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Abstract
We discuss families of hypersurfaces with isolated singularities in projective
space with the property that the sum of the ranks of the rational homotopy and
the homology groups is finite. They represent infinitely many distinct homotopy
types with all hypersurfaces having a nef canonical or anti-canonical class. In
the Appendix, we show that such an infinite family of smooth rationally elliptic
3-folds does not exist.

𝐼𝑛 𝑡ℎ𝑒 𝑚𝑒𝑚𝑜𝑟𝑦 𝑜𝑓 𝐽. 𝑊. 𝑊𝑜𝑜𝑑.

1 INTRODUCTION

A rationally elliptic space (cf. [9], Chapter 32.) is a topological space𝑋 that is simply connected and satisfies the finiteness
condition:

dim𝐻∗(𝑋,ℚ) < ∞ 𝑎𝑛𝑑 dim𝜋∗(𝑋) ⊗ ℚ < ∞.

This homotopy-theoretic property appears to have geometric significance. A classical example of how geometrymay affect
rationally ellipticity is given by the Bott conjecture, predicting that a smooth manifold admitting a metric of nonnegative
sectional curvature is rationally elliptic (cf. [11], (1.5)). Another example is a simple observation that homogeneous spaces
are rationally elliptic, giving a large pool of samples (cf. [9], Chapter 32).
Many rationally elliptic manifolds are algebraic (e.g., quotients of reductive groups by a parabolic subgroup). The links

of simplest isolated singularities give other examples of rationally elliptic spaces in the algebro-geometric context. Below
we provide explicit equations for singular projective algebraic varieties with Gorenstein singularities and nef canonical or
anticanonical bundles that are rationally elliptic (and for which Bott’s geometric relation is not applicable). We also con-
sider the following question: Under what geometric conditions, one may expect finiteness of homotopy (or deformation)
types of rationally elliptic algebraic varieties.
The main result of this paper is a series of examples (cf. (1), (2), (3)) that give infinite families of singular rationally

elliptic hypersurfaces with isolated singularities for any dimension greater than one, having distinct homotopy types but
falling into two homotopy types overℝ. In the Appendix below (using the results in [1]), we show that there are no smooth
rationally elliptic 3-folds with the canonical class being nef (there are finitely many deformation types of Fano 3-folds and
thework [1] enumerates those that are rationally elliptic). However, there are infinitelymany homotopy types of rationally
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elliptic Kähler manifold for which neither canonical nor anticanonical class are nef (cf. Theorem A.1(b)). The singular
examples in this note have nef canonical or anticanonical class. An interesting question is if there are only finitely many
homotopy types that are represented by smooth rationally elliptic algebraic varieties with nef canonical or anticanonical
class, as is the case for smooth varieties in dimensions 2 and 3. Note that there is an infinite family of real homotopy types
of rationally elliptic smooth 𝐶∞ manifolds in real dimension 6 (cf. [13], Proposition 3.8)
In addition to the classification of the low-dimensional smooth rationally elliptic algebraic varieties studied in [1]

(surfaces and 3-folds), in [33] the Hodge diamonds of Kähler rationally elliptic smooth 4-folds are described. The lat-
ter, based on the work [29], also shows that the only rationally elliptic smooth complete intersections are projective spaces
and quadrics.
A related problem of classification of Kähler manifolds with the simplest homotopy types (and are rationally elliptic)

was considered in higher dimensions much earlier. The case of ℤ-homotopy type of ℙ𝑛 was studied in [24] where it was
shown that for 𝑛 ≤ 6, ℙ𝑛 is the only Kähler manifold with its homotopy type (for 𝑛 = 7, cf. [7] for a partial extension and
also [22]). Fixing only ℚ-homotopy type allows for additional solutions (e.g., some Fano 3-folds; cf. Remark 2.2 below).
The problem addressed in [24] is a refinement of the problem of classifying Kähler manifolds homeomorphic to ℙ𝑛 solved
by Hirzebruch and Kodaira (cf. [14]) and S. T. Yau (cf.[36]). Brieskorn obtained results similar to [14] in the case of the
homeomorphism type of a quadric having dimension ≠ 2. Our examples (3) explicitly give the singular spaces having the
same homology as a smooth quadric, although homotopically equivalent to quadrics only overℝ (cf. Proposition 3.6 for a
precise statement).
Homological projective spaces and quadrics arise naturally in the study of the Montgomery–Yang problem on circle

actions (cf. [17] for a review). Singular hypersurfaces that are homological projective spaces lead to circle actions on strat-
ified spaces that are homology spheres, and we show that J. Kollár’s examples in [18] also serve as examples of rationally
elliptic spaces. Similarly, our examples (2) and (3) lead to examples of the circle actions on the links of affine cones on
these singular hypersurfaces, which are rationally 𝑆2𝑛+1 and 𝑆𝑛 × 𝑆𝑛+1, respectively (cf. Remark 3.8).
All known examples of rationally elliptic algebraic varieties are rationally connected (which prompted question 1.4 in

[1]). The invariants of these singular algebraic varieties are in agreementwith theHodge theoretical properties of rationally
elliptic singular algebraic varieties discussed in [25] and [37] (cf. Remark 3.9).
To obtain examples of rationally elliptic varieties with properties mentioned above, we will consider three types of

singular spaces, all of which are given by explicit equations:

𝐻(𝑎0, … , 𝑎𝑛+1) ∶ 𝑧
𝑎0
0
𝑧1 + 𝑧

𝑎1
1
𝑧2 +⋯𝑧

𝑎𝑛+1
𝑛 𝑧𝑛+1 + 𝑧

𝑎𝑛+1
𝑛+1

𝑧0 = 0 𝑛 𝑜𝑑𝑑, (1)

𝑉𝑑𝑛 ∶ 𝑧𝑑
1
+ 𝑧0𝑧

𝑑−1
2

+ 𝑧2𝑧
𝑑−1
3

+⋯𝑧𝑛𝑧
𝑑−1
𝑛+1

= 0, (2)

𝑊𝑑
𝑛 ∶ 𝑧0𝑧

𝑑−1
1

+ 𝑧1𝑧
𝑑−1
2

+ 𝑧2𝑧
𝑑−1
3

+⋯𝑧𝑛𝑧
𝑑−1
𝑛+1

= 0. (3)

The first class consists of hypersurfaces in a weighted projective space, while the last two are hypersurfaces in ℙ𝑛+1.
Equations (1) and (2) were considered as part of the study of homological projective spaces (cf.[18, 19] and also [2], respec-
tively.). The third class (3) is new1 and gives singular models of homological even-dimensional quadrics. We show that
these singular spaces have the ℝ-homotopy type of their smooth counterparts, which are known to be rationally elliptic.
The relevant calculations are presented in the following two sections. The topology of the hypersurfaces in the case of

families (2) and (3) depend on the explicit form of the characteristic polynomials of the monodromy of the corresponding
singularity in each of the cases. The calculation was done for (2) in [19] and for (3) is in Section 3. In respective sections, we
also describe the cohomology algebras as the quotients of polynomial rings (with changed grading in the case of𝑊𝑑

𝑛 ). The
cohomology algebras of 𝑉𝑑𝑛 are just the cohomology of twisted projective spaces that appeared in the study of complete
intersections (cf. [23]).
Finally, I want to thank S. Yokura for bringing the Hilali conjecture to my attention (cf. [37]), which led to collaboration

[25] and to my interest in rationally elliptic spaces. I also want to thank him, J. Amoros, as well as the referee of this paper
for the comments on the various drafts of this note.
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2 HOMOTOPY PROJECTIVE SPACES

In this section, we show in Theorems 2.1 and 2.2 that the examples of homology projective spaces from [18, 19], and [2] are
rationally elliptic and in final remark point out that some homotopy types of these singular examples can be realized by
Fano manifolds.

Theorem2.1. Let 𝑎𝑖 ∈ ℕ, 𝑖 = 0, …𝑛 + 1where𝑛 ≥ 3 is odd. Following J. Kollár (cf. [18], section 5) denote by 𝑑 = 𝑎0⋯𝑎𝑛+1 +

(−1)𝑛+1, the determinant of the following system of 𝑛 + 2 equations with unknowns 𝑤𝑖

𝑤𝑖 + 𝑎𝑖−1⋅𝑤𝑖−1 = 𝑑, (4)

where for 𝑗 ∈ ℤ, 𝑗̄ is defined by conditions: 0 ≤ 𝑗̄ ≤ 𝑛 + 1 and 𝑗 ≡ 𝑗̄ 𝑚𝑜𝑑 𝑛 + 2. Assume that

𝑤∗ = 𝑔𝑐𝑑(𝑤0, …𝑤𝑛+1) = 1,

where 𝑤𝑖 are the positive integral solutions to (4). Then the hypersurface𝐻(𝑎0, … 𝑎𝑛+1) in ℙ(𝑤0, … ,𝑤𝑛+1) given by Equation
(1):

𝑧
𝑎0
0
𝑧1 + 𝑧

𝑎1
1
𝑧2 +⋯𝑧

𝑎𝑛+1
𝑛 𝑧𝑛+1 + 𝑧

𝑎𝑛+1
𝑛+1

𝑧0 = 0,

is rationally homotopy equivalent to ℙ𝑛. In particular, it is rationally elliptic.

Proof. 𝐻(𝑎0, … 𝑎𝑛+1) is quasi-smooth (cf. [18], Theorem 39 (2)) and hence is simply-connected (cf. [8], Theorem 3.2.4).
By [18] it has the ℚ-homology of the projective space. Moreover, the Leray spectral sequence of the fibration with
the total space being the link of the singularity in ℂ𝑛+2 given by Equation (1) and the base being the hypersurface
𝐻(𝑎0, … , 𝑎𝑛+1) shows that𝐻∗(𝐻(𝑎0, … , 𝑎𝑛+1), ℚ) is generated by the pullback of 𝑐1(ℙ(𝑤0,…,𝑤𝑛+1)(1)). Themonomorphism
of rings ℤ[𝑥]∕(𝑥𝑛+1) → 𝐻∗(𝐻(𝑎0, … , 𝑎𝑛+1), ℤ) given by 𝑥 → 𝑐1(ℙ(𝑤0,…,𝑤𝑛+1)(1)) has a finite cokernel

2 since ℎ𝑖 ≠ 0 for
𝑖 ≤ 𝑛, and hence induces an isomorphism of rings over ℚ. Moreover, since 𝐻(𝑎0, … 𝑎𝑛+1) has only quotient singularities,
that is, is aℚ-manifold, it is formal (cf. [6], Example 3.5) and hence the isomorphism of the cohomology rings induces the
isomorphism of Sullivan’s minimal models, which shows the claim. □

Theorem 2.2. The hypersurface 𝑉𝑑𝑛 (𝑑, 𝑛 ∈ ℕ), given by (2), that is,

𝑧𝑑
1
+ 𝑧0𝑧

𝑑−1
2

+ 𝑧2𝑧
𝑑−1
3

+⋯𝑧𝑛𝑧
𝑑−1
𝑛+1

= 0

has rational homotopy type of ℙ𝑛. In particular, it is rationally elliptic. It is birational to ℙ𝑛. Moreover, the self-intersection of
the canonical class 𝐾𝑛

𝑉𝑑𝑛
is positive for 𝑑 > 𝑛 + 2 and can be arbitrarily large (it is zero for 𝑑 = 𝑛 + 1 and negative otherwise).

Proof. The hypersurface (2) is the singular fiber of the family:

𝑉𝑑𝑛(𝑐) ∶ 𝑧
𝑑
1
+ 𝑧0𝑧

𝑑−1
2

+ 𝑧2𝑧
𝑑−1
3

+⋯𝑧𝑛𝑧
𝑑−1
𝑛+1

= 𝑐𝑧𝑑
0

(5)

has an isolated singularity at 𝑃 ∶ 𝑧0 = 1, 𝑧𝑖 = 0, 𝑖 ≥ 1. The Milnor number of this singularity is equal to
1

𝑑
[(𝑑 − 1)𝑛+2 +

(−1)𝑛(𝑑 − 1)] and coincides with the rank of the group of vanishing cycles of a smooth hypersurface in ℙ𝑛. The link of
the singularity at 𝑃 is homeomorphic to a sphere if 𝑛 is odd (cf. [19], Theorem 2). For 𝑛 even, this link is an (𝑛 − 1)-
connected (2𝑛 − 1)-manifold 𝜕𝐹𝑑𝑛 , where 𝐹𝑑𝑛 is the Milnor fiber of the singularity at 𝑃 such that 𝐻𝑛−1(𝜕𝐹𝑑𝑛 , ℤ) = ℤ∕𝑑ℤ
(cf. [19] and [20]). Moreover, 𝑉𝑑𝑛(0) ⧵ 𝑃 retracts onto the intersection of 𝑉𝑑𝑛(0)with the hyperplane at infinity 𝑧0 = 0 since
the singularity at 𝑃 is weighted homogeneous. One has for 𝑖 ≠ 0:

𝐻𝑖(𝑉𝑑𝑛(0), ℤ) = 𝐻
𝑖(𝑉𝑑𝑛(0), 𝑃, ℤ) = 𝐻2𝑛−𝑖(𝑉

𝑑
𝑛(𝑐), 𝐹

𝑑
𝑛 , ℤ).

The exact sequence of the pair (𝑉𝑑𝑛(𝑐), 𝐹𝑑𝑛) shows that

𝐻𝑛(𝑉0, 𝑃, ℤ) = 𝐻𝑛(𝑉
𝑑
𝑛(𝑐), 𝐹

𝑑
𝑛 , ℤ) = 𝐻𝑛(𝑉

𝑑
𝑛(𝑐), ℤ)∕𝐼𝑚(𝐻𝑛(𝐹

𝑑
𝑛 , ℤ))
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since𝐻𝑛−1(𝐹𝑑𝑛 , ℤ) = 0. The subgroup 𝐼𝑚𝐻𝑛(𝐹𝑑𝑛 , ℤ) ⊂ 𝐻𝑛(𝑉𝑑𝑛(𝑐), ℤ) is a subgroup of the group of vanishing cycles, that is,
the orthogonal complement to the class of hyperplane section in𝐻𝑛(𝑉𝑑𝑛(𝑐), ℤ) and coincides with it since both subgroups
have the same ranks and the same determinants of the intersection form (i.e., ±𝑑). Clearly the quotient of 𝐻𝑛(𝑉𝑑𝑛(𝑐), ℤ)
by the subgroup of vanishing cycles is generated by the coset of the class of the 𝑛

2
-dimensional linear subspace of smooth

hypersurface and hence is ℤ. This implies that 𝑉𝑑𝑛(0) is a ℤ-homology projective space.
Moreover,

𝐻∗(𝑉𝑑𝑛(0), ℤ) = ℤ[ℎ, 𝑦𝑛+1]∕ℎ
𝑛+1, ℎ

𝑛+1

2 = 𝑑𝑦𝑛+1 𝑛 𝑜𝑑𝑑 (6)

and

𝐻∗(𝑉𝑑𝑛(0), ℤ) = ℤ[ℎ, 𝑦𝑛+2]∕ℎ
𝑛+1, ℎ

𝑛

2
+1
= 𝑑𝑦𝑛+2 𝑛 𝑒𝑣𝑒𝑛, (7)

where 𝑦𝑛+1 ∈ 𝐻𝑛+1(𝑉𝑑𝑛(0), ℤ) for 𝑛 odd (respectively, 𝑦𝑛+2 ∈ 𝐻𝑛+2(𝑉𝑑𝑛(0), ℤ) for 𝑛 even) is the class dual to the linear
subspace of dimension 𝑛−1

2
for 𝑛 odd (respectively, linear subspace of dimension 𝑛

2
− 1 for 𝑛 even).3

Indeed, for𝑛 odd𝑉𝑑𝑛(0) is a topologicalmanifold (since, aswasmentioned before, the link of its singularity is homeomor-
phic to a sphere) with generators of𝐻2𝑖(𝑉𝑛(0), ℤ) for 𝑖 ≤ 𝑛 − 1 being ℎ𝑖 where ℎ is the cohomology class of the hyperplane
section and for 𝑖 ≥ 𝑛 + 1 being 𝑦𝑛+1ℎ𝑖−𝑛−1 where as above 𝑦𝑛+1 is the class dual to the linear subspace of dimension

𝑛−1

2

given inℙ𝑛+1 by 𝑛+1
2
equations: 𝑧1 = 0, 𝑧2 = 𝑧4 = ⋯ = 𝑧𝑛+1 = 0. Themultiplication formulas follow from the intersection

formulas for the explicit cycles dual to 𝑦𝑛+1 and ℎ𝑖 .
In the case when 𝑛 is even, the multiplication formulas follow since

𝐻𝑖(𝑉𝑑𝑛(0), 𝑃, ℤ) = 𝐻
𝑖(𝑉𝑑𝑛(0) ⧵ 𝑃, 𝜕𝐹

𝑑
𝑛 , ℤ) = 𝐻2𝑛−𝑖(𝑉

𝑑
𝑛(0) ⧵ 𝑃,ℤ) =

𝐻2𝑛−𝑖(𝑉
𝑑
𝑛−1
(0), ℤ) = 𝐻𝑖−2(𝑉𝑛−1(0), ℤ).

The classes 𝑦𝑛, ℎ𝑖 in 𝐻∗(𝑉𝑛−1(0), ℤ) via these isomorphisms define the classes 𝑦𝑛+2, ℎ𝑖 in 𝐻∗(𝑉𝑛(0), ℤ) with the relation

ℎ
𝑛+1

2 = 𝑑𝑦𝑛+1 in 𝐻𝑛(𝑉𝑛−1(0), ℤ), becoming the relation ℎ
𝑛

2
+1
= 𝑑𝑦𝑛+2 in 𝐻𝑛+2(𝑉𝑛(0), ℤ) where 𝑦𝑛+2 is the class dual to

ℙ
𝑛

2
−1
⊂ 𝑉𝑛−1(0) ⊂ 𝑉𝑛(0).

Remark 2.1. For 𝑛 even, the hypersurface 𝑉𝑛(0) contains
𝑛

2
-dimensional linear subspace 𝐿𝑛

2

given by 𝑧1 = 𝑧2𝑖 = 0, 𝑖 =

1, … ,
𝑛

2
defining the dual cohomology class in𝐻

𝑛

2 (𝑉𝑛(0),
1

𝑑
ℤ) (the group of coefficients consists of the subgroup ofℚwith

fractions with denominator being the divisors of 𝑑). This implies that𝐻∗(𝑉𝑛(0),ℚ) has presentation in which the relation
ℎ
𝑛

2 = 𝑑𝑙 where 𝑙 is the class dual to 𝐿𝑛
2

replacing the relation in (7) (where 𝑙 is the class of linear subspace of dimension
𝑛

2
− 1).

A hypersurface (2) is simply connected as follows from vanKampen theorem (or fromLefschetz hyperplane section the-
orem). By [6], Example 4.4, it is formal and its cohomology ring over ℚ is isomorphic to that of ℙ𝑛 which yields the first
claim. The birational map can be obtained using the projection from the singular point 𝑃 and assigning to a point 𝑄 in
𝑧0 = 0 the unique (since the multiplicity of this singular point is 𝑑 − 1) intersection point 𝑅(𝑄) of the line through this
point𝑄 and 𝑃 such that 𝑅(𝑄) ≠ 𝑃. This correspondence gives a biregular map between Zariski dense subsets of the hyper-
plane 𝑧0 = 0 and 𝑉𝑑𝑛 . Finally, since the codimension of the singular locus of 𝑉𝑑𝑛 is greater than 2 for 𝑛 > 3, the canonical
bundle is given by adjunction formula as 𝑉𝑑𝑛 (𝑛 + 2 − 𝑑) and the claim about self-intersection follows. □

Remark 2.2. The examples of twisted projective spaces that are algebraic varieties in Theorems 2.1 and 2.2 are singular.
Smooth examples are given by Fano varieties 𝑋5, 𝑋22 with Betti numbers 𝑏2 = 1, 𝑏3 = 0, which are twisted projective
spaces of degree 5 and 22, respectively. Iskovskikh–Mukai classification shows that these (and ℙ3, 𝑄3

2
) are the only

rationally elliptic smooth Fano twisted ℙ3s (cf. [28]). 4
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3 HOMOTOPY QUADRICS

In this section, we show that some explicitly given singular hypersurfaces have an ℝ-homotopy type of smooth even-
dimensional quadric. The main step is the calculation of the topological invariants of certain singularities in Lemma 3.3.

Theorem 3.1. If 𝑑 and 𝑛 are both even, then𝑊𝑑
𝑛 (cf. (3)) given by:

𝑧𝑑−1
1
𝑧0 + 𝑧1𝑧

𝑑−1
2

+ 𝑧2𝑧
𝑑−1
3

+⋯𝑧𝑛𝑧
𝑑−1
𝑛+1

= 0

is a rationally elliptic hypersurface with isolated singularity,ℝ-homotopy equivalent to a smooth quadric. The self-intersection
of the canonical class 𝐾𝑛

𝑊𝑑
𝑛

depending on 𝑑, can be positive (and arbitrarily large), zero, or negative.

The main step will be a proof that the cohomology ring of a hypersurface (3) has the following form:

Definition 3.1. An 𝑛 = 2𝑘-dimensional 𝑎-twisted quadric is a CW complex 𝑋 with cohomology ring:

ℚ[ℎ, 𝑣]∕(ℎ𝑣 = 0, ℎ2𝑘+1 = 0, ℎ2𝑘 = 𝑎𝑣2), 𝑎 ∈ ℚ 𝑎 ≠ 0 (8)

with the following grading: 𝑑𝑒𝑔ℎ = 2, 𝑑𝑒𝑔𝑣 = 2𝑘.

Example 3.2. The cohomology ring of an even-dimensional quadric 𝑄2𝑘 is given by (cf. [3], Satz 3): for 𝑘 even:

𝐻∗(𝑄2𝑘, ℤ) = ℤ[ℎ, 𝑙]∕(ℎ
𝑘+1 = 2ℎ𝑙, 𝑙2 = 𝑙ℎ𝑘, ℎ2𝑘+1) (9)

and for 𝑘 odd:

𝐻∗(𝑄2𝑘, ℤ) = ℤ[ℎ, 𝑙]∕(ℎ
𝑘+1 = 2ℎ𝑙, 𝑙2, ℎ2𝑘+1).

Here ℎ ∈ 𝐻2(𝑄2𝑘, ℤ) is the class of hyperplane section, and 𝑙 ∈ 𝐻2𝑛(𝑄2𝑘, ℤ) is the class of linear subspace of dimension
𝑘.5In particular, generators of the integral cohomology groups 𝐻𝑖(𝑄2𝑘, ℤ) are as follows:

⎧⎪⎨⎪⎩
ℎ𝑖 𝑖 < 𝑘

ℎ𝑘, 𝑙 𝑖 = 𝑘

ℎ𝑖−𝑘𝑙 𝑘 < 𝑖 ≤ 2𝑘.

The difference in the ring structure in the cases when 𝑘 is even and odd corresponds to the difference in the self-
intersection of subspaces, which is zero or 1 as is seen immediately from the calculation of the Chern class of the normal
bundle of ℙ𝑘 ⊂ 𝑄2𝑘.6
The class of vanishing cycle in the degeneration of smooth quadric𝑄2𝑘 into a cone over a smooth quadric𝑄2𝑘−1 is given

by 𝑣 = 2𝑙 − ℎ𝑘. In terms of generators 𝑣, ℎ, one has

𝐻∗(𝑄2𝑘,ℚ) = ℚ[ℎ, 𝑣]∕(ℎ
2𝑘+1 = 0, ℎ𝑣 = 0, ℎ2𝑘 = (−1)𝑘𝑣2). (10)

In particular, a smooth quadric is a (−1)𝑘-twisted quadric as defined in Definition 3.1.

Lemma 3.3.

(a) The hypersurface𝑊𝑑
𝑛 (as in Theorem 3.1) is smooth except for the point 𝑃 with coordinates 𝑧𝑖 = 0, 𝑖 ≠ 0 where it has an

isolated singularity.7
(b) The singularity at 𝑃 is weighted homogeneous8 with weights

𝑤𝑖 =
𝑑(𝑑 − 1)𝑖

(𝑑 − 1)𝑖 + (−1)𝑖−1
, 𝑖 = 1, …𝑛 + 1. (11)
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(c) The characteristic polynomial Φ𝑑𝑛(𝑡) of the local monodromy of singularity of𝑊𝑑
𝑛 satisfies the recurrence relations:

Φ𝑑
𝑛+1
(𝑡) = Φ𝑑

𝑛−1
(𝑡)
𝑡(𝑑−1)

𝑛+2
− 1

𝑡(𝑑−1)𝑛+1 − 1
, (12)

where

Φ𝑑
0
(𝑡) =

𝑡𝑑−1 − 1

𝑡 − 1
.

In particular, the Milnor number of the singularity at 𝑃 is

𝑑𝑒𝑔Φ𝑑𝑛(𝑡) =
1

𝑑
[(𝑑 − 1)𝑛+2 − 1]. (13)

Moreover,

Φ𝑑
2𝑚
(1) = (𝑑 − 1)𝑚+1. (14)

(d) 𝑊𝑑
𝑛 is a rational homology manifold having theℚ-homology of a smooth quadric.

Proof. The local equation of the singularity at 𝑃 is:

𝑧𝑑−1
1

+ 𝑧1𝑧
𝑑−1
2

+ 𝑧2𝑧
𝑑−1
3

+⋯𝑧𝑛𝑧
𝑑−1
𝑛+1

= 0. (15)

Since

(𝑑 − 1)𝑖 + (−1)𝑖−1

𝑑(𝑑 − 1)𝑖
+ (𝑑 − 1)

(𝑑 − 1)𝑖+1 + (−1)𝑖

𝑑(𝑑 − 1)𝑖+1
= 1. (16)

(a) and (b) follow.
To show (c), we notice that the singularity of 𝑉𝑑

𝑛+1
can be obtained from𝑊𝑑

𝑛 by adding 𝑑th power of an independent
variable. Denoting, by Δ𝑛+1(𝑡) (resp. Φ𝑛(𝑡)) the characteristic polynomial of the monodromy of singularity of 𝑉𝑑𝑛+1 (resp.
𝑊𝑑
𝑛 ) it follows from a theorem of Thom and Sebastiani (cf. [31]) that

Δ𝑛+1(𝑡) =

𝑑−1∏
𝑖=1

Φ𝑑𝑛(𝜔
𝑖
𝑑
𝑡) (17)

(𝜔𝑑 is a primitive root of unity of degree 𝑑). This implies that for 𝑗 = 0,… , 𝑑 − 1, one has

Δ𝑛+1(𝜔
𝑗

𝑑
𝑡) =

𝑑−1∏
𝑖=1

Φ𝑑𝑛(𝜔
𝑖+𝑗

𝑑
𝑡) =

𝑑−1∏
𝑖=0,𝑖≢−𝑗(𝑚𝑜𝑑 𝑑)

Φ𝑑𝑛(𝜔
𝑖
𝑑
𝑡). (18)

Multiplying the relations (18) for 𝑗 = 0,…𝑑 − 1 we obtain:

𝑑−1∏
𝑗=0

Δ𝑛+1(𝜔
𝑗

𝑑
𝑡) =

𝑑∏
𝑗=0

𝑑−1∏
𝑖=0,𝑖≢−𝑗(mod 𝑑)

Φ𝑑𝑛(𝜔
𝑖
𝑑
𝑡) = (Φ𝑑𝑛(𝑡)

𝑑−1∏
𝑖=1

Φ𝑑𝑛(𝜔
𝑖
𝑑
𝑡))𝑑−1.

Therefore,

Φ𝑑𝑛(𝑡) =
[
∏𝑑−1

𝑖=0
Δ𝑛+1(𝜔

𝑖
𝑑
𝑡)]

1

𝑑−1

Δ𝑛+1(𝑡)
. (19)

Recall from [19], Theorem 2(iii), that

Δ𝑛+2(𝑡) = Δ𝑛(𝑡)
(𝑡𝑑(𝑑−1)

𝑛+2
− 1)(𝑡(𝑑−1)

𝑛+1
− 1)

(𝑡(𝑑−1)𝑛+2 − 1)(𝑡𝑑(𝑑−1)𝑛+1 − 1)
, Δ1(𝑡) =

(𝑡𝑑(𝑑−1) − 1)(𝑡 − 1)

(𝑡(𝑑−1) − 1)(𝑡𝑑 − 1)
. (20)
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This and (19) imply that

Φ𝑑
𝑛+1

=

(
𝑑−1∏
𝑖=0

Δ𝑛(𝜔
𝑖
𝑑
𝑡)

) 1

𝑑−1
[
𝑑−1∏
𝑖=0

((𝜔𝑖
𝑑
𝑡)𝑑(𝑑−1)

𝑛+2
− 1)((𝜔𝑖

𝑑
𝑡)(𝑑−1)

𝑛+1
− 1)

((𝜔𝑖
𝑑
𝑡)(𝑑−1)𝑛+2 − 1)((𝜔𝑖

𝑑
𝑡)𝑑(𝑑−1)𝑛+1 − 1)

] 1

𝑑−1

×
(𝑡(𝑑−1)

𝑛+2
− 1)(𝑡𝑑(𝑑−1)

𝑛+1
− 1)

Δ𝑛(𝑡)(𝑡𝑑(𝑑−1)
𝑛+2 − 1)(𝑡(𝑑−1)𝑛+1 − 1)

= Φ𝑑
𝑛−1
(𝑡)

⎡⎢⎢⎣
(
𝑡𝑑(𝑑−1)

𝑛+2
− 1

𝑡𝑑(𝑑−1)𝑛+1 − 1

)𝑑

(𝑡𝑑(𝑑−1)
𝑛+1
− 1)

(𝑡𝑑(𝑑−1)𝑛+2 − 1)

⎤⎥⎥⎦
1

𝑑−1

𝑡(𝑑−1)
𝑛+2
− 1

𝑡𝑑(𝑑−1)𝑛+2 − 1
⋅
𝑡𝑑(𝑑−1)

𝑛+1
− 1

𝑡(𝑑−1)𝑛+1 − 1

= Φ𝑑
𝑛−1
(𝑡)
𝑡(𝑑−1)

𝑛+2
− 1

𝑡(𝑑−1)𝑛+1 − 1

and similarly the expression for Φ𝑑
0
(𝑡) obtained from recurrence (19). The recurrence relation (12) shows that 𝑑𝑒𝑔Φ𝑑

𝑛+1
=

𝑑𝑒𝑔Φ𝑑
𝑛−1

+ (𝑑 − 2)(𝑑 − 1)𝑛+1 and (13) follows, while (14) is clear. This shows (c). Note that the calculation of Φ𝑑𝑛(𝑡) can be
obtained directly from results of [26] similarly to the calculation in [19].
To show (d), denote by𝑊𝑑

𝑛(𝑐) the smoothing

𝑧0𝑧
𝑑−1
1

+ 𝑧1𝑧
𝑑−1
2

+ 𝑧2𝑧
𝑑−1
3

+⋯𝑧𝑛𝑧
𝑑−1
𝑛+1

= 𝑐𝑧𝑑
0

(21)

of 𝑊𝑑
𝑛 (|𝑐| is sufficiently small and let 𝑀𝑑

𝑛 ⊂ 𝑊
𝑑
𝑛(𝑐) be the Milnor fiber of singularity (21)). The exact sequence of pair

(𝑊𝑑
𝑛(𝑐),𝑀

𝑑
𝑛), since𝑊𝑑

𝑛(0) = 𝑊
𝑑
𝑛(𝑐)∕𝑀

𝑑
𝑛 , shows that

𝐻𝑖(𝑊𝑑
𝑛,ℤ) = 𝐻

𝑖(𝑊𝑑
𝑛(𝑐), ℤ) =

{
0 𝑖 is odd

ℤ 𝑖 is even 𝑖 ≠ 𝑛.
(22)

Moreover,

𝑟𝑘𝐻𝑛(𝑊𝑑
𝑛) = 𝑟𝑘𝐻

𝑛(𝑊𝑑
𝑛(𝑐)) − 𝑟𝑘𝐻

𝑛(𝑀𝑑
𝑛). (23)

The subspace of vanishing cycles 𝑉𝑎𝑛(𝐻𝑛(𝑀𝑑
𝑛(𝑐), ℚ) has codimension 1 in 𝐻𝑛(𝑊𝑑

𝑛(𝑐), ℚ) and contains 𝐻𝑛(𝑀𝑑
𝑛,ℚ) as a

proper subset. One has

𝑟𝑘𝑉𝑎𝑛(𝐻𝑛(𝑀𝑑
𝑛(𝑐), ℚ) =

1

𝑑
[(𝑑 − 1)𝑛+2 + (𝑑 − 1)].

Hence (13) shows that 𝐻𝑛(𝑀𝑑
𝑛,ℚ) has codimension 1 in 𝑉𝑎𝑛(𝐻𝑛(𝑀𝑑

𝑛(𝑐), ℚ) and therefore 𝑟𝑘𝐻𝑛(𝑊𝑑
𝑛,ℚ) coincides with

the rank of middle-dimensional homology of an even-dimensional quadric (cf. Example 3.2). Since Φ𝑑
2𝑚
(𝑡) ≠ 0 (cf. 14), it

follows that the link of the only singularity of𝑊𝑑
𝑛 is a ℚ-homology sphere, which shows (d). □

Proposition 3.4. Two CW-complexes that are formal and are 𝑎-twisted even-dimensional quadrics have the same real
homotopy type if and only if the signs of corresponding rationals 𝑎 are the same.

Proof. Indeed, denoting by𝑅𝑎 the graded algebra given by (8), we see that themap ℎ → ℎ, 𝑣 → |𝑎| 12 𝑣 gives an isomorphism
between 𝑅𝑠𝑖𝑔𝑛(𝑎) and 𝑅𝑎. Clearly 𝑅1 and 𝑅−1 are not isomorphic over ℝ (though they are isomorphic over ℂ). Since for
formal spaces the cohomology algebra determines the minimal model, the claim follows. □

Remark 3.5. The same argument shows that such CW-complexes having homological dimension 𝑛 = 2𝑘 are rationally
homotopy equivalent if and only if the quadratic forms on middle-dimensional cohomology given by (ℎ𝑘, 𝑣) = ℎ2𝑘 − 𝑎𝑣2
areℚ equivalent, which is described by the class of 𝑎 inℚ∗∕(ℚ∗)2. In particular, the twisted quadrics𝑊𝑑

2𝑘
are not rationally

homotopy equivalent. This is a reflection of the phenomenon discussed in [4] ([13] has explicit examples)
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Proposition 3.6. 𝑛 = 2𝑘-dimensional hypersurface𝑊𝑑
2𝑘
isℝ-homotopy equivalent to the (−1)𝑘-twisted quadric.

Proof. It follows from (22) that the cohomology ring𝐻∗(𝑊𝑑
2𝑘
, ℝ) is generated by the degree 2 class of hyperplane section ℎ

and by a class 𝑣 of degree 2𝑘 that is an image of a vanishing cycle of degeneration of smooth hypersurface𝑊𝑑
2𝑘
(𝑐) in its

degeneration into 𝑉𝑑
2𝑘
. One has ℎ𝑖 ≠ 0, 𝑖 ≤ 2𝑛 and ℎ𝑣 = 0 and ℎ2𝑛 = 𝑎𝑣2, 𝑎 ≠ 0 since𝐻2𝑘(𝑊𝑑

2𝑘
) = ℝ.

J. Steenbrink showed (cf. [32], Proposition 4.14) that 𝜇 − 𝜇(−1)𝑘 is even, where 𝜇 is the Milnor number and 𝜇(−1)𝑘 is the
(positive or negative) inertia index of the intersection form on the middle cohomology of Milnor fiber of a function in
2𝑘 + 1 variables. In particular, the parity of 𝜇 − 𝜇(−1)𝑘 is given by the dimension modulo 4 and is independent of 𝑑. Since
Φ𝑑
2𝑘
(1) ≠ 0 and Δ2𝑘(1) ≠ 0, it follows that the inertia index 𝜇0 is zero for singularities of both hypersurfaces𝑊𝑑

2𝑘
and 𝑉𝑑

2𝑘

and hence 𝜇 − 𝜇(−1)𝑘 = 𝜇(−1)𝑘−1 is even in both cases. Since rk𝐻𝑘(𝑉𝑑2𝑘, ℝ)∕𝐻
𝑛(𝑊𝑑

2𝑘
, ℝ) = 1, it follows that the restriction

of the intersection form to 𝑣 ∈ 𝐻𝑘(𝑉𝑑
2𝑘
, ℝ)∕𝐻𝑛(𝑊𝑑

2𝑘
, ℝ) has sign (−1)𝑘 and hence the signature of the intersection form on

𝐻𝑛(𝑊𝑑
2𝑘
, ℝ) is the same as the signature of a smooth quadric. Therefore, the cohomology graded algebras of 𝐻∗(𝑊𝑑

2𝑘
, ℝ)

and smooth quadric are isomorphic. Formality (cf. [6]) implies that this isomorphism is induced by a real homotopy
equivalence. This also implies all the claims on the homotopy type in Theorem 3.1. □

Proposition 3.7. Odd-dimensional quadrics 𝑄2𝑘+1 are rationally homotopy equivalent to ℙ2𝑘+1.

Proof. Since a quadric𝑄2𝑘+1 is a ramified double cover ofℙ2𝑘+1, the induced ring homomorphism is an isomorphism over
ℚ since the ranks of cohomology groups are the same. □

Remark 3.8. The affine cones over (2) and (3) (i.e., hypersurfaces inℂ𝑛+2 given by the same equations as in projective space)
have 1-dimensional singular locus and have as their links 𝐿(𝑉𝑑𝑛) and 𝐿(𝑊𝑑

𝑛), respectively, that are 2𝑛 + 1-dimensionalℚ-
manifolds that are ℚ-homology spheres in the case (2) and 𝐻𝑛(𝐿(𝑊𝑑

𝑛,ℚ)) = 𝐻𝑛+1(𝐿(𝑊
𝑑
𝑛,ℚ)) = ℚ (i.e., a rational 𝑆𝑛 ×

𝑆𝑛+1).

Remark 3.9. The invariants of singular algebraic varieties that are rationally elliptic and additional structures on themwere
considered in [25] and [37]. The examples in this note all have the mixed Hodge structure that is Hodge–Tate (the only
type afforded by the structure of their cohomology groups) in agreement with ([37], Conjecture 10.4) and other examples
of quasi-projective varieties (including singular, e.g., [35]).

Remark 3.10. Let 𝐻1 be the hyperplane 𝑧1 = 0. Then𝑊𝑑
𝑛 ⧵ (𝑊

𝑑
𝑛 ∩ 𝐻1) is a smooth affine hypersurface bihomolomorphic

to ℂ𝑛. The identification is given by the map: (𝑧2, … , 𝑧𝑛+1) → (−(𝑧𝑑−1
2

+ 𝑧2𝑧
𝑑−1
3

+⋯𝑧𝑛𝑧
𝑑−1
𝑛+1
), 𝑧2, … , 𝑧𝑛+1) (which is the

inverse of the restriction of projection (𝑧0, 𝑧2, … , 𝑧𝑛+1) to𝑊𝑑
𝑛 ⧵ (𝑊

𝑑
𝑛 ∩ 𝐻1)).
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ENDNOTES
1However, the surface𝑊3

2
coincides with the cubic surfacewith𝐷5-singularity considered in [5] after change of variables: 𝑥0 = 𝑧2, 𝑥1 = 𝑧1, 𝑥2 =

𝑧3, 𝑥3 = 𝑧0. It was also considered in a very different context in T. Browning and U. Derenthal, Manin’s Conjecture for a cubic surface with 𝐷5
singularity. Int. Math. Res. Not. IMRN 2009, no. 14, 2620–2647.

2This cokernel is nontrivial, cf. [16]
3The spaces with such cohomology ring were called twisted projective spaces in [23].
4That is, 𝑋5 should be included in (iii) in Corollary 4.8 in [1].
5The work [3] uses generators 𝑒0, … 𝑒𝑗 ⋯𝑒2𝑘, 𝑒

′
𝑘
of the groups 𝑒𝑗 ∈ 𝐻2𝑗(𝑄2𝑘, ℤ), which in terms of ℎ, 𝑙 are as follows: 𝑒𝑖 = ℎ𝑖, for 𝑖 < 𝑘, 𝑒𝑘 =

𝑙, 𝑒′
𝑘
= ℎ𝑘 − 𝑙, 𝑒𝑖 = ℎ

𝑖−𝑘𝑙, for 𝑖 > 𝑘.
6Explicitly, the self-intersection of a linear space of dimension 𝑘 on a smooth 2𝑘-dimensional hypersurface of degree 𝑑 is given by 1

𝑑
(1 − (1 −

𝑑)𝑘+1). This calculation was carried out in (9.4) (ii) [21] (the final expression contains a minor typo).
7This singularity is not a quotient singularity in general.
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8That is, the equation is a linear combination of monomials 𝑧𝑖1
1
⋯𝑧

𝑖𝑛+1
𝑛+1

such that
∑𝑛+1

𝑗=1

𝑖𝑗

𝑤𝑗
= 1.
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APPENDIX: SMOOTH RATIONALLY ELLIPTIC ALGEBRAIC VARIETIES IN DIMENSIONS 2 AND 3
We show that the rationally elliptic Fano 3-folds listed in [1] (and Fano manifold 𝑉5) give a complete list of rationally
elliptic smooth 3-folds that are birationally minimal (i.e., the canonical class is nef or are Fano 3-folds). This implies the
finiteness of deformation types of such rationally elliptic 3-folds. On the other hand, the set of projective line bundles over
ℙ2 form an infinite family of nondiffeomorphic rationally elliptic 3-folds having the same real homotopy type.
Theorem A.1.

1. The types of rationally elliptic algebraic surfaces up to biregular equivalent are as follows: (1) ℙ2, (2) Hirzebruch surfaces
𝐻𝑛, 𝑛 ≥ 0, or (3) a fake quadric, that is, a surface of general type with 𝑝𝑔 = 𝑞 = 0, 𝐾2 = 8, 𝑐2 = 4. TwoHirzebruch surfaces
𝐻𝑛,𝐻𝑚 are diffeomorphic if and only if𝑚 = 𝑛 𝑚𝑜𝑑 2.

2.
a) There are no rationally elliptic Kähler 3-folds with nef canonical bundle. The 3-folds with nef anti-canonical bundles

that are rationally elliptic have a finite number of deformation types (and hence finitely many integral homotopy types
or diffeomorphism types).

b) The 3-folds ℙ2(𝐸), where 𝐸 is a holomorphic bundle of rank 2, form an infinite family of manifolds having the same
real homotopy type but pairwise homotopically distinct. More precisely, any such 3-fold is isomorphic to 𝐹𝑛 = ℙ2(⊕
(𝑛)), 𝑛 ≥ 0 and 𝐹𝑛 is homotopy equivalent to 𝐹𝑚 if and only if𝑚 = 𝑛.

Proof. The case of surfaces is a restatement of Theorem 1.1 in [1] and well-known facts about Hirzebruch surfaces (cf. [10],
Chapter I, section 1.2).
If 𝑋 is a 3-fold with nef canonical bundle, then 𝑐3

1
≤ 0. It follows from Myiaoka’s inequality (cf. [27]) that 𝑐1𝑐2 ≤ 0.

But the Riemann–Roch and the structure of the Hodge diamonds in [1] (see also [13]), since ℎ1,0 = ℎ2,0 = ℎ3,0 = 0, show
that 𝑐1𝑐2 = 24𝜒(𝑋) is 24. Hence 𝑋 is rationally elliptic if and only if 𝑋 admits a contraction of anticanonical divisor,
which is nef. In the latter case, that is, the Fano case, smooth rationally elliptic varieties were identified in [1] (and 𝑋5, cf.
Remark 2.2) and hence belong to finitely many deformation types.
To describe the topology of the Mori fiber space ℙ(𝐸), recall that the classification of Wall ([34]) (completed in [15,

38]) shows that the diffeomorphism type of a 𝐶∞-manifold 𝑋 having real dimension 6, is determined by the Betti num-
ber 𝑏3(𝑋), the trilinear form on 𝐻2(𝑋,ℤ) given by the cup product, the second Stiefel–Whitney class 𝑤2 ∈ 𝐻2(𝑋,ℤ∕2ℤ)
and a class in 𝐻4(𝑋,ℤ) = 𝐻𝑜𝑚(𝐻2(𝑋,ℤ), ℤ) representing the Pontryagin class 𝑝1 = 𝑐21 − 2𝑐2. We can assume that 𝐸 =
ℙ2 ⊕ ℙ2(𝑛), 𝑛 ∈ ℤ

≥0. It follows that 𝐻∗(ℙ2(𝐸), ℤ) = ℤ[𝑥, 𝑦]∕(𝑥3, 𝑦2 + 𝑛𝑥𝑦). The oriented homotopy type of a simply
connected real 6-fold is given by 𝐻2(𝑋,ℤ), 𝜇(𝑥) = 𝑥 ∩ 𝑥 ∩ 𝑥[𝑋] ∈ ℤ, 𝑥 ∈ 𝐻2(𝑋,ℤ), 𝑝1 𝑚𝑜𝑑 48 (the latter is an invari-
ant of the homotopy type). In the case 𝑋 = ℙ(𝐸) and the basis 𝑥, 𝑦 above, 𝜇(𝑎𝑥 + 𝑏𝑦) = 3𝑎2𝑏 − 3𝑛𝑎𝑏2 + 𝑛2𝑏3, 𝑎, 𝑏 ∈ ℤ.
Equivalent binary cubic forms have equivalent discriminants (the latter for 𝑎𝑋3 + 𝑏𝑋2𝑌 + 𝑐𝑋𝑌2 + 𝑑𝑌3 is given by Δ =
𝑏2𝑐2 + 18𝑎𝑏𝑐𝑑 − 4𝑎𝑐3 − 4𝑏3𝑑 − 27𝑎2𝑑2 cf. [12]) and since ℙ2(⊕ (𝑛)) = ℙ2((−𝑛) ⊗ (⊕ (𝑛)), the claim follows as
the direct calculation shows that the discriminant is determined by 𝑛2. □
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