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History

Beckman-Quarles

In a 1953 paper, F.S. Beckman and D.A. Quarles, Jr. proved the
following result:

Any distance-preserving transformation of Euclidean space with
dimension d > 2 must be a rigid motion.
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History

Beckman-Quarles

In a 1953 paper, F.S. Beckman and D.A. Quarles, Jr. proved the
following result:

Any distance-preserving transformation of Euclidean space with
dimension d > 2 must be a rigid motion.

» Rigid motions include reflections, rotations, and translations.
» It is well-known that rigid motions preserve distances.

» This is a converse showing that the rigid motions are the only
transformations which are distance preserving.
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Introduction
The Complex plane C Geometry in
Mobius Transformations

Complex Numbers

» A complex number z has the form z = x + yi where x,y € R
and i2 = —1.
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Introduction
The Complex plane C Geometry in
Mobius Transformations

Complex Numbers

» A complex number z has the form z = x + yi where x,y € R
and i = —1.

» z can be broken into its real portion real(z) = x and its
imaginary portion img(z) = y.

» C forms a commutative ring with unity 1 +0/ =1 .

» It is, in fact, a field (All numbers except for 0 have a
multiplicative inverse).

» It contains no zero-divisors.

» Visually, z can be identified as a point (x,y) in R? (C is

isomorphic to R?).
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The Complex plane C Geometry in C
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Addition in C

» Adding in C is vector

addition.
» Example: A
(14+3)+(3—i)=4+2i v=(3,-1
C
o . (1, 3)
wo=(4,2)
0
) 2 3
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Introduction
The Complex plane C Geometry in C
Mobius Transformations

Addition in C

» Adding in C is vector

addition.
» Example: A

(1+3)+(3—1i)=4+2i. v=(3,-1
» Likewise, for subtraction 5] <

in C. et

w=(4,2)
0
0 2 3
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The Complex plane C Geometry in C
Mobius Transformations

Multiplication in C

» Suppose z; = 1+ 1i and
Zy = 1+ \@i.
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Multiplication in C

» Suppose z; = 1+ 1i and
Zy = 1+ \@i.

B 60"
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0 | o =45
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Multiplication in C

» Suppose z; = 1+ 1i and
2 =1+3i
> z1-2p =

1—V3+(14+V3)i
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Introduction
The Complex plane C Geometry in C
Mobius Transformations

Multiplication in C

» Suppose z7 =1+ 1/ and N
z=1+3i
> z1-2p =
1— V34 (1++3)i
24
14
B 60°
y = 105°
o o= 45"
A 0 1
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Multiplication in C

» Suppose z7 =1+ 1/ and

Zy = 1+ \@i.
> z1-2p =
1—V3+(14+V3)i
» Geometrically, this is done "1

by multiplying the
magnitudes and adding
the angles.
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Introduction
The Complex plane C Geometry in C
Mobius Transformations

Multiplication in C

» Suppose z7 =1+ 1/ and
Zy = 1 + \@i.

> z1-2p =
1—V3+(14+V3)i

» Geometrically, this is done
by multiplying the
magnitudes and adding

the angles. N

» From this, we determine
that mod(z) = |z| = 84 60°
\/Xz—i—y2 and y = 105° .
arg(z) = arctan(%) p v
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The Complex plane C Geometry in C
Mobius Transformations

The Extended Complex Plane @

» We can think of C as C with a single point at infinity.
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Introduction
The Complex plane C Geometry in C
Mobius Transformations

The Extended Complex Plane @

» We can think of C as C with a single point at infinity.

» Geometrically, we can think of Casa sphere.
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Introduction
The Complex plane C Geometry in
Mobius Transformations

Mobius Transformations

Mobius Transformations have the form

wz) = éﬁig or u(z)= Cz+D

where A, B, C,D € C and real(AD — BC) # 0
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The Complex plane C Geometry in
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Mobius Transformations

Mobius Transformations have the form

u(2) =25 o u(z)= 218

where A, B, C,D € C and real(AD — BC) # 0
» Bijective Transformation of C to itself.
» Preserves circles and lines (lines can be thought of as circles
through infinity).
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Mobius Transformations

Mobius Transformations have the form

wz) = éﬁig or u(z)= Cz+D

where A, B, C,D € C and real(AD — BC) # 0
» Bijective Transformation of C to itself.
» Preserves circles and lines (lines can be thought of as circles
through infinity).
» Preserves angle of intersection between pairs of circles and
lines.

» Forms a group under function composition.
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Introduction
The Complex plane C Geometry in
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Angle of Intersection Example
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Introduction
The Complex plane C Geometry in
Mobius Transformations

Angle of Intersection Example

o= 120°
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Introduction
The Complex plane C Geometry in
Mobius Transformations

A Theorem by June Lester

Take C to be the space of all circles and lines and § to represent the
angle of intersection at intersection points between pairs of circles.

For a a fixed real p > 0, let X — X be a bijective mapping from C
to itself such that, for all A, B in C,

5,45 =P if and onIy if (51—49 =P

Then the mapping is induced on C by a Mobius transformation of
C

Michael Bolt, Tim Ferdinands, Landon Kavlie A Beckman-Quarles Type Theorem for Laguerre Transformatio



Introduction
Geometry in
The Dual Plane D Laguerre Transformations

Dual Numbers

» A dual number z has the form z = x + yj where x,y € R and
2
Jjo=0.
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j2=0.

» z can be broken into its real portion real(z) = x and its dual
portion dual(z) = y.

» D forms a commutative ring with unity 1 +0/ =1 .

> It is NOT a field.

» The numbers k% for all kK € R are zero-divisors without
inverses.
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Dual Numbers

» A dual number z has the form z = x + yj where x,y € R and
j2=0.

z can be broken into its real portion real(z) = x and its dual
portion dual(z) = y.

v

» D forms a commutative ring with unity 1 +0/ =1 .

» It is NOT a field.

» The numbers k% for all k € R are zero-divisors without
inverses.

v

Visually, z can be identified as a point (x,y) in R? (D is
isomorphic to R?).
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» Example: A
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Multiplication in D

» Suppose z1 =1+ 1j and
Zy = 1 +2j.
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Geometry in D
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Multiplication in D

» Suppose z1 =1+ 1j and

. C

z=142j. 2 p
my =2

14 p
my=1

0
o 1 1
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Multiplication in D

» Suppose z1 =1+ 1j and
22:1+2j.
> z1-z20=1+3j
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Multiplication in D

» Suppose z1 =1+ 1j and
z =14 2j. my =3
> z1-z20=1+3j 1

my =2

my =1
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Introduction
Geometry in D
The Dual Plane D Laguerre Transformations

Multiplication in D

» Suppose z1 =1+ 1j and

z=142j. my =3
> z1-z20=1+3j ] 1
» Geometrically, this is done
by multiplying the real 2 ,
parts and adding the M2 =2
slopes.
14 ]
my =1
0 T
o 1 1 2
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Introduction
Geometry in D
The Dual Plane D Laguerre Transformations

Multiplication in D

» Suppose z1 =1+ 1j and
zp=1+2j. my =3

> z1-z20=1+3j 1

» Geometrically, this is done
by multiplying the real 2 ,
parts and adding the
slopes.

my =2

» From this, we determine
that mod(z) = |z| = x
and arg(z) = 2 ) :

X

my =1
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The Extended Dual Plane D

» We can think of D as I with a line (k% for k € R) at infinity.
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The Extended Dual Plane D

» We can think of D as I with a line (k% for k € R) at infinity.

» Geometrically, we can think of D asa cylinder.
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The Extended Dual Plane D

» We can think of ) as D with a line (k% for k € R) at infinity.

» Geometrically, we can think of I as a cylinder.

L
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Laguerre Transformations

Laguerre Transformations have the form

Az+B Az+B
mz)=2p o wz)=ch

where A, B, C,D € D and real(AD — BC) #0
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Laguerre Transformations have the form

Az+B Az+B
mz)=2p o wz)=ch

where A, B, C,D € D and real(AD — BC) #0
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Laguerre Transformations

Laguerre Transformations have the form

Az+B Az+B
mz)=2p o wz)=ch

where A, B, C,D € D and real(AD — BC) #0
» Bijective Transformation of I to itself.
» Preserves vertical parabolas and non-vertical lines.

» Preserves difference of slopes at the intersection of pairs of
parabolas and lines.
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Laguerre Transformations

Laguerre Transformations have the form

Az+B Az+B
mz)=2p o wz)=ch

where A, B, C,D € D and real(AD — BC) #0
» Bijective Transformation of I to itself.
» Preserves vertical parabolas and non-vertical lines.

» Preserves difference of slopes at the intersection of pairs of
parabolas and lines.

v

Forms a group under function composition.
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Introduction
Geometry in
The Dual Plane D Laguerre Transformations

Our Theorem

Take & to be the space of all vertical parabolas and non-vertical
lines and ¢ to represent the difference of slopes at the intersection
points of pairs of parabols.

Let T be a bijective mapping from & to itself such that, for all
A Bin &,

(A, B) =1 if and only if 5(T(A), T(B)) = 1

Then T induces a Laguerre transformation of the dual plane D.
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Canonical Forms
Tangent Parabolas
The Induced Map T

A Grid Argument
Proof of our Theorem =

Canonical Forms

We term parabolas which intersect 0, 1, or 2 times as
non-intersecting, tangent, and intersecting, respectively.
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Canonical Forms
Tangent Parabolas
The Induced Map T

A Grid Argument
Proof of our Theorem =

Canonical Forms

We term parabolas which intersect 0, 1, or 2 times as
non-intersecting, tangent, and intersecting, respectively.
Using Laguerre transformations, we normalize these cases as:

» non-intersecting: y = 0 and y = kx? for k > 0.
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Canonical Forms
Tangent Parabolas
The Induced Map T

A Grid Argument
Proof of our Theorem =

Canonical Forms

We term parabolas which intersect 0, 1, or 2 times as

non-intersecting, tangent, and intersecting, respectively.

Using Laguerre transformations, we normalize these cases as:
» non-intersecting: y = 0 and y = kx? for k > 0.

» tangent: y =1 and y = —1. Equivalently, y =0 and y = k
for k #£ 0.
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Canonical Forms
Tangent Parabolas
The Induced Map T

A Grid Argument
Proof of our Theorem =

Canonical Forms

We term parabolas which intersect 0, 1, or 2 times as
non-intersecting, tangent, and intersecting, respectively.
Using Laguerre transformations, we normalize these cases as:

» non-intersecting: y = 0 and y = kx? for k > 0.

» tangent: y =1 and y = —1. Equivalently, y =0 and y = k
for k #£ 0.

> intersecting: y = kx and either y = —kx or y = 0, for k # 0.
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Canonical Forms
Tangent Parabolas
The Induced Map T

A Grid Argument
Proof of our Theorem =

Tangents if and only if Tangents

» Due to the bijectivity of T as well as the if and only if portion,
parabolas a distance 1 away from a given parabola can never
be created nor destroyed.
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The Induced Map T

A Grid Argument
Proof of our Theorem =

Tangents if and only if Tangents

» Due to the bijectivity of T as well as the if and only if portion,
parabolas a distance 1 away from a given parabola can never
be created nor destroyed.

» Tangent parabolas cannot go to or come from
non-intersecting parabolas.
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Canonical Forms
Tangent Parabolas
The Induced Map T

A Grid Argument
Proof of our Theorem =

Tangents if and only if Tangents

» Due to the bijectivity of T as well as the if and only if portion,
parabolas a distance 1 away from a given parabola can never
be created nor destroyed.

» Tangent parabolas cannot go to or come from
non-intersecting parabolas.

» Tangent parabolas cannot go to or come from intersecting
parabolas.
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Canonical Forms
Tangent Parabolas
The Induced Map T
A Grid Argument

Proof of our Theorem

> Jp.m is the set of all parabolas P which have slope m at the
point p.
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Canonical Forms
Tangent Parabolas
The Induced Map T
A Grid Argument

Proof of our Theorem

> Jp.m is the set of all parabolas P which have slope m at the
point p.

» This is a way to categorize all parabolas tangent at a point p,
with slope m.
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Canonical Forms
Tangent Parabolas
The Induced Map T
A Grid Argument

Proof of our Theorem

> Jp.m is the set of all parabolas P which have slope m at the
point p.

» This is a way to categorize all parabolas tangent at a point p,
with slope m.

» The transformation T(.7, ) is another set .7,y v and not
just a subset.
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A Grid Argument
Proof of our Theorem =

The Induced Map T

Take a point p € D, then construct Ip,m for m e R.
T(Tp,m) = T v for some p’ € D and m’ € R. We define

T(p) = p'.
» T is well-defined. It does not depend on the choice of m.
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Proof of our Theorem =

The Induced Map T

Take a point p € D, then construct Ip,m for m e R.
T(Tp,m) = T v for some p’ € D and m’ € R. We define

T(p) = p'.
» T is well-defined. It does not depend on the choice of m.
» T determines T. That is, for P € 2, T(P) = {T(p) : p € P}.
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Proof of our Theorem =

The Induced Map T

Take a point p € D, then construct Ip,m for m e R.
T(Tp,m) = T v for some p’ € D and m’ € R. We define

T(p) = p'.
» T is well-defined. It does not depend on the choice of m.
» T determines T. That is, for P € 2, T(P) = {T(p) : p € P}.

» Tisa bijective transformation of .
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A Grid Argument
Proof of our Theorem =

The Induced Map T

Take a point p € D, then construct Ip,m for m e R.
T(Tp,m) = T v for some p’ € D and m’ € R. We define

T(p) = p'.
» T is well-defined. It does not depend on the choice of m.
» T determines T. That is, for P € 2, T(P) = {T(p) : p € P}.
» Tisa bijective transformation of .

» From these properties, we can conclude that the intersection
points of arbitrary figures are preserved.
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Proof of our Theorem =

N

T is Well-Defined
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T is Well-Defined
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Proof of our Theorem R @) Lt

Building ...

If T(0) = wy, T(1) = WQ,T(O%.) = w3, we define

ww) = 4= v
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Building ...

If T(0) = wy, T(1) = WQ,T(O%.) = w3, we define
w—w; WwWr—w3

#(W) = w—ws ’ wy—wq *

> It follows that (1o T)(0) =0, (noT)(1) =1, (MOT)(&) = &
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Building ...

If T(0) = wy, T(1) = WQ,T(O%.) = w3, we define

ww) = 4= v
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Building ...

If T(0) = wy, T(1) = WQ,T(O%.) = w3, we define

ww) = 4= v

> It follows that (1o T)(0) =0, (noT)(1) =1, (/J,OT)(&) = &
» We show that for all ze D, (uoT)(z) =z or (noT)(z) =z

» This implies that T is either a direct or indirect Laguerre
transformation due to the group structure of Laguerre
transformations.
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