hyperplane class via
Z — PA%(V). Note that the discrepancy of Es is 0. Indeed, 7 (E3) is already a divisor, namely
the exceptional divisor of Remark 3.7.

Similarly, the morphism mo: Z — ]P’AQQQv is a relative construction of the space of complete
forms, obtained by blowing up proper preimages of loci of forms of corank 25 — 3 in the odd-
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dimensional spaces, which gives

3(n—=1)
2
Kz =m5Kppagy + Y (25 —3)(j —2) — 1)E,
=3
%(n 1)
= 1 Kga,y) — mio1 (A’QY) — rank(A’QY)E+ > (25— Tj+5)E
7j=3

(NI
=

n—1)
= i Ko@y) — mie1 (A2QY) — 3(n — 2)(n — 3)€ + Z (242 — 75 +5) E;

j=3
%(n—l)

= =3mjc1(Q2) — s(n—2)(n=3)+ > (2T +5)E; (3.2)
j=3

for my: Z — G(2,V).

We take a linear combination of the above equations (3.1) and (3.2) with coefficients —1 and 2
to get

3(n=1)
2
Kz = =75 Kpi2,3v)— (n—4)mje1 (Qam) —6m5e1 (Q2) — gn(n—=3)+ Y (27 =5j+1)E;. (3.3)
j=3
On the other hand, for 7: P/f(v) — Pf(V), we have
Kﬁ(V) ™ Kpg(v Za]D =—sn(n—3 7r§+Zoz]
by (2.2) and thus for pu: Z — Pf(V) and m5: Z — G(3,V), we have
Kz = " Kgpm pr) T T3 Kri2,3,v) — T Kaey)
—%n(n — 3 f + Z OéjEj + WSKFI(Q,S,V) — WgKGr(37V) . (34)
J
When we compare the formulas (3.3) and (3.4) for Kz, we get
%(nfl)
0= =215 Kpi231) — (n — Hmse1(Qam) — 6m5c1(Q2) + miKaany + >, (257 —5j+1—a))E;.
j=3

Thus, to finish the proof of Theorem 3.6, it remains to verify that

0= —2m3Kpi2,3,v) — (n — 4)m3c1(Q3 p1) — 67yc1(Q2) + m5 K3,y

in the Picard group of Z. All of the ingredients of this formula are pullbacks from the partial
flag variety F1(2,3,V), and the statement follows from

0= —2Kpi2,3v) — 2n — 4)c1(Qs,p1) — 6c1(Q2,r1) (3.5)
in the Picard group of F1(2,3,V), which we verify below.

The tangent bundle to F1(2,3,V) fits into a short exact sequence with the bundles
Hom(T3 51, Q3 71) and Hom(T5 g1, T3 11/7T2,11), where T denotes the appropriate tautological sub-
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bundles. Thus, we have

—Ki2,3,v) = ne1(Q3 1) + cr(Hom(Ty 1, T3 1)) — c1(Hom(Th ry, To 71))
=nc1(Q3,r1) — 3c1(Tom) + 2¢1(T351) = (0 — 2)c1(Q3,r1) + 3c1(Q2,m1) -
This proves (3.5) and finishes the proof of Theorem 3.6. O

Remark 3.8. We get a log resolution of ?W — Y by taking a complete intersection of F?(v)
by PW C PA%VV. For the generic choice of W, this resolution has the exceptional divisors
D;nN }A/W with the same discrepancies. However, there are considerably fewer of them, since the
codimension of the image of D; in Pf(V) is quadratic in j, so most D; have an empty intersection
with the preimage of PW.

4. Stringy FE-functions of Pfaffian varieties

The goal of this section is to calculate the stringy E-functions of Pfaffian subvarieties Pf (CQT“) C
PA? ((C2T+1). We do so by induction on r. Our main result is the remarkably simple formula of
Theorem 4.6.

We start with some results on the usual E-functions of the loci of skew forms of fixed rank.

DEFINITION 4.1. For ¢ > 1, we denote by ey; = eg;(u,v) the E-function of the variety of non-
degenerate skew forms on C*, up to scaling. For any 0 < k < n, we denote by gx,(u,v) the
E-functions of the Grassmannian G(k,n).

Remark 4.2. Tt is possible to write explicit formulas for es;(u,v) and gg ,(u,v), but we will not
use them in this section. The formula for g ,(u,v) will be given and used in the appendix to
help deal with the more general Pfaffian double mirror conjecture.

PRrROPOSITION 4.3. For 0 < i < r, there holds

(uv)2r—2i+1 _ 1)

92i,2r (1, v) = g2i2r11(u, v) ( (w0) T — 1

Proof. The partial flag variety F1(2i,2r,2r + 1) is a Zariski-locally trivial fibration with fiber
G(2i,2r) over P?". Tt is also a Zariski-locally trivial fibration over G(2i,2r + 1) with fiber P2 =%,
It remains to recall that E(P*) = ((uv)*! —1)/(uv — 1). O

We now observe two relations among eg; and the F-functions of Grassmannians.

PROPOSITION 4.4. The following identities hold for any r > 1 as functions of u and v:

T
uv)r(2r—1) -1
Z €2i92i2r = ———————, (4.1)
— uv — 1
r r(2r+1) _
uv
Z €2i92i,2r+1 = (wo) 770 —1 )uv _— . (4.2)

=1

Proof. To prove the first identity, observe that the space of skew forms PA? ((CQT) is stratified by
the rank 2¢ of the form for 1 < ¢ < r. By considering the kernels of the forms of rank 2¢, we deduce
that the aforementioned ith stratum is a fibration over G(2r — 24, 2r) with the fiber isomorphic
to the space of nondegenerate skew forms on C?. To show that this fibration is Zariski-locally
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trivial, let us view G(Qi — 2r, (Cz”) as the space of full rank (2r — 2i,2r) matrices up to the left
action of GL(2r — 2¢,C). Then consider the subgroup of PGL(2r, C) of matrices

Ior_2;  Mop_2;9;
0 Iy ’

whose right action on the subspace of dimension 2¢ — 2r in G (27‘ — 2, C2") generated by first
2¢ — 2r basis vectors identifies it with an open Schubert cell. Thus, we can use the action of
this group to trivialize the fibration over this Schubert cell. Then we cover the Grassmannian
by translates of this cell and use the conjugate subgroups. Finally, we use go,—2i 2, = g2i,2,. The
second identity is proved similarly. O

The following observation is key to calculating stringy E-functions of Pfaffian varieties.

ProrosiTION 4.5. For any r > 1, there holds

r—1 . 2
(uv)Qr—Qz -1 . B ((U/U)QT _ 1) ((uv)% r—1 _ 1)
2 ((W)z—l> Crgarit = ((uv)? = 1) (uv — 1) '

i=1

Proof. We can change the index of summation to ¢ = 1,...,r, since the ¢ = r term is identically
0. We combine the results of Propositions 4.3 and 4.4 as follows. By Proposition 4.3, we have

(wv)2r =2 — 1 1 ( s )
whyo o =2 . N S Do — D .

( (uv)? -1 ozt uv((uv)? — 1) ((u0) Jg2izr = (w0 = 1)gaizrir
Then we use (4.1) and (4.2) to get

r (UU)QT—Qi -1
Z m €2i92i,2r+1
i=1
1

=l =1) («uv)ml -1)

uv((uv)

(uv)r(2r71) -1

(uv)r(2r+1) -1
p— —(wv —1)————

uv —1
((uv)zr _ 1) ((uv)Qrz—r—l _ 1)

- ((wv)? = 1) (uv — 1) ' -

The main result of this section is the formula for the stringy E-function of the Pfaffian variety
Pt (CQT‘H) of skew forms of rank at most 2r — 2 in PA? (C2T+1).

THEOREM 4.6. For any r > 2, the stringy E-function of the Pfaffian variety Pf (CQTH) is given by

((UU)QT _ 1) ((uv)2r2—r—1 _ 1)
((uwv)? = 1) (uv — 1)

By (P (C¥1);u,0) =

Proof. We will argue by induction on r. The case r = 2 is straightforward since Pf ((C5) is
a smooth variety isomorphic to G(3,5), whose cohomology is well known.

We now assume the result of this theorem for Pf (C2k+1) for all k < r and consider a vector
space V = C?*1. Observe that the log resolution m of Pf(V) C PA?VV considered in
Section 3 is naturally stratified by specifying various choices of the subspaces for the partial
complete skew forms. Specifically, the strata are in bijections with subsets I of the set of odd
integers {3,...,2r + 1} that include 3 and 2r + 1. The contribution of the said stratum to the
stringy E-function of Pf(V') as defined by Definition 2.6 is the product of the E-polynomial of
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H ( uv — 1 >
2j2—5j+2 _ '
3<j<r, 2j—1€l (’U/U) 1

Each of these strata is a Zariski-locally trivial fibration over the locus of forms of rank 2¢
on V', where 2i is the codimension of the largest proper subspace in the flag. Indeed, observe that
the preimage of a point Cw € Pf(V) of rank 2i is naturally isomorphic to the space of partial
skew forms on Ker(w), so we can locally trivialize the fibration by using the subgroup trick of the
proof of Proposition 4.4. Now, notice that this fiber is the log resolution of the lower-dimensional
Pfaffian Pf ((CQT_%“). Moreover, we can relate the contributions of the strata of the resolution
of Pf ((CQT_Q"H) to that of Pf(V') by observing that the strata lie in an additional divisor D;
with j = r — i+ 1 but otherwise lie in the same set of divisors. So there is an additional factor of

the stratum with

uv — 1 uv — 1

(uv)2j2—5j+2 -1 (uv)Q(r—i)Q—(r—i)—l 1’

when one compares the contribution to Pf(V) as opposed to the contribution to Pf ((C2’"*2”1).
Thus, the S-function in the sense of Definition 2.9 is equal to

uv —1 B (uv)2r=) — 1
(uv)Z(r—i)2—(r—i)—1 -1 (uv)? — 1

S(Cuws u, v) = Est(Pf ((CQ’I‘—Qi-I—l)) (

by the induction assumption.

We now use the formula (2.3) from Section 2. The locus of forms of rank 2i in PA2VY is
a Zariski-locally trivial fibration over G(2r + 1 — 24, V') with fibers the spaces of nondegenerate
skew forms on C? up to scaling. Hence, this locus has E-polynomial €2i92i 2r+1. Thus, the con-

—

tribution of the strata in Pf(V') that lie over the locus of forms of rank 2i is equal to

. (uv)Q(r—i) -1
2i92i,2r+1 (F})Q 1 .

The index ¢ runs from 1 to r — 1, but the contribution of the open stratum ¢ = r — 1 needs
to be considered separately, because Pf ((C3) is not defined, and the intermediate formula does
not make sense. However, this contribution is easily seen to be es,_293 2,41, so the final formula
works for ¢ = r — 1 as well. We now have

241 - (uw0)*= —1
Est(Pf ((C " )) = ZeZiQZi,2r+l W )

i=1
and it remains to use Proposition 4.5. ]

5. Comparison of stringy E-functions

In this section, we prove our main result, Theorem 2.4, that compares the (stringy) E-functions of
the double mirror Calabi—Yau manifolds Xy and Yyy. The main idea is to reduce the calculation
of the E-function of Xy to that of its Cayley hypersurface H, which we define below. Then we
consider the projection of H onto PW and look at the fibers of that projection over different loci
in YW

Recall that we have a subspace W of dimension n in A?VV, the Grassmannian complete
intersection Xy in G(2, V'), and the Pfaffian locus Yy in PW. Consider the Cayley hypersurface
H C G(2,V) x PW which consists of the (15, w) with Wy, = 0.
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We first connect the E-function of Xy with that of H. The projection H — G(2,V’) has
fibers P"=2 over Ty ¢ Xy and fibers P! over Ty € Xyy. Moreover, on these loci, the fibration
is Zariski-locally trivial, since it is a projectivization of a vector bundle. Therefore,

E(H;u,v) = (B(G(2,V)) — E(Xw))E(P"?) + E(Xw)E(P"")
(uv)"t —1
S ww—1
The E-function of G(2,V) can be calculated by realizing G(2,V') as the base of the Zariski-
locally trivial fibration of the space of ordered pairs of linearly independent vectors in V. The
fiber is GL(2, C) with E-polynomial ((uv)? — 1) ((uv)?* — uv). The total space has E-polynomial
((uwv)™ — 1) ((wv)™ —uv) (first pick one nonzero vector, then pick a vector not in its span). Thus,
we get,

E(H;u,v) = E(Xw;u,v)(uv)" 1 + <(uv)"‘1 - 1) (((uv)” — 1) {(wo)” - uv)) . (5.1)

= E(G(2,V)) + E(Xw)(uv)" L.

(uwv) — 1 (wv)? = 1) ((uv)? — uv)

We now consider the projection of H to the second factor PW. While we do not know whether
this fibration is Zariski-locally trivial over each locus of the forms w € PW with dim Ker(w) =
2k 4+ 1 for k = 0,1,..., we will show that the F-function is still multiplicative on the fibers.
Let us denote these strata of PW by Py. For example, Yy is the closure of P;. The fiber of the
projection H — W over the stratum Py, is the hypersurface in G(2, V') given by w = 0 for w with
dim Ker(w) = 2k + 1. Let us calculate the E-function of this hypersurface.

LEMMA 5.1. The E-function of the fiber Fy, of H — PW over w of corank 2k + 1 is given by

E(Fyu,v) = ((“”)%_1) O <(W)n_l - 1)2.

(uwv)? — 1 uv + 1 uv — 1

Proof. As in the Grassmannian calculation, we consider the Zariski-locally trivial GL(2, C) fibra-
tion By, over this Fj given by linearly independent (v1,v2) in V' with the property w(vy, v)=0.
The part of By with v; € Ker(w) is fibered over Ker(w) — {0} with fiber C" — C, because v can
be picked arbitrarily. If v; € Ker(w), then the choices for vy are C"~! — C (again, the fibration
is Zariski-locally trivial). This gives

E(Bi) = ((“U)%H - 1) ((“U)n - uv) + ((uv)" - (uv)%H) ((uv)”_1 — uv)
— (UU)2k+n+1 _ (uv)n _ (uv)2k+2 + v+ (U,U)anl o (U,U)nJrl o (uv)2k+n + (uv)2k+2
(0 1) (" — () (-
and
E(By)
((uv)2 — 1)((uv)2 — )
o1y, 1 (o1
_((160)2—1)(%) 1+uv+1< (uv) =1 ) ' -
LEMMA 5.2. Let Hy, be the preimage in H of the locus Py. Then there holds
E(Hy) = E(Py)E(Fy) -

E(Fk7u7v) =

Proof. We consider the frame bundle ]i[ i over Hj whose fiber over a point (7,w) € H is the
space of all bases of Ty. Thus, points in Hy, encode triples (v1, vo, w), where v and vy are linearly
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independent, w € Py, and w(v1, v2) = 0. The map Hj, — Py, has fibers isomorphic to Bj. As in
the proof of Lemma 5.1, the space Hj can be further subdivided into two subsets depending on
whether v; € Ker(w) or v; € Ker(w). For each of the subspaces, we get an iterated structure of
Zariski-locally trivial fibration over P, and therefore E(H}) = E(P,)E(By), which implies the
claim of the lemma. O

We are now able to calculate the E-function of H using the projection to PW:

E(H;u,v) ZEPk

k>0
_ ;}(}E(Pk) (%) ()1 + kZ;OE(Pk)uvl_’_ : <(m;):_11_ 1>2
_ ;E(Pk) <((13;))2;_‘11> (uo)™L +E(IP’W)UU1+ 1 <(w2:__11_ 1>2
_ kgoE(Pk) <(ZZ)))2;__11> T uvi : <(@;”U)n__11> ((uf:_l{ 1>2.

We compare the above equation with (5.1) to get a simple formula

u, ’U u,v (’Uﬂ))2k -1
E(Xw; RZX)E Py <( e _1> (5.2)

Remark 5.3. The contribution of the k£ = 0 term is 0, so the right-hand side of the above formula
involves summation over the loci Py for k > 1. For example, for n < 9, we have P>o = (), and
Yw = P; is smooth, so we immediately get the equality E(Xw) = E(Yw).

Remark 5.4. The above calculations can be performed in the Grothendieck ring of varieties
over C. This idea was explored in [Borl18] to show that the class of the affine line is a zero divisor
in the Grothendieck ring.

We are now ready to prove the first major result of this paper, Theorem 2.4.

Proof of Theorem 2.4. The statement of the equality of Hodge numbers is equivalent to
E(Xw;u,v) = Ese(Yw;u,v) .

Observe that Yy is a transversal complete intersection of the Pfaffian variety of degenerate forms
on ﬂherefore, the log resolution of Yy can be obtained by taking a complete intersection
in Pf(V'). Different strata of the resolution are therefore Zariski-locally trivial fibrations over Py
for appropriate k. As in the proof of Theorem 4.6, we observe that the fibers over P for k > 2
are log resolutions of the Pfaffian varieties Pf ((C%H) and that the strata are now counted
with the extra factor (uv — 1)/((uv)2k2_k_1 — 1) due to the additional divisor Dy 1. Thus, the
contribution of the stratum Py to Eg(Yw;u,v) is

UV — uv) —
B(Py:u, v) By (PE(C241); 0, 0) <(uv)2k2k11 - 1) = E(Py;u,v) <((m)))2_11> ;

where we used Theorem 4.6 to calculate the stringy E-function of Pf ((C%“). The same formula
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applies for k = 1, because the log resolution is the isomorphism over this locus. Thus, we have

(uv)?k — 1

Bat(Yiwiw,v) = 3 B(Pisw,0) 00—

k>1

which equals F(Xy) in view of (5.2). O

6. Even-dimensional case

There is a similar, although slightly less appealing, correspondence between complete intersec-
tions in the Grassmannian G(2,V) and a Pfaffian variety in the case of even n. The double
mirrors in this case are only so in some not particularly clear generalized sense. In particular,
they are not of the same dimension, so the relation of the Hodge numbers needs to be corrected.
Remarkably, we see that one needs to somehow modify the definition of stringy Hodge numbers
in order to get an analog of Theorem 2.4 in the case of even n. The goal of this section is to
propose in several cases a modification of discrepancies which will restore the double mirror
phenomenon.

DEFINITION 6.1. Let n > 4 be an even integer. Let V' be a vector space of dimension n, and
let W be a generic subspace of dimension n in A?VY. We define Xy and Yy as follows:

o Xw C G(2,V) is the locus of T C V with w|,, =0 for all w € W.
2

e Yy is the hypersurface in PW of skew forms Cw of positive corank.

Remark 6.2. For n > 6, we see that Xyy is a smooth Calabi—Yau variety of dimension n — 4. It
is a union of two points for n = 4. For any n > 4, the variety Yy is a hypersurface of dimension
n — 2 and degree %n given by the vanishing of a single Pfaffian. It is smooth for n < 6 and has
Gorenstein singularities for larger n.

Remark 6.3. We still want to view Xy and Yy as double mirror to each other in some generalized
sense. There have been examples of generalized mirror symmetry, for example in the setting of
rigid Calabi—Yau varieties, see [BB97, Section 5], but they have not been studied systematically.
See also [Kuzl4, Conjecture 4.4] and [IM15].

To understand what type of relation between the E-functions of Xy and Yy one might
expect, we derive the analog of equation (5.2).

PROPOSITION 6.4. We denote by P, the locally closed subvariety of PA?V" of forms of corank 2k.
In particular, the closure of P; is Pf(V'). For any n > 4, there holds

(uv)?F — 1
( (uwv)? — 1

(uv)™ —1

(uwv)E(Xw;u,v) = Z ) =1°

> E(Py;u,v) —
k>0

Proof. As before, we have the Cayley hypersurface H C G(2,V) x PW whose E-function is
related to that of Xy by

E(H;u,v) = B(Xw; u,v)(uv)" ™ + (Wﬂl 1 1) (““v)" — 1) ((uv)" ~ u“)) .

(uv) — 1 ((uv)? = 1) ((uv)? — uv)

The projection of H onto PW is a disjoint union of fibrations with fibers Fj, over the loci Py of
forms of corank 2k for k > 0. The E-function of the fiber F}, and the contribution of the locus P
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are calculated similarly to Lemmas 5.1 and 5.2 (the notation Fj has a slightly different meaning
now due to a different corank) as

(uv)?k —1
(uv)? —1

((wv)"2 = 1) ((uv)™ — 1) '

B(Fysu,v) = < (uwv — 1)2(uv + 1)

> (U’U)n_2 +
Then we have

wo)" 2 — w)” — 1)*
E(H;u,v) = Z ((uv)2k — 1) (uv)" " 2E(Py;u,v) + (w0) ()" ~ 1)

— (uv)? —1 (uv — 1)3(uv + 1)
and

(uv)?F — 1 (uv)™ —1
E(Xw; = ~———— | E(Pg; - . O

(’U,’U) ( Wv“?“) ;} < (uv)Q 1 (P u, v) (uv)2 1

Thus, it is natural to expect that
uv)® —1

(UU)E(XWa u, ’U) = Est(YW; u, ’U) - E’LLU;Q—l ) (61)

which is equivalent to the statement that the stringy Hodge numbers hft’q (Y ) are well defined
and there holds
—1,q-1 - .
h§£q(YW) — h? 1q I(XW)—Fl, p—qandpls even,
hP=H4 N X)), else.

The formula (6.1) would follow from Proposition 6.4 as long as the local contribution of the
singularity of Pf along Py is given by ((uv)% — 1) / ((uv)2 — 1). This certainly holds for the
nonsingular points, that is, for K = 1. However, it fails for the k = 2 locus. Specifically, we have
the following.

PROPOSITION 6.5. The singularities of Yy along the locus P have a Zariski-locally trivial reso-
lution with the fibers isomorphic to G(2,4). The discrepancy is 3. The local contribution of the
singularity is given by
(uv)? + uv + 1
uv + 1
and is not a polynomial.

Proof. Since the calculation depends only on the singularity, we may also consider the locus of
forms of rank 2 in PA2V for dimV = 6. When we blow it up, we get a resolution of singularities
7. Pf — Pf(V) isomorphic to the bundle PA2QY over the Grassmannian G(2,V). The map
to Pf(V) is given by interpreting a form on Q2 as a form on V. The exceptional divisor D is the
locus of forms of rank 2 on @s.

We have

Kf,? =7 Kps+aD =-121"¢ + aD,

where we use the fact that Pf(V) is a hypersurface of degree 3 in P'* and denote by & the

I~

hyperplane class. For the map p: Pf ~ PA2QY — G(2,V), we have
K];} = —661(0(1)) + u*cl (AZQQ) .
We now observe that ¢;(O(1)) = 7*¢ to get
aD = 6c1(0(1)) + per (A2Q2) -
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The divisor D is a degree 2 hypersurface in the fibers of u, namely a G(2,4) C P5. Thus, its
intersection number with the line in the fiber is 2, and we get 2a = 6, thus a = 3.

The rest of the statement of the proposition follows from Definition 2.9 of the local contribu-
tion and the standard formula E(G(2,4);u,v) = (uwv)* 4 (uwv)? + 2(uwv)? 4+ uv + 1. O

Remark 6.6. As a consequence of the above calculation, the equation (6.1) fails for n = 8, since
the contribution of P is different from the one that is needed, and the Ps3 are empty.

Remark 6.7. The desired contribution ((uv)* — 1)/((uv)? — 1) of the singularity of P would be
achieved if the definition of the stringy Hodge numbers were given with different discrepancies.
For example, in the k = 2 case, the discrepancy 2 would result in the local contribution

uv — 1

= ) = (ww)?
(w)g_l) (w) +1,

as desired. More generally, one can construct a resolution of Pf(V) as a proper preimage of
the Pfaffian divisor in the space of complete skew forms on V. The corresponding exceptional
divisors Dy, correspond to forms of corank 2k. We would have the desired equality of the E-
functions if the discrepancies of Dj, were 2k%> — 3k. However, a calculation similar to the one
in Section 3 shows that the discrepancies are 2k — 2k — 1. Thus, it appears that in order to
understand the generalized double mirror phenomenon for varieties of different dimensions, one
needs to adjust the definition of stringy Hodge numbers. We hope to explore this observation in
the future, but at the moment, it remains a puzzling phenomenon.

E(G(2,4);u,v) <

7. General Pfaffian double mirror correspondence

In this section, we adapt the techniques of Sections 4 and 5 to the case of double mirror complete
intersections in general Pfaffian varieties of forms on the spaces of odd dimension.

DEFINITION 7.1. Let V be a complex vector space of odd dimension n > 5. For any k €
{1, el %(n - 1)}, we define the variety Pf(2k,V) to be the subvariety of the space PA2VY of
nontrivial skew forms on V up to scaling defined by the condition that the rank of the form does
not exceed 2k. We define Pf°(2k, V') to be the locally closed subset of forms of rank exactly 2k.
If the dependence on V' is not important, we will simply use Pf(2k,n) and Pf°(2k,n).

DEFINITION 7.2. Assume k # 3(n —1). Let W C A%V be a generic subspace of dimension nk.
Then we can define two varieties Xy and Yy as follows:

e Xy is the set of forms y € Pf (Zkz, VV) such that (y,w) = 0 for all w € W. Here we use the
natural nondegenerate pairing between A2V and A2VV.

e Yy is the complete intersection of PW and Pf(n — 1 — 2k, V) in P(A?VV).

Remark 7.3. Definition 7.2 contains the definition of Section 2 as the special case k = 1. We can
also observe that interchanging (V, k, W) and (VV, 3(n—1) —k, Ann(W)) switches Xy and Yyy .

The following result is well known to the experts, but we could not find a suitable reference.

PROPOSITION 7.4. For positive integers k and n with 2k < n, the variety Pf (2k:, Vv) is Goren-
stein, with anticanonical class given by kn&, where £ is the pullback of the hyperplane class
of PA?V.
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Proof. Consider the non-log resolution m: PA?2QY — Pf (Qk, Vv) given by the space of pairs
(Vi,w), where V; is an (n — 2k)-dimensional subspace of V'V in the kernel of w € Pf (2k, V).
Here PA%2QV is the projective bundle over the Grassmannian G (n — 2k, VV). We denote this map
by u.

By a standard calculation, we get

Kppzqv = —(n+ 1 =2k)p"e1(Q) — k(2k — 1)E,

where ¢ = ¢1(O(1)). The exceptional divisor E of 7 is the locus of degenerate forms in PA%2QV,
which is the locus where the kth power of the natural map p*A2Q — O(1) is 0. This kth power
is a map p*A?*Q — O(k), which means that ¢;(E) = k& — p*c1(Q).

Since Pf (2k, V") is Gorenstein (see [JPW81]), we have

7 Kpgar,vy = Kppzgv — aci(E)
for some «. In view of the above calculations, this is equivalent to
W*Kpf(ghv) + nk:§ = (Tl + 1-— 2/{ — Oé)Cl(E) .

Since F is the exceptional divisor and the left-hand side is a pullback from Pf (Zk, Vv), both
sides are 0. 0

COROLLARY 7.5. The varieties Xy and Yy are Gorenstein with trivial canonical class of dimen-
sion nk — 2k% — k — 1.

Proof. We have already observed this in the cases k =1 and k = %(n — 3). In general, Proposi-
tion 7.4 implies the statement for Xy by the adjunction formula. The statement for Yy then
follows from Remark 7.3. O

We would like to state the following meta-mathematical conjecture for a vector space V
of odd dimension n, a number k € {1, N Y (7 3)}, and a generic subspace W C A%2VY of

)
dimension nk:

The varieties Xy and Yy are double mirror to each other.

Remark 7.6. The above conjecture can be viewed as a natural generalization of Rgdland’s work.
Also note that Kuznetsov has stated the analogous conjecture for the derived categories [Kuzl4,
Conjecture 4.9]. The best evidence in favor of this conjecture is provided by the Theorem 7.7
below, which is one of the expected consequences of the double mirror property. It generalizes
our Theorem 2.4.

THEOREM 7.7. The varieties Xy and Yy have well-defined stringy Hodge numbers. Moreover,
there holds hE*(Xw) = W4 (Yiy).

We delay the proof of Theorem 7.7 until later. First, we need to extend the results of Sec-
tions 2, 3, and 4 to this more general setting. We begin with the discussion of log resolutions of
Pfaffian varieties Pf(2k,n).

DEFINITION 7.8. Let 2k and n be positive integers with 2k < n, where we no longer assume that

n is odd. Let V' be a vector space of dimension n. We define the space Pf(2k, V') of complete skew
forms of rank at most 2k as the proper preimage of Pf(2k, V) under the consecutive blowups in
PA2VY of Pf(2,V), of the proper preimage of Pf(4,V), and so on, up to Pf(2k — 2, V).
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PROPOSITION 7.9. The space Pf(2k, V') is smooth. Its points are in one-to-one correspondence
with flags

0CF'c.-.cF'=V
with FO of dimension n — 2k, together with nondegenerate forms Cw; € PA? (Fi+1/Fi)V. The
map Pf(/QI;V) — Pf(2k, V) C PA%2VY is given by interpreting a skew form on F'/F!'~! as a skew
form on F! = V.

Proof. This follows from [Ber97]. O

PROPOSITION 7.10. Let V be a space of odd dimension n, and let k < %(n — 1) be a positive

—

integer. The map Pf(2k,V) — Pf(2k,V) gives a log resolution of Pf(2k,V'). The exceptional
divisors D; correspond to loci of complete forms with a subspace of dimension 2j — 1 present in
the flag. The index j satisfies 3(n + 3 — 2k) < j < (n — 1). The discrepancy of the divisor D;
is given by

o =3(2j+2k—n—1)(2j —1)— 1.
Proof. The proof is completely analogous to that of Theorem 3.6. We consider the projective
bundle Z — Pf(2k, V) by looking at F~! C F° of codimension 1, that is,

—

Z =Pf(2k,V) Xy Fl(r — 1,7,0),

where we use r = n — 2k to denote the dimension of FV. We have the commutative diagram

Pf(2k, V) «— Z
| 1 N\
Pi(2k,V) «— PA*Q) <+ PAQ/y < — PA*Q),
3 \J 1

Gr,V) «— Flr—-1,nV) — Gr-1V).

The preimages of the D; in Z are denoted by E;. We have the following three equalities in the
Picard group of Z (where we drop the pullbacks from the notation to simplify it). We also use
r = n — 2k and denote by ¢ the hyperplane class on PA%2VV:

Kz = Kps(ar,v) + Z ajEj 4+ Kpi — Kg(rp) » (7.1)
J

Kz = Kp —k(2k = D€+ 2k = Der(@) + ) (327 —r =D —r-2) - 1) B,  (72)
J
Kz =K1 — k(2k+ D&+ 2ker(Qro1) + > (325 —1)(2j —r — 1) — 1) E; . (7.3)
J
We take a linear combination of the equations (7.1), (7.2), and (7.3) with coefficients 2, (r — 1),
and (—r — 1), respectively. This implies the desired equality
aj=302j—r-1)(2-1) -1
provided that
0=2Kp — 2KG(r,n) + (T — 1)KF1 + (7“ — 1)(2k — 1)61 (QT) - (’l“ + 1)Kg(,~_17n) — Qk(T + 1)01(621"71) ,
which is equivalent to a formula for the canonical class of the partial flag variety Fl(r — 1,7, n),
Ky = —re1(Qr-1) — (2k + 1)e1(Qr)

which is proved analogously to the r = 3 case of Theorem 3.6. ]
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We now proceed to generalize the results of Section 4. Recall that es; = eg;(u,v) is the F-
function of the space of nondegenerate forms on a 2i-dimensional space, up to scaling, and gy, ,,
is the E-function of the Grassmannian G(k,n). Our main technical result is the following propo-
sition.

PROPOSITION 7.11. For an odd integer n and any 1 < k < %(n — 3), there holds

L(n—1)—i , l(p—1 ‘
2(n 1) (uv)¥ —1 B (uv)”k -1 2(n 1) (uv)¥ —1
Z €2i9n—2in H (UU)2j72k+2i -1 - uo — 1 H m .
1<i< 3 (n—1) j=k—i+1 =kt 1

Proof. We will prove this result by induction on n + k. The base case is easy to establish by
direct calculation, which we leave to the reader.

Suppose that the result of the proposition is proved for all smaller values of n+ k. Specifically,
we will use these formulas for (k—1,n) and (k,n—2). We need to be careful in the situation when
these pairs are not in the acceptable range of (k,n). This happens when &k =1 or k = %(n —3).
Note that only 7 in the range 1 < ¢ < k contribute to the left-hand side, so the k = 1 case follows
from the formula

((uwv)™ = 1) ((wo)*~t = 1)
(uwv)? =1)((wv) = 1)

In the k = £(n — 3) case, the product on the left-hand side only has j = £(n —1) — i, and we get

gn—2n =

)n—2i—1 -1

(uv
Z eQiQn—Qi,nW ,

1<i< 3 (n—1)

which allows us to use Proposition 4.5 to settle this case.

In the general case 1 < k < %(n — 3), we may now assume the equations

Lin—1)—i . Lin—1 .
2l (uv)¥ —1 B (uv)”(kfl) -1 2 ) (uwv)¥ —1
D cagn-zin H ()P ] T gy — ] H (uv)2—2k+2 — 1
1<i< (n—1) j=k—i =k
and
Lin—3)—; i lip—1 .
2(n=3)~ (uv)Qj -1 B (uv)(”_Q)k —1 2(n—1) (uv)QJ —1
Z €2i9n—2i—2,n—2 H (uv)zj_QHQi 1 wo —1 H m .
1<i< 5 (n—3) Jj=k—it+1 j=k+1

We use the relation
((uv)n—% _ 1) ((uv)n—%—l _ 1)
((wo)™ = 1) ((wv)=1 — 1)

In—2i—2n—2 = Gn—2in

to rewrite the above two equations as

(U,U)2k72i 1 (n-1)—i (uv)2j 1
CNntl—2k _ 1 Z €2i9n—2i,n H — .
(uv)n+1-2k — 1 (uv)2—2k+2i _ |
1<i<3 (n—1) j=k—i+1

_ (uv)"k—m — 1 é(ﬁl) : (uv)? —1 (7.4)

 ow—1 uv)2—2k+2

j=k
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and

(wo)™2 — 1) ((uw)1-2% — 1 $(n—1)—i w1
<( () - 1;(<<uv>n-1 ~1) )> Lo o T

i<5(n—1) j=k—i+1
L(n-3 .
B (uv)”k_% -1 Q(In_I ) (UU)QJ -1 (7 5)
= o — 1 e (uv)Qj—2k 1 .

The desired equality then follows from taking the linear combination of the equations (7.4)
and (7.5) with coefficients

. 1 (uv)?* ((uv)™ — 1) ()1 — 1
(uv) ((UU) =2k 1) and  — (((uv)nl)Q(k _ 1) ) :

The details are left to the reader. O

We are now able to prove a formula for the stringy FE-functions of the Pfaffian varieties
Pf(2k,n).

THEOREM 7.12. For a vector space V' of odd dimension n and any 1 < k < %(n —1), there holds

l(n—l) ( )2] 1
uv)¥ —
E (Pf(2k = —_t
st( ( ,V)) wo — 1 H (U’U)2]72k 1
j=k+1
Proof. We remark that the case k = 1 is straightforward, since Pf(2k, V) = G(2, VV). Otherwise,
for a fixed n — 2k, we perform induction on n with the base case described above.

—

To prove the induction step, consider the log resolution of singularities Pf(2k, V') — Pf(2k, V).

—

For each i < k, the strata of Pf(2k, V') over the space Pf°(2i, V') of forms of rank exactly 2i form
Zariski-locally trivial fibrations. The preimage of a point Cw € Pf°(2i,V) is isomorphic to the
log resolution of Pf(2k — 2i, Ker(w)). The contribution of Pf°(2i, V") is then seen to equal

uv — 1
(uv)®tt — 17

where «; is the discrepancy calculated in Proposition 7.10 to be

(2 +2k—n—1)(2j —1) — 1= (k—i)(n — 2i),

E(Pf°(2i,V)) Eg (Pf (2k — 2i, Ker(w))) (7.6)

since 2j — 1 = n — 2i. By the induction assumption, the contribution (7.6) is equal to

L(n—1)—i (w0)? -1
E(PfO(Q’L, V)) H (UU)2j72k+2i 1 .
j=k—i+1
Thus, we have
2D 1
Ea(PH(2k,V)) = E(PE 2k, V) + ) E(PE@V)) ] o BT =]
Isi<k j=k—i+1
Lin-1)—i ]
? 2
' (uwv)? —1
_ E(Pf°(2i,V)) ‘ |
1g;k j:l}_[iﬂ (uw)2—2k+2i _ 1
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L(n—1)—i

(uv)? —1
= Z €2iGn—2i,n H (uv)2—2k+2i _ 1"

1<i<k j=k—i+1

We can change the index of summation to 1 < ¢ < %(n —1) since the subsequent terms will have
a zero factor in the product. Then Proposition 7.11 finishes the proof. O

Remark 7.13. Tt is worth mentioning that Eg (Pf(2k,V)) is a polynomial in wv. Indeed, it is
a product of the E-function of a projective space with a Gaussian binomial coefficient in (uv)?.
See the appendix for more information on the latter.

8. Proof of the equality of E-functions: General case

In this section, we prove our main result, Theorem 7.7, by using some of the more technical

statements collected in the appendix.

Recall that we are given an odd integer n > 5, a positive integer k < %(n — 1), a vector

space V of dimension n, and a generic subspace of A2V of dimension nk. This allows us to
define two varieties Xy and Yy which are Calabi—Yau complete intersections in Pf (2k, VV) and
Pf(2k, V), respectively.

ProprosITION 8.1. The stringy Hodge numbers of Xy, and Yy are well defined.

o —

Proof. Consider the log resolution Pf (2k, VV) — Pf (2/~c, VV) given by the complete skew forms
on VV of rank at most 2k. The restriction of this resolution to the preimage of Xy is a com-

plete intersection of Pf (2k, V") with P Ann(W). It gives a log resolution of Xy since W is

—

generic. Moreover, Pf (2k‘, VV) — Pf (2k, Vv), and therefore its restriction to the preimage of Xy
are Zariski-locally trivial. It remains to observe that the contributions of singular points along
Pt (2p, VV) N Xy in the sense of Definition 2.9 are calculated in the proof of Theorem 7.12 as

Lip—1)— .
2ln=l)=p (uv)zj -1

S(pvkvn;uvv) = H (UU)Qj_2k+2p 1 (81)
Jj=k+1-p

and are polynomials in uv. Thus, the stringy E-function of Xy is a linear combination of products
of polynomials and is a polynomial. The statement also applies to Yy by Remark 7.3. O

We are now ready to prove our main result, up to a technical statement on weighted FE-
functions of hyperplane cuts of the Pfaffian varieties, which is relegated to the appendix.

Proof of Theorem 7.7. Consider the Cayley hypersurfaces H C Pf (2k:, VV) x PW of the forms
w € A?VY of rank at most 2k and forms o € PW with the property (w,a) = 0, where we use
the natural pairing between A%V and A2VVY. The projection of H — Pf (2k, Vv) can be viewed
as a disjoint union of two Zariski-locally trivial fibrations over Xy, and its complement. The
fibration over Xy has fibers PW = P"~1 whereas the fibration over the complem/eri of Xy has

fibers P"%~2. Note that the same statements apply to the preimage H of H in Pf (214:, VV) x PW.

We consider the stratification of H into loci of different ranks

H= || Hy,

1<p<k
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where H), has forms w of rank 2p. We then consider the weighted sum of the E-polynomials
of H,

k
E(H;u,v) ZSp,knuv E(Hp;u,v) (8.2)

with S(p, k, n;u,v) the local contrlbutlon as in (8.1). The usual arguments now imply

(uv)™ =1 — 1

E(H;u,v) = Eg(Pf(2k,V)) wo — 1

+ Est(XW)(uv)"k_1

and

B wuv nk—1 _ v nk _ %(n—l)
Bty = (07— D 1) Sy

LY
(uv — 1) Pl

(uv)@-1 -1
(uv)2—2k —1

+ By (Xw ) (uv)™ 1 (8.3)

by Theorem 7.12.

As in Section 5, we now consider the projection of H to PW. For each i, there is a locus Yy ;
of forms of rank 2¢ in PW. We have

Yw = Ywnp_1-0k = |_| Yw, .

1<i<i(n—1)—k

We observe that the fibers of the projection of H onto Yjy, are isomorphic to the loci of skew
forms of rank at most 2k on V" which are orthogonal to a specific skew form of rank 2i on V.
While we do not claim that these fibrations are Zariski-locally trivial, we nonetheless observe that
the F-function is multiplicative on them. Moreover, the same applies to the restrictions of the
fibrations to H, C H. Indeed, by passing to the symplectic frame bundles as in Section 5, we get
a disjoint union of iterates of Zariski-locally trivial fibrations. Specifically, the statement holds for
the symplectic frame bundle over the universal Cayley hypersurface in Pf° (2p, VV) x P£°(2:,V)
of (vi,...,vg) € V2 with Cw = C(vy Avg + -+ + wap—1 A v2p). We add elements v; one by one
and separate the loci of different dimensions of Ker(« )ﬂSpan(vl, ..., Up, ), different orthogonality
conditions between the v; and spans of v.;, and whether Z ) 04(7121 1/\vg;) is 0 or not for various
p1 < p-
Thus, we have
%(nfl)
E(H;u,v)= Y E(Pf(2k,n)N{,0)=0)EYw,), (8.4)
i=1

where E(Pf(2k,n) N (-, ;) = 0) is defined as in (8.2) as the sum of the E-functions of the loci of
rank 2p in the hypersurface in Pf(2k,n) cut out by a form «; of rank 2i. We now use the result
of Proposition A.9 that E(Pf(2k,n) N (-, ;) = 0) is given by

(o)t~ 120 ()i 1
u _ uv)yT — nk—1
; -1
uv — 1 H (UU)2]_2k -1 + (UU) S ( (TL ) k,n) R
j=k+1
where
3(n=1)—i )
2 2
1 _ (wv)® —1
S (27 5(71 - 1) - k,n) - H (uv)2j_”+1+2k+2i 1

j=3(n—1)—k—i+1
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is the contribution of the locus Yiy; to Eg (Y ). Observe that S(i,3(n — 1) — k,n) is 0 for
i > (n — 1) — k since there is a term ((uv)? — 1) in the product. Thus, equation (8.4) implies
—1) 1(n-1)

> E(Ywa)

i=1

1 n .
~ (uv)™ =1 —1 2 (uv)¥ —1

( y U, U) wo — 1 . (uv)QJ—Zk -1
Jj=k+1

Lin—1)—k
2

+ (aw) ; S(i, %(n 1) — k) E(Yirs)

(uv)™ =1 — 1 3nD)

= E(PW)iw — 'H

j=k+1

Together with the equation (8.3), this finishes the proof of Theorem 7.7. O

(uv)? —1

W + (U’U)nk_lESt(Yw) .

9. Comments

In this section, we collect several open questions raised by the construction in this paper that
we hope to address in the future.

Remark 9.1. Theorems 2.4 and 7.7 show the equality of the (stringy) Hodge numbers of Xy
and Yy but do not provide explicit formulas for them. In the Grassmannian case, the Lefschetz
hyperplane theorem on the Xjy side implies that these numbers hP? are 0 unless p = ¢ or
p+ q = n — 4, with the former coming from the restriction of the cohomology of G(2,V). As a
result, the Hodge numbers h?? are computable by a Riemann—Roch calculation for the exterior
powers of the cotangent bundle on Xy, . However, we are not aware of an explicit formula. In the
general Pfaffian setting, we do not even have a ready algorithm for computing the stringy Hodge
numbers of Xy and Yy .

Remark 9.2. It would be very interesting to lift the equality of numbers of Theorem 2.4 to
a statement about vector spaces. Heuristically, one expects a family of spaces, with a connection,
that interpolates from the somehow-defined stringy cohomology of Xy to that of Y. The first
step in constructing such family is likely a construction of a stringy cohomology vector space (or
spaces) of the Pfaffian variety.

Remark 9.3. 1t is natural to conjecture that for odd n, the appropriately defined elliptic genera
of Xy and Yy coincide. We conjecture that Ell( Xy ; v, ¢) = Ell(Yw; v, ¢), where the elliptic genus
of the singular varieties is defined in [BLO3]. Similarly, we would like to have a vector space version
of this identity, which would amount to a construction of the family of vertex algebras that inter-
polates between the cohomology of the chiral de Rham complexes of Xy and of Y. In the case
of one or both of these spaces being singular, one would need to somehow extend the definition
of the chiral de Rham complex. At present, such a construction is not known even for n = 7.

Remark 9.4. It is natural to try to understand a higher-dimensional analog of the mirror construc-
tion of [Rpd00]. We would also want to relate it to the work of Batyrev, Ciocan-Fontanine, Kim,
and Van Straten [BCFKvS00]. While it is straightforward to write a conjectural 1-dimensional
subfamily of Yy that generalizes the one from [Rpd00] to higher dimensions, we do not yet un-
derstand the structure of its singularities. This prevents us from calculating the stringy Hodge
numbers of the cyclic quotient, which is required in order to establish the mirror duality of stringy
Hodge numbers.
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Remark 9.5. The double mirror phenomenon predicts the equivalence of appropriately defined
derived categories of Xy and Yyy. These should be strongly crepant categorical resolutions of
singularities in the sense of [Kuz08].

Remark 9.6. Most of the calculations of the paper, including those in the appendix, have analogs
in the case of even n. As explained in Section 6, one would need to redefine the stringy Hodge
numbers to give them a proper geometric meaning.

Appendix

The main goal of this appendix is to prove the technical statement on the weighted F-function
of the hyperplane cut out of the Pfaffian variety Pf(2k,n) by a Pliicker hyperplane « of rank 2i.
Our argument uses various identities of basic hypergeometric functions, including Jain’s iden-
tity [Jai81].

Throughout the section, we will use the notation ¢ = uwv since all of the E-functions in
question will depend on wwv only. We will also use the g-Pochhammer symbols and ¢-binomial
symbols (also known as Gaussian binomial coefficients)

- . i (1= g™
(@) =[] (1~ ad"), <r> = S —a+h)
q

j=0 0, else

as well as the basic (also called ¢-)hypergeometric functions

A1y...,0ap (al; Q)n e (aT'; Q)n n ln(n—l) 14+s5—1r pn
r®s < §Q7Z> = —1)"qg> AN
bi,...,bs T; (¢ Dn (015 @)n - -+ (bs; @)n (=1 )

Our main reference is the book of Gasper and Rahman [GR04].

Remark A.1. The terms of the series 27@0 ¢, used to define a basic hypergeometric function have
the property that the ratio of consecutive terms ¢,11/¢, is a rational function of ¢". Specifically,
one has (see also [GR04, (1.2.26)])

Cn+1 (1 - alqn) to (1 - aan) n\14+s—r
cn (1— ¢ ) (1 = b1g) - -~ (1 — beq™) (—¢") z

Vice versa, any series with such a recursive relation can be written as the product of ¢y with

a hypergeometric function that encodes the inverse roots of the aforementioned rational function.

Remark A.2. All of the basic hypergeometric functions in this paper are terminating, which
means that the terms of the series are eventually 0. Thus, convergence is never an issue.

We start the discussion of this section by introducing notation for E-polynomials of various
spaces of interest.

DEFINITION A.3. We define the following polynomials, for the appropriate ranges of the indices:

e gr; ,(q): the E-polynomial of the Grassmannian of dimension k subspaces of C",

® I ;n: the E-polynomial of the variety of isotropic subspaces of dimension 2k for a form of
rank 2¢ on a dimension n space V,

° f,g’ Zm(q): the E-polynomial of the intersection of the locus of skew forms of rank 2k on V'V
by the hyperplane a = 0 for a skew form « on V of rank 2¢, for a vector space V' of odd
dimension n,
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o frin(q): the weighted E-function of the intersection of the locus of skew forms of rank at
most 2k on VV by the hyperplane o = 0 for a skew form « on V of rank 2i; specifically,

Lin—1)—p
o ’ QJ — 1 -1 —-p
fk,i,n = Z fp,i,n H 2] 2p Z fp ,Mm < o p > . (Al)
1<p<k jmkt1—p ¢ 1<p<k q?

We start by calculating some of these polynomials.
PROPOSITION A.4. For 1 < k < n, there holds
i It -1 n
wn= e = (1),
j=1 q
Proof. Left to the reader. O

ProposITION A.5. For all positive integers k, i, n, there holds

i 2
(2k—7)(n—2i—r) Iliirion (14 7)
0<r<2k Hj:l (1 —q )

Proof. Let w be the form of rank 2¢ on an n-dimensional space V. Let N be the kernel of w.
Isotropic spaces V7 of dimension 2k for w are first separated into a disjoint union of loci with
dim(N NVy) = r for 0 < r < 2k. A choice of Vo = N NV} amounts to a Zariski-locally trivial
fibration with fiber G(r,n — 2i), so to prove the statement of the proposition, we need to show
that the space of isotropic subspaces Vi that contain a fixed V5 has E-polynomial given by

lk,i,n =

(k=) (n=2i=r) H;‘ itr+1—2k (QQJ - 1) .
szz r ( q] 1)
With every choice of Vi, we associate the corresponding space V3 = V; /Va, which is an isotropic
subspace of dimension 2k — r for the nondegenerate form w on V/N. This is a Zariski-locally
trivial fibration with fibers C2k—7)(=2i=) Tndeed, for a given Vs, different lifts of 2k — r basis
elements to V' can be (independently) changed by an element of N/V;. Therefore, to prove the
statement of the proposition, we need to show that the space of dimension k£ — 2r isotropic
subspaces V3 of V/N = C? equipped with a nondegenerate skew form has E-polynomial

. 0
H;’:i+r+1—2k (q ) - 1)
2k—r (
szlr (qﬂ - 1)
As usual, we consider the ordered bases of V3. The first vector can be chosen arbitrarily. The

second vector is perpendicular to the first one but is linearly independent of it, and so on. This
gives

. . . 1 ./ itr—1-2k .
(q21 - 1) (q2171 - Q) . (q217(2k77‘71) o q2k7r71) _ qu(]fl) H (q2] o 1) ,
j=1
which then needs to be divided by the E-polynomial of GL(2k — r,C) to finish the proof. O
The calculation of fj;,, is more complicated. We start by reversing the formula (A.1).
LEMMA A.6. There holds
o n—1 ]
Jrin = Z fiim (= k DD < 2 k—?y >q2'

1<k
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Proof. This follows from (A.1) and the standard summation formula for Gaussian binomial
coefficients known as the g-binomial theorem. Specifically, by (A.1) we have

Z fj,i,n(—1)k7jq(k*3)(k*jfl) <2(nk 1). j>
— p

1<j<k

1 -1 ; 1 —1) —
- XS gt (M) (M)

1<j<k 1<p<]

_ Z fp,z,nz 1)5g56=D) <§(n — 1)5 k+s>q2 <§(kn—p1); p)q2

1<p<k s=0
k—p
:Zfo‘ <é( _1) ) Z sssl<k p)
p727n
1<p<k k= p q? s=0 q2
1
o 5(n—1 —-D o
= 3 K (U)W, = fn
1<p<k '

At the end of the calculation, we used [GR04, Exercise 1.2(vi)] and the equality (1;¢?) e = o
for k > p. O

The following proposition contains the key geometric idea behind the calculation of this
section.

PROPOSITION A.7. For each triple of positive integers (k,i,n) with n odd and k,i < %(n - 1),
there holds
2k2—k—1 _ 1

o q
Z 8r'n—2k,n—2p fp,z',n = (1_71 8rok,n 4

2k27k71l

YO

Proof. Let a be a skew form of rank 2i on V. Consider the space of pairs (w,V;), where w
is a form of rank at most 2k on V and Vj is an (n — 2k)-dimensional subspace in the kernel
of w. This is the projective bundle PA2QY over G (n — 2k,VV) of relative skew forms on the
universal quotient bundle of G(n — 2k, V"). This is a (non-log) resolution of Pf (2k,V") with
the map defined by forgetting the space V;. Consider the hypersurface H, € PA%2Q" defined by
(w, o) = 0. We can calculate the E-function of H, in two ways, which will lead to the statement
of the proposition.

On the one hand, consider the projection of H, to the Pfaffian Pf (Qk, Vv). The fiber over
the locus Pf° (2p, Vv) is given by G(n — 2k,n — 2p). It is a Zariski-locally trivial fibration over
the locus of forms in Pf° (2p, VV) that are orthogonal to a. Thus, we get

k
]
= E 8rn—2kn—2p fp,i,n :
p=1

On the other hand, consider the projection of H, to the Grassmannian G(n — 2k,n). The fiber
over a point V] is either the projective space P2 —k=1 o g hyperplane in it, depending on whether
or not Ann(V}) is an isotropic space for a. Thus, we get

E(Ha) = (88n_iom —lhin) E (P 7F2) 4y B(B2F 1)

which equals the right-hand side of the equation of the proposition. O
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We are now able to exhibit a recursive formula for fy ; .

PROPOSITION A.8. For every triple of positive integers (k,i,n) with odd n and k,i < (n — 1),
there holds

k B o
S fimg? e () (1= g" ™ 72) (@525 ¢%)gp;
)2, —29
=" (1—gq%) (G022
2k2—k—1
-1
S S 8ok n N g

q—1

This equation determines f, ; , uniquely.

Proof. We combine Proposition A.7 and Lemma A.6 to get

k 1 .
i e iVp—i1) [P — 2p s(n—1)—7j
E :fj,i,n E : (=1)PIgp=a)p=J 1)( ) (2 .
j=1 j<p<k n=2k/, p—J ¢2

q2k27k71 1

= I grokn 14

Then the equation of the proposition follows from

a _ 2b—2a+2 2b—4a+4. 2
Z(_l)sqs2—s <2b +1- 25) <b> _ q2a2—a (1 q ) (q 4 )Za (AQ)
q 7

— 2a —2s s (1—¢®+2) (¢;0)2a

for a =k —j and b = 3(n — 1) — j. The formula (A.2) is proved by rewriting the left-hand side
as the basic hypergeometric function along the lines of Remark A.1 by observing that the ratio
of consecutive terms can be written in the form

Cs+1 gl -2 (1 - q25_2a) (1 - q28_2a+1)

2k:2—k:—1lk )
,4,M -

Cs (1 _ q28+2) (1 _ q2372b71) ’
Thus, we can simplify the left-hand side of (A.2) to

2b+1 q—2a7q—2a+l o
( 2 ) 2¢1< q—2b—1 §q27q4a =2
q

We then employ [GR04, (1.5.2)], which is a particular case of Heine’s analog of Gauss’ summation
formula. We thank Hjalmar Rosengren for pointing out this simplification.

The uniqueness follows from the fact that the coefficient by fi;, is one, so the equations
allow us to solve for f1;,, then f2;,, and so on. ]

The most important result of this section is the formula for f; ; , used in the proof of Theo-
rem 7.7. We thank Hjalmar Rosengren, who observed that the identity we needed to prove follows
from the Jain identity with a particular choice of parameters.

ProrosITION A.9. There holds
. Lip—1)—i )
¥ -1 2] ¥ -1

_ 4 — nk—1
i = 1 11 22k _ 1 T4 11 Ik _
Jj=k+1 j=2(n—1)—k—i+1

Proof. In view of Proposition A.8, it is enough to show that the above formula for fj ;,, fits into
the equation of the proposition. In view of Propositions A.4 and A.5, this amounts to a certain
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g-hypergeometric identity. We observe that the above formula for fj ; , can be extended to fo ;1
to give 0. Then the identity of Proposition A.8 is

Ak’,n + Bkﬂ',n = Ck:,n + Dk,i,n )

where
k i 1—2k n+3—4k+2j5. 2
Ap = Z & (%W - 1)) q2(k7j)2—(k7j) (1 —q"t ) (q g )Qk_gj
n . Y] ,
= 1~ 1 J 2 (1 —gnt1=%) (45 @)2k—2;
k . 1—2k n+3—4k+2j5. 2
ki = Y <§(n - Z) 2= = (k=j)+nj=1 (1—g™1%) (g 10°) a1 oy
4,n . — ’
=0 J ¢? (1—qnt1=%) (¢ q)2k—2j
o q2k27k71 1/n
o q—1 %)
q
i .
o [T (1—-¢%)
2 g n—2i ) (n—2i—p) G=iAr 12k
Diin = g2kl Z < ) > q(Qk r)(n—2i—r) J=t ;k_r
0<r<2k q H (1 _ qj)
j=1

We claim that
Ak,n = Ck,na Bk,i,n = Dk,i,n .

To prove the first identity, we switch to the summation over s = k — j in Ay, and put it into
g-hypergeometric form with base ¢?, along the lines of Remark A.1, to get

1 -2k ,—n—14+2k —2k ,—n—1+2k

n—1 ’ — )
(1—-q)Agn = (2( L )) <2¢1<q 1 ;q2,q”+2) —q" o (q 1 ;q2,q2>>

e q q
ok k-1y (3(n—1) (@274 %),
(1-q ) k 2
2 (6d?),

by using Heine’s formulas [GR04, (1.5.2) and (1.5.3)]. This then implies Ay, ,, = C} ,, by a straight-
forward calculation, which we leave to the reader.

Since By ;. and Dy, ; 5, are rational functions of ¢", it suffices to verify that they are equal for
all sufficiently large n for fixed k and i. We have

+1-2k +3—4k. 2 — — i —
Bk. S q2k2_k_1 (1 - qn )(qn 3 q )2k; 3¢2 (q Qkf ql n+21) (Z;g Qk_ q2 qn+2—2i>
4,m — — .

(1 — qn—i-l)(q; Q)2 n n+3 4

qa 4
Again, the easiest way to prove this is by comparing the ratio of the terms for j + 1 and j
to the corresponding ratio of the g-hypergeometric series in Remark A.1. We then use the
transformation formula for s¢o [GRO04, Appendix, (I11.13)] with parameters (b,c,d,e,n,q) =
(q—n+1+2i, q1—2k’ ql—n7 qn—f—3—4l€7 k, q2> to rewrite Bk,i,n as

1-2k +3—4k. 2 +2-2k. 2 _ ok 9

A (e A 1O 1q%) g, (4" %), 302 (q 2k g2 g 2Z.q2 q2>
(1= ") (g @)2k (qv+3=4%: q?), T

Similarly, for large enough n, we have (by switching from r to (2k — r) in the summation)

2 n— 2 q—2k q—i q—i
Dk,i,n :q% b 1< 2%k ) 391 < qn+7172il2k 34, —Q"H .
q

Bk,i,n =q
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We use Jain’s equation [Jai81], [GR04, Exercise 3.4] with the parameters (a,b,d,n,q) = (q ’
g ', q7", 2k, q) to rewrite

o g (n—2\ (¢7q) : q 2, g g
Dk‘fiﬂ’b = q2k ot < 2k > ( —n+;i. 3 q4kz 3¢2 < -n 1-n ;q27 q2
q

qa q

q £ ) o

_ q2kz2—k—1 n d) q—2k’ ql—Qk7 q—2i. q2 q2
2k . 3¢¥2 qin, qlfn ) 9 .

Thus, it remains to verify that

(1 _ qn+1—2k) (qn+3—4k; qz)% (qn+2—2k; q2)k _ (n)
(1 —q"*1)(q; q)2n (¢34 q?),  \2k)°

which is a straightforward calculation left to the reader. O
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